CAINO UNIVERSMTY

Cairo University
The 58" Annual International

Conference of Data science

Department of Mathematical Statistics

8 — 10, Dec, 2025



2 s

CAINO UNIVERSTY

Index

Limiting Distributions of Skewness and
1| Kurtosis Statistics in Error Component Models | 1-18

Hazem Mahmoud Ahmed Mohamed , Mohamed Abdel-Hamid
Sabry, Ahmed Mahmoud Gad and Mohamed AbdAllah Nosir




The 58" Annual International Conference on Data science 8— 10 Dec, 2025

Limiting Distributions of Skewness and Kurtosis Statistics in Error Component
Models

Hazem Mahmoud Ahmed Mohamed

Prof. Mohamed Abdel-Hamid Sabry Prof. Ahmed Mahmoud Gad
Professor of Statistics Professor of Statistics
Head of Department of Mathematical Statistics Department of Statistics
Faculty of Graduate Studies for Statistical Faculty of Economics and Political
Research (FSSR) Science (FEPS)

Dr. Mohamed AbdAllah Nosir
Lecturer of Statistics
Arab Open University (AOU), Egypt

Abstract:

This paper investigates the limiting distributions of the estimated skewness and
kurtosis statistics of unobserved error components in error component models
(ECM). These statistics are crucial for normality testing procedures, which use
basically the asymptotic properties of higher order sample moments. Based on
the foundational framework of developed by old scholars. We provide a detailed
asymptotic framework in which the empirical third and fourth central moments,
also with the associated variance estimators. The analysis establishes that, under
mild regularity conditions, the skewness and kurtosis statistics converge to
asymptotically normal distributions, with variances determined by the
underlying fourth and eighth order population moments. These results provide a
formal foundation for constructing asymptotically valid tests of normality for
unobserved components in panel structured environments
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Introduction:

The statistical properties of higher order moment measures such as
skewness and kurtosis play a central role in estimating variations from normality
in statistical models. In many empirical applications, particularly those
involving multiple error terms, reliable inference requires a clear and
comprehensive understanding of the limiting behavior of these statistics.
Classical normality tests, including those based on the Jarque — Bera framework,
depend basically on the asymptotic distributions of the empirical third and fourth
central moments. While some results are well established for independent and
identically distributed (i.i.d) data, considerably less attention has been given to
the problem of deriving limiting distribution for skewness and kurtosis
associated with multiple error components embedded in multi — indexed models.
This gap is important when dealing with data that has different index or
structures, because the asymptotic framework should be able to handle those
complexities correctly.

Early work in the area of higher-moment behavior in structured error
component models focused on testing for normality of the error components in
a one-way ECM. Gilbert (2002) proposed four tests to assess the normality of
the error components in a one-way ECM. Two of the tests are based on
evaluating the skewness and kurtosis of the first error component, individual
effect and the other two assess the corresponding moments of the remainder
error term. The result showed that the four tests have chi-square asymptotic
distributions. Also the tests show acceptable finite-sample performance even for
relatively small sample sizes. However, a limitation of the work is that it is
limited to evaluate the normality of only the individual and remainder error
terms and only in a one-way setup. This prevent assessment of the normality of
the time-specific disturbances, or moving beyond a one-way setup to two-way
models. As a result, the asymptotic distribution theory developed by Gilbert
(2002) is not general enough to characterize non-normality in the presence of
other sources of unobserved heterogeneity.

Additional work was made by Bai and Ng (2005) who studied the
sampling distributions of the skewness, kurtosis, and joint normality statistics
for dependent time-series observations. Their results stressed that serial
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correlation have a fixed impact on the limiting distribution of the empirical third-
and four-moment estimators. In particular, they showed that consistent
estimation of long run covariance matrices is needed for valid inference on
symmetry or tail skewness. Monte Carlo results showed that tests for skewness
and joint normality preserve good finite sample properties, while tests for
kurtosis alone suffer from size distortions unless in thin tailed distribution shape.
Although the Bai and Ng framework is useful, it is not suitable for layered
random component settings and it thus does not yield the limiting distributions
of skewness and kurtosis associated with error terms beyond simple time-series
dependence.

A different approach was introduced by Meintanis (2011), who studied
the properties of traditional goodness of fit tests (the Cramér—von Mises,
Anderson—Darling, and Kolmogorov-Smirnov statistics) in a simulation
framework where the data were structured. The author provided some support
that these tests retained some desirable properties in certain settings, but the
proposed methodology did not apply to multi - level error structures, and they
did not derive analytic forms for the limiting skewness and kurtosis distributions
for the error components. In addition, their results could not be extended to two-
way or higher-dimensional models, and thus have limited relevance for an
analysis of higher-order moments of the statistics of errors.

A major step toward filling this methodological gap was taken by Galvao
et al. (2013), who proposed a comprehensive set of six tests for skewness,
kurtosis, and joint normality of the error components in the one-way error
structure. Tests were applied following model estimation with pooled estimators
and resampling techniques were used to enhance finite sample inference. Galvao
et al. (2013) showed that tests could be conducted on the skewness and kurtosis
of the individual effect error and remainder error components separately or
jointly, and that the simulation study results proved that the methodology had
very good empirical performance. Nonetheless, the methodology still
considered only a single source of unobserved heterogeneity. Furthermore, the
derivation of the asymptotic distributions of the tests relied on the normalizing
properties of the higher-moment estimators.
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The objective of this paper is to provide a comprehensive review of the
asymptotic distributions of normality tests in one-way error component models,
with particular emphasis on the framework developed by Galvéo et al. (2013).
We systematically reconstruct the limiting distributions of the empirical
skewness and kurtosis statistics for the unobserved components, presenting all
derivations, expansions, and asymptotic arguments in full detail. Using Taylor-
series methods, Lagrange-type remainders, and tools such as Slutsky’s theorem
and the Delta Method, the exposition clarifies how higher-order population
moments enter the asymptotic variance expressions. By laying out each step
explicitly, the paper serves as a detailed reference for the theoretical foundation
underlying Galvao’s normality tests.

Skewness and kurtosis in the one-way error component model

The model:

Consider the following Error Component Specification for a balanced panel with
individualsi =1,...,N,t=1,...,T

p
Yie =a+ Z B Xkit + Eit
k=1

where the composite error term admits the decomposition
Eit =M T Vit

Where, y;, denotes the i* observation for t'"* time period of the dependent
variable. x,;, is the i*" observation for t*" time period of the independent
variable k, S, is a k vector of parameters and « is a scalar intercept. The
composite error term g;;, is decomposed into an individual effect n; component
and a remainder error component v;, both of which have mean zero. The
standardized third moment quantities of interest for skewness,

Vs E[v3]

3
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The standardized fourth moment quantities of interest for kurtosis,

_ Na _ _En*] _ V4 _ _E[P*]
KUy =55 = o 9K = 5 = 5o

Following Galvéo (2013), our analysis considers tests for skewness and kurtosis
in the individual effect and remainder error components, assessed separately and
jointly. Under a normally distributed error structure, the corresponding null and
alternative hypotheses can be as follows:

S S
H0":5n=0 H1":Sn¢0
Hg":sv=0 Hf":SV;tO
And kurtosis
k k
HO":kn=3 Hln:kn¢3
H(’;":kv=3 Hf":kvi3
And jointly;
sn&k sn&k
HO”&R”- s, =0 HO”&k”: ky, =3
Sy&ky, Sy&KRy
H, s, =0 H, 1k, =3
Skewness

To study skewness in each component of the one-way error structure, it is useful
to express the relevant third order moments in terms of the between and within
residuals. Following the between decomposition &; = n; + v;, consider the cube
of it,

& =mn; +3niv; + 30,9} + v}
And after taking expectations and based on the following factv; = T~ ¥7_, v;,

We obtain,

E[&] =13+
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Where, n; = E[n3] and v3 = E[v3]
A similar expansion for the within residuals &; = v;; — v; yields
=3

_ 3 _ 3 o2 2
Eip = Vip — Vi — 3V + 3vy v

And taking the expectations gives

These two equations can be solved for the unknown third moments of the
remainder and individual components, leading to

E|&: _ E|&]
Vs = 1 _3_3 n3=E[8i]_(T2—3T+2)
(1-7z-7+72)

For practical implementation, we replace the population moments by their

sample counterparts. Since,

~3 __ .3 =3 2 = =2
Eip = & — & — 31§ + 31 &

Then,
E[&}] = E[ed — 3&% + 267
Elel — 3862 + 287]

s

E[ed — 352 + 28]
(T2 —3T + 2)

V3=

Because the true disturbances are unobserved, the above expressions are
evaluated using the pooled OLS residuals

it = Yie — QA — xl,tlé
The corresponding estimators of the third moments are therefore
E[&} — 388 + 28] (T* —3NE[F] _E[& — 382 &]

3T (- L _3.3 = T2 23r42 T T2-3T +2
T2 THT2
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With these components in hand, the sample skewness measures for the remainder
and individual effects are defined as

-~ _ Vs —~ _ 13
SKV = =3 SK-,] = =3

Kurtosis

To obtain statistics suitable for testing kurtosis in each unobserved component,
we begin by examining the fourth power of the between residual,

& = (; +v)* = n*+4n°v; + 602V + A + 71
Taking expectations leads to

6 1
E[&f] =y + 50708 + =3 [va + 6(T = D(0y)]

Similarly, consider the fourth power of the within residual,
& =vi — iy + 6ViVE — 4v v + vt
Taking expectations yields
4 6 4 1 6 6
E[&}] =v4(1—f+ﬁ—ﬁ+ﬁ) +oH(T—-1) [ﬁ+ﬁ

we may solve the system for v, and n,. After rearrangement, this gives

6 1
Ny = E[s‘f] _70505 _F[VAL +6(T — 1)(0y)]
6 6
E[&}] o (T = 1) |7 + 3]
V4_= -
4 6 4 1 4 6 4 1
(1-r+p-m+m) (-r+p-mtm)

Equivalently, the above expression can be written in the normalized form
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_ _ 6 6
. 1|E[el 455 + 6677 3¢ 3T =D [+ 7|

= F[e}l — —g202 — — 4 6 3 6 3
W gt (grmem) (rtpe) |
l 3T = Do) |

T 4503 1 52E 6 . 6
E[e — 4g27 + 66767 — 36} o4 (T =) |7 + 73]

(-7+r-m)  (-prpg)

V4:

As before, these expressions depend on population errors and must therefore be
estimated using the OLS residuals é;;. Defining ¥, and 1j, as sample analogues to
v, and n,, we obtain

. L 6 6
) 1 [E[é:* —45F + 6878 ~38] HT-D|p+p
nodlElpon (keff) (b
l +3(T — 1)(6))
L R 6 6
. E|&F— 488 + 68782 — 38} Uv“(T—l)[ﬁ+ﬁ]
Ve = 2 6 3 B 4 6 3
(1-7+m-73) (1-7+-73)

Finally, the standardized kurtosis statistics for the remainder and individual
components are given by

. Vy N4
KU, =— KU, ==
0y 0y

Asymptotic theory

To derive the limiting distributions of the empirical skewness and kurtosis
measures for both the individual and remainder components, we rely on a set of
standard assumptions concerning the sampling structure, the higher-order

moments of the disturbances, and the behavior of the independent variable.
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These conditions guarantee the existence of the necessary moments and permit

the application of multivariate central limit arguments as N — oo (with fixed T)

Assumption 1. The panel consists of N independent cross — sectional units
observed over T periods. For each i, the sequence {(x;,v;):t=1,..T} is
identically distributed across ¢t. Moreover, the individual effect {n;})_, are i.i.d
across i and independent of {x;., v;.} for all t. In addition to that, the remainder
error component {v;,.} are independent across i and serially uncorrelated across

t
Assumption 2. The individual and remainder components satisfy

Eni]=0 Elvi] =0

Also, Higher-order moments exist and are finite:

E[In;|®] < 0 E[lvi]®] < oo

The variance o7 = E[n{] and o7 = E[v] are strictly positive.

These conditions ensure that population skewness and kurtosis of both
components are well defined and that sample moments satisfy a law of large

numbers and a central limit theorem.

Assumption 3. The independent variable satisfies E[||x;||*] < o0 and the

second matrix X, = E[x;.x;.] is finite and positive definite

These conditions guarantee that the pooled OLS residuals admit the usual VN

asymptotic linearization under fixed T.
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Theorem 1: under assumption 1,2 and 3 and for N — oo (with fixed T)

i \/N(SK _g ) \/_( _V3) (\/N(VA33—V3) 35v0v\/—(0'v—0'v)

Oy v ZO'V

ii. VN(SK,-S,)= m(ﬁ_z_n_i) (x/_(n33 ns) 35,8 VN(63-03)

~3
o3 2

97
oy 264
On

ii. VN(KU, —k,) = \/ﬁ(ﬁ_i _ V—i) (W(w—w) 3Sv3v\/ﬁ(35—05))

iv. VN(KU, —k,) = m(@_&;) (F (he-n0) _ 3520V (55-0f)

=4
O'n 2

Where,

_ _ _3 L .

E é\l3—3é\lz é\l+2é\l E 83—382 §+2§3

VN3 —v3) =VT ( )— (l L l)
+

7)) (-merp)

1 o s .
”(Tw} ‘”E[“fi])]

(1 -3DE|E] B[ - 38 2]
T2—3T+2  T2—3T +2

\/N(ﬁs —1n3) = VN

(T2 - 3T)E[&] Elef — 3¢ &]
T2—-3T+2  T2-3T+2
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(T2 - 37) ,
TTZ_3T+2 Z ~ VNE(&})
1 N
_ Zé3 Zé_e*-
NZ=3N+2|yN L [ F

—VNE(&?) + 3VNE(e2 gi)]

VN(#, — na) _ T3 —4T% + 6T 41 6
N _ /\
N\ |Fm—arzver =3 - 141 —75%

E[&F — 488 + 687 €7]

(T3 — 4T2 + 6T — 3)

GHT —1)(3T3 — 12T2 + 12T + 3)
(T3 — 4T2 + 6T — 3)T3

T3 —4T2 + 6T : 6
T3 —4T24+6T —3 ¢

E[ef — 45} + 687 7]

(T3 — 4T2 + 6T — 3)

oX(T — 1)(3T3 — 12T2 + 12T + 3)
(T3 — 4T2 4+ 6T — 3)T3

)
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T3 —4T2+6T |1
T3 —4T2 + 6T — 3 |{N

1 1w — _
_(T3—4T2+6T—3) I(m;& _\/NE[EL]
37 1 N —
—4E [eit] \/_N; sl>
N
_4<\/LN;§5—\/NE[.§§]
- Wet3iFa + ] - Ve[

N

1 - _

+6 (— E e2 &% —NE[&* 2]
N i=1

— 2VNeE[& + @3])

N
D (& - &)t~ VNE[s]

+ 0,(1)

B[] - 4E[43) + 6E[ 2] - 36[&)

o )

VN (D, — vy) :W<

T = D7+ ]

AED=

_ |Eled] - 4E[&el] + 6E[&7 €] - 3I&}
4 6 3)

(1-7+7—75

|

o=+ £

E R
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_ 1 3)[(\/%%@_«715[?3]

4 6
(1-7+r—7= =
1
—4E[e3] = > si)
l \/Ni=1

N

1 — —

— 4<\/_Nz 813 & — VNE[SiSLt]
i=1

— VNZE[3e28; + ef}])

252 —NE|ete

+
(o)}
|
=2
M
n

— 2VNuE[&} + ?a])

Proof. See Appendix A.

Conclusion

This paper reviews the theoretical foundations necessary for moment-
based diagnostic testing in error-component models, offering a rigorous
asymptotic framework for skewness and kurtosis statistics associated with
unobserved components. By deriving the limiting behavior of the empirical third
and fourth central moments, and the corresponding variance estimators this

study establishes a mathematically coherent basis for conducting asymptotically

valid tests of normality within general error-component structures.

The results not only support but also extend the existing literature on moment-
based tests in panel data models, particularly the contributions of Galvao (2013).

The asymptotic machinery developed here clarifies the distributional properties
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of skewness and kurtosis estimators for error components. Moreover, the
theoretical insights provided by this analysis create a pathway for future
methodological progress. They can support the construction of joint multivariate
normality tests for error components, guide improvements in bootstrap-based
inference, and facilitate extensions to more complex environments such as two-

way and higher-order error-component models.

Appendix A

Lemma One. Under assumption 1,2 and 3, for n = 2,3 and 4 we have

\/_z An_\/_zel —nE[el” \/%Zvle_l-kop(l)

Proof. The proof is complete if the following equality holds.

=

N

N N N T

1 le( -y 1 1 o E[e 1 1 fo,(1)
/) 7 ) i — & =_,—z_z & —nElej” _,—2_25& Op
N= r i=1 N T N= T t=1

=1 i=1

The proofs of the first and second equalities are modifications of the proofs of
theorem 5 and Lemma A.1, respectively, of Bai and Ng to accommodate the
one way error component model

Lemma Two. Under assumption 1,2 and 3, for n = 2,3 and 4 we have

\/—ZX \/—z &' —nE[&] \/iﬁigﬁop(n

Proof. if éit = (Eit - ET) - (xl-t - f)’(ﬁ - ,B)and §i = (‘C'Tl - ET) -
(x; — %)'(B — B) Also, we will use the fact that § — g = 0, (N‘%)

\/iﬁi(e - @ -%'(B-p) =0, (N‘%)
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Where a = 0 and b > 0 are integers. In fact, whenever a > 0 and > 2, if

1 b
E[(& — &% Il x; — & ||°] exists, the expression equals O, (NE) Op (N_E> =

0, (N@) =0, (N%)

Forn = 2,

O Ekel—e)—(xl—x) 2-p)f
r2<el—e)2+—2[<xl—x) B-B)] - 2[(@—5)(@—@'(3—&)]

1 22 e
= \/_Nz(giz + &% — 25€) + 0,(1)
i=1

Forn =3,

N
1

- v_Z[(gl —8-@-0'B-p)

i=1

:%§<gi_g)s__z[<xl—x> 3 -p)I

_3_2(gl —-&)?[(x - 0'(B - B)]
3 \%Z(e —a[@ -0 -p)

- \/Lﬁi(g—l _ep-o0, (N%) 0, (N%s) — 0,(1)0, (N%) +0,(1)0,(N)
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Forn = 4,
1 S (6-8-@&-2'B-8)
\/Ni=1 l l
1 v C
=\/—N;(§i — &)t — \/_l (@ —2'(8-p)]
- 3—2@1 - &) [(& - 2)'(8 - B)]
+ 3—2(81 ~9[E&-0'B-B)]
+ 6—2(81 - 5)2 (xl —Xx)' ('B 'B)]
Then,

Sreage- ot

Lemma Three. under assumptions 1, 2 and 3, the following equalities hold

Lemma 3 Part One:

N
1 — 1 —
\/_N élzél=\/—N2812§i—VNgE[EiZt-I'ZgiZ]'l‘Op(l)
=1 i=1

1=

Lemma 3 Part Two:

— ) 83 = \/_z g3 & —VNEE[3e28] + 0,(1)
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Lemma 3 Part three:

N N
Z 828 \/—_Z — 2VNEE[&} + e2&] + 0,(1)

ﬂ')>|

==
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