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Nonstationary Time Series Analysis via Dynamic Data Systems (DDS): A New

Modeling Approach

Rady,E.A. and Zidan,A.l.

Abstract:

This paper proposes to illustrate the use of Dynamic Data System (DDS) approach to remove
the deterministic trend and seasonality that causes nonstationary in sales as an economic time
series. Modeling with three stage procedures deterministic, stochastic and combined model is
used to decomposition nonstationary time series into two parts: one can be represented by
(exponential and sinusoidal) as the deterministic functions depends on the time origin and
another described by stochastic dynamical systems with autoregressive moving average
ARMA(n,n-1) model. The results show a superiority for the combined model in reducing the
mean square error (MSE) more than the traditional modeling approach uses seasonal
difference operator which indicated that transformation model to stability.

Keywords:

Dynamic Data System (DDS), Deterministic trend, Periodic Trend, Seasonality, and
Nonstationary Time Series.

1. Introduction:

In the classical approach of time series analysis, the procedure of simplifying the series of
data by taking differencing or seasonality operators before modeling is often recommended in
the literature. In such cases, modeling is based on identifying the model either from the data
or from the plots of sample autocorrelation and partial autocorrelation. When trend and
seasonality are dominated in the data, the sample autocorrelation fails to damp out quickly,
and the plots of partial autocorrelation by the conventional methods are badly distorted, thus
making it almost impossible to tentatively identify the model from their plots. The only way
to get them to forms from which allow ordering autoregressive AR or moving average MA

model can be guessed is to apply differencing or seasonality operators (1-B°®) which in turn

have to be guessed from the data, autocorrelations or partial autocorrelation. The danger of
such indiscriminate operating or smoothing of the data simply for the sake of making it easier
to analyze has been pointed out by Slutsky as pioneer author.
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Such an operation itself may introduce spurious trends and periods in the resultant series that
are absent in the original data. The final fitted model, although statistically adequate and
apparently parsimonious, may give a completely distorted picture of the structure of the
original series Kapoor et al. (1981).

The stationary time series models were based on the assumptions that the first two moments
namely the mean and the covariance are independent of the time origin. These assumptions
imply that the mean is fixed or constant, so that it may be subtracted and the series assumed to
have zero mean, and that the covariance at a given lag depends only on the lag Box et al.
(2015).

Some author, notably Box and Jenkins use the word "nonstationary™ or trends for discrete
ARIMA models with one or more roots with absolute value one, e.g. random walk, integrated
random walk, EWMA, etc. One use of the term "nonstationary™ when the nature of a series of
data appears to be dependent on time origin follows the terminology in the stochastic process,
system analysis, and control theory. The models for such a series of data, therefore, need to
include a function which depends on time origin Chatfield (2016).

We will show in Dynamic Data System (DDS) modeling approach that nonstationary trends
and seasonal pattern (periodic trends) in the data can be modeled by "relaxing the first
assumption of zero or fixed mean™. The first one, representing the mean of the time series,
accounts for nonstationary trend by a deterministic function, which depends on the time
origin. The second one is a stochastic part with zero mean so that it can be modeled by the
method of ARMA (n, n-1).

The models for such nonstationary time series data, therefore, need to include a function that
depends on the time origin. In this case, we will show that many of nonstationary data can be
modeled by explicitly including polynomial, exponential, or sinusoidal function, dependent on
the time origin, to represent the mean of the series. Such nonstationary trends can also be
modeled by first subjecting the series to transformations such as differencing, either simple or
seasonal, aimed to reduce the series to stationary. The transformation stationary series is then
modeled by an ARMA model Pandit (1983). We, however, avoid such transformation in our
modeling by DDS approach and put special emphasis on the system aspect of data. The
combined model procedure of modeling nonstationary time series is developed for different
kinds of trends such that exponential and periodic or seasonality.

2. Preliminary Modeling by DDS approach

The application used the monthly data for sales time series for Lydia Pinkham company in the
period from January 1954-1960 i.e. 78 monthly observations. We use 60 sample from January
1954 to December 1958 for modeling and 18 samples from January 1959 to June 1960 for
forecasting by conditional expectation. Sales time series is generally nonstationary. Figure (1)
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show the plot of sales time series which appears the seasonality or periodic trend dominant in
the data, so it is necessary to transform sales data to stationary time series.
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Figure (1): Sales

The propose of the preliminary stochastic modeling by DDS to detected the seasonality in
data. A sequences of ARMA(n,n-1) apply on Monthly sales Lydia Pinkham data First, an
ARMA(2,1) model is fitted by using a nonlinear least square routine, and then the order of the
model is increased in steps of two, i.e., from (2,1) to (4,3) to (6,5) and so on. The statistical
significance of the reduction in the sum of squares RSS after increasing the order of the model
is checked by an F-test criterion, and the process of modeling was stopped when F-test
become insignificant. The statistically adequate ARMA(n,n-1) models with all unified
autocorrelation (#UAC) within the+2 possible band so the residuals a 's can be
approximately taken as independent and this should be further confirmed by F-test criteria to
checked the reduction of RSS, a FORTRAN program was specially written for this purpose.
The resulting is ARMA(6, 5) model. Table (1) shows the characteristics roots of the
autoregressive operator with natural frequency and damping ratios.

Table (1): Characteristics Roots of the Autoregressive Operator

Discrete Complex Natural Frequency Damping Ratios | Absolute Value of
Roots 4, 's @, ¢ Roots
(H2)
-0.7096+/-0.3985 0.4199 0.0781 0.8138
0.5351+/-0.8436 0.1600 0.0010 0.9990
0.2144 0.2451 e 0.2144
0.9590 0.0067 — 0.9590

From the table absolute value of two A 's complex conjugate discrete roots (0.5351+/-

0.8436) with lower natural frequency @, =0.1600 and high damping ratios & =0.0010 have

absolute value 0.999 ~1 which lie on the unit circle indicating that the model is oscillatory
unstable model contains periodic trend or seasonality dominant in the data. Then we apply the
three stages modeling for nonstationary sales time series used the combined model to
overcome the unit root problem.
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3. Modeling for Nonstationary Time Series

The periodic trend or seasonality terminology used when the data shows the periodic tendency
repeats regularly with time, which indicator that the data is nonstationary. The exponential
trend with real exponent described the deterministic trend. If the exponential trend exponent is
complex conjugate then, the nonstationary data has periodic trend called seasonality. In this
case, another form of the combined model can be used for modeling purpose, which involved
the (sin-cos) wave with specific amplitude and phase to express the periodic tendency which
added to exponential trend part with pairs of the complex conjugate exponent.

The pairs of the complex conjugate of the exponential trend with imaginary parts of the roots
represented the dominant frequency and it multiplies. So, the corresponding formulation of
combined model with real exponent of exponential trend product of sin function with known
or unknown period and phase angle recommended according to Feng and Sun(1988), Pandit et
al.(1983),Kapoor et al.(1981). This process is mostly used in the field of linear system
analysis, and this equivalent to treatment with nonstationary stochastic process analysis in the
frequency domain where DDS modeling has been dubbed as " generalized Laplace transform”
Pandit (1991).The combined model can be estimated using the initial values from estimation
process for two parts deterministic and stochastic, then modeling procedures of nonstationary
time series with deterministic trends and seasonality can be carried out in three stages as the
following:

» Stagel: Deterministic part

A regular periodic tendency appears in the data refer to the fluctuating of the peak between
months along of the year which focuses in some months and appears small in another, then the
deterministic part of the model represented by exponential trend with real exponents for the
growth trend and complex conjugate exponent for the periodic trend. The combined model in
this case given by:

! i
ri b.t . . 2 .
y, =Y Re"+3'B.e"c, sm(1wt)+,f1—c. cos(j at)]+X (1)
t JZ_;, i JZ;; i i ] t
Where ¢ is the number of real exponents corresponding to growth trends,i is the number of

pairs of complex conjugate roots corresponding to periodic trends, and/+2i =s. R B.,

o n .
=g

b, , are unknown parameters to be estimated, and @ is dominant frequency in radians per unit

t.Both ofR;, T; are exponential growth parameters and B W denote to the amplitude and

phase of periodic trend. The term of "' the growth trend of periodic term and its harmonics,
C; =Cosy; - X, represent by the stochastic ARMA(n,n-1) model.

(1) Exponential Growth Trend

Estimation the combined model in equation (1) implementing through some steps: First fitting
the exponential growth trend and then add the periodic trend, one by one according to the
following model term:
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v, =Re"+z @

The nonlinear least squares routine minimizing the sum of squares of &, 's in equation (2).

The plot of the residuals of the model equation (2) are shown in figure (2), the figure shows
that the exponential growth represented by the actual data has been removed and the residuals
only have periodic trends, but it still has out limits autocorrelation.
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Figure (2): Residual and Autocorrelation of Sales Exponential Growth

(2) Addition of Periodic Trends
From the combined model in equation (1) the periodic trends can be added sequences one

by one.

£ . i .

y, = > Rijefity o B'eth[C'Sin(jaI)+ 1—C'2COS(jat)]+S (3)
6 = i Ve t

The criteria to choose the adequate model for periodic trend can be checked by continuing in

modeling procedure by taking ¢=1 and I =12,3,... until the reduction in residual sum of

squares RSS significant small and F- test show the adequacy of model. During increase i
period, the estimated parameters obtained from each period inters as the initial for the next
period. In our application, the residual sum of squares is reduced from 1849259.6 to
1768176.21 and the variance from 30820.99 to 29469.6. Since the improvement in the sum of

squares is large, we successively fit the models for ¢=1 and i =1,2,3,...witht =6,4,3,.... ,the

results show in table (2) and adding to the combined model as show in column 3,4 and 5 in
table (3).

e Deterministic Part
(i) Parameters Witl EDetenmfulsnGc Parnh Trend Without Exponential
ith Exponential Growth Tren Growth Trend

By =-13.71

(1y| 1=00326 |-13.71(e93261(_0,999 sinwt + VI —0.81 coswr) (sinwt +175.56°)
C; =-0997 Figur: D.1 Figur: D.2
w= %
B> =-22231

@) by =-0.0077 |[-13.71e%9326t(_0.999 sinwt + V1 —0.81 coswt) (sin2wt +71.09°)
C>=0.324 Figur: D.3 Figur: D.4
w=3
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= Stage2: Stochastic part

If the examination of the residual from the model in equation (3) shows independence, i.e. the
residual become sequence of uncorrelated white noise refer to stationary time series. Thus,
ARMA (n,n-1) can be represented the modeling of this residual as the stochastic part from
decomposition process of the final combined model Feng and Sun(1988), Kapoor et al.(1981).
The estimated parameters obtained from modeling stochastic part represented by ARMA (n,n-
1) using as the initial values required to apply nonlinear least square NLS using in fitted the
final combined model. The criteria to choose the adequate model for stochastic part is a
significant reduction in residuals sum of squares obtained by continuant modeling procedure
for sequence of models ARMA (2, 1), ARMA (4, 3), and ARMA (6, 5), and comparing two
pairs of models to monitor the reduction of RSS using F-test significant .The result of our
sales application can be shown in table (3) in column 6, 7, and 8.

= Stage3: Combined Model: Deterministic Plus Stochastic

The formula of decomposition process of two stages parts of nonstationary time series which
combined form deterministic part plus stochastic parts represented the adequate combined
model with all parameters estimated can be written as:

A ot 22 bt he 2 cos(
V= RjeJ +2 Bje J [stm(ja)t)+ 1-cj cos(jat )+X¢
j=1 j=1

(4)

4 3
Xt=2 &Xt—s — 2 Qua-w +a
s=1 w =1

Where: ¢,,4, are the parameters of the stochastic model and a become the residual of the

combined model. The results of the estimation parameters for (2,4,3) the combined model are
tabled in column 9 in table (3). The residuals of combined model reasonable white noise to
which indicated that the combined model is equated.
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Figure (3): Sales Combined Model Autocorrelation and Unified Autocorrelation
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Table (3): Seasonal Sales Combined Model Parameter

I: number of period Deterministic | Deterministic | Deterministic Deterministic Stochastic Stochastic Stochastic Combined model
£ : number of Exponentials (0,0,0) (1,0,0) (2,0,0) (3,0,0) (0,2,1) (0,4,3) (0,6,5) (24,3)
(n, m ) are order of ARMA model
(1, o, m)
Total numbers of 2 5 8 13 7 15
parameters
=2 £ +3++m+n)
Column number (1) 2) 3) (€] (&) (©) ) (8) 9
R, 1462.51062 1455.52551 1461.71399 1466.06079 1458.18274
+-96.40159 | 4/ 9995284 +/-73.94735 +/- 78.41306 +/-75.90109
T -0.00337 -0.00324 -0.00343 -0.00356 -0.00341
+/-0.00198 +/-0.00210 +/-0.00154 +/-0.00167 +/-0.00161
B, -34.35890 -15.53420 -9.63773 -13.71927
+/-115.59333 | +/-60.17482 +/-43.37028 +/-59.78935
by 0.00839 0.02823 0.04188 0.03261
+/- 0.08693 +/-0.08410 +/_ 0.09115 +/-0.09176
<y -1.00001 -1.00000 -1.00016 -0.99798
+/- 0.08385 +/- 0.08209 +/- 0.19488 +/- 0.29114
B; -215.31850 -230.01367 -222.31868
+/_109.15339 +/- 119.85389 +/-62.66507
by -0.00791 -0.00969 -0.00779
+/_0.01665 +/- 0.01807 +/-0.01353
3 0.30060 0.33313 0.32473
+/_0.47971 +/-0.48443 +/-0.21522
By 0.53716
+/- 11.79603
by 0.07982
+/- 0.40749
c3 0.62403
+/- 15.62753
qn 0.05993 0.26504 -1.29664 0.22332
+/-10.193 +/-0.53128 +/-0.70256 +/-0.56693
L 0.02598 -0.05775 -0.48675 0.01595
+/-0.2717 +/- 0.59392 +/-0.63312 +/- 0.58224
3 -0.34945 -0.20132 -0.34428
+_0.53167 +0.50006 +/-0.53615
m -0.11905 -0.77785 -0.13240
+_0.32770 +_0.52249 +/- 037883
s -0.44192
+_0.60910
s -0.13521
+/ 0.40987
@ 0.06345 0.33846 -1.32087 0.46583
+/-10.201 +-0.47221 +- 0.64921 +- 0.68617
a; 012196 -1.51640 -0.23163
+-0.52067 +-0.48342 +/-0.65972
Gy -0.80501 0.65711 -1.05445
+-0.47659 +- 0. 16006 +/-0.65325
a, 1.49797
+-0.41146
a5 -0.74446
+- 0.74008
RSS 189425%.61 1768176.21 861432.67 %01673.54 B63458.43 67509133 612910.57 491753.05
varlance 30820.99 29469.60 14357.2 15026.22 14390.97 11261.52 10215.17 B195.88
Note: itls
Increased than
(1=2)
So we return to
{I=2) as adequate
period.
F-test for Stochastic model
F(53.4) F(49.4)
program calculate f standard =1.255/2.61
Tabulate — =3.682/2.61 Calculate less

than tabulate
50 we retum to
model (4,3)
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Figure (5): Three Stages Modeling for Seasonal Sales Combined Model

Table (4): Comparison of Goodness of Fit of Published Model and DDS approach for
Lydia Pinkham Monthly Data (1954-1960)

MSE
Research Response Model Model Rank
Methodology Goodness
of Fit
Hanssens(1980)
using Univariate 12\, _ 12 15 18063.33 3
ARIMA - Sales (l B )(t_—44.98(1 0.257B 0.621B )at
Bhattacharya(1982) 12
using Univariate (1_0'41358 )(Yt +389.3511D, ) = 16384 2
ARIMA - Sales 2 3
756.2111+(l+0.36158—0.24858 —-0.0353B )at
Rady,E.A and =1 =2 _
Zidan.A.1 (2018) | yi=ZX RjerJt+ > Bjeblt[CJ‘ sin(ja;t)+,¢l—0j2cos(jat)+xt 8195.88 1
using DDS =1 i=1
approach 4 3
univariate Sales | Xt=2 &Xt—s — X Gva-w +&
(2,4,3)Combined s=1 w=l
model
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4. Conclusion:

A deterministic function depend on time origin integrated with stochastic dynamic model is
used to modeling the nonstationary time series which the deterministic trend and seasonality
are dominant indicated the nonstationary nature. Monthly sales data for Lydia Pinkham
Company are analyzed to demonstrate the applicability of the modeling procedure for the
combined model use Dynamic Data Systems (DDS) approach. Sales time series data
appearing frequency peaks repeated at regular intervals describe the nonstationary
components or seasonality. The deterministic component is approximated by (exponential and
sinusoidal) deterministic function accounting for each period with specific amplitude and
phase and the stochastic component is represented by ARMA(n,n-1) model. The new
modeling with three stages procedure for combined model based on two principles, first, it
avoids the trial and error of identifying stage to determine the orders of ARMA(n,m) model
using Box-Jenkins approach which examination based on (ACF) autocorrelation and partial
autocorrelation (PACF). Second, by using (DDS) we don't need to take the difference or any
transform before modeling as recommended in Box-Jenkins approach which use
nonstationary term for discrete ARMA with one or more roots absolute value one causes
spurious trends and periods. In contrast DDS approach use the term of "nonstationary” when
the nature of time series of data appears of data therefore need to include function which
depend on the time origin. The comparisons results of mean square error (MSE) obtained
from (2,4,3) combined model equal 8195.88 versus the difference approach modeling in
previous literature in table (4) show that attainment high and accurate reduction in goodness
of fit of (MSE) than Hanssens(1980) and Bhattacharya(1982) works equal 18063.33 and
16384 respectively.
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A Multivariate approach: Modeling and Forecasting with Economic Time
Series Application

Rady,E.A. and Zidan,A.l.

Abstract:

This paper illustrates an application of a recently developed deterministic and stochastic
modeling and time series analysis methodology called Dynamic Data Systems (DDS) to
advertising-sales system forecasting. Univariate as well as simplified vector models called
extended autoregressive moving average (EARMA) models are obtained for advertising-sales
Lydia Pinkham Company. The conditional expectation of the statistically an adequate ARMA
and EARMA models provides an accurate forecast for the peak value of sales. The usefulness of
advertising as leading indicators is explored. The results show high improvement due to sales
using advertising leading indicators.

Keywords:

Multivariate Time Series Analysis, Dynamic Data Systems (DDS), Extension autoregressive
moving average (EARMA), Advertising-Sales system, conditional expectation forecast, and
leading indicators forecast..

1. Introduction:

Multivariate time series analysis is the study of statistical models and methods of analysis that
describe the relationships among several time series. For many time series arising in practice, a
more effective analysis may be obtained by considering individual series as components of a
vector time series and analyzing the series jointly. Such multivariate processes arise when
several related time series is observed simultaneously over time, instead of observing just a
single series as is the case in univariate time series analysis. Multivariate time series analysis is
used when one wants to model and explain the interactions and co-movements among a group
of time series variables (Economic indicators). Multivariate methods are very important in
economics and much less so in other applications of forecasting. The multivariate view is
central in economics, where single variables are traditionally viewed in the context of
relationship to other variables.
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Modeling multivariate time series data, which consist of simultaneous observations on several
related variables of interest. This type of data commonly occurs in economic or business
contexts where it may be thought that certain variables interact. The objective is usually to
explore the dynamic relationships between the variables, perhaps to forecast the system by
using a suitable representation. It can be difficult to build univariate models, so when we come
to allow for between series effects in a suitable multivariate model we will meet even more
problems. However, it is hoped that the extra information used may lead to a more
representative model than a set of univariate models. Statistical Multivariate Time Series
modeling methods include the vector autoregressive moving average process.

A Multivariate time series has more than one time-dependent variable. Each variable depends
not only on its past values but also has some dependency on other variables. This dependency is
used for forecasting future values. In forecasting and even in economics, multivariate models
are convenient in modeling interesting interdependencies and achieve a better fit within a given
data or economic indicator. Multivariate forecasting methods rely on models in the statistical
sense of the word, though there have been some attempts at generalizing extrapolation methods
to the multivariate case. This does not necessarily imply that these methods rely on models with
regards to whether they are a theoretical, such as time series models. Much research has gone
into the development of ways of analysis multivariate time series (MTS) data in both the
modeling and forecasting, for more details see (Nasiri et al., 2017), (Onwukwe et al., 2014),

( Sagaert et al., 2018), ( Tsolacos et al., 2014), (Beracha et al., 2013).

Dynamic Data Systems (DDS) approach considering with a univariate time series as a
realization of a stationary stochastic system. Such data can always be represented by a model of
ARMA(n,n-1) form. The ARMA(n,n-1) models can be extended to vector autoregressive
moving average model called EARMA(n,n,n-1) model to show that two or more sets of time
series data, treated as the realization of vector stationary stochastic system, can be similarly
represented by vector models (Pandit et al., 1983).

The most prominent and important application involving multiple sets of data arise is economic
forecasting with leading indicators. We will be considered with models for discrete systems and
use conditional expectation strategies for optimal forecasting in sense of reduction mean square
error (MSE). Using leading indicators for business forecasting has been relatively rare, partly
because our traditional time series methods do not readily allow incorporation of external
variables. These indicators study time series fluctuations in different periods and are used to
project the future status of the economy. We can define a leading indicator as a numerical
variable that contains predictive information for our target variable (e.g., sales) at least as many
periods in advance as the forecast lead time.
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This paper is considering to applying the DDS multivariate approach to obtaining the EARMA
model as the design for a single input-single output (SISO) system. A simpler form can be
deduced from the general ARMAV model by assuming that the input and output noises are
uncorrelated. This form of the vector autoregressive moving average model can greatly simplify
the estimation of the parameters of input-output systems. The input and output noises in a
bivariate autoregressive moving average model can be made uncorrelated by making. By
transforming both the nonstationary input and output time series to stationary stochastic process
with uncorrelated white noise without taking difference operator or any transform on the data to
void the spurious regression that effecting in the forecast ability causes distortion. Then the
EARMA model can be constructed from stationary time series and used for making leading
indicators forecasting to improve the forecasting ability in the case of the univariate time series.

The multivariate analysis of the time series, which requires the application of several successive
stages as follows: The first step, involved the modeling of the nonstationary time series with
deterministic trend or seasonality by decomposition it into two parts, a stochastic part which
describes autoregressive moving average dynamic ARMA(n,n-1) models and the other
deterministic part which contained the exponential and sinusoidal functions represents the
periodic frequency components with specific amplitudes and phases defined for each period to
eliminate the periodic trend or seasonality and the deterministic trend. The second step, after
converting the nonstationary time series by removing the periodic components and the
deterministic trends into stationary time series, we obtain the head steps forecasting by using
Conditional Expectation. The third step, use stationary time series obtained from the second
step to modeling EARMA model as a special case of ARMAV(n,n-1) in bivariate case represent
single-input single-output SISO system design. Finally, improve the system forecasting
performance by leading indicators. The application implemented for economic advertising-sales
system for Lydia Pinkham Company.

2. Modeling of Extended Autoregressive Moving Average EARMA model

ARMA models can be extended to multiple series. Assuming a two series model with one series
representing an input x , and other an output x , of a system. The transfer function model

which represents the relation between the input x  and error term a, and its effects on the

output x , is taking the formulation:

t

n n

¢leB + ¢21ZB ] ot ¢21nB

1-6,,B +6,,B°+..+0,, B
= +
1-4,,,B - ¢,,,B i — = $y,,B ’

2 n
1-4,,,B —¢,,,B —...—¢,,,B

X

2t

a,, 1)

1t

This model called extended autoregressive moving average model denoted by EARMA(n,n,n-
1), this means that there are two autoregressive variables of order n, and one moving average of
order (n-1) describe the system dynamically. The general model can be written in matrix form
as:
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We can write In matrix notation as:

Xt =0 X, FP X ,+..+® X, +a, '®1at-1 "0, -...-0 a2

The essentials usefully for ERMA models as a special case of ARMAYV are easily converted to
state space models Olson et al. (1999), (Pandit et al., 1991).

The EARMA model as a single input-single output SISO system can be modeling by the same
methodology for univariate  ARMA(n,n-1) models with consideration by calculate the
autocorrelation and cross-correlation of residuals between series which become the essential
criteria in the case of multivariate series design by EARMA model to checking the basic

assumption of independence of the residuals a, and i = j which s,

p'jk

lie within the +

N
band or the unified autocorrelation are less than two in magnitude (#UAC < 2), using the
following relations:

1 ~ ~
”k:N_z it ]tk ’}/a”k:yali ’kZO (3)

,s”_k:—”k Kk =0,4142,.. (4)

The modeling procedure begin with obtain the initial value using inverse function method
developed by Pandit, which provide the indicator of delay or dead time, and using nonlinear
least square method to fit the models for input and output as a univariate series, and judge by
the sum of square on increasing model order n, for more details see (Pandit et al., 1983). In
many business and economic systems, one is often more interested in forecasting than control.
However, the forecast of a series of interest can be improved by using information from a
related series. Such as or, we can obtain an extended autoregressive moving average EARMA
model for them related series is then called “leading indicator” treating the leading indicator
series as or and the desired series by the procedure of modeling, then we can be used for
forecasting or by the leading indicator.
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3. Forecasting by A single Leading Indicator

In the case of single input- single output SISO, we assume the input or leading indicator or and
the series as or. The relationship between the desired series and leading indicator can be
represented by output or interest EARMA model which used to obtain the forecasting of the
desired series or by or as a leading indicator. The general EARMA model which the feedback
effects of interest series on the leading indicator required at least one lag, we can formulate the
and model as:

Xy =X g i+ 85,X 5 o+ 7+ 0, X, +6,,X
+¢112X 1172+m +¢l1nxlt—n -0, -0,,,a (5)

11171t -1 11171t -2

and, for the interest series or the output:

X HE ¢21LX w-L T ¢21L+1X -L1 T + ¢21nx 1w-n T ¢221X 2t-1
+ ¢222X 2t-2 T + ¢222X 2t-n gzzlaznl - 6221a2t—2

- -0,,.8, . +a, , 0<L <n

(6)

The forecast at lead times* < L , the x , model is not needed since the forecast involve only the
known present and past values of x , . Thus, the forecasting with the conditional expectation of
X, can be written as:

. /
th( ):¢21L Xlt—L+Z+¢21L+1X11—L—l+Z+ +¢21n annﬂ
+ ¢221 Xzz (E -+ ¢222 X 2t (Z —2)+ T+ ¢22f-1 X 2t 1) (7)

+¢228X2t+¢228+lx2t71+ +¢22n thfn_ezzfazt -0

220850y

T _e a ’ ZSZ

22m T 2t-m

From orthogonal decomposition, we can compute the forecasting errors and the variance of the
step head forecast (Pandit et al., 1983), as the following:

GZt(E)ZZGZZjaZHZ—j (8)

Where G ,,, denoted to the Green's function and the error variance is given by:

v [et(f)]wmzeju 9)
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Then, the 95% probability limits on the forecasts of x, . , > 2 the interesting series x ,, is
given by:

X, (1) £1.96[V (e, (‘N1 (10)
That is:
X () £1.96[(1+G, + G+ " + G i )(hy ay *+ Vana) + (G 1, 7,501 (11)

4. Modeling Univariate Nonstationary Time Series

To design EARMA model as simplifying vector autoregressive moving average ARMAV
from a nonstationary time series with deterministic trend and seasonality, it is necessary to
transform each time series to stationary before construct EARMA model as recommended in
literature (Rufino, 2008), (Wei et al., 2006). (Todorov et al., 2002), (Feichtinger et al.,
1994), (Bhattacharyya, 1982). The advertising-sales system, the advertising time series
denoted by representing the input of the system, and the sales as desired time series denoted
by representing the output of the system. Lydia Pinkham data take from January 1954-June
1960, i.e. 78 monthly samples represent the total observations. We use 60 samples from
January 1954-December 1958 for modeling, and 18 samples from January 1959-June 1960
for head steps forecasting. These time series are generally nonstationary and autocorrelated,
figure (1) part a and b, shows the advertising and sales monthly data time series. The plot
shows a regular periodic tendency which indicated that the seasonality is dominant in the
data, so it is necessary to transform and from nonstationary or seasonality to stationary time
series.

1500 e
e
8 g™
“ o
< 100 " -
o €
o
© o= -
S o
€ e © W
% ©
@ !
b4 "
° - L, ) ol
5 W 1% 2 2 W % A 45 W % W

HEEREEEEEEEEEX)
pnuary-1954-december- 1958
a. Advertising Time Series Lydia Pinkham Data  b. Sales Time Series Lydia Pinkham Data

Junuaxry-1954-december- 1958

Figure (1): Advertising-Sales Lydia Pinkham Data

Applying three stages procedures modeling, the deterministic part deepened on the time origin,
the stochastic part represented by ARMA(n,n-1) model, and the combined model described the
decomposition time series into two parts deterministic and stochastic in sense of reduce the
residual sum of square (RSS) model, for nonstationary time series using DDS approach to
obtain the combined model for each time series advertising and sales which transform to
stationary see (Pandit et al., 1983). Then we obtain the results:
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5. Sales Combined Model:

After the deterministic and stochastic part was estimated as table(1) column 3, checked by the
autocorrelation which must not exceed about (2 /+/60) where 60 is the number of the samples
and the unified autocorrelation not exceed about (+2) as in figures (2) except at sample 15,
which slightly exceed about the bound but still include in the 0:05% probability error band, so it
can be considered the residuals reasonable white noise to this model which indicated that the
combined model is equated, the sales combined model is given by:

1 rit =2 bt 2
= Y e ) J isin(j 4’7 ; j
y2t . 1R]e +_ZlBje [C]SIn(Ja)tJr 1cJ COS(J[Dt)]+X2t
= j=

(12)

4 3
Xop = X fsXqt-s - X Oy 21w tas
=1 w =1

Where ¢ is the number of real exponents corresponding to growth trends,i is the number of

pairs of complex conjugate roots corresponding to periodic trends, and‘ +2i =s . R, 7 ,B b,
are unknown parameters to be estimated, and » is dominant frequency in radians per unit t ,
#.,0, are the parameters of the stochastic model and a,_become the residual of the combined

model.

L] 3
.;E.ﬂ (&) ;:I :
3Egs B |
EEE argel ll‘ I, II |'|'||||I' EE'.“ Ill It.ll SRRARL ,I..
FE T EE 4}
= 1 8 2 !
EE L 4 - i L
L] L1 'l‘.': Eal -1 E 3 I5 " 'b a' = »
b= Ciod
a) Combined model Autocorrelation b) SalesCombined model Unified

Autocorrelation
Figure (2): Sales Combined model Autocorrelation Unified Autocorrelation

6. Advertising Combined Model:

Similarly: the advertising combined model is given by:

S Y
= ie ) J ssin(j —C ; j
y1t Z_ Rje + ¥ Bje [chm(jwt+ 1cJ cos(jwt)]+)<1t

1 j=1 (13)

2 1
T L fsXqt-s - X Gy arr-w tag,
=1 w =1
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Figure (3): Advertising Combined model Autocorrelation Unified Autocorrelation
Table (1): Seasonal Sales Combined Model Parameter
Stage (1) Stage(2) Stage(3)
Parameters Deterministic Part Stochastic Part Combined Model
(2,0,0) (0,4,3) (2,4,3)
R: 1461.71399 1458.18274
+/- 73.94735 +/- 75.90109
r -0.00343 -0.00341
+/- 0.00154 +/- 0.00161
B, -15.53420 -13.71927
+/- 60.17482 +/- 59.78935
b, 0.02823 0.03261
+/- 0.08410 +/- 0.09176
C -1.00000 -0.99798
+/- 0.08209 +/- 0.29114
B, -215.31850 -222.31868
+/- 109.15339 +/- 62.66507
b, -0.00791 -0.00779
+/- 0.01665 +/- 0.01353
C 0.30060 0.32473
+/- 0.47971 +/- 0.21522
¢: 0.26504 0.22332
+/- 0.53128 +/-0.56693
o, -0.05775 0.01595
+/- 0.59392 +/- 0.58224
¢ -0.34945 -0.34428
+/- 0.53167 +/- 0.53615
¢4 -0.11905 -0.13240
+/- 0.32770 +/- 0.37883
0, 0.33846 0.46583
+/- 0.47221 +/- 0.68617
0, -0.12196 -0.23163
+/- 0.52067 +/- 0.65972
0; -0.80501 -1.05445
+/- 0.47659 +/- 0.65325
RSS 1768176.21 675691.33 491753.05
MSE 8195.88
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Table (2): Advertising Combined Model Parameter

Stage (1) Stage(2) Stage(3)
Parameters Deterministic Part Stochastic Part Combined Model

(5,0,0) (0,2,1) (5,2,1)

R, 716.58508 716.22766
+/- 114.1733 +/-101.10614

r ~0.00435 -0.00433
t/- 0.0046 +/- 0.00423

B, 368.22141 367.56668
+/- 154.6523 +/- 143.86305

b, ~0.00576 -0.00570
+/- 0.0131 +/-001238

1 0.54448 0.54498
+/- 0.3953 +/- 0.33838

B, ~500.91730 -501.60071
+/- 155.9408 +/- 147.00570

b, -0.00328 -0.00333
+/- 0.0090 +/- 0.00863

C ~0.09953 -0.09793
+/- 0.3138 +/- 0.27823

B, 108.78530 107.17580
+/- 174.2372 +/- 167.69550

bs ~0.00842 -0.00766
+/- 0.0502 +/- 0.05078

Cs 0.99999 1.00000
+/_ 0.0396 +/- 0.03803

B, —220.47362 -220.07288
+/- 163.5739 +/- 155.73068

by -0.00609 -0.00608
+/- 0.0224 +/- 0.02163

C. ~0.75535 -0.75258
+/- 0.4861 +/- 0.47147

Bs 31.06175 29.50856
+/- 171.016 +/- 174.89449

bs ~0.00848 -0.00633
+/- 0.1730 +/- 0.18745

Cs -0.99967 -1.00035
+/- 0.2101 +/- 0.71068

& ~0.29890 -0.71134
+/- 0.754 +/- 7.44574

&> 0.00161 -0.03927
+/- 1.2533 +/- 1.03649

0, ~0.19150 -0.61108
+/- 0.7574 +/- 7.45602

RSS 1330885.0 1306911.2 1272495.5

MSE 21208.2
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7. Sales Forecasting by Conditional Expectation

We interested in sales time series analysis for purpose of forecasting so computed the L steps
ahead forecast from L = 1 to 18 monthly samples of sales Lydia Pinkham data. The forecasting
consists of two parts, first the forecasting from the deterministic part without forecasting error
which computed from the following model:

£ i=2
ri b ; Lo .
th = Zz R je Jt + »2:18 je Jt[cj sm(]a)tﬁ-.'l—cjz cos(jwt)] + £ (14)
and the second part stochastic forecasting using conditional expectation which will be obtained
from the stochastic part of the combined model as ARMA(n,n-1) given by:

4 3
Xor = Z g5 Xit-s - X Oy At -w tas, (15)
s=1 w =1

The sales forecasting for 18 a head steps forecast with 95% probability limit show in the
following table.

Table (3): Sales Forecasting by Conditional Expectation

Samples number Actual values Forecasted Values Error 95% Lower 95% Upper
=actual-forecast limits Limits
61 1052.000 1178.95740 -126.9574 1001.51868 1356.39612
62 1102.000 1074.34753 27.65247 894.96582 1253.72925
63 1355.000 1216.51050 138.4895 1034.41174 1398.60925
64 1323.000 1346.02441 -23.02441 1157.41602 1534.63281
65 1296.000 1298.67029 -2.670288 1103.39697 1493.94360
66 1127.000 1166.63013 -39.63013 966.02338 1367.23694
67 1170.000 1043.52087 126.4791 839.04779 1247.99390
68 1059.000 1030.90442 28.09558 823.75104 1238.05786
69 1116.000 1084.56909 31.43091 875.59674 1293.54150
70 1214.000 1114.43445 99.56555 904.24042 1324.62842
71 966.0000 1080.08252 -114.0825 869.07220 1291.09277
72 1089.000 1041.24841 47.75159 829.69397 1252.80286
73 814.0000 1087.06616 -273.0662 875.14948 1298.98279
74 1087.000 1229.44763 -142.4476 1017.28986 1441.60535
75 1180.000 1372.41870 -192.4187 1160.10059 1584.73682
76 1167.000 1393.27222 -226.2722 1180.84729 1605.69714
77 1210.000 1257.92859 -47.92859 1045.43262 1470.42456
78 1092.000 1056.46277 35.53723 843.91962 1269.00598
Sum of Squares 267793.1
error (RSS)
Mean Square 14877.394
Error MSE
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Figure(4): Univariate Sales Forecasting

8. Modeling Bivariate Advertising-Sales (SISO) System

After treatments with the univariate nonstationary advertising and sales time series and
converting both from nonstationary to stationary time series with autocorrelation and unified
autocorrelation lies in possible band as in figures (2 ) and (3) this procedure intended to obtain
the adequate EARMA model for advertising x _ as input or as leading and sales x , as output

or as desired series. We used general procedures of modeling using DDS approach as illustrated
in section (2) this design called single input single output (SISO). We choose the adequate
(4,4,3) EARMA sales model and (1,1,0) for advertising in sense of minimum RSS, the
autocorrelation as well as positive-negative lag cross-correlation lies within 2/ /60 possible
band, or (the unified correlation is less than two in magnitude), and significant F-test is used as
a criteria's to obtain the adequate EARMA model. Figure (5) shows the sales autocorrelation,

positive lag cross-correlation, negative lag cross-correlation which appear that all of it lies
within the possible limits.
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e o .
a) Autocorrelation b) Positive lag cross- c) Negative lag cross-
correlation correlation

Figure(5): Advertising-Sales EARMA Model

The system equations of bivariate adequate advertising-sales EARMA(n,n,n-1) model is (1;1; 0)
for advertising and (4;4; 3) for sales given by:

x,, = -0.132x, , +0.136x, , +a,, ]

X, =0.165%x,, + 0.321x, ,0.062x,,, -0.254x,,
-0.10x ,,, +0.274x,,, +0.058x, , -0.133x,,, | (16)
+0.22 a,  -0.40a,, +0.7a2t-3 +a,, J
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ERMA Model Stability

We study the stability of the ERMA model in two directions. First, the roots of the model
(4;4; 3), the roots and their natural frequencies with damping ratios for EARMA model are
listed in table (4) which shows that all AR roots lie in unit circle because the absolute values
for it less than one and equal 0.44, and 0.64 respectively which indicated that the system
stability, see Olson et al.(1999).

Table (4): Sales EARMA Characteristic Roots of Autoregressive Operator

Discrete roots Natural Damping Absolute value of
Frequency Ratios roots
o, 4
0.4762+/- 0.3853 0.1334 0.5846 0.6125
-0.5270+/- 0.2775 0.4308 0.1914 0.5956

The second direction is the Green’s function and impulse response function between the
series from advertising to sales which take the form:

a) Impulse Response Function of Series 2 to series 1

IMP (J) = 0.53145*( 0.61255)**) *COS [2*P1%0.10826*DELTA*J +( -2.50648)]

.. (17)
+0.62667 * (0.59562)**] *COS [2*P1*0.42285*DELTA*J +(7o.33055)]
b) Green’s Function of Series 2 with its residuals
G (J)= 0.93959*(0.61255)**J *COS [2*P1*0.10826*DE|_TA*J +(1.95845)]
...(18)

+2.76357 * (0.59562)**] *COS [2*P1*0A42285*DELTA*J +(—1.05828)}

The impulse response function of series 2 to series 1, and the Green’s function of series
2 to its residuals appear in figure (6) are decayed to zero described the model stability.
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)
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Figure (6): Sales Green's function and impulse from Advertising
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10. Forecasting by Leading Indicator

The conditional expectation forecasting for univariate time series was an illustration in
previous sections (3). We obtain the bivariate stationary Lydia Pinkham advertising-sales
system which the forecasting for system output or the sales time series as desired can be
improved by using a related time series; such a related time series is called a leading
indicator, in current thesis application, we take the advertising is leading indicator to sales.
The application design SISO system described the advertising time series denoted by x, as

system input, and the sales time series denoted by X, as the system output. The equation

(16) represents the EARMA model of the advertising-sales system. Computation of
Conditional expectation for x, ,x, according to the rules of conditional expectation is

given by :

2o ol o
X, (O=-0132x (" -1)+0.136X, (" 1)

X1 (£)= 0.165X ¢ (f-1) + 0.321X 1 (£-2) -0.062X 1 (£-3) -0.254X ¢ (¢ -4)

|
|L (19)
J

B a ot o lay a
0.10%, (*-1)+0.274X, (*-2) + 0.058X, (*-3)-0.133X, (‘-4)

Then, the results of the sales forecasting by advertising leading indicator give in table (5).
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Figure (7): Advertising-Sales leading indicator Forcasting
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Table (5): Sales with Advertising leading Indicator

Samples Sales Fo_r ecast Error without Forecast Error with | 95% Lower 95% Upper
number Actual W'th.OUt Leading With leading leading limits limits
values leading
61 1052.000 1178.95740 -126.9574 1121.53174 -69.53174 956.58356 1286.47986
62 1102.000 1074.34753 27.65247 1178.70557 -76.70557 987.22095 1370.19019
63 1355.000 1216.51050 138.4895 1439.58215 -84.58215 1239.70264 1639.46167
64 1323.000 1346.02441 -23.02441 1402.57385 -79.57385 1199.86194 1605.28577
65 1296.000 1298.67029 -2.670288 1336.71460 -40.71460 1125.34961 1548.07959
66 1127.000 1166.63013 -39.63013 1164.06616 -37.06616 952.36639 1375.76587
67 1170.000 1043.52087 126.4791 1085.06543 84.93457 873.25085 1296.88000
68 1059.000 1030.90442 28.09558 1115.96436 -56.96436 904.11035 1327.81836
69 1116.000 1084.56909 31.43091 1175.94971 -59.94971 964.08215 1387.81726
70 1214.000 1114.43445 99.56555 1161.54834 52.45166 949.67615 1373.42053
71 966.0000 1080.08252 -114.0825 1047.03235 -81.03235 835.15857 1258.90613
72 1089.000 1041.24841 47.75159 930.40320 158.5968 718.52887 1142.27747
73 814.0000 1087.06616 -273.0662 033.89221 -119.8922 722.01770 1145.76672
74 1087.000 1229.44763 -142.4476 1084.81409 2.185913 872.93951 1296.68860
75 1180.000 1372.41870 -192.4187 1282.52625 -102.5262 1070.65161 1494.40088
76 1167.000 1393.27222 -226.2722 1384.78076 -217.7808 1172.90613 1596.65540
77 1210.000 1257.92859 -47.92859 1333.20032 -123.2003 1121.32568 1545.07495
78 1092.000 1056.46277 35.53723 1195.77649 -103.7765 983.90192 1407.65112
Sum of 174026.2
Squares Reduced by
Error ( RSS) 267793.1 3506
for forecast
Mean Square 14877.394 9668.1222

Error (MSE)

By using the impulse response function mr (5) of series 2 to series 1 in equation (17), and ¢ (3)

Green’s function of Series 2 in equation (18). The upper and lower probability limits leading
indicator forecasting error appear in last two are plots in the figure (7) which show that the
forecast values are within in the possible limits. The results show that the forecasting of sales
time series with advertising leading indicator is better than the forecasting for univariate sales
time series by conditional expectation with 35% improve percentage.

Cairo University, Institute of Statistical Studies and Research

24




The 53" Annual Conference On Statistics, Computer Sciences and Operation Research 3-5 Dec, 2018

Table (6): Comparison of Goodness of Fit AND Forecasting Ability of Published Model and
DDS approach for Lydia Pinkham Monthly Data (1954-1960)

Research
Methodology

Response Model

MSE
Model
Goodness
of Fit

Rank

Forecast
Ability

Rank

Hanssens(1980)
using Univariate
ARIMA - Sales

12

(173 lz)vt :—44.98(1—0.2578 ~0.6218B 15)at

18063.33

19876.22

Bhattacharya(1982)
using Univariate
ARIMA - Sales

(1—0.4135:312)(\(t +389.3511D ) =

756.2111 + (1+0.36158 -0.24858B 2—0.03538 3)at

16384

27395.94

Rady,E.A. and
Zidan.A.l (2018)
using DDS approach
Univariate Sales
Combined model
(2,4,3)

‘o i=2

yi= X Rjerit+ > Bjebjt[cj- sin(jwt)ﬂ’l—cj-zcos(jwt)+Xt

j=1 j=1
4 3
Xt=2 #sXt-s - L
s=1 w =1

Gy at—w +3t

8195.88

14877

Hanssens(1980)
Bivariate
Advertising-Sales
Rational lag
Distributed Structural
(RSF) -

0.374(0.126)B
VlZSt: ( ) Vlet
1-0.5468

+(1+0.0BZB -0.068B 2+O.37ZB S)eZt

25600

19698.72

Bhattacharya(1982)
Bivariate
Advertising-Sales

(f, +419.4913D - 211.7867L ) =1179.1776 + ((0.2329B ) X |

+ (1+0.11825 -0.12308B 2);7“

11881

41345

Rady,E.A. and
Zidan.A.l (2018)
Bivariate using DDS
approach
EARMA(1,1,0)
Advertising —Sales
(4,4,3)

Xqt = -0.132x94 7 +0.136X oy 1 +apt

]
Xpp= 0.165xq4; + 0.321xq;_p 0.062xq;_3 -0.254%1; 4 L
-0.10X py_q +0.274X 5y 5 +0.058% 5y _3 -0.133X 5y _4

+0.22 apy_q -0.40ayy .5 +0.7a2t-3 +ayy

7084.8

9668

=  Conclusion

After converting the nonstationary time series by removing the periodic components and the
deterministic trends into stationary time series, we obtained the head steps forecasting by using
Conditional Expectation. The third step, use stationary time series obtained from the second
step to modeling EARMA model as a special case of VARMA (n,n-1) in bivariate case
represent single-input single-output SISO system design. The fourth step, improve the bivariate
system performance by the leading indicator. The results also showed that the effectiveness of
the frequency domain approach in the bivariate analysis of the nonstationary time series.
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The continuous transform process, such as taking the differences as in the classic approach
(Box-Jenkins) of time series analysis was avoided by decomposition the nonstationary time
series with stochastic and deterministic components which described Frequency components in
the form of sinusoidal function models as periodic functions with frequencies contributing to
the removal of seasonal and deterministic trends. The results of advertising-sales economic
system application using DDS approach showed the effectiveness of forecasting by using the
leading indicators in improving the system performance with optimum values of the parameters
which contribution in reducing the MSE by 35% than the conditional expectation forecasting.
Robustness of DDS approach appear in both modeling and forecasting in univariate case of
"nonstationary” when the nature of time series of data appears of data, therefore, need to include
function which depends on the time origin as well as bivariate analysis with EARMA design
SISO, the comparisons results of mean square error (MSE) obtained from (2,4,3) combined
model versus the difference approach modeling in previous literature in table (5), and
forecasting with conditional expectation show that attainment high and accurate reduction in
goodness of fit and forecasting ability of (MSE) than (Hanssens, 1980) and (Bhattacharya,
1982) works.

Acknowledgements

The authors would like to thank the reviewers for their valuable comments on the manuscript.

Reference:
Beracha, E., & Wintoki, M. B. (2013). Forecasting residential real estate price changes from
online search activity. Journal of Real Estate Research, 35(3), 283-312.
Bhattacharyya, M. N. (1982). Lydia Pinkham data remodeled. Journal of time series analysis,
3(2):81-102.
Feichtinger, G., Hartl, R. F., and Sethi, S. P. (1994). Dynamic optimal control models in
advertising: recent developments. Management Science, 40(2):195-226.
Hanssens, D. M. (1980). Bivariate time-series analysis of the relationship between advertising
and sales. Applied Economics, 12(3), 329-339.
Nasiri, H., Taghizadeh, K., Amiri, B., & Shaghaghi Shahri, V. (2017). Developing Composite
Leading Indicators to Forecast Industrial Business Cycles in Iran. International Journal of
Research in Industrial Engineering, 6(1), 69-89.
Olson, W. W., Filipovic, A., Sutherland, J., and Pandit, S. (1999). Reduction of the

environmental impact of essential manufacturing processes. Technical report, SAE Technical

Cairo University, Institute of Statistical Studies and Research

26



The 53" Annual Conference On Statistics, Computer Sciences and Operation Research 3-5 Dec, 2018

Paper.

Onwukwe, C. E., & Nwafor, G. O. (2014). A Multivariate Time Series Modeling of Major
Economic Indicators in Nigeria. American Journal of Applied Mathematics and
Statistics, 2(6), 376-385.

Pandit, S. M. (1991). Modal and spectrum analysis: data dependent systems in state space.
Wiley-Interscience.

Pandit, S. M. (1991). Modal and spectrum analysis: data dependent systems in state space.
New York: Wiley.

Pandit, S. M., Wu, S.-M., et al. (1983). Time series and system analysis with
applications. Wiley New York.

Rajurkar, K. and Nissen, J. (1985). Data-dependent systems approach to short-term load
forecasting. IEEE transactions on systems, man, and cybernetics, (4):532-536.

Rufino, C. C. (2008). Lagged effect of tv advertising on sales of an intermittently advertised
product. Browser Download This Paper.

Sagaert, Y. R., Aghezzaf, E. H., Kourentzes, N., & Desmet, B. (2018). Tactical sales
forecasting using a very large set of macroeconomic indicators. European Journal of
Operational Research, 264(2), 558-569.

Todorov, E. and Jordan, M. I. (2002). Optimal feedback control as a theory of motor
coordination. Nature neuroscience, 5(11):1226.

Tsolacos, S., Brooks, C., & Nneji, O. (2014). On the predictive content of leading indicators:
the case of US real estate markets. Journal of Real Estate Research, 36(4), 541-573.

Wei, W. W. et al. (2006). Time series analysis: univariate and multivariate methods. Pearson
Addison Wesley.

Cairo University, Institute of Statistical Studies and Research

27



The 53" Annual Conference on Statistics, Computer Science and Operation Research 3-5 Dec 2018

Statistical Inference of Geometric Distribution under Type I Censoring

Sample with Missing Data

Ahmed A. El-sheikh!, Naglaa A. Mourad® , Alaa S. Shehataa®

Abstract

The parameters of two Geometric distribution populations are estimated and the
hypothesis testing on the equality of parameters are constructed under type | censoring with
missing data. A confidence interval is placed. The consistency and asymptotic normality of the
estimators are proved.

Keywords: Asymptotic Normality, Consistency, Geometric distribution, Maximum likelihood,

Missing data, Type 1 censored sample.

Introduction

The problem of estimation of parameters with missing data is very common in many
studies and field experiments. Some researchers estimated parameters for two populations for
different distributions and tested the hypothesis on the equality of two parameters under type |
censoring with missing data. Zhao et al, (2009) estimated parameters and tested hypothesis of
means of two exponential populations under type | censoring sample when data are missing. A
variety of methods have been developed to estimate the unknown parameters of different models
when some data are missing. In this paper, we estimate the parameters of two Geometric
distribution populations and test the hypothesis on the equality of the parameters under type |
censoring in case of missing data.
This paper is organized as follows. In Section 1, the parameters of two geometric distribution
populations are estimated. In Section 2, consistency and normality property for estimators are
proved. The hypothesis testing and confidence interval of parameters in two populations are

discussed in Section 3.
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1. Estimation of Parameters in case of Geometric distribution under type |
censoring with Missing Data

In this section, estimators of parameters are derived by using maximum likelihood method in

case of two geometric distribution populations under type | censoring when some data are

missing. The consistency and normality of the estimators are proved.

The probability density function of geometric distribution has the form:

PX=x)=(1-6)*19, x=1,2,..

1-6
02

1
E(x) = i v(x) =

where 6; ,i =1,2 i are unknown parameters that presented two geometric populations for n
independent observations. The first sample is denoted as (x;, x5, ..., x,,) With parameter 6,
(unknown). The actual observed data is (z;, a;, 6;) (i = 1,2, ...,n), where (24,25, ..., Zp),
(ay, ay, ..., ay) and (84, 85, ..., 8,,) are independent. Assume that z; = min(T,, x;),

a; = I{x; <To}— I{x; > Ty} be the censoring or status indicator for T,

where T, be a predetermined time to terminate the experiment

_ {1 x; <Ty, 2z is observed
%= -1 x; > Ty, z; is censored
and
5 = {1 z; is observed with p(6; =1) =p
tolo otherwise

Similarly, the second sample is denoted as (yy,ys,, ..., y) With parameter 8, (unknown). The
actual observed data is (M;,B;,n;) (i = 1,2,...,n), where (My,M,, ...,M,,), (B1,B2, ..., Bn) and
(1,12, ..., ny) are independent. Assume that M; = min(Ty, y;),

Bi = I{y; <To} — I{y; > T,} be the censoring or status indicator for T,

where
_ {1 v; < Ty, M;isobserved
Fi=1-1 y; > Ty, M; is censored
and
n; = {1 M; is observed with p(n; =1) =p
Y otherwise

Cairo University, Institute of Statistical Studies and Research
29



The 53" Annual Conference on Statistics, Computer Science and Operation Research 3-5 Dec 2018

1.1Estimation of Parameters by Maximum Likelihood Method in Case of One Population
In this section, the maximum likelihood method will be used to estimate the parameters

of Geometric distribution in case of one population when some data are missing.

The maximum likelihood function has the form:

The M.L function has the form:

L) = | [(FC:00) % (5(21; 0))” ®

where S(z;6;) =1—F(z;)) = (1 — 6,)% be survival function,
Ai = ai5i(0(i5i + 1)/2 and Bi = ai&-(aié'i - 1)/2, i=1,2,...,n

n
L) = | [ -epatey s - o) @
Hence, the logarithm of the likelihood function is given by
n
InL (6, = Z[Al-((zl- ~1) In(1 - 6,) + In6,) + Bz In(1 — 6,)] @3)
i=1
d(InL,(61)) Z i Ai(zi—1\ Bz 4)
691 91 1 - 91 1 - 91
n n
ZAi - 91 (z Aizi + Z Bizi> =0
i=1 i=1 i=1
The estimator of 6, will be:
n
~ i1 A;
0, = — ®)

i=1(4; + Bz
In a similar way, The estimator of 6, will be:
Tl ' C
(6)
N 1(C + D;)M;
Ci = pni(Bmi + 1)/2,and D; = Bini(Bim; — 1)/2,1=1,2,....,n

6, =

1.2 Estimation of Parameters by Maximum Likelihood Method in Case of Two Populations

Assume H, = 6, = 6, = 0 where 0 is unknown, the likelihood function of 0 is
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1) = | |G e 4 50y | [0 0% (53 0,0)° ™
=1 i=1

L© = | Jaa-oortonaca-enme| Ja-oMtencica-enmy @
i=1 i=1

Hence, the logarithm of the likelihood function is given by

n

InL() = Z[Ai((zi ~1) In(1 — 6) +In8) + B;z; In(1 — 0)]

S (©)
Z[C-((M- ~1) In(1 - 6) +1n6) + D;M; In(1 — )]
a(ln L(G)) A, A (Zl 1) B;z;
(G- D)
(10)
C;(M; —1)\ D;M;
- -2
ZAi +Z =0 <ZAiZi +ZBlZl>+<z ClMl+ZDLMl)
The estimator of 6 will be:
0 = ?=1Ai + Z?:l Ci
XA+ Bz + X, (C + DM
(11)

2(21 1“262"'2 1“6 +Zl 1 lTh‘i‘Z 131771)
nLalstz+ N, BEnF M;

i=1 l L

2. Consistency and Asymptotic Normality of Estimators

In this section, the consistency and the asymptotic normality will be considered.

~ a.s.
Theorem 1: 6, — 64,
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Proof: Since, {a;6;,1 < i < n}are independently identical distributed variable, so

n

1 a.s.
HZ a;6; — E(a;6;)

i=1

E(a;6;) = E(a)E(6;) = p[1 —2(1 —6,)™]

So
1yn as. T,
o &i=1 a;0; — p[1—2(1—61)"] (12)
Similarly,
1 n
a.s.
—Z a?6? S E(a?6?),
ne
E(afé?) =p
So
1 n
a.s.
EZ al-zé'iz — D, (13)
i=1
and

n
1 .
LD, atst S Ealsia)

i=1

E(a?82z;) = E(a?§2)E(z) = p [9% (1= (1= 0)™) = To(1 - 6,)" |

n

1 s
_Z 0?87 752 (1- (1 - 6,)") (14)
n 0,

i=1

Therefore, by using equations (12 and 14), and after simple calculations, it can be concluded
that:

a

8,50, (15)

By using the same method as we used to prove theorem1, we can prove that, 8, = 0,
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Lemma: Let Ty, Top, -, Thy D statistics such that asn — oo
d
V(T = A4y eoe e, Ty — ) = N(0, %) (16)
where X = (o), ,i=1,..,hji=1..h

If g(14, 15, ..., A) is a function whose first derivatives all exist, thenas n - o

h h
d dg dg
n(g(Tln, TZTU ---rThn) - g(ll,lz, ’llh)) - N 0, - G’i} (17)
“ Zl Zl 92, 92,

where dg/dA; means dg(A4, 4y, ..., 4,) /04, (Lawless, 2003)
~ d ~ .
Theorem 2: vn(8; — 6;) - N(0, 62), where 8, defined as above.
Proof: assume that Q; = (a;8;, a?67, a?6%z;)T. let {Q;,i = 1} is iid variable.
Since,
E(a;6;) = p[1 — 2(1 — 6,)™], E(a}67) = p,and E(a}67z;) = 93 [1-(1-6)%]
1
Then,

EQ) = (p[1-2(1- 91)“’],19.031 [1-(1-6)"D" (18)
Let,

L =E(Q, - E(Ql))(Ql - E(Ql))T

By multivariate central limit theorem,

1 n
VAC D 0= E(@) > NO,D)
i=1

011 012 O13
where Y =021 O 033

031 O3z 033

var(a;6;) cov(a, 6, a?6?)  cov(a,6,a?8%z)
=| cov(a,;6,,a?6?) var(a?8?) cov(a?s?, alétz;)
cov(a,6,,at6%z;) cov(a?é?, alétz;) var(a?8?z;)

2
011 = E(a?67) — (E(a,61)) =p —p?(1 — 2(1 — 6,)0)?
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012 = 031 = E(@767) — (Eay8,)(Eai6f) = (p — p*)(1 — 2(1 — 61)™)
013 = 031 = E(a7872;) — (Ea,8,)(Ea{éiz,)
=p(1-p)(1-2(1-6)°)(1-(1-6)")
050 = Ea}s?) — (E(@28D)" = p —p?

O3 = 032 = E(afozi) - E(afé‘f)E(afc?fzJ = HB 1-pA-QQ- 91)T0)
1

033 = E(“foZf) - (Eaf51221)2

2-0, 2T,
=p %(1 — (1= 6)™) = TE(1 = 6)™ = =2 (1 = )" | = (p(1 = (1 = 6)™)
1

By using the above lemma, let
Eln + EZn

(E1n) Ean, E3n) = : (19)
I\L1n, Eon, L3y 2E3n
where
1w 1w v
Fin= 5 ) @61 B = 5 ) 0267 Euy = ) atbiz
i=1 i=1 =1
Mgy = E(E1n) =p(1 =21 —=6)™),  Ay,) = E(E2n) =D,
p
A30,) = E(E3p) = o (1-(1-6)%h)
Assume that,
9(E1n, Eap, E3p) = 91 (20)
Then
Aoy A2y PA—=2(1—60)™)+p
916,y A2(6,) A3(6,)) = = =0
( 1(61)7 72(61) *3( 1)) 2/13(91) 29%(1 —(1—6,)") 1 (21)
So,
09(Maopy 20y As0) _ 1 _ 0, 22)
0100, 2230,y 2p(1—(1—61)T)
09(Maopy 20y As0) _ 1 _ 0, (23)
042¢0,) 2230,y 2p(1—(1—61)T)
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09 (A1, A0, A38) _ —hacey) = Aoy _ —67 24)
023(6,) 2230,) p(1—(1-6,))
Therefore,
~ d
‘/5(91 - 91) =+n (g(Elm Egny E3n) — 9(11(91), 206, /13(91))) - N(0,0%) (25)
where
a%g a%g a%g
0f =———0(1+2———01y+2——"—0
OO, T T 0ey0heey 0 00y
d%g d%g d%g
=50t 200——————0p3 + 55— 033
0230y 022(0,)036,) 023,

By using the same method as we used to provetheorem 2, we can prove

Vn(8, — 8,) > N(0,63)

3. Testing the Equality of Two Parameters and Confidence Interval for
60,-06;

In this section, hypothesis testing on the equality of two Geometric distributions under Type
I censoring sample are constructed and its confidence interval are placed when some data are

missing.

3.1 Hypothesis Testing for 8; — 6,

The following hypotheses will be considered:
H,:6,—6,=0,H;:6, — 0, #0.
First it is derived test statistics and discussed the limiting distribution of test statistics.
Assume that

it 8 + Xim My
2n

p=
where

n n
i=1Mi

s,
E(5i)=%=P'E(Ui)= L P
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By strong large number law,
a.s. a.s. a.s.
p — p, 6% — 0f,65 > 0o}
Therefore it is obtained the following result:

Theorem 3:

The test statistic is

\/ﬁ[§1 —6,— (6, - 92)] d

- N(0,1)
/651 + 55,
Under the-null hypothesis:

\/5[91 - 92] iN(O,l)

=2 =2
’0'91 + 092

Proof: By Slutsky’s theorem, Theorem 1, Theorem 2, Theorem 3 can be proven.

(26)

3.2  Confidence Interval for 6; — 0,

Let A6 = 6, — 0,, in what follows it is discussed the confidence interval of A.

2

For 0 < a < 1, assume that &, satisfies f_E‘;\/%_n e 2z dx = a. For a given confidence level a, by

Theorem 7, Theorem 8, so

Vn[f, — 8, — A6] ) .y 27)

P(ffl—_aS — <{ita
2 62 + G5 2

Therefore it is obtained the ¢ confidence interval of A:

B — 6, — £10a Y102 5 g e
- —QCl+a— —, - 1-«x
RS TSR

,/ai/ir 62 ) 28)
n
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A New Look at Bayesian Identification of Moving Average Models

Ayman A. Amin”

Abstract

In this paper we review the existing Bayesian identification techniques for the moving
average (MA) models that can be classified as testing based identification and posterior mass
function based identification. In order to improve the Bayesian identification of MA models, we
present a new Bayesian identification method that is based on the posterior mass function of
the MA models order. The main idea of our proposed Bayesian identification of MA models is
that we first express the invertible MA model as an infinite autoregression in order to simplify
the estimation of the unknown lagged errors using the ordinary least squares method (OLS),
and based on the estimated errors we complete the Bayesian identification of MA models using
the approximated posterior mass function of the model order. This method is simple and easy
to apply, and simulation results show that its accuracy is comparable with other existing
posterior mass function based identification and better than testing based identification.

Key Words: Time series model identification, Jeffreys’ prior, Natural conjugate prior, Posterior
mass function, Long autoregression.

1 Introduction

Time series models are widely used to fit and forecast time series data in many fields
such as economics, finance and engineering. Time series analysis starts with the model
identification and followed by the model estimation, model diagnostics check and finally model
forecasting. Therefore, the model identification step is important since all other steps depend
on its accuracy (Box et al., 2015). The identification of time series model means that the order
of the time series model is unknown and needs to be specified (Amin, 2017c).

There are two Bayesian techniques proposed in the literature to identify the order of
time series models. The first technique is testing based identification that assumes the model
order is unknown constant with a known maximum, and the best order can be estimated based
on a sequence of t-test of significance (Broemeling and Shaarawy, 1987). This Bayesian
identification technique is applied to different time series models including autoregressive
models (Broemeling and Shaarawy, 1988; Daif et al., 2003), autoregressive moving average
models (Ali, 2003), and seasonal moving average models (El-Souda, 2008). The second
technique is posterior mass function based identification that assumes the model order is a

" Assistant Professor of Statistics, Department of Statistics, Mathematics, and Insurance, Faculty of Commerce,
Menoufia University, Egypt. Email: ayman.a.amin@gmail.com.
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random variable with a known maximum, and its posterior mass function can be derived to
select the order as a value with a maximum posterior probability. Following this idea, Diaz and
Farah (1981) proposed a Bayesian method to identify the order of autoregressive models. Their
work has been extended by researchers to different time series models, which include
autoregressive moving average models (Fan and Yao, 2009), seasonal autoregressive models
(Shaarawy and Ali, 2003), and multivariate autoregressive models (Shaarawy and Ali, 2008).

The Bayesian identification of the moving average (MA) models is complicated since the
model errors are non-linear functions in the model coefficients. Accordingly, the errors sum of
squares is non-quadric in the model coefficients and the likelihood function becomes
analytically intractable, leading to non-standard posterior distribution. In order to address this
problem, Broemeling and Shaarawy (1988) approximated the errors as linear functions in the
coefficients by their non-linear least squares (NLS) estimates, and then they replaced the lagged
errors of the model with their corresponding lagged residuals. This approach is adopted even
for complicated time series models such double seasonal moving average models and double
seasonal autoregressive moving average models (Amin, 2017a; Amin, 2017b; Amin, 2018b).
Therefore, to accurately identify the MA models, Shaarawy et al. (2007) used fisrt the testing
based identification technique to specify an initial value for the model order that is used to
approximate the unknown lagged errors by their corresponding lagged residuals and then they
returned to use the approximated posterior mass function based identification technique to
improve the model identification.

It can be observed that this identification method proposed by Shaarawy et al. (2007) is
iterative and computationally expensive, especially for higher order of MA models, because it
depends on the nonlinear least squares method. Therefore, in this paper we address this
problem by proposing a new method for Bayesian identification of MA models. The main idea
of the proposed Bayesian identification of MA models is that we first exploit the fact that any
invertible MA model can be expressed as an infinite autoregression in order to simplify the
estimation of the unknown lagged errors using the ordinary least squares method (OLS), and
based on the estimated errors we complete the Bayesian identification of MA models using the
approximated posterior mass function of the model order. This method is simple and easy to
apply, and results show that its accuracy is comparable with other existing methods.

The remainder of this paper is organized as follows. In Section 2 we present the
background of the moving average time series models and related Bayesian concepts.In Section
3 summarize the existing Bayesian techniques for identification of MA models. In Section 4 we
present our proposed Bayesian method for identifying MA models. In Section 5 we present the
simulation study to evaluate the accuracy of our proposed Bayesian identification of MA
models compared to other existing existing Bayesian identification techniques. Finally, we give
the conclusions in Section 6.
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2 Moving Average Models and Bayesian Concepts

Time series {y;} can be modeled by a moving average (MA) model of order g,
simply denoted by MA(q), and written as (Box et al., 2015):
Ve = 0,(B)e, (1)
where {&:} is a sequence of independent and normally distributed errors with zero mean and
variance g2, B is the backshift operator defined as B%x, = x,_4, and 84(B) is the moving

average polynomial with order q written as 6,(B) = (1 —6,B—6,B*— - — 9qu). The
model (1) can be simplified and written as
y=XB+e (2)
where y = (y1,¥2,,¥,)T, X is an nXq design matrix with the t* row X, =
(st_l, ...,et_q), B = (—91, ...,—Hq)T is the model coefficients, and & = (&1, &5, ..., &,)7.

It is worth noting that the design matrix X becomes a function of ¢ when the MA
model order is unknown. In this case we can assume that the model order g is a random
variable with a known maximum value of k. The prior information about g can be
represented in terms of a prior mass function {(q) that can have different forms such as
uniform, i.e. {(q) = 1/k, or geometric,i.e. {(q) = 0.59vqg =1,2,...,k.

Bayesian analysis of time series models is based on Bayes’ theorem that combines the
prior distribution of the model parameters with the likelihood function of observed sample to
get the posterior distribution.

Regarding the prior specification, we consider the natural conjugate and Jeffreys’ priors.
In case of the MA model with normally distributed errors, the natural conjugate prior is

normal-gamma. Suppose ,8~Nq(yﬁ,0223) and 02~IG(§,§), the joint natural conjugate prior
distribution of § and ¢? is given by:
_(¥ta 1 To—
n(8,0%) o (63T Vexp {(—5m |2+ (B —1p) 25 (B - 1)} (3)
where ug,Zpg,v and A are hyperparameters need to be estimated.

Jeffreys’ prior of f and o2 is given by:
{j(B,0*) x (6%)™1, 0% >0 (4)

The likelihood function of the MA model (2) can be obtained by employing a
straightforward random variable transformation from & to y, and written as

L(B, 0 ply) o (07) 2exp{— "¢},
x (0%) zexp {15 (v — XB) (v — XB)}, (5)

Multiplying the likelihood function (5) by each one of these two prior distributions
results in the following joint posteriors. For the natural conjugate prior, the joint posterior of
the model parameters 8,02 and q is:

6n (8,07 qly) S0 F  Wexp [~ L[+ (B — 1) 55 (B — ) +
(v = XB)' (v — XB)1} (6)
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For Jeffreys’ prior, the joint posterior of 5,02 and q is:

(8,02 qly) % {(@)(0?) Eexp (~ 5 v — XBT(r — XB)), )

It is worth observing that the unknown lagged errors are part of the design matrices X
which complicate the likelihood function and make it analytically intractable. As a result,
computationally expensive numerical methods need to be introduced to obtain exact posterior
of the model parameters as proposed by Monmohan (1983). Broemeling and Shaarawy (1987)
approximated the likelihood function of the MA models by simply estimating the unknown
lagged errors using the nonlinear least squares method and substituting these estimates in the
likelihood function. In particular, they estimated the errors recursively by:

&=yt Z?:l éiét—i' (8)
where 91, ...,éq are the nonlinear least squares estimates of the model coefficients obtained
by minimizing
eTe = 55(64, ..., 6,), (9)
with respect to 6y, ...,6, over the invertibility regions. Accordingly, the main idea of this
method is to search over the invertibility regions of the model coefficients and obtain their
estimates as the values that minimize the errors sum of squares. Indeed, this makes the
method computationally expensive to obtai the estimates of the unknown errors especially for
higher orders of MA model, i.e. large values of q.

3 Existing Bayesian Identification of MA Models

There are two Bayesian techniques proposed in the literature to identify the order of
time series models, which are testing based identification and posterior mass function based
identification, and they are discussed in the following subsections.

3.1 Testing Based Identification of MA Models
The testing based identification technique for MA models is proposed by Broemeling

and Shaarawy (1987) and can be summarized in two main steps. First, the model order is
assumed to be unknown constant with a known maximum and accordingly the approximate
posterior distribution of model coefficients is derived. Second, a sequence of t-test of
significance is executed based on the marginal posterior of the model coefficients to specify the
best value of the model order gq.

Assuming the model order g is unknown constant with a known maximum k, from
egn (6) and using the NLS residuals (as given in eqn (8)) we can write the joint approximate
posterior of B and o2 resulting from the natural conjugate prior as:

n+v+k
en(B.071y) & (037 exp [~ L[4+ (B — 1) 25 (B — ) +
v -%8) (v-2p)]} (10)
where X isan n X k matrix with the t™ row:
Xe = (&em1 6oy s Eep)- (11)
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From this approximate joint posterior, it is easy to show that the approximate marginal
posterior of the model coefficients S is a multivariate t distribution with degrees of freedom
v, = (n+v) and location vector and dispersion matrix are respectively:

Hn = A7 BuandV, = = 471G, (12)
where,
=(X"X+353)7Y By=& "y + 33 up), and Cp = [yTy + A+ ufi up — B AR B,

Similarly for Jeffreys’ prior, the joint posterior of f and o2

5B,0%1y) o (02 G exp [~ L (v - 28)" (v - £8) ) (13)
We can easily show that the approximate marginal posterior of the model coefficients £ is a
multivariate t distribution with degrees of freedom v; = (n — k) and location vector and
dispersion matrix are respectively:

i=&"X)" 1XTyandV] = —(XTX) 1¢; (14)
where Cjz[y y—yTX(XTX)~1XTy|.

can be given as:

The main property of the multivariate t distribution of a vector is that any single
component of this vector has a univariate t distribution and the conditional distribution of any
component given any other component has also a univariate t distribution. Using this marginal
posterior of the parameters vector [ and based on the property of the multivariate t
distribution, we can do a backward elimination procedure to identify the best value of the
model order g as follows:

1. Test Hy:0, = 0 against Hy: 0, # 0 using the marginal posterior distribution of 6,
which is a univariate t distribution.
2. If Hy isnotrejected, test Hy:0,_1 = 0 against Hy:0,_1 # 0 using the conditional
posterior distribution of 8,_; given 6, = 0 which is also a univariate t distribution.
3. Asequence of t-test of significance is executed until the hypothesis 6, = 0 is
rejected where 0 < g, < k, which means the identified value for q is qq.

3.2 Posterior Mass Function Based Identification of MA Models

The posterior mass function based identification assumes the model order q is a
random variable with a known maximum k. Therefore, the marginal posterior mass function of
the model order needs to be derived to select the order as a value with a maximum posterior
probability (Amin, 2017d; Amin, 2018a). Since the lagged errors in the MA model are unknown,
then the joint posteriors of 8,02 and g is analytically intractable. Therefore, an initial value
can be assumed for g to use the NLS method to estimate the errors recursively (as given in
eqn (8)) and then the joint posterior resulting from the natural conjugate prior can be
approximated using the obtained residuals and given as:
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6n (8,07 qly) < S(@)(@) ™ Wexp [ L[+ (B — 1) 55 (B~ ) +
v -%p) (v-2p)|} (15)

By integrating out the parameters  and o2

mass function of the model order g as:

in (15) and obtain the marginal posterior

n+v

1/2 _n+v
$n(qly) «< {(q) [|A |] [yTy + 2+ upSs g — BRAR B, 2 Vg =12,...,k(16)
Where A, = (X"X +25") and B, = (XTy + 25" up)

2

For Jeffreys’ prior, the joint posterior of 8, o and q is givenby:

5i(B,0%qly) x {(@)(0) G exp(~ L (v~ £9) (v - 29)), (17)

Integrating out the parameters 8 and o2

function of g as:

Zi(qly) < {(q) _p( ) [yy yIXXTXOTIXTy] ZVq—12 Lk (18)

w2 |XTX

in (17) results in the marginal posterior mass

The main challenge in using the posterior mass function to identify the MA model is how
to specify an initial value for the model order g to be able to use the NLS method to estimate
the errors recursively and then approximate the joint posterior of the model parameters.
Shaarawy et al. (2007) used the testing based identification technique to specify the initial value
for q, however, this approach complicates the MA model identification and makes it
computationally expensive.

4 Proposed Bayesian Identification of MA Models

Our proposed method for Bayesian identification of MA models is mainly based on the
possibility of expressing the invertible MA model as a long finite autoregression to avoid the
problem of specifying an initial value for g and also to avoid using the iterative NLS method to
estimate the errors and approximate the joint posterior. To explain our idea, consider the
MA(1) model:

Ve = —01&1 + & (19)
This model can be expressed as an infinite autoregression (Box et al. 2015) as:
Yt = M1Yt—1 T MYp—p T T3Ye3 + -+ + &. (20)

However, one can approximate this inifinite autoregression by a long finite autoregression of
order L, assuming all the values of m;s are zero for lags beyond L (Koreish and Pukkila,
1990), and it can be written as:

Yt = MYi-1 Tt Y2t + LYy + & (21)

From (19) and (21), with some manipulations we can find the values of m;s in terms of the
model coefficient 6; as: m; = Hli,Vi = 1,...,L. By substituting these values of m;s in eqn
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(21), we get:
Ve = —01Ye1 + Xicy (—600)yi + &
= —0,[ye-1 — Xics (=01 ye] + €6,
= —01[ye-1 — Zlfzz Ti_1Ye-i] + & (22)

The quantity [y,_1 — XF, mi_1V¢—;] is just &._;, which proves that the MA(1) model can be
expressed as a long finite autoregression of order L, and in the same way we can prove that for
higher order of MA models.

Accordingly, our proposed method for Bayesian identification of MA models can be
summarized as follows.

1. First, we express the MA model as a long autoregressive model (LAR) of order L as:

Ve = MYe-1 t MYt + T Y t+ &, (23)
and then we use the OLS method to estimate the LAR(L) model coefficients, f;’s, and obtain
the residuals, &;’s, as consistent estimates for the unknown lagged errors.

2. Second, we replace the unknown lagged errors with the obtained OLS residuals in the
likelihood function (5) to approximate it and the resulting approximate posterior density of the
model parameters 3,02 and g will be analytically tractable and it is given as in eqn (15) for
the natural conjugate prior and as in eqn (17) for Jeffreys’ prior.

3. Third, we integrate out the parameters f and &2 to obtain the approximate
marginal posterior mass function of g and it is given as in eqn (16) for the natural conjugate
prior and as in eqn (18) for Jeffreys’ prior, and then we select the order as a value with a
maximum posterior probability.

The main challenge in our proposed method is the specification of the order L of LAR
model. Initially, we have tried to use several information criteria, such as Akaike’s information
criterion (AIC), to specify the order L but unfortunately we got unacceptable results. For the
sake of illustration, we consider simple simulated examples, MA(1) model with 8 = 0.5 and
0.8. For all the examples we consider n = 100. Using the AIC to determine the order L and
other arbitrarily specified orders, i.e. L =5,10,15,20, we apply our proposed method,
assuming Jeffreys’ prior for the model parameters, and our Bayesian estimates are presented in
Table (1).

6 =05 6 =028
AIC Arbitrarily Specified AIC Arbitrarily Specified
L 4 5 10 15 20 6 5 10 15 20
E(f|y)| 0.515 | 0.504 | 0.504 | 0.537 | 0.519 | 0.780 | 0.756 | 0.782 | 0.795 | 0.818
V(@|y)| 0.011 | 0.011 | 0.012 | 0.013 | 0.015 | 0.012 | 0.012 | 0.012 | 0.013 | 0.016
Table 1:Simulated examples for LAR model specification.

From this table, we can observe that the Bayesian estimates resulting from using the
order L specified by the AIC is not better than those arbitrarily specified. These results confirm
that the AIC and other information criteria are not a suitable method to specify the order of
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LAR model. In general, in our proposed method we need the order L to be large enough to
enable the LAR model approximates adequately the unknown lagged errors, and in the same
time it has to be less than the number of observations of the given time series, i.e L < n.
Extending the simulation with considering L as a function of +/n, we get the results in Table
(2) that reveal using L = +/n can be a good choice which is consistent with the results of
Koreish and Pukkila (1990) in the non-Bayesian domain.

L
n 0 =05 0.5Vn 1.0/n  [1.5vVn 2.00/n 2.5vn 3.0vn
gg  |Mean 0.495 0.501 0.503 0.498 0.491 0.486
Std. Dev. 0.151 0.157 0.165 0.172 0.181 0.191
100 Mean 0.499 0.502 0.497 0.499 0.499 0.499
Std. Dev. 0.104 0.107 0.111 0.114 0.118 0.122
150 Mean 0.496 0.494 0.495 0.496 0.498 0.497
Std. Dev. 0.084 0.087 0.089 0.091 0.094 0.096
00 Mean 0.495 0.495 0.496 0.496 0.497 0.496
Std. Dev. 0.073 0.074 0.076 0.078 0.079 0.081
5o Mean 0.491 0.491 0.490 0.493 0.493 0.495
Std. Dev. 0.065 0.066 0.068 0.069 0.070 0.071
300 Mean 0.494 0.493 0.493 0.493 0.493 0.494
Std. Dev. 0.059 0.060 0.061 0.063 0.064 0.065

Table 2:Simulated examples for LAR model specification with L is a function of /n.

5 Simulation Study

In this section we present a simulation study to evaluate the accuracy of the proposed
Bayesian identification method for MA models, compared to other existing Bayesian
identification methods, for several simulated time series data with different sample size,
different model orders, and different values of the model coefficients. To run the simulations,
we generate 1,000 time series of size n from 50 to 400 from MA models with order one,
where 6 =0.3,0.5, and 0.8, and with order two, where (64, 6,) = (0.2, 0.6), (0.5, 0.4) and (0.9,
0.4).

Once the time series datasets are generated from these MA models, the Bayesian
analysis is performed by assuming Jeffreys’ prior for the model parameters 8 and o2, and
employing three prior distributions for the model order g given as:

(1(q) = %,Vq = 1,2,..., k(Uniformprior)
{,(q) = 0.5%,vq = 1,2,..., k(Geometricprior)

0:(q) = R;ZIl,Vq = 1,2,..., k(Arithmeticprior) (24)

In order to apply the testing based identification technique for each generated time
series, we execute a sequence of significance based on the marginal posterior of the model
coefficients with assuming the maximum value of the model order is k = 4 and specify the
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best value of the model order q. On the other hand, to apply the posterior mass function
based identification we compute the posterior mass functions of the MA model order, {;(qly),
G (qly), and {3(qly) resulting from the employed priors in egn (24) respectively with
assuming the maximum value of the model order is k = 4, and then we identify the model
order as a value with a maximum posterior probability. For all simulated time series, we
compute the percentage of correctly identified models by comparing the identified order with
the true value of g used to generate the time series. Results of the simulation study are
presented in Tables (3) and (4).

Method
NLS-based PMF 2 LAR-based PMF 3

n_ [esting® | &(ply) | &L@ly) | &@y) | 4@y) | Ley) | &oly)

0 =03
50 80.7 73.6 86.8 82.3 73.6 90.0 83.9
100 83.0 845 92.2 89.9 83.1 93.6 88.9
200 82.1 88.2 93.4 91.5 88.6 94.5 92.1
300 84.4 91.8 95.7 932 91.6 96.0 93.7
400 85.2 93.2 96.2 95.2 93.8 96.4 95.4

0 =05
50 75.9 715 83.6 78.4 68.3 87.7 81.1
100 78.7 82.2 90.4 87.7 80.9 90.4 86.9
200 78.3 86.1 91.6 88.9 85.8 92.7 89.8
300 80.2 88.9 93.3 91.1 88.7 94.2 91.7
400 81.1 91.0 95.0 935 915 95.2 93.6

0 =0.5
50 70.7 68.0 77.4 74.4 59.2 82.0 73.3
100 69.3 73.9 83.1 80.0 71.9 86.3 81.8
200 70.7 79.1 86.2 81.8 77.2 88.0 83.7
300 73.5 83.2 89.6 85.9 83.5 90.2 86.6
400 70.7 83.4 91.0 87.4 85.1 91.6 89.2

1 Testing based identification.
2 Pposterior mass function based identification using NLS to estimate errors.
3 Posterior mass function based identification using LAR to estimate errors.
Table 3: Percentage of correctly identified models for MA(1).

From the simulation results we can observe some remarks. Firs, the larger sample size
the higher percentage of correctly identified models is obtained. Second, the identification
results obtained from the posterior mass function techniques are better than those obtained
from the testing based technique especially for large sample size. Third , the employed priors
for the model order result in different posteriors, and their impact can be observed in the
percentage of correctly identified models since the percentage of correctly identified models
for the geometric and arithmetic priors in most of the cases is higher than that obtained for the
uniform prior. Fourth, our proposed Bayesian identification method, LAR-based PMF, in all of
the cases is better than the testing based technique and at least is comparable with the other

Cairo University, Institute of Statistical Studies and Research

46



The 53™ Annual Conference of Statistics, Computer Science and Operations Research 3-5 Dec 2018

posterior mass function technique, NLS-based PMF, proposed by Shaarawy et al. (2007).

Method
NLS-based PMF LAR-based PMF

n__ [Testing Lely) | Lely) | L@y | aely) | Lely) | &l

6, =02 and 6, = 0.6
50 83.1 79.3 85.8 84.4 70.7 86.0 83.0
100 84.8 84.2 90.6 89.7 82.1 92.4 89.2
200 83.7 88.1 91.9 90.7 86.0 93.3 91.5
300 84.9 89.7 93.9 92.6 88.7 955 93.8
400 83.3 89.6 94.8 93.3 90.7 95.9 94.1

6, = 0.5 and 6, = 0.4
50 58.6 61.5 61.5 63.3 61.5 62.7 67.2
100 81.8 82.0 86.3 85.3 79.6 84.3 84.7
200 85.0 88.8 92.2 91.1 85.3 92.3 91.2
300 86.7 90.7 94.7 93.7 89.4 94.8 93.3
400 84.5 90.6 95.1 93.6 90.1 955 93.8

6, =09 and 6, = —03
50 26.1 28.3 28.0 29.3 36.1 30.3 36.4
100 445 44.5 48.3 48.2 52.1 47.0 51.6
200 67.5 71.7 72.6 73.7 74.3 71.6 74.4
300 77.8 83.8 84.1 84.6 84.7 85.3 85.8
400 80.4 85.9 90.0 89.0 87.4 92.4 91.2

Table 4: Percentage of correctly identified models for MA(2).

6 Conclusion

In this paper we first reviewed and summarized the existing Bayesian identification
techniques for the moving average (MA) models that can be classified as testing based
identification and posterior mass function based identification. The posterior mass function
based identification proposed for the MA models is iterative and computationally expensive,
therefore to improve the Bayesian identification of these models, we presented a new Bayesian
identification method that is based on the posterior mass function of the model order. The
main idea of the proposed identification method is that we express the invertible MA model as
an infinite autoregression in order to simplify the estimation of the unknown lagged errors
using the ordinary least squares method (OLS), and based on the estimated errors we complete
the Bayesian identification of MA models using the approximated posterior mass function. We
used a large number of Monte Carlo simulations to evaluate the accuracy of the proposed
method compared to other existing techniques, and the simulation results show that the
accuracy of our proposed Bayesian identification method is comparable with other existing
posterior mass function based identification and better than testing based identification. Future
work may be an extension to multivariate moving average models.
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Ridge Estimators for the Negative Binomial Regression Model with
Application
El-Housainy A. Rady', Mohamed R. Abonazel?, & Ibrahim M. Taha®"

Abstract

The common method for modeling count data in case of over-dispersed data is the
negative binomial (NB) regression model. The NB regression model is estimated using
maximum likelihood (ML) method. The ML method is very sensitive to high inter-
correlation among the explanatory variables; which is commonly referred as
multicollinearity problem. Therefore, we present some ridge estimators for the NB ridge
regression to remedy the problem of instability of the traditional ML method and increase
the efficiency of estimation. Finally, a real dataset application is conducted to investigate
the performance of the ridge estimators and the traditional ML method. The results show
that the ridge regression method outperforms ML estimator for all different ridge
parameters considered in this study, since the ridge regression estimates have smaller

standard errors than ML estimator in the application.

Key words: Multicollinearity — Ridge Regression — GLMs — Negative Binomial
Regression — IRLS

1. Introduction

Multicollinearity is a high inter-correlation among two or more explanatory
variables in the regression models which can seriously distort the ML estimates. It has
been well known that high linear dependency among covariates in any regression model
including not only traditional regression models but generalized linear models can cause
frustrating statistical problems; such as higher inflated variances, lowered power in

prediction and even incorrect signs to the estimation’s results.
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We can also define multicollinearity through the concept of orthogonality; when the
predictors are orthogonal or uncorrelated, all eigenvalues of the design matrix are equal
to one and the design matrix is full rank. If at least one eigenvalue is different from one,
especially when equal to zero or near zero; then non-orthogonality exists, meaning that

multicollinearity is present.

There are some sources of multicollinearity that impact the analysis, the corrections,
and the interpretation of the linear model; some of these sources are: data collection,
physical constraints, over-defined model, model choice or specification, and outliers. See

Montgomery et al. (2012) for details. Multicollinearity has several effects, such as:

e High variance of estimates may reduce the efficiency of estimation.

e Multicollinearity can result in coefficients appearing to have the wrong sign.

e Estimates of coefficients may be sensitive to particular sets of sample data.

e Some variables may be dropped from the model although, they are important in
the population.

e The coefficients are sensitive to the presence of small number inaccurate data

values. For more details see Gujarati (2009).

Several procedures for detecting multicollinearity problem in linear regression have

been proposed in the literature. Some of these methods are:

(i) Examination of the Correlation Matrix: A simple and an efficient method for
detecting multicollinearity is to calculate the correlation coefficients between any two
of the explanatory variables. A high value of the correlation between two variables
may indicate that the variables are collinear. This method is easy, but it cannot
produce a clear estimate of the degree of multicollinearity if the correlation
coefficients are greater than 0.80 or 0.90 then this is an indicator of high

multicollinearity.
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(i) Variance Inflation Factor (VIF): The VIF quantifies the severity of
multicollinearity in the regression model. Let R]-2 denotes the coefficient of
determination, when X; is regressed on all other predictor variables in the model. The

VIF is given by:
1

— R?
1R]

VIF =

’ ] = 1;2; ---;py

where p is number of variables. The VIF provides an index that measures how much
the variance of an estimated regression coefficient is increased because of the
multicollinearity. As per practical experience, if any of the VIF values exceeds 5 or
10, it is an indication that the associated regression coefficients are poorly estimated

because of multicollinearity.
As a remedy to this problem, caused by multicollinearity some methods have been
proposed to combat this problem, some of these methods are;

I.  Collecting Additional Data ii.  Model Respecification

iii.  Drop one of the correlated variables iv. Partial Least Squares (PLS)

v.  Principal Component (PC) Regression vi.  Biased Estimation

This paper is organized as follows: section 2 presents a background about generalized
linear models; especially the negative binomial model. In section 3 the ridge regression
method is discussed, a real dataset in section 4 is used to evaluate the performance of the

new method. In Section 5 we present the final conclusion.

2. Background

In this section we give a background about generalized linear models, describe the
negative binomial model, outline the assumptions of the model, and how the parameters

are estimated.
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2.1 Generalized Linear Models

Generalized linear models (GLMs) by McCullagh and Nelder (1989) represent a
class of regression models appropriate to investigate the effect of input variables over
non-normal response variables. The GLM model is based on probability distributions
with unknown location parameter (@) that belongs to the exponential family. The most
important distributions in this family are normal, binomial, Poisson, gamma, negative
binomial, and exponential. The exponential family probability density function is usually
described as:

i0i—b(0; .
f i 009) = exp (P22 + P, i=12,m ()

where

v is the response variable

0; is the canonical parameter or the natural parameter

b(0;) is the cumulant from which the mean and variance functions are derived;

cumulants are set of quantities that provide an alternative to the moments of the

distribution.

a;(¢) is the scale parameter, set to one in discrete and count models

c(y;, ¢) is the normalization term, guaranteeing that the probability function sums to

unity.

GLMs are structured by three components: (i) Random component; which defines the
probability distribution of the response variable vy, (ii) Systematic component n; which is
the linear predictor that defines the structure of the input variables, and (iii) Link
function; which describes the functional relationship between the systematic component
and the expected value for the random component (i.e., the mean of response variable y),

and the variance of y is a function of .

The systematic component comprising the regression model (1) is the linear

combination of input variables, and it may be written by a g(-) function, called link
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function, it has to be a monotone, differentiable function; it describes the functional

relationship between the u mean and the linear predictor (1)
guw) =n = x'B,
where f is a vector of the unknown coefficients and X is a matrix of the input variables.

2.2 Negative Binomial Regression Model

The negative binomial (NB) regression model is one basic framework for count
data analysis. This model has found a widespread use in the fields of health, social,
economic and physical sciences when the dependent variable y; comes in the form of
non-negative integers or counts. It has three basic assumptions; on the conditional
distribution of the dependent variable, on the specification of the mean parameter, and on
the independence of the distribution for all observations. There are twenty-two different
versions of NB model were mentioned by Hilbe (2011), however we rely on the
traditional NB model by Cameron and Trivedi (1986), with mean u and variance function
U+ 0u?.

The traditional negative binomial model has the same distributional assumptions as
the Poisson distribution, with the exception that it has a second parameter “the dispersion
parameter” which provides for a wider shape to the distribution of counts than is allowed
under Poisson assumptions. The Poisson assumption of equi-dispersion means that the
values of the mean and variance are the same. For the negative binomial, two parameters
affect the variance over that of the mean “the dispersion parameter (8)” and square of the
mean (u?), with greater values of the negative binomial mean come much greater values
of the variance. So, in case of over-dispersion the negative binomial regression model is

favorable than the Poisson regression model.

2.2.1 Assumptions of Negative Binomial Model
The general assumptions involved in negative binomial regression model are as follows;
1. The response y, is a count consisting of nonnegative integers.

2. As the value of u increases, the probability of O counts decreases.
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3. y must allow for the possibility of O counts.

4. The fitted or predicted variable u, is the expected mean of the distribution of y.

5. A foremost goal of NB regression is to model data in which the value of the
variance exceeds the mean, or the observed variance exceeds the expected
variance.

6. A well-fitted NB model has a dispersion statistic approximating 1.0 and an
AIC/BIC and log-likelihood statistic less than alternative count models.

7. The model is not misspecified.

8. The number of predicted counts is approximately the same as the number of
observed counts across the distribution of y.

For negative binomial models we can describe the negative binomial probability mass
function (PMF) as the probability of observing y failures before the r* success in a
series of Bernoulli trials. Under such a description r is a positive integer. Also, m is rather
thought of as the probability of r successes and y the number of failures before the rt*
success.

It should be emphasized that a negative binomial regression model has a negligible tie
to how the underlying PMF is derived. When such a model is being used to accommodate
Poisson over-dispersion, or to estimate predicted counts, it matters little how many
failures have occurred before a specific number of successes. The probability mass

function of the negative binomial distribution maybe written as

el .
fimr) = (YT T) mra - m)

Converting the negative binomial PMF into exponential family form results in:

) = . o . yitr—1
f(y; m,r) = exp {yl log(1 — m;) + rlog(m;) + log( 1 )}
The mean and variance of NB after re-parameterization are respectively as follows:

! 1-m;
b'(0) = “ =

i
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b"(6;) = % = (1 +6p),

1

where 8 = 1/r. Thus, the NB model adds a quadratic term 8u? to the variance of
Poisson to account for extra-Poisson variation or over-dispersion. For this reason, 0 is
known as the dispersion parameter. Given the defined values of u and 6, we may re-

parameterize the negative binomial PMF such that
yﬁ(%)_l ( 1 )%( Ou; )yi_

(1) -1 1+0u; 1+0u;
0

The likelihood function can be derived as a Poisson—gamma mixture as;

Ou;i 1 1
L(w;y,0) = [l exp {yi log (H’;Mi) — Elog(l +6u;) +logT (yl- + 5) —

f(y; u,0) =

logI'(y; + 1) —logl (g)}

The log-likelihood is obtained by taking the natural log of both sides of the equation.

As with the Poisson model, the function becomes additive rather than multiplicative.

Ou; 1 1
L(w;y,0) =X,y log (1+gﬂi) —5log(1+6p) +logT (yl- + 5) —

logT'(y; + 1) —logT (%) :

In most cases the conditional variance exceeds the conditional mean, which is
commonly referred to as over dispersion. This often comes from neglected or unobserved
heterogeneity that is inadequately captured by the explanatory variables in the
conditional mean function. So, we usually allow the Poisson conditional mean to be

randomly distributed as gamma.

Hence, the dependent variable is generated using a stochastic mechanism that
corresponds to a Poisson—gamma mixture instead of a Poisson distribution, which leads
to a marginal NB distribution. Then the Poisson regression model should be replaced by
the NB regression model, since the standard errors of the slope coefficients otherwise
will be underestimated.
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yi = E(vil x;) + &,

This model is attractive because it manages to handle data that is over-dispersed since

it allows for random variation in the Poisson conditional mean H; by letting
EQil x;) = Hy = zu;, (2)

where p; = exp(x{p), x; is the it" row of X which is a n x (p + 1) data matrix with p

explanatory variables, g isa (p + 1) x 1 vector of coefficients and z; a random variable
that is F(%,%) distributed. The model allows p; to depend on covariates through the

relationship

hu) = log (75-) = x(B.

2.2.2 Maximum Likelihood Estimation
This model is usually estimated by the maximum likelihood (ML) estimator which

Is found by maximizing the log-likelihood function
L(6,B;y) = Xita {(Z,y-ii)l log (J’ + %)) —logy;! - (yi + %) log(1 + 6p;) +

y; log(8)+ y;log ui}, j=12,..,p.

Then the ML can be obtained through the following score function:

_0LOB) _yn Yi“Hi
S(B) = 20D~y Yy, 3)

Equating Equation (3) to zero and solving, we can see that it is nonlinear in 3, the

solution is found by applying the method of Fisher scoring;

'81" — ('8(1'—1)) + I—l('g(r—l)) S(ﬂ(r_l)),

where I is the information matrix, then S(B“=) and 1-*(B"~1) are S(B) and

I71(B) evaluated at D respectively;

o = £ ()] = [ (o)
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In the final step, the value of # that maximizes the likelihood function is obtained as
2] 127, -1 127, A
BuLne = (X WNBX) (X" Wng2), (4)

where By ng iS the vector of estimated parameters of negative binomial model using
maximum likelihood method, and Wyg is a weighting matrix where the off-diagonal

elements are zeros and the i**diagonal element is equal to f;

Wyp = diag ((1+?i>/9)’

and 2 is a vector where the i*" element equals
2 = log() + 2=
Hi
The ML estimator of g is normally distributed with asymptotic mean vector
E(BwL) = 0 and asymptotic covariance matrix Cov(fy) = (X'WypX)™, Hence the
asymptotic trace mean-squared error (TMSE) based on the asymptotic covariance matrix
equals

TMSE(Buw1) = ELn) = EBu — B (Bu — B).

= tr|(XWeX) " | = T (5)

where 2; is the j* eigenvalue of (X' WypX).

3. Negative Binomial Ridge Estimator

The ridge regression method proposed by Hoerl and Kennard (1970a, b) is well
known as an efficient remedial measure in the presence of multicollinearity. The idea
behind the ridge regression is that adding a small positive number k to the diagonal
entries of the design matrix to decreases the variance; so that, one can obtain stable
estimated coefficients.

When the explanatory variables are highly correlated the weighted matrix of

cross-products (X' WygX) is ill-conditioned which leads to instability and high variance
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of the ML estimator. In that situation, it is very hard to interpret the estimated parameters
since the vector of estimated coefficients is on average too long. Ridge regression was
extended to the class of GLMs for the logistic regression model by Schaefer et al. (1984),
and then extended to the Poisson model by Mansson and Shukur (2011).

Mansson (2011) proposed a negative binomial ridge (NBR) regression estimator
as a robust option of estimating the parameters of the NB model in the presence of

multicollinearity. The NBR estimator is defined as follows;

Ping = (X' WypX + k)™ (X' WygX) BuLng: (6)

where k > 0. The TMSE of this NBR estimator equals:
TMSE(.ék.NB) = E(,ék.NB - B) E(Bk.NB — B),

=¥ =T 4 B (X WypX + kI)72B,

T A= (k)2
2
=y My ey Y 7)
J=1 (Aj+k)? J=1j+K)2 "’

wherea; is defined as the j** element of yB and y is the eigenvector defined such
that (X' WygX) = (v'AngY), Where Ayg equals diag(4;). By differentiating equation (7)
with respect to k, setting to zero, and solving for k, we’ll get the optimal value of k,
whichis k = 1/a}.

To investigate the performance of the NBR estimator and the traditional ML approach
Mansson (2011) compared the performance of the estimators by conducting a simulation
study. The performance of the estimator was compared by the other well-known ones and
judged by calculating the MSE and the percentage of times ML outperforms NBR
estimator. The results from the simulation study showed that the MSE decreases when
the sample size becomes larger and the MSE becomes inflated as the other factors

increase. Based on the result from the simulation study he recommended using the ridge

parameters K5- K7 to practitioners, see table A.1 in the Appendix.
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The selection of ridge parameter in biased estimators has always been an important
issue, several methods of estimating the ridge parameter are proposed in the literature,
table A.1 in Appendix, summarizes the different formula of ridge parameters used in the
area of generalized linear models, corresponding to each author. For this study, we rely

6’2
=2
Tmax ~2\p

(H7=1 aj )p

the performance of ridge estimator and the ML estimator through a real dataset.

on K1 =

, K3= 6—21 K5= Max (i) , and K10= median(m;), to investigate
]

4. Application

In this section, the implementation of the methodology is illustrated by a study
applied to a medium-sized timber industry which manufactures laminated plastic
plywood by Filho and Sant’Anna (2016). The study consisted of evaluating the effect of
input variables over the number of defects found in produced plywoods. The quality of
the plywood is related to some variables, as detailed by Demirkir et al. (2013), Azaman et
al. (2013), and Fang et al. (2014).

As in Filho and Sant’Anna (2016), we are considering the number of defects per
laminated plastic plywood area as the independent variable (y) and the following input
variables: volumetric shrinkage (x,), assembly time (x,), wood density (x3), and drying
temperature (x,). So, for each sample unity representing a big wooden plate with
constant size, we have data of the number of imperfections accompanied by the input
data of the four process variables described. All the analysis in this paper is made using R
language.

Table 1 shows the descriptive statistics for all variables of the study, one can see from
the values of Skewness and kurtosis that independent variables are normally distributed
whereas the dependent variable deviates away from normality. We can also notice that
the mean of the response variable is 14.28, and the variance is 1936.88, which is enough

evidence for over-dispersion.
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Table 1: Descriptive Statistics for the dataset

Min Max Mean S.D Skewness Kurtosis Unit

Imperfections y 0 404 1428 44.01 7.24 59.18 -

Shrinkage x; (46 1239 963 122 0.27 -0.595 %

Assembly time  x, 12,6 1790 1499 1.15 0.195 -0.571  Minutes

Wood density  x3 .50 .57 54 .02 0.0032  -0495 g/cm®

Drying xq, 86.9 1557 1244 14.68 -0.25 -0.264 °c
temperature

The correlation matrix in Table 2 shows the bivariate correlation between all variables
associated with two-tailed significant test in parentheses. It is possible to notice that all
process variables are significantly correlated with the response variable and the input
variables x; and x, are highly correlated to each other (0.98), and (0.93) between x5 and

x,. Thus, we are facing a case with evidence that the count variable changes according to

the collinear input variables.

Table 2: Correlation Matrix

y X1 X2 X3 X4
y 1
X1 0.45 (.000) 1
X, 0.43 (.000) 0.98 (.000) 1
X3 0.36 (.000) -0.02 (.834) -0.05 (.609) 1
Xy 0.39 (.000) 0.05 (.631) -0.04 (.688)  0.93 (.000) 1

Since the dependent variable is “the number of defects per laminated plastic plywood
area” which is a nonnegative count variable, so the chosen model will be the Poisson or
the negative binomial model. But, in case of over-dispersion the NB model is more
favorable than the Poisson model.
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Table 3 shows the model estimates using ML method associated with the
multicollinearity diagnosis through the variance inflation factor (VIF) for each input
variable, we can see that two of the important variables are not significant, and the
multicollinearity index (VIF > 10) has a very big values which is confirmed the presence

of a high correlation between the input variables.

Table 3: Parameter Estimates of the Negative Binomial Model

Estimate SE z-value P-value VIF
(Intercept) -20.3728 3.634 -5.606 2.07E-08 -
Xq -0.62014 0.32927 -1.883 0.0596 223.204
Xy 1.50647 0.32987 4.567 4.95E-06 195.595
X3 -10.8897 13.04345 -0.835 0.4038 48.48
X4 0.08861 0.01528 5.8 6.64E-09 56.078

As a remedy to this problem, we apply the method of ridge regression for the NB
model, using the selected ridge parameters that mentioned above, and compare the results
with the ML results. The results can be found in Table 4 that present values of the
estimated coefficients, the standard errors and the significance of each variable for
different values of ridge parameter. Also, the trace standard error (TSE) is computed and
listed in table 4. We can observe that the sign of estimates for x;, and x,, changes
through the different estimators due to the server multicollinearity between these

variables, whereas, it is still the same for x5, and x,, for the different estimators.

We can also see that the RR estimates and the associated standard errors are smaller
than the ML method, the most substantial decrease in the parameter estimates and in the
standard error can be found for variable x; when the ridge parameter K5 is used.
Moreover, the values of the standard errors for K1 are very close to the standard errors of
ML estimator, and the values of the standard errors for K3 and K10 are somehow close to
each other, while the values of the standard errors for K5 are completely different from

other estimates. This indicates that the multicollinearity problem leads to an estimated
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value of the parameter associated with the x5 variable that is larger than what it should be

and thus that the effect of increasing the number of defect in the plywood is exaggerated.

Table 4: Ridge Regression for the NB Model

K1 (TSE=14.3783) Estimate SE z-value P-value
Intercept -20.59255 3.03603 -6.78272 <.00001
X1 -0.59930 0.28131 -2.13039 016586
X 1.47997 0.28268 5.235496 <.00001
X3 -10.00444 10.76558 -0.9293 176445
X4 0.05913 0.01268 4.663249 <.00001
K3 (TSE=0.8835)
Intercept -13.89811 0.52881 -26.2819 <.00001
X1 0.57284 0.09202 6.225168 <.00001
X3 0.20178 0.09183 2.197321 014
X3 -3.81615 0.16858 -22.637 <.00001
X4 0.04317 0.00226 19.10177 <.00001
K5 (TSE=0.1378)
Intercept -1.36689 0.03670 -37.245 <.00001
X1 2.00445 0.04891 40.98242 <.00001
Xo -1.46372 0.03936 -37.188 <.00001
X3 -0.45194 0.01078 -41.9239 <.00001
Xy 0.02158 0.00209 10.32536 <.00001
K10 (TSE=1.28038)
Intercept -18.31904 0.70794 -25.8765 <.00001
X1 -0.03977 0.11269 -0.35292 362419
Xo 0.87524 0.11619 7.532834 <.00001
X3 -5.06465 0.34118 -14.8445 <.00001
X4 0.04963 0.00238 20.85294 <.00001
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It is worth noting that the significance of the model estimate is a good indicator of
the efficiency of the estimation method. Therefore, by comparing the ML method with
the ridge regression method, we can reach to the same conclusion of the superiority of the
ridge regression method over the ML method, especially when the ridge parameter K5 is

applied.

5. Conclusion and Remarks

In this paper, the RR method of the NB regression model is presented as an
efficient option to ML method when the explanatory variables are highly inter-correlated.
Some ridge parameters are used to investigate the performance of the adapted
methodology in this study. A real dataset is applied to evaluate the performance of the
selected ridge estimators over the ML estimator. Results of application indicated that the
ridge estimators outperform the ML estimator especially when using the ridge parameter
K5. Therefore, we recommend using RR method with ridge parameter K5, when there are

high inter-correlations among the independent variables.

There are some advantages of this paper over the work of Filho and Sant’Anna
(2016), as follows;

1. The authors used the Poisson model in their work. But, because of the over-
dispersion of the response variable, the NB model is more appropriate to fit the
data than the Poisson model.

2. They adapted the PC regression method; PC regression method transforms the
origin data by reducing the dimensions. So, it is too hard to interpret the newly
variables or factors resulting by factor analysis. On the contrary, the ridge
regression method retains the origin variables; therefore it is too easy to
interpret the estimated model.

3. For future works, we can apply the Liu-type estimator proposed by Liu (2003),
and extended to the NB model by Asar (2018), in order to get more efficient

results.
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Appendix
Table A.1: Ridge Parameters from the Literature
S.N Author Formulae Such that
1) Hoerl and ~ a2 ~2 _ X i—R)?
K1 = kyg, = : Where §2 = ==t —
Kennard HK1 ™ @z n-p-1
(1970a,b) @2, = the maximum element of &]-2.
2) Schaeffer et K2 = kspyw = =——.
al (1984) fmax
3) Kibria ~ 52 52
K3=ksy= ——3 Where m? = |=.
(2003) M (i Az)l BN
j=1%
= kygp = Median {m?}
— ~Ks =
4) Alkhamisi K = kmax = Max {s;} Where s; = —t’z —-, and t; is the
et al. (2006) (n-p)5*+t;
eigenvalues of the (X X) matrix.
5) Muniz and 7~ ( 1 )
K5=k = Max [—|,
Kibria KMz mf
1
(2009) K6 = kyua = (IT7- 1m P,
K7 = kyxye = median (i)
m;
6) Kibria et al K8 = max(m;), = Amax
(2012) g Where{ q] [(n—p)62+lmaxa]2-] '

1
K9 = ([T_,m; )7,
K10 = median(m;),

K11 = Max (i)
aj

K12 = Max(q;),
—_ o L >

K13 = (szlqj )?,
1

K14 = (IT}-, 9;)7,

K15 = median (i>,
aj

K16 = median(g;).

Amax = the maximum eigenvalue of
X'WX)}.
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A Modification on the Weighting Scheme of Yitzhaki,
Used for the OLS Test of Normality
Ahmed,A.E! Osama, 1.M.A?

Abstract

Yitzhaki (2012) showed that the OLS estimator is a weighted average of the
slopes defined by adjacent observations. The weights depend only on the distribution
of the independent variable. In this article, the relationship between the distribution of
the independent variable when it is uniformly distributed and the weighting scheme of
the OLS estimator will be investigated. A modification on the yitzhaki (2012) result
when the independent variable is uniformly distributed was introduced.

Keywords: Normality, Regression weights, Ordinary least squares, Monte Carlo
Simulation.
Introduction

Statistical methods are based on various underlying assumptions. One common

assumption is that a random variable is normally distributed or the errors & are

approximately normal.one of the normality tests used is the OLS test by shalit
(2012).this test depends on the regression weights. These weights depend only on the
distribution of the independent variable. Equal weights can only be obtained if, and
only if the independent variable is normally distributed.

Yitzhaki (2012) proved that the regression weights are calculated using the

following formula:

W) =5 [ F o (0)-0, ()] (L)
Where, O (x) = [ tf, (Ot = F (<) E{X |X < x}

He investigated the relationship between the distribution of the independent
variable and the weighting scheme of the OLS estimator assuming that the

independent variable is a random variable.

! Prof. of Statistics, ISSR, Cairo University

2 Assist.Lec. Faculty of Commerce — Zagazig University
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When the independent variable is uniformly distributed and by applying eq.(1), the

weighting function was:

(x —a)(b—x)
w(x)=———_—~ 2
() 2(b-a) )
Where a & b are the parameters of the uniform distribution function
A modification on his result is presented in the following lemma:
Lemma: if X is distributed as Unif (a,b) by applying equation (1), the weight

attached to the slope at point x has the form:

W) = 6 2{(x—a)(b—x)}
(b —a) (b -a)
Proof
Since,
_x-a R CR ) _a+b
Fr=pm & SR T #7

By using eqg. (1), the weighting function will be,

12 a+b,  x—a
W(X):(b—a)z[( > )(b_a)_®x(x):‘
where ©, (x) = jtf (D) dt = Jx'bia dt

_ (x*-a?)
T 2(b-a)
Therefore,
W(x) = 12 : (a+b)(x—a)(x—a)(x+a)
(b—a) 2(b—a)

After some simplifications, the result will be obtained.

2. Simulation Study

The power of statistical tests should always include the empirical type | error
rate of the test. The probability of this type | error rate of the test should be bounded
upwards by the chosen level of significance; otherwise the test cannot be used for the
given purpose. On the other hand, a test with a type | error rate far smaller or greater

than the chosen « is an indicative of a test with low and high power respectively.

From tables (Al and B1), it can be concluded that all tests are with acceptable

type | error rates with all simulated type | error rates that are specified around the
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level of significance except the JB test with all rates under 5% and tend to under reject
at «=0.05 , whereas whena =0.10, all tests have simulated type | error rates
around the specified level of significance except the JB and RJB tests with rates lower
than 10% and tend to under-reject the alternative hypothesis. The critical values of
OLS test have been computed by generating 10,000 random samples from the
standard normal distribution for different sample sizes and for different levels of

significance as shown in table (A2).

Monte Carlo procedures were used to evaluate the power of CSQ, LF, AD, JB,
SK, KU,B, RJB, SW, SF and OLS test statistics if a random sample of (n)

independent observations come from a population with a normal N (,u,O'Z)

distribution. The levels of significance (o) considered were 5% and 10%. 10,000
sample each of size n = 10, 15, 20, 30, 40, 100, 200 and 300 are generated from each
of the given alternative distributions. The alternative distributions are. Weibull (3,1),
Weibull (4,2), and Exp (8) which are asymmetric short-tailed. An asymmetric long —
tailed distributions considered were Exp (4), Exp (10) , Weibull (2,2). All simulations
were computed in R (version x64 3.2.2) except the values of the skewness and
kurtosis of the alternative distributions used in the study were computed using
MATHCAD (versionl14, 2007).

2.1 Level of significance o = 0.05

For Weibull (3,1) , the CSQ had the highest power at n = 10 and 15 while the
KU test was the most powerful test for moderate sample sizes and the SW test was
the most powerful one at n = 200 and 300 followed by the KU and the OLS tests
respectively. For Weibull (4, 2), the CSQ was the most powerful one for small and

moderate samples (n £40) while the KU test was the most powerful one for large

sample sizes. For the Exp (8), the SW was the most powerful test achieving 83.21% at
n = 20 followed by the SF test with a power of 79.36% at this sample size. The B test
was the least powerful test with a power of 58.87% at n = 100. It can be notice that
when the size of the parameter of exponential distribution increase this tends to a
slightly increase in the power of detecting non-normality. The B test was the least

powerful test for these cases of the exponential distribution.
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The OLS test had high power especially for small and moderate sample sizes.
For Weibull (2,2) as an alternative distribution that is asymmetric with long tails, the
SW was the most powerful test for all sample sizes followed by the SF and OLS tests

respectively.

2.2 Level of significance a = 0.10

For Weibull (3,1), the CSQ, the KU and SW tests were the most powerful tests for
small, moderate and large sample sizes respectively. While for Weibull (4, 2), the

Pearson y* and KU tests were the most powerful tests.

For Exp (8), the SW was the most powerful test for all samples followed by its
modified form the SF test. With Exp (4) and Exp (10) as alternative distributions, the
SW was the most powerful test followed by the SF and AD tests respectively. The B
test was the least powerful, it had not reached the power of 100% even when n = 300
like the other tests. In situation where the Weibull (2, 2) is the alternative distribution
that is asymmetric with long tails. The SW was the most powerful test at all sample

sizes followed by the SF and OLS tests respectively.
3. Conclusion
(a) When a = 0.05

For asymmetric short-tailed, the SW was the most powerful test followed by the
KU test against weibull distribution. The CSQ and the LF were the least powerful
tests respectively. In case of asymmetric long-tailed distributions, the SW test was the
most powerful one followed by its modified form the SF test while the B and KU tests

were the least powerful ones respectively.
(b) When a=0.10

For asymmetric short-tailed distributions, the SW test was the most powerful
test followed by its modified form the SF test. While the CSQ and the LF tests were
the least powerful ones respectively against the weibull distribution and the B and the
KU against other tests. In case of asymmetric long-tailed, the SW and SF tests were
the most powerful tests while the B and the KU tests were the least powerful tests
respectively. In general, the OLS test had very high powers against most of alternative

distributions especially for moderate and large samples
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Table Al: Type I error rate at 5% significance level.

Normal (0, 1) — Skewness = 0, Kurtosis =0

N CSQ* LF* | AD* JB SK | KU | B* |RJB*| SW* | SF* | OLS*
Zs * Zk *
10 0.0608 | 0.0502 | 0.0514 | 0.0072 |0.0517(0.0414|0.0408|0.0535| 0.0500 | 0.0572 | 0.0478
15 0.0514 | 0.0483 | 0.0498 | 0.0163 |0.0495|0.0390|0.0442|0.0592| 0.0483 | 0.0516 | 0.0529
20 0.0493 | 0.0504 | 0.0499 | 0.0247 |0.0520(0.0456|0.0472|0.0616| 0.0501 | 0.0522 | 0.0498
30 0.0510 | 0.0469 | 0.0471 | 0.0323 |0.0502(0.0505|0.0506|0.0633| 0.0491 | 0.0521 | 0.0502
40 0.0628 | 0.0497 | 0.0523 | 0.0398 |0.0534|0.0553|0.0499|0.0647| 0.0513 | 0.0535 | 0.0504
100 0.0521 | 0.0517 | 0.0488 | 0.0415 |0.0499(0.0517|0.0492|0.0559| 0.0477 | 0.0500 | 0.0488
200 0.0536 | 0.0533 | 0.0508 | 0.0451 |0.0504|0.0520{0.0510|0.0538| 0.0517 | 0.0531 | 0.0512
300 0.0561 | 0.0492 | 0.052 | 0.0417 | 0.046 {0.0503(0.0527|0.0452| 0.0466 | 0.0466 | 0.0502

*Tests with acceptable type | error rates

Table A2: Critical Values for the OLS test obtained using 10,000 repetitions

Sample size (n) a=0.10 o =0.05 a=0.01
10 0.3640148 0.4154453 0.4983930
15 0.3084606 0.3478193 0.4223182
20 0.2749583 0.3101777 0.3790401
30 0.2288422 0.2561531 0.3129631
40 0.2033726 0.2289866 0.2776036
100 0.1299936 0.1465679 0.1785408
200 0.09399661 0.10564436 0.12765599
300 0.07661780 0.08523994 0.10534180

Table A3: Power for asymmetric short-tailed distributions at 5% significance
level.

(@)

Weibull (3, 1) — Skewness = 0.168, Kurtosis = 2.729

N

CSQ

LF

AD

JB

SK
Z

S

KU Z,

B

RJB

SW

SF

OLS

10

0.0676*

0.0468

0.0485(0.0076

0.0437

0.0349

0.0376

0.0461

0.045110.0476

0.0434

15

0.0473*

0.0465

0.0469/0.0116

0.0358

0.0425

0.0472

0.0420

0.0457 [0.0417

0.0455

20

0.0457

0.0461

0.0414/0.0149

0.0328

0.0469*

0.0427

0.0356

0.0399 /0.0361

0.0395

30

0.0524

0.0437

0.0483(0.0161

0.0359

0.0564*

0.0491

0.0347

0.0491 10.0400

0.0436

40

0.0583

0.0505

0.0493|0.0192

0.0377

0.0625*

0.0486

0.0320

0.0484 [0.0375

0.0443

100

0.0589

0.0660

0.0707{0.0288

0.0609

0.0961*

0.0646

0.0335

0.0828 |0.0563

0.0730

200

0.0680

0.0908

0.1152]0.0561

0.1128

0.1600

0.1082

0.0475

0.1607*|0.1090

0.1151

300

0.0839

0.1168

0.1687]0.1246

0.1667

0.2138

0.1430

0.0913

0.2727*|0.1823

0.1870
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(b)  Weibull (4, 2) — Skewness = -0.087, Kurtosis = 2.748

N |CSQ | LF | AD | JB | SK [KUZ,| B |RJB | SW | SF |OLS
z

S

10 ]0.0606*|0.0453|0.0432(0.0054/0.0389| 0.0347 |0.0416{0.0398]0.0409/0.0419/0.0388

15 ]0.0516*|0.0473]0.0455(0.0104/0.0363| 0.0368 |0.0401|0.0432|0.0438|0.0425|0.0444

20 ]0.0466%*|0.0438|0.0448]0.0127|0.0347| 0.0394 [0.0427|0.0387]0.0413|0.0390]0.0387

30 [0.0471*]0.0446|0.0423]0.0132|0.0304| 0.0437 |0.0420]0.0300(0.0397|0.0317|0.0424

40 ]0.0566*|0.0472|0.0457]0.0125(0.0269| 0.0508 |0.0446|0.0288|0.0402|0.0316|0.0375

100 | 0.0556 |0.0571]0.0614/0.0096|0.0284/0.0706*|0.0527]0.0146|0.0486|0.0297|0.0492

200 | 0.0655 |0.0772|0.0885|0.0169]0.0397|0.1070*|0.0740(0.0141(0.0786|0.0467(0.0734

300 |0.0745 [0.0900]0.1149]0.0333|0.0517{0.1415*|0.0903(0.0200]0.1100{0.0638|0.1014

(©) Exp (8) — Skewness = 2, Kurtosis = 1.995

N [CSQ LF [AD | JB [ SK [ KU]|] B |[RIB| SW | SF |OLS
z. | z,

S

10 ]0.3933]0.2937]0.4072|0.1447|0.3709]0.2202|0.1101]0.3150(0.4419*|0.4290|0.3744

15 ]0.4891]0.4438|0.6224|0.3258|0.5611|0.2997|0.1643]0.4817|0.6768*|0.6468|0.6013

20 0.6464]0.5736|0.7762|0.4798]0.6998|0.3681|0.2008(0.5939|0.8321*|0.7936|0.7464

30 ]0.8459]0.7705|0.9289|0.7203]0.8748]0.4805|0.2743]0.7669]|0.9655*(0.9456|0.9164

40 [0.95050.9066]0.9836(0.8829]0.9610(0.5783]|0.3217]0.8930|0.9947*|0.9899|0.9787

100 [1.0000{1.0000|1.0000{1.0000|1.0000{0.8867(0.5887|0.9998| 1.0000 {1.0000]1.0000

200 (1.0000{1.0000{1.0000{1.0000{1.0000]0.9893]0.8191{1.0000| 1.0000 |1.0000{1.0000

300 |1.0000]1.0000{1.0000|1.0000{1.0000|0.9994/0.9167|1.0000{ 1.0000 {1.0000{1.0000

Table A4: Power for asymmetric long-tailed distributions at 5% significance
level.
(@) Exp (4) — Skewness = 2, Kurtosis =9

N|[CSQ[LF[AD|[JB [ SK [KU]|] B [RIB] SW | SF |OLS
z. | z,

S

10 |0.3953]0.3014/0.4143|0.1468|0.3663|0.2214(0.1094|0.3114/0.4453*|0.4314|0.3812

15 [0.4991]0.4561|0.6344/0.3235|0.5606]0.2970(0.1655|0.4785|0.6904*|0.6536|0.6112

20 [0.6548(0.5738|0.7749]0.4858|0.7067|0.3666|0.2009(0.5951|0.8363*|0.7991|0.7463

30 ]0.8490(0.7731]0.9313]0.7217|0.8812|0.4769|0.2697|0.7752|0.9657*|0.9462|0.9187

40 [0.9542]0.8973|0.9840]0.8789]0.9615]|0.5821]0.3364|0.8879]0.9946*|0.9901|0.9762

100 (1.00000.9999(1.0000{1.0000/1.0000{0.8801]0.5800{0.9998| 1.0000 |1.0000{1.0000

200 [1.0000{1.0000]1.0000{1.0000|1.0000{0.9905|0.8134|1.0000| 1.0000 {1.0000]1.0000

300 {1.0000{1.0000{1.0000{1.0000{1.0000{0.9987{0.9137{1.0000| 1.0000 |1.0000{1.0000
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Exp (10) — Skewness = 2, Kurtosis = 4.274

N

CSQ

LF | AD

JB | SK
z

S

KU
Zk

B |RIB| SW

SF

OLS

10

0.3975]0.2995

0.4171]0.

1472|0.3754

0.2247

0.1121

0.3189|0.4528*|0.4424

0.3815

15

0.49480.4442

0.62380.

3256

0.5588

0.3002

0.1665

0.4748|0.6806*|0.6471

0.6016

20

0.6510]0.5741

0.7735

0.4795

0.6968

0.3667

0.2033

0.5916|0.8358*|0.7967

0.7425

30

0.85170.7799

0.9345|0.

7329

0.8874

0.4879

0.2720

0.7834/0.9677*|0.9533

0.9259

40

0.9516]0.8982

0.9837]0.

8770

0.9606

0.5705

0.3250

0.8860(0.9958*|0.9905

0.9758

100

1.0000(0.9999

1.0000|0.

9999

1.0000

0.8867

0.5824

0.9999| 1.0000 |{1.0000

1.0000

200

1.0000|1.0000

1.0000

1.0000

1.0000

0.9891

0.8107

1.0000] 1.0000 |1.0000

1.0000

300

1.0000{1.0000

1.0000

1.0000

1.0000

0.9992

0.9176

1.0000] 1.0000 |{1.0000

1.0000

(©)

Weibull (2, 2) — Skewness = 0.631, Kurtosis = 3.245

N

CSQ | LF

AD | J

B | SK

z

S

KU
Z,

B

RJB | SW

SF

OLS

10

0.0869 |0.0755

0.0823|0.0

200]0.0873

0.0627

0.0507

0.0789| 0.0871 |0.0904*

0.0805

15

0.0752 0.0845

0.1051/0.0

432

0.1114

0.0728

0.0503

0.0986|0.1165*| 0.

1135

0.1136

20

0.077310.1061

0.1353(0.0

701]0.1486

0.0878

0.0608

0.1264/0.1624*| 0.

1514

0.1458

30

0.0991 |0.1369

0.1919]0.1

174(0.2154

0.1119

0.0650

0.1645|0.2362*| 0.

2091

0.2240

40

0.1228 |0.1631

0.2422]0.1

597]0.2849

0.1275

0.0730

0.2005|0.3169*| 0.

2752

0.2607

100

0.253710.3899

0.6035|0.4

973/0.6917

0.1509

0.0838

0.4713|0.7861*| 0.

7141

0.6740

200

0.5566 |0.7171

0.9353/0.9

397

0.9601

0.1701

0.0894

0.9074(0.9942*| 0.

9853

0.9521

300

0.7994 10.8818

0.9945|0.9

967|0.9957

0.1969

0.1034

0.9953|1.0000*| 0.

9999

0.9965

Table B1: Type I error rate at 10% significance level.

Normal (0, 1) — Skewness = 0, Kurtosis = 0

N |CSQ*

LF*

AD*

JB

SK
7 *

KU
Z =

B*

RJB | SW*

SF*

OLS*

10 [0.1171

0.0980

0.1047

0.0168

0.1033

0.0877

0.0951

0.0725|0.0999

0.1104/0.1020

15 [0.1150

0.0971

0.1013

0.0307

0.1050

0.0956

0.1018

0.0805|0.1015

0.1050(0.1045

20 |0.1246

0.1028

0.1041

0.0373

0.1031

0.0949

0.0982

0.0851/0.1043

0.1078|0.1013

30 |0.1214

0.1043

0.1046

0.0463

0.0983

0.0999

0.1075

0.0844/0.1033

0.1036|0.1062

40 ]0.1093

0.0933

0.0995

0.0505

0.0980

0.0971

0.0952

0.0816|0.1009

0.0998|0.0919

100 | 0.1009

0.1082

0.1006

0.0600

0.0964

0.0968

0.1018

0.0801(0.0950

0.0966|0.1030

200 [0.1072

0.1044

0.1009

0.0751

0.0986

0.1009

0.0958

0.0802|0.0963

0.0995|0.0993

300 | 0.1053

0.1046

0.1012

0.0811

0.1007

0.0991

0.0999

0.0795]0.0996

0.1015/0.1069

*Tests with acceptable type | error rates
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Table B2: Power for asymmetric short-tailed distributions at 10 % significance
level.
(@) Weibull (3,1) — Skewness = 0.168, Kurtosis = 2.729

N|CSQ|LF|AD|JB | SK|KUZz, | B |RIB| SW SF | OLS
z

S

10 ]0.1072%*|0.0913(0.0961]0.0137{0.0834| 0.0865 |0.1037{0.0558| 0.0939 |0.0931]0.0921

15 |0.1108%*|0.0883]0.0900{0.0196]0.0813| 0.0894 10.0984/0.0551] 0.0893 |0.0829|0.0863

20 10.1280*]0.0969|0.1004/0.0237{0.0817| 0.0988 [0.1067|0.0570| 0.0994 0.0885|0.0896

30 10.1147*]0.0952|0.1023|0.0297]0.0839| 0.1077 |0.1008|0.0508| 0.1023 [0.0856]0.0955

40 |{0.1134 |0.1006/0.1058(0.0321|0.0850|0.1157*]0.1113]0.0506| 0.1105 |0.0864|0.0927

100 | 0.1141 [0.1274]0.1406|0.0560]0.1255|0.1727*|0.1436|0.0567| 0.1607 |0.1141|0.1406

200 0.1273 ]0.1621]0.1977]0.1392]0.2019| 0.2458 |0.1842|0.1076]0.2807*|0.1949|0.2033

300 | 0.1468 |0.2025[0.2750(0.2697]0.2833| 0.3087 |0.2349]0.2057]0.4196*|0.3068|0.2916

(b)  Weibull (4,2) — Skewness = -0.087, Kurtosis = 2.748

N|CSQ| LF|AD | JB | SK [KUZ,| B |RIJB| SW | SF |OLS
z

S

10 |0.1063*|0.0924|0.0983(0.0137|0.0912| 0.0833 |0.0968|0.0642|0.0936|0.0991|0.0984

15 |0.1077*|0.0901|0.0915|0.0200]0.0772] 0.0810 [0.0995/0.0591|0.0903|0.0866|0.0882

20 [0.1218*|0.0923]0.0907(0.0236]0.0773| 0.0855 |0.0983|0.0548|0.0896(0.0817]0.0846

30 [0.1143*|0.0992]0.0977(0.0240]0.0717| 0.0872 {0.0992(0.0480]0.0924/0.0790]0.0895

40 |0.1150*]0.1043]0.1013]0.0221]0.0713] 0.0926 |0.0984|0.0442]0.0930]0.0743|0.0865

100|0.1116 |0.1211/0.1237]0.0262|0.0710]0.1251*|0.1164(0.0322|0.1103|0.0733|0.1122

200 0.1200 |0.1412]0.1503]0.0594/0.0882]0.1722*|0.1407|0.0420|0.1447|0.0938|0.1370

300|0.1343|0.1686|0.1965|0.1104/0.1120]0.2328*|0.1783|0.0720(0.1963|0.1280|0.1776

(© Exp (8) — Skewness = 2, Kurtosis = 1.995

N [CSQ] LF [AD [ JB [ SK [ KU | B |[RIB| SW | SF [OLS
z. | z,

S

10 ]0.472410.4174/0.5385|0.1954/0.4911|0.3048]0.1844|0.3585|0.5674*|0.5555(0.5191

15 ]0.5645]0.5698|0.7267]0.3929|0.6771|0.3835|0.2281|0.5190|0.7785*|0.7473|0.7098

20 0.7502]0.7030]0.8599|0.5719]0.8101(0.4636]0.2765(0.6516|0.9073*|0.8807|0.8415

30 [0.8963]0.8721|0.9663|0.8048]|0.9390]0.5711]0.3398|0.8242]0.9862*|0.9751|0.9601

40 ]0.96600.9480(0.9934(0.9311/0.9827(0.6671|0.4024/0.9209|0.9982*|0.9967|0.9910

100 [1.0000{1.0000|1.0000{1.0000|1.0000{0.9219|0.6418|1.0000{ 1.0000 {1.0000]1.0000

200 (1.0000{1.0000{1.0000{1.0000{1.0000]0.9936{0.8570{1.0000| 1.0000 |1.0000{1.0000

300 |1.0000]1.0000{1.0000|1.0000{1.0000|0.9995|0.9386|1.0000{ 1.0000 {1.0000{1.0000
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Table B3: Power for asymmetric long-tailed distributions at 10 % significance
level.

()

Exp (4) — Skewness = 2, Kurtosis =9

N

CSQ

LF

AD

JB

SK
z

S

KU
Zk

B

RJB

SW

SF

OLS

10

0.4634

0.4185

0.5366

0.2001

0.4922

0.3101

0.1807

0.3578

0.5695*

0.5563

0.5147

15

0.5658

0.5682

0.7265

0.3853

0.6738

0.3836

0.2313

0.5145

0.7814*

0.7451

0.7097

20

0.7503

0.6998

0.8531

0.5555

0.8063

0.4478

0.2717

0.6418

0.9050*

0.8737

0.8344

30

0.8986

0.8653

0.9658

0.8101

0.9453

0.5720

0.3479

0.8241

0.9867*

0.9773

0.9642

40

0.9673

0.9473

0.9928

0.9341

0.9821

0.6620

0.4078

0.9242

0.9986*

0.9962

0.9895

100

1.0000

1.0000

1.0000

1.0000

1.0000

0.9208

0.6411

1.0000

1.0000

1.0000

1.0000

200

1.0000

1.0000

1.0000

1.0000

1.0000

0.9946

0.8616

1.0000

1.0000

1.0000

1.0000

300

1.0000

1.0000

1.0000

1.0000

1.0000

0.9995

0.9386

1.0000

1.0000

1.0000

1.0000

(b)

Exp (10) — Skewness = 2, Kurtosis = 4.279

N

CSQ

LF

AD

JB

SK
z

S

KU
Zk

B

RJB

SW

SF

OLS

10

0.4668

0.4098

0.5337

0.1972

0.4804

0.3020

0.1837

0.3512

0.5646*

0.5495

0.5085

15

0.5652

0.5773

0.7306

0.3935

0.6766

0.3873

0.2347

0.5222

0.7850*

0.7517

0.7179

20

0.7448

0.6976

0.8578

0.5663

0.8155

0.4544

0.2693

0.6528

0.9077*

0.8805

0.8410

30

0.8996

0.8691

0.9687

0.8084

0.9433

0.5715

0.3490

0.8249

0.9865*

0.9778

0.9610

40

0.9678

0.9521

0.9932

0.9352

0.9824

0.6675

0.4016

0.9240

0.9986*

0.9971

0.9907

100

1.0000

1.0000

1.0000

1.0000

1.0000

0.9280

0.6546

1.0000

1.0000

1.0000

1.0000

200

1.0000

1.0000

1.0000

1.0000

1.0000

0.9943

0.8543

1.0000

1.0000

1.0000

1.0000

300

1.0000

1.0000

1.0000

1.0000

1.0000

0.9998

0.9407

1.0000

1.0000

1.0000

1.0000

(©)

Weibull (2,2) — Skewness = 0.631, Kurtosis = 3.245

N

CSQ

LF

AD

JB

SK
z

S

KU
Zk

B

RJB

SW

SF

OLS

10

0.1363

0.1296

0.1492

0.0279

0.1434

0.1141

0.1144

0.0912

0.1507*

0.1493

0.1465

15

0.1407

0.1498

0.1840

0.0659

0.1882

0.1381

0.1205

0.1287

0.2003*

0.1884

0.1914

20

0.1811

0.1787

0.2239

0.0968

0.2370

0.1541

0.1243

0.1501

0.2561*

0.2347

0.2359

30

0.1884

0.2201

0.2881

0.1635

0.3323

0.1781

0.1298

0.2079

0.3528*

0.3157

0.3211

40

0.2056

0.2718

0.3671

0.2201

0.4308

0.1908

0.1358

0.2556

0.4653*

0.4091

0.4054

100

0.3810

0.5509

0.7428

0.6678

0.8102

0.2386

0.1545

0.6070

0.8799*

0.8293

0.8008

200

0.6802

0.8269

0.9707

0.9795

0.9825

0.2574

0.1657

0.9666

0.9979*

0.9938

0.9808

300

0.8755

0.9416

0.9974

0.9995

0.9987

0.2830

0.1786

0.9991

1.0000

1.0000

0.9989
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Handling Mixed Missing Data with Application
Yasmin Mohamed Ibrahim! Mai Ahmed Mohsen 2

Abstract:

Various techniques have been developed for dealing with missing values in
data sets with homogeneous attributes (their independent attributes are all either
continuous or discrete). However, these imputation algorithms cannot be directly
applied to many real data sets, as survey data sets in general often consist of large
numbers of variables which have mixed data types i.e. different measurement scales.
Specific methods and modification in existing methods are found for dealing with
such kind of data.

This paper reviews some methods for such kind of data and applies six
imputation methods out of them. Assessing the performance of the six imputation
methods which are MICE, MICE-CART, MICE-RF, MissForest, MissRanger and
KNN is performed using a real dataset at 5 different missing rates. Results were

assessed using different criteria.
Keywords:

MICE, MICE-CART, MICE-RF, MissForest, MissRanger KNN, missing at

random, mixed data.
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1. Introduction:

Surveys are mainly conducted to obtain valuable information on some criteria
from a specified sample or population. But, the survey results often include non-
response of the subjects under study for highly significant attributes (Devi and
Sivaraj, 2017). This missingness happens due to different reasons as; lack of
response, machine error, history of data not registered, data collection not done
properly, mistakes due to data entry operator and many other reasons. No matter
what the reason is, incomplete data is often unavoidable pervasive problem faced by

most applied researchers.

Treating methods for missing values varies widely, but most of these methods
are based on three strategies: ignoring the missing data, imputing the missing data

and using model-based procedures.

Ignoring the missing data is known as complete case analysis in which the
data set is edited to ignore the missing data and consider only the non-missing data

as well as omitting units with missing data from the study (listwise and pairwise).

Imputing the missing data on the other hand utilizes all collected information
and allows the user to perform analysis of "complete" data, as the missing values are
filled in with one (single imputation) or many (multiple imputation) “plausible”
values. By single imputation, each missing observation is filled in by one imputed
value, creating one "complete” data set. While in multiple imputation missing values
are imputed from their posterior predictive distribution, this is done M times to
generate M completed data sets, the purpose is to obtain estimates that better reflect

the true variability and uncertainty in the data (Hérnblad, 2013).
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Modelling techniques are generated by factorization of the likelihood
according to the observation pattern and the missing pattern. Parameters can be
estimated by iterative maximum likelihood procedures, one example for model-

based procedure is the well-known EM algorithms.

Not only the amount of the missing data but also the mechanism of missingness,
represent a critical issue a researcher must address before choosing an appropriate
procedure to deal with missing data. Different missing mechanisms are addressed in

the next section

2. Missing Data Mechanism

The missing data mechanism describes the relationship between the
missingness of the data and the values of the variables in the data matrix, i.e. whether
the missingness depends on the underlying values of the variables in the data set.
Mechanisms that lead to missing data can be classified as: missing completely at

random, missing at random, and non-ignorable missing.

2.1 Missing Completely at Random (MCAR):

The mechanism is said to be missing completely at random (MCAR) When
missing items do not depend upon both observed values and missing values of Y;
that is if

P(RlYobs, Ymis, (I)) = P(R|q)) 11

Where @ refers to the parameters of the missing data mechanism, Y ops IS the
observed values of Y, and Y mis the missing values of Y. For example, a question in
a survey was overlooked for certain respondent; that is MCAR. In practice this

assumption is too restrictive.
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2.2 Missing at Random (MAR)

Under the missing at random (MAR) assumption the missingness is allowed to
depend on the observed data (Y oss,), but not directly on the missing data (Y is). The
data is MAR if

P(R|Y0b5, Ymis, (D) = P(R|Yobs, (D), 12

For example, perhaps males are more likely to drop out than females in a smoking
study because they do not want to participate in a smoking cessation program
(Rashid, 2011), or if men are more likely to tell you their weight than women, so
weight is MAR.

2.3 Not Missing at Random (NMAR)

If the missing data cannot be assumed to be neither MCAR nor MAR, then
the data is said to be not missing at random (NMAR) or non-ignorable. That happens
if the probability of missing data depends on the missing values themselves. That is,
the probability of R depends on the missing values even after taking the observed

values into account
P(R|Yobs, Y miss (I)) = P(R|Yobs, Ymi59q)) 1.3

This is a case where the people with the lowest education are missing on education

or the sickest people are most likely to drop out of the study.

3. Handling Missing values in mixed data

The literature of missing values in mixed data can be classified to: 1) Using
joint modeling technique for handling missing values in mixed data (Little and
Schluchter, 1985), (Ganjali, 2003), (Bahrami et al., 2010) and (Amiri et al,
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2017). 2) Multiple imputation by chained equation for mixed data (Raghunathan et
al., 2001), (Buuren et al, 2006) and ( Lee and Carlin, 2010). 3) Neighborhood and
distance metrics techniques (Ayuyev et al., 2009) (Tarsitano and Falcone, 2011)
(Liao et al., 2014) and (Sen et al., 2018). 4) Techniques that relies on principal
component (Ren, 2012) (Audigier et al.,, 2016). 5) Techniques that relies on
random forests (Stekhoven and Buhlmann, 2011) (Doove et al., 2014) (Shah et
al., 2014) 6) Various other techniques as mixture kernel technique (Dane and
Thool, 2013) and sequential regression fractional imputation procedure (She,
2017). In the next section we shall focus on the algorithms of K-Nearest
Neighborhood (KNN), multiple imputation by chained equations (MICE) and

imputation by random forests.

3.1 K Nearest Neighbor Methods for Mixed data

In K nearest neighbor (NN) each missing value is replaced by values obtained
from observations (K donors) that are similar to the observation with the missing
value, with respect to some observed characteristics. Four of the most popular
techniques to deal with the presence of variables with different measurement scales

using NN methods will be discussed below.

a. Dominant type approach: The simplest way is to divide the variables into types

and conduct the analysis to the dominant type.

b. Converting one type of variable to another: Another approach is to convert one
type of variable to another and then use a distance that is suitable for the selected
type. A drawback of this approach is the use of a large number of binary variables
that are highly interdependent. Alternatively, numerical variables could be

categorized at a fixed level so that the new values can be treated using a categorical
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distance function. A consequence is reducing the influence of the quantitative

variables (Tarsitano and Falcone, 2011).

c. Compromise distance: (Tarsitano and Falcone, 2011) suggest not to focus on
the computation of a distance, but achieving a compromise distance using a
combination of all the partial distances. Partial because each of them is linked to a
specific type of variable. The separate distance matrices are combined as a weighted
average, and the resulting global distance matrix is then used in the search for

donors. The global distance may have the following form

P
=1

t

(3.1)

ZMt Rei:
t __ “s=Mg—1'"SL] _ t _
and hi,j - ;Mt - Zs=lm5' MO =0

mg
Where 55 jisthe t™ partial distance between the records R; and R;. Usually the

distances are scaled to vary in the unit interval between 0 and 1. Or it may be a

Gower’s distance

\ s
Gower’s distance ———sz\,l Sijvdijv (3.2)
2v=1 Sijv
where djjy is the dissimilarity score between subject i and j for the v variable and
Sijv takes the value of 1 if the v variable is available for both subject i and j and 0

otherwise. Depending on different types of variable, dj, is defined.
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3.2 Multiple Imputations by Chained Equations (MICE)

The basic idea of MICE has been proposed by many researchers and is widely
used under different names as: full conditional specification, stochastic relaxation,
regression switching, sequential regressions, variable-by-variable imputation,
ordered pseudo-Gibbs sampler, partially incompatible MCMC, and iterated
univariate imputation (Buuren and Groothuis, 2011). The chained equations

process goes through the following steps:

« Step 1:replace each missing value in the data with a simple imputation, these
simple imputations can be thought of as “place holders”.

« Step 2: the place holder for a target variable y (just one variable) is set back to
missing.

. Step 3: the observed values from the target variable (y) is regressed on the other
variables in the data (all or part of the variables in the dataset). These regression
models should be the appropriate model (For example; binary logistic regression
is used for dichotomous variables, polytomous logistic regression for ordinal
variables, poisson regression for count variables, and ordinary least squares
regression for continuous variables). It operates under the same assumptions that
one would make when performing regression models outside the context of
Imputing missing data.

« Step 4: replace the missing values for “y” with predictions from the regression
model. These predicted values are used along with the observed values as an
independent variable in the regression models.

« Step 5: steps 2-4 are then repeated for each variable with missing data.

« Step 6: steps 2 through 4 are repeated for a given number of cycles or iterations,

with the imputations being updated at each iteration. Cycles go until the
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Imputations have converged over the iterations in the sense of being stable.
These cycles end with one imputed dataset.
« Step 7: the entire imputation process is repeated m times to generate multiple
Imputed datasets, where m = the desired number of multiple imputations.
MICE suffer from some limitations and obstacles among them; justification of the
MICE procedure has rested on empirical studies rather than theoretical arguments.
Also, the relation between the dependent and the independent variables could be
nonlinear or of any complex form. Imputation can create impossible combinations
as pregnant fathers or current weight of the dead (Buuren and Groothuis, 2011).
Besides that, MICE is based on MAR assumption, so it is sensitive to work with data

other than MAR, especially with larger fractions of missing data.

3.3. Random Forests Approach

Random forest is an extension of classification and regression trees, predictive
models that recursively subdivide the data based on values of the predictor variables.
They do not rely on distributional assumptions and can accommodate nonlinear
relations and interactions (Shah et. al., 2014). Random Forest (RF) approaches to
imputation can be classified to three approaches; The proximity approach, on the fly

approach and. MissForest approach. We shall focus on MissForest approach.

The MissForest approach works by recasting the missing data problem as a
prediction problem. It starts by pre-imputed data; Then, sort the variables X,
s=1,...,p according to the amount of missing values starting with the lowest amount.
For each variable X the missing values are imputed by first fitting a random forest
then, predicting the missing values and so on growing a forest and iterating for

improving the results. So, data is imputed by regressing each variable in turn against
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all other variables and then predicting missing data for the dependent variable using
the fitted forest (Stekhoven and Buhlmann, 2011). The stopping criterion is met as
soon as the difference between the newly imputed data matrix and the previous one

increases for the first time.

3.4 Multiple Imputation by Chained Equations Using Classification and
Regression Trees, and Random Forests (MICE-CART and MICE- RF)

Because of the desired characteristics of CART and RF some missing data
algorithms have recently been developed to incorporate CART and RF with the
traditional imputation method. For instance, (Doove et al., 2014) proposed using
CART and random forest for multiple imputation within the MICE framework.
MICE-CART is based on the MICE algorithm but replaces the regression model
with the CART algorithm. MICE-CART works as follows: 1. The missing values
are initially imputed. 2. A tree is fitted on the first variable with at least one missing
value, using the remaining variables as predictors. A member with a missing value
on Y is put down this tree and ends up in one of the leaves; use it to impute the
missing value. 3. Repeat step 2 for every variable with missing value times creating

one imputed dataset. 4. Repeat steps 1-3 m times, yielding m imputed sets.

While implying MI for RF goes as follows: 1. Draw k bootstrap samples from Y,
restricted to members in Y with observed values. 2. Fit one tree on every bootstrap
sample drawn in step 1. This results in k trees, where every tree has several leaves.
Each leaf includes a subset of Y with observed values, which will be called donors.
3. For members with missing values in Y determine in which leaf they will end up
according to the k trees fitted in step 2. 4. Take all donors from the K leaves ended

up in step c together and randomly select one of the observed values from the donors.
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Replace the originally missing values of Y with these imputation values. 5. Repeat
step 2 to have performed it (number of iterations) times. 6. Repeat steps 1-3 m times,
yielding m imputed sets. 7. This process was embedded into MICE and repeated to
create multiple imputations. (Shah et al., 2014) also proposed using random forest

for imputation using a somewhat different approach.
4. Application on Real Dataset

Imputation methods is applied on the National Health and Nutrition
Examination Survey (NHANES) 2007/2008 data set. The National Health and
Nutrition Examination Survey is a program of studies designed to assess the health
and nutritional status of adults and children in the United States. NHANES is a major
program of the National Center for Health Statistics (NCHS). The Weight History
section of the sample person questionnaire provides personal interview data on
several topics related to body weight, including; self-perception of weight, self-
reported weight over the participant’s lifetime, attempted weight loss during the past
12 months, and methods used to try to lose weight, and to keep from gaining

weight. . .etc.

6546 respondents were interviewed, 3501Complete respondent cases were
only selected that has no missingness or nonapplicable in the selected variables. The
guestionnaire consists of 99 variables, 30 of them are only selected. Of the selected

variables 8 are binary, 7 are nominal (categorical), 6 are ordinal and 9 are numerical.

The performance of the different imputation methods will be assessed using
two schemes:1. Evaluating the performance of the imputation values. 2. Evaluating

the analyzed model after imputing the values using different imputation techniques.
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4.1 Evaluating the Imputed Values

After imputing the missing values, the performance is assessed using the
following two criteria: A. Normalized root mean squared error (NRMSE) for the

continuous variables which is defined as:

NRMSE :\/mean(xtrue—ximl’)2 4.1

var xtrue

B. The proportion of false classified entries (PFC) for categorical variables

n imp imp
PFC= z:J'Efzi=1 IXnew*Xo14 4.2
#NA

Where #NA is the number of missing values in the categorical variables. In
both cases good performance leads to a value close to 0 and bad performance to a

value around 1 (Stekhoven and Buhlmann 2011).

Since there is more than one imputed dataset for MICE, MICE-RF and MICE-
CART. The NRMSE and the PFC will be the average of each imputed dataset.

4.2. Evaluating the Analyzed Model

Because multiple imputations involve creating multiple predictions for each
missing value, the analyses of multiply imputed data take into account the
uncertainty in the imputations and yield accurate standard errors. That’s why one
method for assessing the performance of the imputation method is through the
analyzed model not just the imputed values, the used strategy will be in the following
algorithm:1. Determine the analyzed model from the complete data 2. Create
missingness in the independent variables but keep the dependent variable complete

as it is. 3. Fit the model using the imputed data set and pool the results for multiple
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Imputed datasets.4. Compare the results of the model from the complete data and the
model from the imputed values using the following criteria:
A. Coefficients of the Model

(RAAD) is the average of the absolute difference between the coefficients of
the model from complete data (the full model) and the coefficient of the model from
the imputed data (the imputed model) divided by the average of absolute coefficients
of the complete model and multiplied by 100.

B. The Standard Error (SE)

the Relative Average Standard Error of the coefficient (RASE) will be calculated as

average SE (for coefficients of imputed data model )
RASE = — %X 100
average SE(for coefficients of complete data model )

4.3

C. Coefficient of Determination (R?)

The R-squared of the regression is the fraction of the variation in the

dependent variable that is accounted for (or predicted by) the independent variables.

RZ_ SSR. 4.4

SStotal

D. Mean Square Error (MSE)
Mean Square Error (MSE) is the average of the square of the
errors. Error in this case means the difference between the observed values y;,
Y2,...ynand the predicted ones y; y5,...

MSE:(yi_yi)z — SSres 4.5
n—-1 af

To compare across different models, Relative Mean Square Error (RMSE) will

be used; which is
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MSE (for imputed data model ) 100 4.6
MSE (for complete data model)

5. Results and Discussion

For evaluating the imputed values; as shown in Table 4.1 MissForest has
the lowest NRMSE across all the missing rates and KNN has the highest across all
the missingness rates also, it is followed by MICE-RF which has the second order

in high NRMSE across all the missing rates.

Table 4.1: Normalized Mean Square Error (NRMSE) for the National Health
and Nutrition Examination Survey (NHANES) 2007/2008 Dataset

Missing Methods

MICE MICE-RF MICE- Miss-Forest Miss- KNN
Rate CART Ranger
5% 0.21 0.25 0.22 0.152 0.20 0.26°
109% 0.22 0.26 0.21 0.162 0.27 0.27°
20% 0.23 0.28 0.24 0.172 0.21 0.29b
30% 0.25 0.31 0.26 0.182 0.29 0.32°
40% 0.28 0.34 0.29 0.208 0.25 0.34°

*a is the lowest NRMSE
*b is the highest NRMSE

For PFC; as shown in Table 4.2 MissForest has the lowest PFC followed by
MICE-CART then MICE, on the other hand side KNN has the highest PFC except
for the 40 % missing rate MissRanger has higher PFC.
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Table 4.2: Proportion of False Classification (PFC) for the National Health
and Nutrition Examination Survey (NHANES) 2007/2008 Dataset

Missing Methods

MICE MICE-RF MICE- Miss-Forest | Miss- KNN
Rate CART Ranger
5% 0.20 0.26 0.18 0.132 0.25 0.40P
10% 0.21 0.27 0.19 0.144 0.31 0.40°
20% 0.25 0.31 0.23 0.162 0.36 0.41°
30% 0.28 0.34 0.26 0.19@ 0.39 0.41°
40% 0.32 0.38 0.30 0.22¢ 0.46° 0.43

*a is the lowest PFC
*b is the highest PFC

For evaluating the analyzed model; the analyzed model is assumed to be

predicting the weight in the following form

weight=B, + B; height + B, How do you consider your weight + 4.7
B; gender + +B, age + +Bs greatest weight

as shown in Figure 4.1; KNN has the highest Relative Average Absolute
Difference (RAAD), MICE-CART has the lowest difference in (5%, 10% and 30%)
missing rates. The lowest difference at 20% is for MICE-RF and at 40% is for MICE.
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Figure 4.1: Relative Average Absolute Difference (RAAD) between
estimates of the Model from Complete Data and the Models from Imputed
Data for the National Health and Nutrition Examination Survey (NHANES)
2007/2008 Dataset
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For the coefficient of determination; as shown in Figure 4.2 MissForest, MissRanger
and the complete model have the highest R?, while KNN has the lowest R? followed
by MICE-RF
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Figure 4.2: Coefficient of determination (R?) for the National Health and
Nutrition Examination Survey (NHANES) 2007/2008 Data
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Figure 4.3 shows that MICE-RF has the highest (RASE) among its coefficients
till 20% missing rate, while the lowest is for MissRanger and MissForest they are

very close to each other.
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Figure 4.3: Relative Average Standard Error (RASE) of Estimates of Models
from Imputed Data for the National Health and Nutrition Examination
Survey (NHANES) 2007/2008 Dataset
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For the Relative Mean Square Error (RMSE); Figure 4.4 shows that
MissForest and MissRanger has the lowest (RMSE), while KNN has the highest
MSE followed by MICE-RF. Table 4.3 provides a summery for the analyzed model

results.
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Figure 4.4: Relative Mean Square Error (RMSE) of Models from Imputed
Data for the National Health and Nutrition Examination Survey (NHANES)
2007/2008 Dataset
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Generally, across the analysis model MissForest and MissRanger tend to have
the “convenient” results and MICE-RF and KNN tend to have a “inconvenient”

result.

Further Investigation is recommended for assessing the performance of the
six imputation method under MAR and MNAR assumption, also re-evaluating the
performance of MICE-MICE-RF and MICE-CART when increasing the number of
the imputed datasets, and MissRanger and MissForest when increasing the number
of trees. Beside that it is recommended to re-evaluate the six imputation methods
performance when the data contain a categorical variable with large number of

categories.
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Table 4.3: Summary of Results for the National Health and Nutrition
Examination Survey (NHANES) 2007/2008 Dataset

Missing Methods
Rate | Criteri | mICE | MICE- | MICE-| Miss- Miss- KNN
a RF CART | Forest | Ranger
RAAD | 1294 | 10.97 | 8.322 10.92 10.22 21.37°
504 RASE | 107.33 | 123.94 | 112.95 | 100.51 | 98.562 | 106.39
R? 86.04% | 85.45% | 85.54 | 86.56% | 86.51% | 84.65%?
RMSE | 101.16 | 105.49 | 104.87 | 97.992 08.31 | 111.88°
RAAD | 1271 | 11.97 | 3.65?2 10.40 11.79 23.90°
10% RASE | 110.83 | 125.17 | 117.12 | 101.79 | 101.112 | 109.59
R? 85.84% | 84.94% | 85.92 | 86.62%? | 86.26% | 83.78%
RMSE | 103.24 | 115.50 | 102.68 | 97.542 | 100.14 | 118.25°
RAAD | 5.12°% 5.16 7.36 21.79 12.03 41.05°
20% RASE | 121.95 | 180.48 | 117.62 | 103.96 | 101.962 | 126.98
R? 85.56% | 82.77% | 85.55 | 86.83%" | 86.11% | 78.63%?
RMSE | 105.24 | 125.60 | 105.32 | 96.012 | 101.27 | 155.73°
RAAD | 1655 | 16.03 | 9.332 10.37 23.81 39.11°
30% RASE | 120.12 | 127.45 | 117.35 | 104.42 | 94.042® | 136.28"
R? 85.91% | 81.58% | 85.30 | 87.71% | 86.94% | 75.81%?
RMSE | 102.71 | 134.32 | 107.21 | 89.57% 95.17 | 176.31°
RAAD | 15.792 | 22.62 | 23.66 22.59 23.63 51.46°
40% RASE | 201.71 | 144.74 | 153.03 | 109.52 | 87.182 | 160.52
R? 85.85% | 80.50% | 85.64 | 87.41% | 88.02% | 67.65%
RMSE | 102.60 | 141.44 | 104.26 | 91.80 87.352 | 235.77°

*a is the lowest PFC
*b is the highest PFc
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