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A General Delete-Group Jackknife VVariance Estimator for

Stratified Sampling Survey

El Sayed, S. M.’ Abdel Latif, S. H."

Abstract

In this article, the accuracy of point estimates in survey sampling is
evaluated using variance estimates. The jackknife has been suggested as a
useful resampling technique. The approximation of sampling relative error for
the total in stratified sampling without replacement from finite populations
will be reviewed, and a general delete-group jackknife method of Cao, R. et al
(2013) is derived.

Keywords

Jackknife, Relative Error, Sampling Survey, Stratified Sampling, Variance
Estimation.

1. Introduction

This section basically divided into two main parts of the review. The
first part reviewed unequal probability sampling and the second part reviewed
jackknife method as a resampling technique and its estimation of variance in
survey sampling.

Firstly, Hansen and Hurwitz (1943) gave the first theoretical aspects of
unequal probability sampling with replacement. Madow (1949) introduced the
concept of unequal probability sampling without replacement but no
theoretical aspects were given. Horvitz and Thompson (HT) (1952) were the
first to develop the historical theoretical ideas of unequal probability sampling
without replacement when they proposed an estimator of population total.
Then they estimated a variance of the actual variance of their estimator.
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An alternative expression of HT estimator was developed by Yates and
Grundy (1953). The previous variance estimators were very hard to compute
with increase in the sample size. So, numerous survey statisticians have
proposed approximate expression for variance of HT (1952) estimator to
overcome these computing problems. The first attempt was made by Hartley
and Rao (1962). Also, Rao_(1963), Hanif and Ahmad (2001), Shahbaz and
Hanif (2003a, 2003b) , Basit and Shahbaz (2006), Shahbaz and Hanif, (2007),
Alodat (2009), and Razvi and Khan (2013) have proposed approximate
expressions for variance of HT estimator. Hassan et al. (2009) compared
various approximate formulae for variance of HT estimator.

Secondly, in survey sampling, Durbin (1959) considered the first one
who applied Quenouille's(1949, 1956) method in this area, then Rao (1965)
and Rao and Webster (1966).

According to using jackknife method under unequal probability
sampling, and specifically, in stratified sampling design. Lee (1973) attempted
to develop an efficient scheme for variance estimation in stratified sampling
whereby two primary selections per stratum are drawn, which form the parent
sample. Lee's scheme is equivalent to the jackknife method of variance
estimation used by Tukey (1958) for unstratified samples. However, the
estimation procedure to be employed for his scheme would be different for the
jackknife method. Campbell (1980) gave a general definition of a jackknife
pseudo value that is applicable for unequal probability sampling and
stratification, and generalized the jackknife variance estimate so that it applies
to any sample design for which the variance of an estimated mean can be
estimated. Shao and Tu (1995) presented the jackknife variance estimator for
6 when multistage sampling is used. Therefore, the resampling techniques, in
the context of sampling survey, has been widely studied, Tukey's (1958)
original idea of jackknife variance estimation has been developed to handle
stratified multistage sampling by Jones (1974), Kish and Frankel (1974),
Krewski and Rao (1981), Kovar et al. (1988), Rao et al. (1992), and Shao and
Tu (1995).

Berger and Skinner (2005) established the consistency of Campbell’s
(1980) generalized jackknife variance estimator. They also compared the
empirical performance of Campbell's jackknife (in a single stage context) with
standard single stage jackknifes such as in Tukey (1958), Kish and Frankel
(1974), and Rao et al. (1992). Berger (2007) proposed a numerically simple
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jackknife variance estimator. Berger's estimator is consistent under unistage
stratified sampling without replacement. Berger proposed a modified
Campbell's (1980) estimator. Escobar and Berger (2011) proposed two
generalized jackknife variance estimators suitable for functions of HT (1952)
point estimators. Regularity conditions under which the proposed estimators
are design-consistent were also provided. The proposed estimators are
compared with the Campbell (1980) jackknife variance estimator for a ratio.

Stratified multi-stage cluster sampling is commonly used in socio-
economic surveys. Pioneering work on "delete-cluster” jackknife for variance
estimation under stratified multi-stage cluster sampling is due to McCarthy
(1969) and Kish and Frankel(1974).

Hall (2003) provided a scholarly historical account of Mahalanobis'
seminal contributions to early development of survey sampling in India.

Escobar and Berger (2013) proposed a design-consistent jackknife
variance estimator that takes account of all stages via deletion of clusters and
observations within clusters. They also proposed a jackknife variance
estimator for self-weighted two-stage (stratified) without replacement
sampling. They made Monte-Carlo simulations which showed that the
proposed jackknife could be more accurate than customary jackknife
estimators for more than one stage such as the Rao et al. (1992) stratified
multi-stage delete-cluster jackknife.

Cao, et al. (2013), handled the problem of approximating the sampling
relative error of point estimates derived from large sample surveys on a finite
population using stratified random sampling design without replacement.
They proposed three jackknife methods and compared it with the plug-in and
two bootstrap techniques. The first one (J1) considered by removing a sample
value at each iteration, the second one (J2) constructed by removing a stratum
at each iteration, and the third estimate (J3) constructed by considering the
variance of 8 as a linear combination of variances of statistics constructed at
stratum level. And these variances are previously estimated by jackknife in
each stratum. They examined and compared the different procedures by
extensive simulation study.
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2. Jackknife Estimation
2.1 The Grouped Quenouille-Tukey Jackknife Method

For the sample of size n independent and identically distributed (iid)
observations x4, x5, ..., x,. The sample is first divided at random into g groups
Gy, Gy, ..., Gy , each of size d, assuming that n = dg. The groups, G;, are
deleted in turn and the "delete-group” estimates 6;, i =1,2,..g, are
computed, where 8; denotes the estimator of 8 based on the sample of size

n—d = d(g — 1) after deleting G;. Quenouille showed that the estimator
é\] = Z;:gzl gl/g y
where 8; = g6 — (g — 1)6;.

Tukey (1958) suggested regarding the 8; as iid for general 8 and then
using

v(9)) = Za(6i - )" /n(n — 1),
= DY, (6i - 60)

where 8; is the jackknife pseudo estimate, that is the estimator calculated
using the whole sample except for the " observation,
X1, s Xim1, Xip1s o Xns Oy = Xy 0;/n. As,v(8)), the jackknife variance
estimator of 6;or 6.

2.2 Cao et al Jackknife Method

The sampling error of 8 can be presented in relative terms, using the
variation coefficient of the estimator given by:

rel (9 ) V;U(”g@

Cao, et al. (2013) handled the problem of approximating the sampling
relative error of point estimates derived from large sample surveys on a finite
population using stratified random sampling design without replacement as we
mentioned in the previous section.
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El Sayed and Abdel Latif (2015) introduced a general jackknife method
of Cao, R. et al (2013) for their first method, jackknife leaving one sample
value out, by removing a group of values out. And we will generalize the
second method of Cao et al. (2013) in the following section.

3. Jackknife leaving group of stratum out

For simplicity and comparability of the results we will follow all
symbols and notations and may be some scientific definitions as in Cao et
al.(2013) and in generalizing his results we have to follow his approach so
both results can be compared.

Let, L and N; will denote the number of strata and the population size of
the it" stratum, = 1,...,L, respectively. And, let {xij, j=1..,n, i=
1, L} be a stratified random sample without replacement of the variable of
interest X, of size n = Y¥_, n;, n; being the sample size within the i*" stratum.

The unbiased estimator of the total, £, and the sample variances, S?, are
respectively given by;

A A — \'L = _ \'L = _\L
t=Na =X Ni%p. = X Fing % = Yioq Fixg.,
2 __1 ym = )2
Si = Ezj'zl(xij — %),
and, F; = N;/n; the elevation factors of each stratum. Being
Xi = n—izj=1 xijand x;. = 20 X5

where, X;; is the j* element of the i*" population stratum, with j = 1, ..., N,
; N ¥ 1N N;
i=1,..,L. Being X;. = E2j=1Xij and X;. = 255, Xij.

It is a general jackknife of leaving one stratum out for Rao (2013)
because we propose to calculate each pseudo value removing all the
observations of one group of strata. Thus, the R*" jackknife pseudo value is
based on the original sample without the observations of the eliminated strata
R,i. €.,

oS (31)
i¢R
N
N—Ng

Ng =Yer Ny = (T — Xier Fixi).
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Now, two variants of the jackknife estimator are introduced by
considering different ways of averaging the pseudo values £ xy. First, we use a
weighted mean, where each pseudo value is weighted by the population size
of some strata removed in calculation. Thus, we have

a NR A
) = Xh=1 ~ @) (3.2)

N, N A
= 22:1% (N—NR (T - ZTER Exr)>

A Ngr
T(1.§ (DY 1N_Ng ~- YA 1N (Z’rERFxr)
Then, the jackknife estimator of var(7) takes the form;

Va1 (8) = By SF (58) (1) — 25),

— ~ Ng (N—-N N(Z—-Yrer Frxy.) N;(Z+XYier Fixi.)
var],lR(T) = Zg=1TR( N R)[ 4 N_EAI:R e — 2{1 1M] (3 3)

The jackknife estimator of the relative error is then calculated as:
1/2
&1(®) = 3 (V@ 12()) (34)

An alternative variant of the jackknife leaving some strata out is
obtained if all the strata contribute with the same weight in the estimation, i.
e. the pseudo values are directly averaged as follows

A 1 A
= =Yh1tw (3.5)

P 1 N A
T(2§ = _Zg=1 N—Npg (T — Xrer Bxp)
_N(syn _ 1 _ gH ZXrerFr¥r
- (TZR:l N—Ng R=1"N_ng )
Using © r() , the jackknife estimator of var(7) becomes
Py N H-1 ~ N 2
var >r (1) = ngﬂ(T(R) - T(Z-Se) ,

_ Ezg_l [% _ H (T+ZLERlel )] (36)
R
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Not admitting a simpler explicit expression either.
And the jackknife estimator of the relative error with this criterion is:

. R 1/ . 1/2
.2n()) = 3 (v0.2(1)) (37)

2
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A Generalized Linear Model for Female participation in Labor Force in
Upper Egypt

Reem Ismail Elsybaey* Yasmin Ibrahim **

Abstract:

In the last two decades, the world has an obvious interest for the role of
women in the family and society as a participant in development as well as men.
According to many studies there exists a relationship between the number of
participated women in labor force and some other determinants like the number
of educated, married women and place of residence. This paper will apply a
Poisson Regression Model for the number of working women in Upper Egypt.
It will identify the determinants that have an impact on women's participation in
the labor force. The test of model effects showed that all explanatory variables
have a significant effect on the response variable. Also the results showed that
the data is over dispersed, as the variance of the response variable is not equal to
the mean in both years 2011 and 2013 of labor force survey.

Keywords: Working Woman, Labor Force Survey, Deviance.

1. Introduction

In the last two decades, the world has showed an obvious interest in the role
of women in the family and society as a participant in development as well as
men. There are many conferences referred to the need to promote the social
status of women and strengthen their role in the political, economic, and social
development. The most important conference is the International Conference on
Population and Development which is concerned with Women's issues, held in
Cairo in 1994. 1t called for women's equal right with men in all areas and the
elimination of discrimination against them. Women's participation in the labor
force is faced by a lot of obstacles; perhaps the most important are conditions
and social beliefs, gender discrimination between men and women, which
represents one of the structural problems in the labor market in Egypt.
Discrimination appears in partitioning of jobs and in wages levels which reduce
the motivation for woman’s participation in the labor force. The research
program which carried out by the (Social Research Center, 2009) showed that,
in spite of all the development efforts to wide the educational base and
increasing in health care as well as institutional reforms of laws and regulations
that have been made in Egypt in recent decades, which in turn guarantees the
rights of women, the participation of women in the labor force is still low, with
less than 22% in 2006.

*Reem Elsybaey: The Author is a Master degree Student in ISSR and Statistician at (CAPMAS) National Statistics Office in Egypt.

** Yasmin Ibrahim: Assistant Professor in ISSR (Institute of Statistical Studies and Research) — Egypt, Author’s Supervisor.
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Table (1): The evolution of Egyptian female’s labor force participation in
age group (15 - 64)

Year Females Labor force participation rate (%)
1990 27.60
1991 23.30
1992 23.90
1993 23.30
1994 24.10
1995 A 22.70
1996 21.80
1997 21.00
1998 20.30
1999 20.90
2000 21.10
2001 21.40
2002 20.00
2003 20.70
2004 21.40
2005 22.10
2006 22.40
2007 24.40
2008 24.70
2009 25.00
2010 25.30
2011 25.50
2012 25.60
2013 25.80

Source: World Bank Data, 2013

Table (1) shows that Egyptian female’s Labor force participation rate in 1990
was 27.6% then it decreased in 2002 to be 20%, while in 2013 it increased again
to be 25.8%, however this percentage doesn’t exceed the quarter of the total of
labor force participation.

This paper will apply a Poisson Regression Model for the number of working
females in labor force in Upper Egypt. It will identify the determinants that have
an impact on women's participation in the labor force.

2. Review of Literature

According to the review of literature, (Anker, 1983) discussed female labour
force participation in developing countries and introduced a critique of current
definitions and data collection methods for measuring, women’s work. (Anker
and Anker, 1989) examined the female labour force participation using official
labour force data in Egypt. They suggested how recent changes in the
procedures and questionnaires used by Central Agency for Public Mobilization
and Statistics (CAPMAS) to collect these data have affected responses and
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consequently official estimates of the female labor force. This is obvious in the
great efforts made by Egyptian Labor Force Sample Survey (ELFSS) to
improve reporting of women in the labor force, by specifically training
interviewers to be aware of unpaid family labor, particularly labor on family
farms. As a result of these efforts, the percentage of women reported to be
working doubled from 5.8 percent in 1982 to 12.7 percent in 1983.Furthermore,
the results of the methodological household survey jointly conducted by
CAPMAS and ILO (International Labor Organization) were described and
discussed several important ways of improving data on the female labour force.
Also (Assad, 2002) stated that Egypt has gone through a structural adjustment
program since 1970 like many other developing countries. Nevertheless these
reforms have been accompanied by significant In-formalization of employment
relations where the Egyptian labor market in particular paid employment
outside the government sector is becoming increasingly de-feminized over this
structural adjustment period. (Langsten and Salem, 2006) introduced two
approaches to measure Women’s Work in Developing Countries applied to the
same population of ever-married women. The data of ever-married women were
compared from two surveys which share the same basic definition of work, the
first one is Egypt DHS (Demographic health survey) in 2003 and the second is
Slow Fertility Transition (SFT) survey conducted in 2004. (Amer , 2007)
studied the insertion of the youth in age group (15-29) years old into the
Egyptian labor market. This study examined whether the patterns of school-to-
work transition changed over time (1988-2006). Also (Spierings and Smits,
2007) discussed Women’s labor market participation in MENA- region. This
study stated that Women’s participation in the economy, as integral part of their
empowerment, is a major challenge facing the MENA-region, since women’s
labour market participation (LMP) is among the lowest throughout the world in
these countries. (Sieverding, 2010) reviewed the Life Course Transitions and
Female Labor Force Outcomes in Egypt. It used a longitudinal approach to the
question of how young Egyptian women’s labor force participation in different
sectors of the economy changes after transition into marriage. It was limited to
unmarried young women in 1998 and examined their labor force outcomes in
2006, then compared with those who had married in the intervening eight years
and those who had not. The (population council, 2012) made a Survey of
young people in Egypt. This survey stated that female youth face challenges in
finding decent work both as women and as young people. Consequently, labor
force participation among female youth remains low; also education and
marriage are strongly associated with labor force participation. It's obvious that
higher educational attainment is associated with greater labor force participation
for female youth. According to (MENA Development Report, 2013) the
worldwide average of the participation of women in the labor force
approximately 50 percent while this percentage in MENA is half that at 25
percent. It is a fact that young women especially have high rates of
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unemployment. This report discussed the improvements made to secure equal
opportunities for women alongside men.

3. Methodology

This study will use data of (labor force survey for females in six of Upper Egypt
governorates in years 2011 and 2013) due to available data on workers and the
unemployed, whether male or female. The upper Egyptian females in the
governorates (Benisuef - Fayoum- Menia- Asyuot- Suhag- Qena) were selected
from the data of labor force survey. Thus, the final observations consisted of
30535 females in 2011 while in 2013 it was 27917. The study used a poisson
regression model to test the significance of some factors and it will use two
measures of goodness-of-fit like deviance and AIC. In statistics, poisson
regression is a form of regression analysis used to model count data and
contingency tables. It assumes the response variable Y has a Poisson
distribution, and assumes the logarithm of its expected value can be modelled
by a linear combination of unknown parameters. In the case of rare events the
Poisson distribution is more appropriate since the Poisson mean > 0. So the
logarithm of the response variable is linked to a linear function of explanatory
variables such that log(Y) = Bo + B1X; + B2Xs ... etc. and so Y = (ePo) (ef1%1)
(eP2%2).. etc. This study used the Poisson regression (PR) model to identify the
relationship between the endogenous variable “number of working women” and
some other covariates such as number of educated women, number of married
women, number of women in age group 15-64 and place of residence which is a
dummy variable and consists of (urban =0; rural =1).

Assumptions in Poisson Regression:
The assumptions include:

1. Logarithm of the dependent variable changes linearly with equal
increment increases in the exposure variable.

2. Changes in the rate from combined effects of different exposures or
risk factors are multiplicative.

3. The number of cases has variance equal to the mean.

4. Observations are independent.
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4. Results
Table (2): The descriptive statistics for the data in 2011 and 2013

2011 2013
Years

Variables Number of Std. Number of Std.
Shiakha Mean Deviation Shiakha Mean Deviation

Number of

working 146 34.53 33.55 147 25.48 22.591
women

(Work)

Number of
Educated
women
(Edu)
Number of
Married
women
(Mar)
Number of
women in
age group
(15-64)

- The upper Egyptian females in the governorates (Benisuef - Fayoum- Menia-
Asyuot- Suhag- Qena) were selected from the data of labor force survey.
Thus, the final observations consisted of 30535 females in 146 Shiakha in
year 2011 while in 2013 it was 27917 females in 147 Shiakha.

- The unconditional mean and variance of the response variable are very
different in both years. The results show that the variance is greater than the
mean which means that there is over dispersion in the data. Furthermore, the
estimates in Poisson Regression model are still consistent but are inefficient,
which leads to the invalidation of inference based on the estimated standard
errors. In this case the Negative binomial regression can be used for over-
dispersed count data. It can be considered as a generalization of Poisson
regression since it has the same mean structure as Poisson regression and it

has an extra parameter to model the over-dispersion.

146 74.65 51.338 147 73.63 45.19

146 114.06 60.941 147 100.59 52.866

146 176.18 94.864 147 161.94 85.837

Multicollinearity Diagnostics:

The condition Index K can be used to test if there is a correlation between
Explanatory variables or not and K is calculated as follows:

fx ; , : ;
K = ﬁ where Ay .y 1S the maximum Eigen Value and A, is the

minimum Eigen Value.

If the value of K is greater than 15 (K= 15) then the data used in the analysis
has a correlated explanatory variables (Multicollinearity). Also if (K>
30) then there is a high correlation between the explanatory variables.
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W

2011 2013
Exp. Variables
Eigen value Condition Index Eigen value Condition Index

Intercept 4.056 1.000 4.070 1.000
Ur_Ru 730 2.357 724 2.3711
Edu 173 4.839 164 4.982
Married .038 10.386 040 10.131
Age .003 36.514 -003 38.894

According to table (3) the explanatory variable (Number of women in age
group (15-64)) is highly correlated with the other variables. After omitting this
variable and checking the Multicollinearity again, the results were as follows:

Table (4): Multicollinearity Diagnostics (Cont.)

2011 2013
Exp. Variables : i
Eigen value Condition Index Eigen value Condition Index
Intercept 3.106 1.000 3.117 1.000
Ur_Ru 704 2.101 .702 2.108
Edu 156 4.462 146 4.615
Mar 034 9.541 <15 035 9.440 <15

The results in table (4) showed that the data used in the analysis has no
correlated explanatory variables. Thus all the variables can be included in the
analysis with Poisson regression Model.

Table (5): Goodness of fit

i 2011 2013
Cogdnesyof By Value df | Value/df Value df | Value/df
Deviance 2971.306 | 142 20.925 1777.360 | 143 12.429
Pearson Chi-Square 3076.850 | 142 21.668 1790.216 | 143 12.519
Log Likelihood -1833.021 -1231.674
Akaike's Information
Criterion (AIC) 3674.042 2471.348
Bayesian Information
Criterion (BIC) 3685.976 2483.310
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W

To assess the fit of the model, the goodness-of-fit chi-squared test and deviance
are used, where the deviance statistic for Poisson Regression Model can be
thought of as a measure of residual variation about the fitted model. Also the
deviance D(P) is assumed to have an approximate chi-square distribution with
n-k-1 degrees of freedom. Furthermore the deviance is usually defined as the
log likelihood of the final model, multiplied by (-2). The deviance in 2011 was
(2971.306) as Chi-square distributed with the model degrees of freedom (142),
while in 2013 the deviance was less than 2013and equal to (1777.360) with the
model degrees of freedom (143).

Table (6): Poisson Regression results for the data of 2011 and 2013:

2011 2013
Exp. Variables
B Std. Sig. Exp(B) B Std. Sig. | Exp(B)
Error Error
Intercept 3.103 || .0572 | 0.000 | 22.263 | 2.648 | .0647 | 0.000 | 14.119
Ur_Ru=0 orl -441 || .0457 | 0.000 | 0.643 | -.197 | .0489 | 0.000 | 0.821
Number of educated
Teoraan 0.004 | .0005 | 0.000 | 1.004 | 0.004 | .0006 | 0.000 | 1.004
Number of married | o 409 | 0003 | 0.000 | 1.009 | 0.009 | .0005 | 0.000 | 1.009
(women (Mar)

e Recall the form of the model equation in years 2011 and 2013:

In 2011:
Log (Work) =3.103 - 0.441 (Ur_Ru) + 0.004 (Edu) + 0.009 (Mar).
This implies that:

Work = Exp [3.103 - 0.441 (Ur_Ru) + 0.004 (Edu) + 0.009 (Mar)].
= Exp (3.103) * Exp (- 0.441 Ur_Ru) * Exp (+ 0.004 Edu)
* Exp (0.009 Mar).
In 2013:
Log (Work) = 2.648 - 0.197 (Ur_Ru) + 0.004 (Edu) + 0.009 (Mar).
This implies that:
Work = Exp [2.648 - 0.197 (Ur_Ru) + 0.004 (Edu) + 0.009 (Mar)].
= Exp (2.648) * Exp (-0.197 Ur_Ru) * Exp (+ 0.004 Edu)
* Exp (0.009 Mar).

« From table (6), the intercept is the Poisson regression estimate when all
variables in the model are evaluated at zero. The log of the expected
count for the Number of working women is 3.103 units in 2011 and in
2013 it was 2.648 units.

« The Educational level is considered one of the most important variables
that have a significant effect on the number of working women in Upper
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Egypt. The coefficient for the Number of educated women in years 2011
and 2013 was (0.004) units. This means that, for a one unit increase in
the number of educated females the expected log count for the number of
working females is expected to change by 0.004.

Table (6) also refers to the important significant effect for the marital
status, where the coefficient for the Number of married females in 2011
and 2013 was 0.009 units. This means that, for a one unit increase in the
number of Married females the expected log count for the number of
working females is expected to change by 0.009.

The indicator variable Ur Ru is the estimated Poisson regression
coefficient comparing Rural to Urban. The coefficient for this dummy
variable residence in the two years 2011 and 2013 is negative and
statistically significant indicating that rural regions have fewer working
females than urban regions.

From table (6) we can notice that female’s place of residence or female’s
region (Ur Ru) has a significant effect on the number of working
females. Also in both years 2011 and 2013 the expected log count of
working females who are in rural areas decreased by about 36% and 18%
respectively compared to the expected log counts of working females
who are in urban areas.

According to over dispersion the data is over dispersed, where the
variance of the response variable is too large and not equal to the mean in
both years 2011 and 2013.

We tested over dispersion in the Poisson regression model using the
ratio of the sum of Pearson chi square over the number of degrees of
freedom (chi (2)/df) or the (deviance / df). The results show that in 2011
the (chi (2)/df) = 21.668 which is greater than 1 and in 2013 (chi (2)/df)
=12.519 which confirmed over dispersion, however the data of 2013 has
a lower value of dispersion than the data of 2011.

For over-dispersed count data, Negative binomial regression Model is
usually used for modeling this type of count variables. In this case of
over dispersion, the Negative Binomial Regression Model can be used
to handle this problem. Also it has the same form as the Poisson
regression model and its parameter estimation performed by using MLE
method. Bouche, (2009) discussed in a paper different methods that
exist to solve the problem of underestimating variance in the Poisson
regression model when over dispersion is present. This paper stated that
the negative binomial regression model seems to be particularly
accurate because of its theoretical distribution.
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Table (7): Comparison between the results of Goodness of fit for Poisson
Regression and Negative Binomial in years 2011 and 2013:

Poisson Regression Negative Binomial
Goodness of Fit
2011
( ) Value df Value/df Value df V::il}le/
Deviance 2971.306 142 20.925 168.784 141 1.197
Reasin Chis 3076850 | 142 | 21.668 125.296 141 889
Square
Log Likelihood -1833.021 -644.754
Akaike's
Information 3674.042 1299.508
Criterion (AIC)
Bayesian
Information 3685.976 1314.426
Criterion (BIC)
Poisson Regression Negative Binomial
Goodness of Fit
2013
@015 Value af | valuesdr Value df V‘g}‘e’
Deviance 1777.360 143 12.429 160.670 142 1.131
Fesmsui Chi- 1790216 | 143 | 12519 134.594 142 | .48
Square
Log Likelihood -1231.674 -599.834
Akaike's
Information 2471.348 1209.669
Criterion (AIC)
Bayesian
Information 2483.310 1224.621
Criterion (BIC)

- Over-dispersion was tested in the Negative Binomial regression model
using the ratio of the sum of Pearson chi square over the number of degrees
of freedom (chi (2)/df) or the (deviance / df). The results according to
Poisson Regression Model in 2011 and 2013 was (chi (2)/df) = (21.668,
12.519) respectively. However, the results of Negative Binomial Regression
Model decreased to be (1.2, 1.1).

- According to Negative Binomial Regression Model the over-dispersion
decreased more than the Poisson Regression Model.
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Table (8): Comparison between the results of Negative Binomial
regression Model in years 2011 and 2013:

2011 2013
Exp.
Variables B ot | sig | Exp®) B o | sig | Exp®)
Intercept 3.066 3213 0.000 21.446 2.633 2478 0.000 13.909
Ur—opr‘“l =01 s 0750 0.000 592 -229 .0961 0.000 796
(Edu) 007 .0033 046 1.007 .003 .0027 238 1.003
(Mar) 011 0024 0.000 1.011 .009 .0021 0.000 1.009
BN;.?;:; 0.755 .0908 o ; 0.516 .0640 - N

« The Parameter Estimates includes the regression coefficients for each of
the variables along with robust standard errors, p-values and 95%
confidence intervals for the coefficients.

« From table (8), the intercept is the Negative Binomial Regression
estimate when all variables in the model are evaluated at zero. The log
of the expected count for the Number of working women is 3.066 units
in 2011 and in 2013 it was 2.633 units.

o According to the results of Negative Binomial Regression Model the
number of educated females has an insignificant effect on the number of
working women in Upper Egypt. The coefficient for the Number of
educated women in years 2011 and 2013 was (0.007, 0.003) units
respectively. This means that, for a one unit increase in the number of
educated females the expected log count for the number of working
females is expected to change by (0.007 , 0.003) units respectively.

« Table (8) also refers to the important significant effect for the marital
status, where the coefficient for the Number of married females in 2011
and 2013 was (0.011, 0.009) units. This means that, for a one unit
increase in the number of Married females the expected log count for the
number of working females is expected to change by 0.011 in year 2011
and will change by 0.009 in 2013.

o The indicator variable Ur Ru is the estimated Negative Binomial
regression coefficient comparing Rural to Urban. The coefficient for this
dummy variable residence in the two years 2011 and 2013 is negative and
statistically significant indicating that rural regions have fewer working
females than urban regions.

« From table (8) we can notice that female’s place of residence or female’s
region (Ur Ru) has a significant effect on the number of working
females. Also in both years 2011 and 2013 the expected log count of
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working females who are in rural areas decreased by about 41% and 21%
respectively compared to the expected log counts of working females
who are in urban areas.

« Thus, we would expect the urban areas to have more number of working
females than their rural counterparts.

o The dispersion parameter in years 2011 and 2013 was equal to (0.755,
0.516) respectively. The Negative Binomial Regression Model was able
to handle and decrease over dispersion in the count data for both years
2011 and 2013. However, the over-dispersion still exists because the
value of the dispersion parameter is greater than zero.

« Also the Generalized Poisson Regression Model (GPR) can be used to
handle over-dispersion where the GPR is a generalization of the
standard Poisson regression (PR) model.

Table (9): Choosing the best Model

Model Significant Variables AIC (2011) AIC (2013)
Ur_Ru
Poisson Regression Edu 3674.042 2471.348
Mar
Ur_Ru
Negative Binomial Mar 1299.508 1209.669

e For Akaike's Information Criterion (AIC) in table (10) the smaller the
AIC, the better the model is.

e The smallest AIC value is a negative binomial regression model. Then
the best model for the number of working females is obtained from the
negative binomial.

5. Conclusions

e The test of model effects showed that the number of educated and
married females have a significant effect on the number of working
women in Upper Egypt in both years 2011 and 2013.

e Female’s place of residence or female’s region (Ur_Ru) has a significant
effect on the number of working females. Also in both years 2011 and
2013 the expected log count of working females who are in rural areas
decreased by about 36% and 18% respectively compared to the expected
log counts of working females who are in urban areas.

e According to over dispersion the data is over dispersed, as the variance of
the response variable is too large and not equal to the mean in both years
2011 and 2013.

e The Negative Binomial Regression Model was able to handle and
decrease over dispersion in the count data for both years 2011 and 2013.
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e The Negative Binomial is more adequate and appropriate in the case of
over-dispersion than Poisson Regression.
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Abstract: In this paper, factors affecting employment is conducted in three important
economic sectors (government, private and public sectors). A random sample from workers
within enterprises in three sectors from Egyptian Labor Market Panel Survey (ELMPS)
research, that was conducted at (1998, 2006, 2012), to study the effect of main factors (age,
labor hours, educational status) on employees' wages. We chose 20 employees randomly
from row data of ELMPS for government, private and public sectors, and follow the wage,
hours, age and education status to these employees in the three periods (1998, 2006 and
2012).

Several models will be tested to determine the one that achieve the goal of this paper, and to
study the effect of some factors like (age, labor hours, educational status) on employees'

wages.
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Introduction

The labor elements considered the most important elements of production and the essential
foundation to improve the standard of living, and human resources development that depend on
its states in  the  strategic  planning for  achieve sustainable development .wages and
various compensations that relates tothem the most importantis the fundamental rights
of workers,and is one ofthe most important obligations to the worker and the study
of employment and wages under the current circumstances to determine the extent of its impact
of currenteventson the level ofwagesand is it positive or negative impact, as well
as employment .

Using Panel Data Model's, such as pooled model, fixed effect model and random model to

determine which model is suitable for the Egyptian data,

Review of Literature Introduction

In recent years, there has been a growing interest in the specification and estimation of
econometric relationships based on panel data. This interest can be explained by the fact
that panel data offer researchers extended modeling possibilities as compared to purely
cross-sectional data or time-series data. Panel data are generally more informative, and they
contain more variation and less collinearity among the variables. The use of panel data
results in a greater availability of degrees of freedom and hence increases efficiency in the
estimation. Panel data also allow for the specification of more complicated behavioral
hypotheses, including effects that cannot be addressed using pure cross-sectional or time-

series data.

Elhorst (2003), showed a survey of the specification and estimation of spatial panel data

models. This paper displayed four panel data models commonly used in applied research:
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the fixed effects model, the random effects model, the fixed coefficients model, and the
random coefficients model. The survey discusses the asymptotic properties of the
estimators and provides guidance with respect to the estimation procedures, which should

be useful for practitioners.

Baltagi (2005), provided an coverage of panel data techniques, especially for serial
correlation, spatial correlation, heteroskedasticity, seemingly unrelated regressions,
simultaneous equations, dynamic models, incomplete panels, limited dependent variables
and nonstationary panels. Many of the estimation and testing techniques are illustrated with

data sets which are available.

Reyna (2007), Explained two techniques used to analyze panel data (fixed and random
effects), with fixed effects model showed (covariance model, within estimator, individual
dummy variable model, least squares dummy variable model), while in random model
showed random intercept, partial pooling model, then showed some panel data tests used
STATA program.

Clark and Linzer (2012), showed two widely-used methods are the use of either “fixed" or
“random" affects models, chosen between these approaches remains unclear in the applied
literature. They employed a series of simulation experiments to evaluate the relative

performance of fixed and random effects estimators for varying types of datasets.

Summery about the Egypt Labor Market Panel Survey (ELMPS)

The Egypt Labor Market Panel Survey, carried out by the Economic Research Forum (ERF)

in cooperation with Egypt’s Central Agency for Public Mobilization and Statistics

(CAPMAS) since 1998, has become the mainstay of labor market and human resource

development research in Egypt, being the first and most comprehensive source of publicly

available micro data on the subject. The 2012 round of the survey provides a unique

opportunity to ascertain the impact of the momentous events accompanying the January 25"
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revolution on the Egyptian economy and labor market and on the lives of Egyptian workers
and their families. The Egypt Labor Market Panel Survey of 2012 (ELMPS 2012) is the third

round of this longitudinal survey, which was also carried out in 2006.

Although the sample was designed to be nationally representative, this round and all

subsequent rounds do not cover the five Border Governorates of Matruh, New Valley, Red

Sea, North and South Sinai. These remote governorates are sparsely populated, containing no
more that 2% of the population in 2006.(Assaad and Krafft, 2013).

Table(1.1): Estimate the Employees Numbers by Sectors

Government

Public

Private Within establishments

Investment

5,325,500

932,700

6,219,400

397,300

Source: Annual bulletin of labour force (2014).
Table(1.2) : Average Weekly Hours Worked and Average Daily Wage (L.E) of Workers

Paid by Important Economic Activities

economic activities average weekly hours | average daily wage (L.E)
Agriculture, forestry and fishing 444 48.3
Mining and quarrying 47.6 79.3
Manufacturing 50 55.1
Electricity, gaz, steam and air conditioning
46.7 77.7

supply
Water supply, sewerage, waste management

ppy _ g : 47.1 54.5
and remediation activities
Education 43 56.8
Human health and social work activities 45.3 50.2

Source: Annual bulletin of labour force (2014)
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Models that will be applied in the study

1) Factors Affecting Wages in the Government Sector

1.1) fixed effect or LSDV model:

The equation for the fixed effects model becomes:

where

I is number of employees (i=20)

tis time (t=3 years)

Wage;; = o; + B1 Agej; + B2 Hours; + Uy

(1.1)

a; (i=1....n) is the unknown intercept for each entity (n entity-specific intercepts).

Ui is the error term. Allows for heterogeneity or individuality among employees by allowing

to have its own intercept value. After testing fixed effect model, from table (1.1) the

significant level of the full model was founded =0.01< 0.05, it means that some the

coefficient of this model are not equal zero and model is good. By studying the effect of

every independent variable on the dependent variable, it was found that all variables are

significant.

Table (1.3) Fixed Effect or LSDV Test for Governmental Sector:

Variables Estimated Parameters S.E P-value Model Performance
Age 422.5 78.7 0.0001 Prob(F-statistic)=0.0001
Hours -1116.7 450.3 0.02
R-squared=0.59
Constant -5803.5

Computed from ELMPS row data in (1998, 2006 and 2012).

Using E-Views program.
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1.2) Random Effect model:

Wage;; = o; + B Agej + B2 Hours;; + U + &t

f

Between-entity error

Within-entity error

(1.2)

The test for Random Effect model, from table (1.2), indicates that the significant level of the

full model was = 0.0001< 0.05, it means that some of the coefficient of this model are not

equal zero and model is good. By studying the effect of every independent variable on the

dependent variable, it was found that all variables are significant.

Table (1.4) Random Effect Test for Governmental Sector:

Variables Estimated parameters S.E P-value Model Performance
Prob(F-
Age 292.1 62.5 0.0001 o
statistic)=0.0002
Hours -1003 389.6 0.01
R-squared=0.26
Constant -1545.1

Computed from ELMPS row data in (1998, 2006 and 2012).

Using E-Views program.

To which model is appropriate? Fixed or Random by using Hausman test.

Hausman test

AOA A ANy AN A
H = (Bre - Bre)' [var (Bre) -var (Bre)]™ (Pre - Bre)

Null hypothesis: Random-effects model appropriate.
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Alternative hypothesis: Fixed Effect model is appropriate.

The Hausman test probability value =0.001 < a that means rejects null hypotheses and accept
Alternative hypothesis fixed effect is appropriate model to explain wage, there is a positive

relationship between age, work hours and wage.
The fixed effect model is
N\
Wage;; = -5803.5 + 422.5 Agej; - 1116.7Hours;; (1.3)
The effect of dummy variables on dependent variable and model is tested as follows:

Wage=C(1)+C(2)*age+C(3)*hours+C(4)*intermediate+C(5)*above_intermediate+C(6)*uni
versity+C(7)*age*intermediate+c(8)*age*above_intermediate+c(9)*age*university+c(10)*h

ours*intermediate+c(11)*hours*above_intermediate+c(9)*hours*university. (1.4)
The dummy variables used to estimate fixed effect model

Null Hypothesis: All dummy variables are equal to zero=pooled regression model.
Alternative hypothesis: fixed effect model.

By using Wald test to check whether all dummy variables are zero or not from E-views result
the F-statistic=0.9 > 0.05 that means accept the null Hypothesis: All dummy variables are

equal to zero, pooled regression model is a good model.

In this pooled regression model, all observations in OLS regression are pooled meaning that
we assumed that the coefficients (including the intercepts) are the same for all the

individuals.
The appropriate model for governmental sector is model (1.3):

N
Wagej; = -5803.5 + 422.5 Agej; - 1116.7Hours;;
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2) Factors affecting wages in Public sector

First we will estimate fixed effect model, then estimate random effect model and test which

model is appropriate to data.

2.1) fixed effect or LSDV model:

The equation for the fixed effects model becomes:

Wageir = a; + 1 Ageic + B2 Hours; + Ui (1.4)
where
I is number of employees (i=20)
tis time (t=3)
a; (i=1....n) is the unknown intercept for each entity (n entity-specific intercepts).
U;; IS the error term

Allows for heterogeneity or individuality among employees by allowing to have its own
intercept value. The test for fixed effect model, from table (1.3) the significant level of the
full model was found =0.04< 0.05, it means that some of the coefficients of this model are
not equal zero and model is good. By studying the effect of every independent variable on
the dependent variable, it was found that age variable is significant but, work hours are not

significant.

N
Wage;; = -4287.3 + 322.8 Age;; (1.5)
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Table (1.5) Fixed Effect or LSDV Test for Public Sector:

Variables | Estimated parameters SE P-value Model performance
Age 322.8 85.5 0.0005 Prob(F-statistic)=0.04
Hours -657.6 421.7 0.13
R-squared=0.52
Constant -4287.3
Computed from ELMPS row data in (1998, 2006 and 2012).
Using E-Views program.
2.2) Random Effect model:
Wagei: = a; + 1 Ageir + B2 Hours; + Uy + &t (1.6)

t 1

Within-entity error

Between-entity error

The test for Random Effect model, from table (1.4) significant level of the model was found
=0.002 < 0.05, it means that some of the coefficients of this model are not equal zero and our
model is good. By studying the effect of every independent variable on the dependent

variable, it was found that age variable is significant but, work hours variable is not

significant.
Wagei; = -1503.9 + 1881.1 Age;; (1.7)
Table (1.6) Random Effect Test for Public Sector:

Variables Estimated parameters S.EE P-value Model performance

Age 188.1 56.7 0.002 Prob(F-statistic)=0.002

Hours -316 364.9 0.4

R-squared=0.19

Constant -1503.9
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Computed from ELMPS row data in (1998, 2006 and 2012).

Using E-Views program.

To test which model is appropriate? Fixed or Random by using Hausman test.

Null hypothesis: Random-effects model appropriate.
Alternative hypothesis: Fixed Effect model is appropriate.

For Hausman test the probability value =0.03 < 0.05 that means rejects null hypotheses and
accept Alternative hypothesis fixed effect is appropriate model to explain wage, there is a

positive relationship between age and wage.

The fixed effect model is
/\

Wage;; = -4287.3 + 322.8 Agej;
The effect of dummy variables on dependent variable and model is tested as follows:
Wage=C(1)+C(2)*age+C(3)*hours+C(4)*less_intermediate+C(5)*intermediate+c(6)*above
_intermediate+C(7)*university+C(8)*age*less_intermediate+C(9)*age*intermediate+c(10)*
age*above_intermediate+C(11)*age*university+c(12)*hours*less_intermediate+C(13)*hour
s*intermediate+c(14)*hours*above_intermediate+C(15)*hours*university. (1.8)
The dummy variables is used to estimate fixed effect model
Null Hypothesis: All dummy variables are equal to zero=pooled regression model .
Alternative hypothesis: fixed effect model.
By using Wald test to check whether all dummy variables are zero or not from the result the
P-value for F-statistic=0.001 < 0.05 that means reject the null Hypothesis: All dummy

variables are equal to zero, and the appropriate model for public sector is:

N\
Wage= 209926.8+322.8 *age - 220186.5*less_intermediate -219603.3*intermediate-
216671.8*above_intermediate-
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213326.7*university+2527.8*age*less_intermediate+2528.6*age*intermediate+2685.5*age*
above_intermediate+2509.8*age*university+11764.7*hours*less_intermediate+12009*hour

s*intermediate+10346.3*hours*above_intermediate+11345*hours*university. (1.9
3) Factors affecting wages in private sector

First estimate the fixed effect model then estimate the random effect model and test which

model is appropriate to data.

3.1) fixed effect or LSDV model :

The equation for the fixed effects model becomes:

Wageir = a; + 1 Ageic + B2 Hours; + Ui (1.10)
From table (1.5) the significant level of the full model was founded =0.005< 0.05, it means
that some the coefficients of this model are not equal zero and model is good. By studying
the effect of every independent variable on the dependent variable, it was found that age
variable is significant but, work hours are not significant.
Wage;; = -6960+ 176 Age;, (1.11)

Table (1.7) Fixed Effect or LSDV Test for Private Sector:

Variables | Estimated parameters S.E P-value Model performance
Age 176 70.8 0.02 Prob(F-statistic)=0.0001
Hours 328 345 0.35

R-squared=0.73

Constant -6960

Computed from ELMPS row data in (1998, 2006 and 2012).

Using E-Views program.
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3.2) Random Effect model:
Wage;; = a; + B1 Ageir + B2 Hours;; + Ui; + &t (1.12)

tt

Between-entity error f Within-entity error

From table (1.6) sign =0.01 < 0.05, it means that some of

the coefficients of this model are not equal zero and our model is good. By studying the
effect of every independent variable on the dependent variable, it was founded that age
variable is significant but, work hours variable is not significant.

Wage;; = -4393.4 + 95.7 Age;; (1.13)
Table (1.8) Random Effect Test for Private Sector:

Variables Estimated parameters SE P-value Model performance
Age 95.7 48.3 0.04 Prob(F-statistic)=0.01
Hours 364.7 249.8 0.15

R-squared=0.15

Constant -4393.4

Computed from ELMPS row data in (1998, 2006 and 2012).

Using E-Views program.

To test which model is appropriate? Fixed or Random by using Hausman test.

Null hypothesis: Random-effects model appropriate.
Alternative hypothesis: Fixed Effect model is appropriate.

For Hausman test the probability value =0.001 < 0.05 that means rejects null hypotheses and
accept Alternative hypothesis fixed effect is appropriate model to explain wage, there is a

positive relationship between age and wage.
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The fixed effect model is

Wag/e\it = -6960+ 176 Age;; ,
To check the effect of dummy variables on dependent variable and model that is to test:
salary=c(1)+c(2)*age+c(3)*hours+c(4)*illiterate+c(5)* Intermediate+c(6)*University+c(7)*a
ge*illiterate+c(8)*age*Intermediate+c(9)*age*University+c(10)*hours*illiterate+c(11)*hou
rs*Intermediate+c(12)*hours*University. (1.14)
Null Hypothesis: All dummy variables are equal to zero=pooled regression model.
Alternative hypothesis: fixed effect model.
By using Wald test to check whether all dummy variables are zero or not from the result the
P-value for the F-statistic=0.001 < 0.05 that means reject the null Hypothesis: All dummy
variables are equal to zero, and the appropriate model for private sector is:
Wage = -656.3+ 176 Age;; +1054*illiterate -2107.7*intermediate-
5149.9*university+202.4*age* illiterate+290*age*intermediate +389.8*age*university-
1079*hours* illiterate -1037.8*hours*intermediate -973*hours*university. (1.15)
4) Conclusions and Recommendation
This paper claims to determine the factors that affect average wages of the governmental,

public and private sectors of Egypt.
Using panel data model, the results are

1- Fixed Effect Model is a good model for panel data model on governmental, public
and private sectors.

2- Concerning the governmental sector, age has positive an effect on the wages, while
the working hours have negative impact on the wages, if age increased by one unit,
the wages would increase by 422.5 units. And if working hours increased by one unit,
the wages would decrease by 1116.7 units, the educational status does not affect the
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wages for the government sector, this is logic, when employee's age increases, wage will
increase which called career progression in the government sector.

3-

5-

Concerning the public sector, age and the educational status have an effect on the
wages, age has a positive effect on the wage, while the educational status have a
negative effect but the educational status interaction with age and working hours have
positive effect, while the working hours haven’t an effect on the wages, the
interaction between working hours and the educational status have an effect on the
wages, if age increased by one unit, the wages would increase by 322 units.

Concerning the private sector, age and the educational status have an effect on the
wages, age has a positive effect on the wages, while the educational status (illiterate
and intermediate) have a negative effect but the educational status university has
positive effect, the educational status interaction with age have positive effect, but the
educational status interaction with working hours have negative effect, while the
working hours haven’t effect on the wages, if age increased by one unit, the wages
would increase by 176 units.

Fixed effect model is a good model for main Egyptian sectors and for Egyptian labor
market.

Table (1.10) Illustrate the Above Results Significant Factors for the Selected Model

Sector Selected Model Sign. Variables

Government OLS Model Age & Hours

Age & Education status& Interaction between

Public Fixed Effect Model Age and Education status& Interaction between

Hours and Education status

Age & Education status& Interaction between

Private Fixed Effect Model Age and Education status& Interaction between

Hours and Education status
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Some Properties of Double k-class Estimators in Linear Regression
Under Multivariate t-errors

Abdel Raheim Mohamed Abdel Raheim”

Abstract

This paper introduce a new analysis for the exact and asymptotic bias, moment matrix, and risk
function for double k-class estimators in general linear regression model under multivariate t-
errors. This paper study the performance of the double k-class estimators in linear regression
model under multivariate t-errors. compare between double k-class estimators, and ordinary least

squares estimators in the same regression model.

Keywords: bias estimators; double k-class estimators; multivariate t-errors; and risk function.

1- Introduction

It is well known that the non-linear and biased estimators of regression coefficients in a linear
regression model can have smaller risk than linear and unbiased estimators under mild
constraints. One such family is described by the double k-class estimators proposed by Ullah and
Ullah (1978). The family of double k-class estimators is characterized by two characterizing
scalars and encompasses many estimators as its particular cases, including the Stein rule family
of estimators proposed by James and Stein (1961). In the context of linear regression models, the
family of double k-class estimators was proposed under the assumption of spherical
(homoskedastic) disturbances and assumption in this model under multivariate normal
disturbances. Carter et al. (1993) found estimators having better performance than the least

squares estimator in a linear regression model have led to the determinant of two characterizing
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scalars for several families of estimators and to the conditions for their dominance over least
squares.

Later, Wan and Chaturvedi (2001) extended to the case when disturbances are non-spherical
(hetroskedastic ) and their variance covariance matrix is also unknown. They proposed the
family of feasible generalized double k-class estimators and analyzed the quadratic risk
performance of several estimators arising from as a particular cases under the large sample
asymptotic approximation theory. The performance of the feasible generalized double k-class
estimators under balanced loss function and general Pitman closeness criterion was studied by
Chaturvedi and Shalabh (2004). The performance of the feasible generalized double k-class
estimators to estimate the regression coefficients in a linear model under LINEX loss function
under non-spherical disturbances with unknown variance covariance matrix by Shalabh et al
(2012). The review of literature considered performance of the double k-class estimators in linear
regression model under multivariate normal-errors.

Using the multivariate t distribution; First, when the data have longer tails than the normal
distribution, the multiply imputed data sets using the t distribution allow more valid statistical
inferences than those using the normal distribution with some "influential" observations deleted.
Second, it is well known that the t distribution is widely used in applied statistics for robust
statistical inferences; see Kotz and Nadarajah (2004).

The plan of the paper is as follows. The model and the estimators are described in Section 2. The
properties of the double k-class estimators for the coefficients in a linear regression model with
spherical disturbances are derived and analyze under multivariate t-errore in Section 3. And
special function and some of the expectations required for the proofs in section (3) are presented

in the Appendix.

2- The Model and Estimators

Consider the regression model

y=Xp+u (1)
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Where y is a T x 1 vector of observations on the dependent variable , X is a T x P matrix of

observations on explantory variables with rank p, B is a P x 1 parameter vector ,and uisa T x 1
distrbance vector .

With the following assumptions

Assumption 1 : Xty is nonstochastic matrix and of rank p

Assumption 2 : Upxq ~Ty[p = 0,021 ]

Assumption3: T >P

Double k-class estimators are given by

k, it

by, k, = [1 = (2)

yy - kpd

Where k;, k,are arbitrary scalars which may be stochastic or nonstochastic; by, Lk, TEDTEsents a
family of Double k-class estimators and b = (XX)~*Ky is the OLS estimator of p.

The stein-rule estimator is given by

k, it
]
yy—uu

Biey1 = [1- 3)

3- The Main Results

The following section illustrates the main results
(3-1) The Exact Results

The formulas for bias, moment matrix and the risk function of the double k-class estimators
under multivariate t-errors for 0 < k, < 1 are derived.

1) The sampling error of the estimator in eq (2) is given by

(bi,k, —B) = (b—B) —kycb “4)

Wherecz}-;x——z M =1 — x(%x)"1% N =1-k,M

Further, M is an idempotent matrix with rank n and N is a nonnegative definite matrix provided

0<k,<1
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2) From assumption two we observe that

y~Tly,06*1] ,y=xb (5)
Now looking at eq (4), and eq (5) we note that to derive the bias and moment matrix and the risk
function of by .k, the expectations of cb, cbb' and c’bb' is needed. To obtain the expectations of
by Lk, we need the expectations of cb, cbb' and c¢’bb' we first derive E(c) and E(cz) [see
Appendix B ] by using characteristic function of the multivariate t distributionis of Sutradhar
(1986), Kotz and Nadarajah (2004) and then use the Ullah and Nagar (1974), Ullah and Ullah
(1978), Gradshteyn and Ryzhik (2007), and Sawa (1972) techniques ( éee section 3 ) for E(cb),

E(cbb") and E(czbb'), using these expectations, the moments of by Lk, are expressed in terms of

R( .) functions [ see Appendix A ].
For simplicity, we introduce the following notations and functions:
Ageo =R(g 18, 6, —2Tr+e, 21r-0) (80 = 0,1,2,....5e = -,-1,0,1,2,.....) (6)

Where

Tt
0= -BZ—ZXB is a noncentrality parameter, 0 < k3 < 1, and the function R( . ) is as defined in

Appendix A.

Theorem 1: the exact bias of the double k-class estimators of B for 0 < k, < 1is given by

- v 4T 1
E(bk, x, — B) = —2nk;Vm.B ICEORS Ag-10+ 1 A1, ™
2

Where A, _y ois as given in eq (6) for g=2, e=-1 and 0=0; A; g0 for g=2, e=-1 and 0=0

Proof

The expectation on both sides of eq (4 ) is

E(by,x, — B) = —k.E(cb) (8)
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M is idempotent matrix of rank n we can always obtain an orthogonal matrix ®yy7 such that

_qla O

0 O] = Dl ,OIJN(!) - [(1 — kZ)In 0 i e kle _ Dz (9)

0 IT—n

Where I, represents the identity matrix of order nxn and 0 is the zero matrix of proper order.
Further, consider D; a TxT diagonal matrix with first n elements unity and T-n elements zero,
and D, a T<T diagonal matrix with first n elements (1-k;) and T-n elements unity. D, will be

nonnegative definite for 0 < k, < 1. Thus, to obtain the expectation of cb on the right of eq (9)

we write
E(cb) = (%x) "% owE(zc) (10)
where
y a _ oxB yMy 2D,z
= - ~T ;I ) = ) ; =+ =k 11
2= Wz.1] z c ¢ yNy 2D,z Al
note that
E(zc) = E[(z — Z)c] + ZE(c)
=—2-2 gc) + FE(0) (12)
23]
Where
2nvm
E(c) = nk* Rus, r, 0, —21r, 211) (13)
Next, the fact that
-8nTVm
FE©@ =T Rag, v 0, <2, amr) (14)
And using of eq (A.4) see appendix A and eq (12) can be obtained as
- 8nTVm = B v"
E(zc) = (vfz) —:T:'“R(kz r2, 0, —2Tr, 217) T Z . Rug, v, o, —21r, 211) (15)
Further, substuting from eq (15) in eq (10) we get.
E(cb) = ?-n\/—ﬁ[ v2 e R(kre-2mr-121) T {5 R(k2r9 2Tr2Tr)] (16)
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Finally, substitute eq (6), and eq (16) in eq (8) we obtain the result stated in the theorem 1.

Theorem 2: the exact moment matrix of the double k-class estimators of  for 0 <k, <1 is
given by

E[(Bi,k; = B) (Bryi, = B)'] = o= 02 (0™ = 2k, 02 () ™! [ SnTic

v
(v-2 -9 K
16nTVr (v+T) 2n/m

[-4TAG-10) — A-10)] + *—k—z——A(z,o,o)+ G+D-2) A1,0,0)

v PR v  4nvm
—kiG 50 07 |55 7 [~16nT2A(40,1) + 4T(3n + 2T)Az01

8nw :
—-2(2n + 3T)A(2,0_1)—-A(1'0,1)] 4 lkzzl [4HTA(3,1,1) ~ (2n+ 2T)A(z,1,1) +A(1,1,1)]

( (v+T) )Zn\/ﬁ
(

2nk, BB’ vt
n-2)) 152 [ZnA(2,1,1) —A@,1,) ]] -

k;

(e l-2nagan +Aain] =35 Ac0 | (17)

Proof

Using eq (4) we write the moment matrix of the double k-class estimators as

E[(Biyi, = B) (Bicyk, — B)']
=E(b - B)(b—B) + 2ky.E[cb]B — 2ky.E[chb’] + kZ.E[c?bb] (18)

The first term on the right hand of eq (18) is v—Lz o (kx)7!
Next, considering the second term we note from eq (16) that

T
E(cb)f = 2nvVmpp’ [ L R(kzr 8-2Tr-12Tr) 57 R(k“rf:) 2Tr2Tr)] (19)

Now, considering the third term on the right hand of eq (18), we write

Page 42 Cairo University-Institute of Statistical Studies and Research




The 50th Annual Conference on Statistics , Computer Sciences and Operation Research 27-30 Dec ,2015

E(cbb’) = 62 (%x)~%p. E[zzc]. px(xx) ! (20)

Where z and c are defined in eq (11), respectively. Using the procedure in eq (12), we can see

E[z¢c] = E [[(z = z-)(z — D +(@-Di+ z'(z —9) + z-z‘]c]

—v?
(v 2)(v-4) "9z 3z’ ()— (V 2) (C)
=Z v(v+T)
+ (ZZ + b2l o) (v_2)> E[c] (21)

Where E( ¢ ) is as given in eq ( 13 ). Further, using of the appendix A, eq (21) can be rewritten as

El[zZc] =
(V_:)Z(V 4)'8n:~ﬁ [‘4TR(k; r3,-2Tr-1,2Tr) — R(k; ,r2,—2Tr—1,2Tr)] +
o Rt amean) + 2 R, o o +
((V+\’1}‘§vz§zv 2) Zk{— Regg, v, —21r, 210) (22)

and eq (20) can be written as

7 s o Vz 8nT\/ﬁ
E(cbb") = o®(xx)™" [(V_Z)(\,_4) K ['—4’TR(k;,r3,6,—2Tr—1,2Tr) - R(k; ,r2,9,—2Tr—1,2Tr)]

2v  8nTVrm v(v+T) 2nym
+ v-2) Kk R (i 02,0,-2Tr27r) +((V+T) “2)(v-2) K, Ri.r.e,- 2Tr2Tr)]
; Zn\/_
+ BB R(k2 r,0,-2Tr,2Tr) (23)

Similarly, considering the fourth term on the right hand side of eq (18) we have

~v2 92 2y 2v _0__ 2 _z V(V+T) 2
E[ZZC ] (v-2)(v-4) "9z 9z’ ( ) (v- 2) E(c®) + (ZZ+ (v+D-2) (v—-z))E[C ] (24)
From appendix B.
2 \/— Z
E(c) == 2 - [ 2nRag, 2, —2mr, 21r-1) T Rag, r, -2, 2Tr—1)] (25)

The partial derivatives of R( . ) given in the appendix A we have eq ( 24 ) and hence E(c?bb’) as

’ ’ = v2 4n\/_r?
E(Czbb ) = " (xx) 1 {m? [16HT2R(k; 7% ,8,~2Tr2Tr-1)
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—4T(3n + 2T) Ry 13 p,-27r27r-1) T 2 (2n +3T) Ry 2 9,-27r,277-1)

2V 4nvw

+R(k; ¥ ,9,—2Tr,2Tr—1)] g _(;_—23—'1;12'5— ['—4‘nT R(k;,r3,9,—2Tr+1,2Tr—1)

v(v+T)
+(21’1 + ZT) R(k;,r2,9,~2Tr+1,2Tr—1) - R(k; 51 ,9,—2TT+1,2TT—1)] = (((V+T)‘“2) (V—'z))

2n+m
2 [an(kE 72 ,8,-2Tr+1.2Tr-1) — Ra r o-21r41217-1) ]}

2

—pp 2

[an(k 72 ,0,-2Tr+1,2Tr-1) — R(k; 7 8,~2Tr+1,2Tr—1) ] (26)
Finally, substituting from eq (6), eq (19), eq (23), and eq (26) in eq (18), the result stated in theorem 2

follows.

Theorem 3: the exact risk function of the double k-class estimators of p for 0 < k, < 1is given
by

E[(Bk1.kz - B)(Bkl,kz - B)'] = L o%(%x)"* — 2k, o?tr(kx)~1 [—1—— il )

( 2) v-4)" Kk}
16 T\/~ (v+T) 2nVm
[ 4TA-10) — Az~ 10)] el — A0 T R\:!}-T)ZS i A(100)]

~kf 507t ()" [(V“_4) ‘“}‘("ﬁ [-16nT2A(01) + 4T(3n + 2T)A )

~2(2n +31)Agon~Aqon] + T L [4nTAG 1) — 20+ 2DAGa

+Aaan] + (;:—T’Jrf‘z”) %‘Z/’;—T‘ (20 —Aqy ]] - %‘%{;ﬂ

k, v 8T
{k* [ 2nA 1) A 1)] }

—Ae10) (27)

Where: tr(x'x)™" = X P4
A; is the jth characteristic root of (i)™

Note: all the theorems are based on assumption 1-3. Also, k; is considered as an arbitrary
constant.
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Proof

Theorem 3 follows by applying the trace on both sides of eq (17).

(3-2) large-0 asymptotic expansion

the following section is an asymptotic expansion of the bias, moment matrix and the risk
function of the double k-class estimators for 0 < k, < 1 under multivariate t-errors in terms of
the inverse of 0. These results help in analyzing the complicated expressions of the exact bias,
exact moment matrix and exact risk function given in eq (7), eq (17) and eq (27), respectively.

We note that sufficiently large 6 which according to 6 = E%’i} means relatively small o. Thus, we

. 1 1 5 9
consider the terms of order 7% » 7w as the terms of order 02(2T-€) and o204T-e)

respectively.

Theorem (4): the asymptotic expansion of the bias of double k-class estimators of B under

multivariate t-errors in eq (7) up to order 6%;; is given by

~ — ¢}
BB, — B) = —20kV [ (g 1t i) &+ g (o e 2 P @29

Where:
_ T+13VEK" T(2T-1) vtk *" (—j—)2 r(4T-1)
Zl = ("'1) 3 : V_—‘f) ) (2 e (_‘ﬂ)
2 2 2 s
Proof

Using eq (6) and substituting (A.7) in eq (7), the results in eq (28) can easily be established.

Theorem (5): The asymptotic expansion of the moment matrix of the double k-class estimators

of B under multivariate t-errors in eq (17) up to order eﬂ% is given by
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E[(bx, i, = B) (B, = B)'] = 555 0*Co) ™t + ﬁo%ﬁxrlm(m—l)m

2k 7o N— 1t
¢ )(4'1‘)4.1 0-2 (XX) 1 n2(4T - 1)(2 (e )(2T)+1 S X XB(XX) r’3<1

k s oN— k3 7 R

k2 2rsN—1 2nk, 0% (%x)"t V1 kg k1 8vT
(e )4,T_1 o (XX) nGZZ (e )(2"[‘)_2 k; (2 kazx kt (V 2)) (1

e OO (pde_Jo g 2T, 29

(6)4T~2 k3, 2k,  8ky  (v-2)

Where:

8vZ nTVm

_ 2v2 nTVm
nl_(wq)w—@k;

(4T + 1) 2 nZ = (V—‘Z) (V—4)k;

8T +1)

_ _4vnym_ _v+T) _ v \__ 2 _ _
s = ol {lom + 0 | 2T - 1) + by s [~ 160T? + 4TG0 + 2T) — 2(20 + 37) - 1]}

vnym (v+T) _ v ] 2 _ i
o= el {[16T + ((V+T)_2)](4T 1)+l s [~1280T2 + 16T(3n + 2T) — 420 +37) 1]}

_ 8vnym
57T w-2)k;2

(v+T) 2nvm
{4nT—(2n+ 2T) 41+ (((m)_z)) o (2n —1)}

_ 8vnym (n+T) (v+T) 2n\/_ n_
M6 = o ig? {Z“T gt (((vm—z)) o G )}

Proof

Using eq (6) and substituting (A.7) in eq (17), the results in eq (29) can easily be established.

Theorem (6): The asymptotic expansion of risk function of the double k-class estimators of

_— .
under multivariate t-errors in eq (27) up to order T 1S given by
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i (i 7 s 2k g N
E[(bkl’k2 - B) (bkl,kz -B)] = v—jz o? tr(kx)! + —(meoz tr(xx) ' n, 2T - 1T, +

2k ’oN— k 7y
® )(4;')+1 62 tI‘(XX) 4 n2(4T - 1)(2 - _(—9-)—22'-1‘_) 02 tI‘(XX) 17I3<1 =

K o K2 5
(e)%ﬂ) 0? tr(kx)"'n,g, — mle__l)Gz tr(xx) "'nsl, —

2nk,; 02 tr(kx)" ' Vn k k 8vT
e (2n 2 — 8 MY
®) K5 k5 k3 (v=2)

(30)

ki U
e 0 ) Tnel, +

2nk, 02 tr((x)"* Vm ( _ki_.. Ky 2vT )C
(8)#D-2 i} 2k Bkl (v—2)/ "2

Proof

Using eq (6) and substituting (A.7) in eq (27), the results in eq (30) can easily be established

Corollary: the double k-class estimator of B in eq (2) dominates ordinary least squares estimator

of Bisb = (x) "%y in large 8 asymptotics up to the order when number of

1
C] )(21‘)—2
observations is even, in the sense that

Jim @) {E (B, = B) (Bii, —B)] ~E[G-B)B-PI} <0 (D)

LT —yr A
For O<k1£n+2(d 2), d—z

W ewta 2; A eigen values and A largest of eigen values
L

And forany k,in 0< k, <1

(3-3) Conclusion

Now looking the results of sections (3-1) and (3-2) we observe the following.

1- The following results regarding the exact and asymptotics bias of the double k-class estimator

ineq (7) and eq (28) are true for 0 <k, <1 and 0 <k, < n—i—z(d -2)

(a) by Lk, 1s unbiased only for k; = 0 and in that case it is the ordinary least squares estimator
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(b) The exact bias of an element of by .k, is adecreasing function of both k; and k.

2- The exact risk function of ordinary least squares estimator in the nonorthogonal regression
context, exists for p = 3 ; itis given by E[(b —p)' (b —B)] = vTvzcztr()'(x)"1 .

by _k, estimator dominates the ordinary least squares estimator in eq (31) explains the difference
between risk under quadratic loss function under multivariate t-errore in large 0 asymptotics up

to the order when number of observations is even.

1
€] )(2T)~2
in the eighth term on the right hand side of eq (30) will be negative up to the order —(e)(—lm_—z when

number of observations is even.

Appendix

A. special function

(1) The Gamma functions I" have the following power series representation (see Andrews)

r'x) = fooo gk Tl 5 x>0
(2) The Beta function,
co tx—l
B(x,y) = f; o 4t
(3) The pochhammer symbol,
(Mo =1
Mp=rr+1)......r+n-1) N B S
_ I(r+n) _
(r), = o n=s 0,1,2, v ovee

(4) Similarly, the power series presentation of the function R,

1
o0 l)Tr.H- Vo8 kEan ® )—(2Tr)+e (H—_Z-)r r(2Tr-o)
rzo(_

& G).G),

Where 6 =22>0,0<k;}<1,20=0,1,2,....;e=...,-1,0, 1,2, ...

Rae 18, 0, -2Tr+e, 2Tr-o0) = b3 (4.1)

For k3 = 1, (A.1) reduce to
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i
- varg ¢ )—(2Tr)+e (I'-I-—)r r(2Tr-o)
R(1,rg, 6, —-2Tr+e, 2Tr-o) — Zrzo(_l)TMr 227 ' (%—ZZr) (X—r) (Al 2)

2

The partial derivatives of R with respect to z can be written as

d -
d—Z—R(kEIrg, 6, ~2Tr+e, 2Tr-o0) = 2Z [—ZT R(k},rg“, 6, —2Tr+e-1, 2Tr-o)

+e R(k;,rg, 6, —2Tr+e-1, 2Tr—o)] (4.3)

9 ey
mR(kE,rg, 6, —2Tr+e, 2Tr-o) — 16T%Z ZR(kE,rg”, 6, —2Tr+e-2, 2Tr-o) (16Te — 4T)

R(k},rg“, 0, —2Tr+e—1, 2Tr-o) P efhe = Z)R(kE,rg, 0, —2Tr+e—1, 2Tr-o) (A.4)

and partial derivatives of R with respect to k} can be written as

a Zn ~
@R(kz,rg, 0, —2Tr+e, 2Tr-o0) = ER(kx’rg+1' 6, —2Tr+e, 2Tr—o) (A.S)
_af_R _  4n? R
PRE: (k3,r8, 0, —2Tr+e, 2Tr-o) — Ez" (k3,r8+2, 6, —2Tr+e, 2Tr—o)
2n
__k':‘fR(kE,rgH, 0, —2Tr+e, 2Tr-o) (A.6)
2

Finally, for large 6, the asymptotic expansion of the function R, in (A.1) up to order 63%5 is

given by

5
v2 k;zn SF(ZT—O) v428 k;‘m (5)2 [(4T-o0)

— (—1)T+1
IQ(k*= ,rg, 0, —2Tr+e, ZTI"—'O) - ( 1) 4(9)(2"[')—(3 B (X_;i)z 16 (6)(4T)-E ’ (V_;8_>4 +
7
T+1  VO38 K" (3), reT-0) -8T+e
L) ety - (ﬁ) +0(6 ) (A.7)
6
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Where : 2T > e, T is number of observations, v is degrees of freedom, k; =1 —k,,0 <k, <1,

(g0=012..;e =,-1,0,1,2,....),0 =228

G2

B. Evaluation of expectations required in subsection (3-1)
Let wbe a T x 1 Multivariate t distribution random vector such that

Ew)=0, E(w-w)(w-w) =;f—21 (B.1)

__yMy _ 2ZDyz _ WwDyw
yNy - %D,z - WwD,w

’

(B.2)

the joint characteriestic function (ch) of the quadratic forms wD,w and wD;w can be written

as

(Dcw (tl' tz) = E[eit1WDzw+it2v'vD1w] (B 3)
Note that

Q = t1 - (kzt]_ - tZ)Dll QZ = tli (B. 4‘)
We can obtain eq (B.3) as

r(*= & 21 (kyt, +t,)20rt{T-m2r 1 v+l 1
O, (t1, 1) =% LTt g4l -r-2)  (B.S)

2r!
2

Where k; =1 —k,.

The characteriestic function (ch) of the quadratic forms zD,z and ZD,z can be written as

O, (g ta) = 220, (6, 0) = &R O T 8] (B.6)

The the following derivatives of (B.5) can then be obtained as follows.

ottty ) 0 e gy
o, 270 ng) e

20T it, 5% =
rk; elt12z t%Tr 1

1 v+l 1
o B2r+3 5-2r-3) @)
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—0%20¢, (ty,t;) _“F(Yizg) 02 r VK 520" git122 (2Tr-2 1 v+1 1
at,? ItZ:O_W@kEZZ = 1) = B(Z +" 5 2r 2) (B.8)

Finally using (B.7), (B.8), and (A.1) we obtain the following expectations for 0 < k3 < 1.

B(R) =i [y 22t dr,
- an\/— R(k;r 0, —2Tr, 2Tr) (B.9)
2
B(R2) = i T o,
- @.k‘/?z—z_z [_?‘HR(kE,rZ, o, —2Tr, 21r-1) T Ry r, 0, —21r, 2Tr—1)] (B.10)
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Robust Estimation of Parameters in logistic regression
models

Hazem Refaat Ahmed”

Abstract:

Classical Maximum likelihood method is the most commonly method for estimation
of parameters in logistic regression model due to its efficiency. However,
performance of maximum likelihood estimator(MLE) is undermined by existence of
outliers and unusual observations Also, these outliers may have bad effects on the
estimation of parameters of logistic regression models and affect predictions and
classification error rate of these models. The current research paper tackle the
problem of outliers and robust estimation in logistic regression through deriving the

loss function of four existing robust logistic estimators.

Key words: Leverage points- Likelihood- Logistic Regression- Loss Function-

Outliers-Robust estimates .

Introduction:

Logistic regression models are widely used in real life applications as classification
models. These models describes the relation between a set of explanatory variables,
which may be quantitative or categorical and a categorical response variable which
may be dichotomous or polytomous . The usual model is the binary logistic model
for which the response variable takes on only two values(for example: 1 for success
and zero for failure)

Given an attribute x of an explanatory variable X and a classification variable Y .
Then the simple binary logistic model is represented as the conditional probability for

Y given takes the following form:
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Studies and Research, Cairo University, Egypt.
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., 1=1,2,...,n

pr(Y, =1\X, =x) :7z(xi):;T
o (atfx)

Where: « and B' =(B,,B,,...,B, )" are the parameters of the model

Another representation of the above model is:

pr(Y, =0\X, =x)=x(x,)=F(x,£8) , where F is the logistic distribution
function

Let y=(a,8" )" and Z, :(1,xiT )T

And the parameter estimates are those values that maximize this likelihood and they
found by iterative methods as proposed by Cox(1966) .

obtaining the maximum likelihood estimates of logistic regression model is
equivalent to finding the parameter estimates that maximize the log —likelihood

function by solving the following problem:

MAX S Lz, 7.y,
arg MA DLy

i=1

where: L is the log-likelihood function given by:

Lz,"7,y,) =Y, logF(Z,"y)-(@A-y,)logl-F(Z,;"y) ,i=12,..,n

The previous problem can be formulated Z‘yi -F(zZ/ 7/)‘2i =0 as:
i=1

argM!N Zd (ZiT%yi)
i-1

Where

d(.) is the negative log-likelihood function and is called deviance function.More

formally , in literature , it is referred to as loss function.

Differentiating the loss function with respect to y vyields the likelihood score

equation:
Z‘Yi _F(ZiTy)‘Zi =0
i=1

solving this equation iteratively by either Newton -Raphson or scoring method results

in maximum likelihood estimates.
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The likelihood scoring equation is affected by outliers or extreme values and hence
classical MLE is said to be not robust. Therefore, several ronbust alternatives of MLE
have been created to remedy this problem.

This paper is organized as follows:

First, illustration of different types of outlies and their effect are presented in
logistic regression

Second, we derive the formula of loss function for some existing robust logistic
regression estimators, along with advantages and disadvantages for each estimator
1-Outliers in Logistic Regression: (Sanizah Ahmad et al.2010)

It is important to distinguish between the different cases of outlying
observations in logistic regression. In a binary logistic model, outliers can occur
in the Y-space, the X-space or in both spaces and 3 types of outliers are
distinguished as follows:

1-Y- QOutlier(Vertical Outlier):

Since in logistic regression the binary data of all y ’s are either o or 1 For binary data,
all the y’s are 0 or 1, hence an error in the y direction can only occur as a transposition
0—1 or 1—0. This type of outliers is refereed to y-outlier or vertical outlier outlier.

2- Leverage Outlier:

An observation which is extreme in the design space X is called a leverage
outlier or leverage point: a leverage point can be considered good or bad.
- good leverage point:

good leverage point occurs when Y =1 with a large value of P(Y =1|x;) or when
Y =1 with a large value of P(Y =1]x;).good leverage points are not so harmful to
logistic regression because they usually corresponds to small value of |Y —7?| .

- bad leverage point:

bad leverage point occurs when Y =1 with a small value of P(Y =1|X) or when
Y =1 with a large value of P(Y =1|x;).bad leverage points corresponds to a large
value of |Y —7z| and they are very important in logistic regression because they

represent the misclassified observations.
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A vertical outlier is an observation is an observation whose residual with respect to

the fitted value, given by y —F(z"y,)is large.Hence, the influence of vertical
outliers on the ML estimator is bounded since we always have ‘y ~F(z' }/0)‘ <1.

A good leverage point corresponds to an outlying z value, but with a small value for
y —F(z"y,) .When z increases, the value of the residual will typically tend much

faster to zero than z to infinity, resulting in a small influence. Hence, it can be said
that that good leverage points are not so harm for the ML-estimator.

A bad leverage point will always induce a large value of the difference between
observed and fitted value.so , in general leverage points can be good or bad,
depending on whether they have a small or large residual with respect to the imposed
fit.

An important measure which we propose in our simulation study to compare between
different logistic estimators is the influence function

Influence function (Hampel,1974) on a statistic T at a point x drawn from

distribution F is simply defined as:

BT GE) = lim )T F) \where x ~F if:
&—>0 g
X ~ F with  probability 1—&
X with  probability &

Where F, isamixture of F anda point x .

Properties of the influence function

The influence function behaves like the score function( the first derivative of the log-

likelihoof function) in parameter estimation.. if we denote IF (T ,x,F)as a functional
by L¢, ,then, itsatisfy the following nice properties:
L[ LewdF () =0

2-Var (T (F,)) ~ [ L% ,dF (x)/n

So the second property states that there is a heuristic relation between the influence
function and the asymptotic variance of an estimate. This relation can be used to

quickly obtain an expression for the asymptotic variance and hence standard error of
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the estimate .The maximum value of the influence function is called gross error
sensitivity .Formally, the gross error sensitivity of an estimator T as a functional on F

is defined as:

f*zf*(.r,F): SUp |IF(X1T1F)|

{X :IF(x,T,F)exists}

2-Robust Estimators in Logistic Regression:

The deviance function(loss function)d of logistic regression is always positive and it
is continuous and differentiable.

So it can, generally, be replaced by another general function p and the estimator of

interest can therefore be defined by :
7 =argminy. A @ 7.y,) =7 =argminY. pdGs;.y,))  (2.1)
V4 i=1 ¥ i=1

where: the score value s, =z,"y is a linear combination of the vector parameter y
and where : p(.) is a positive, continuous and almost everywhere differentiable

function and should satisfy p(s;0) = p(-s;1)

let o(s) = p(s;0) gives for an observation for null y, the impact of a particular score

s on the value of the objective function in (2.1).So, when s — oo then, implying that
a large negative score is not contributing to the objective function..

In the following , different robust estimators in logistic regression are presented:

(2.1) Pregibon estimator:

Pregibon(1982) suggested an estimator given by:

7, =argMin h(xi)p(%j, where pis a loss function and h(x,) is a factor
X;

Which control leverage of each observation and d, is the negative log-likelihood or

deviance function of logistic regression.

The particular loss function Pregibon(1982) suggested to use is the Huber loss
function(Huber,1964) which is given by:

_u u<k
p(u)_{Z(uk)l’z—k ow }
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Where is k a pre-specified tunning constant that controls robustness of the function.

We can define this estimator , in terms of log-likelihood as follows:

Let f(x,)=a+B'x Ji=12,...n

Then:

Zd‘ :—Zl(yi,f (x,)) , ¥, =01 ,i=12,...n
= —£0,f (x;)) - L (x;))
= —log(— ey~ I00( )

Now, We can write I(y;, f(x;)) as follows:

L(y.f (x,)) Yy, =01 i=12,...n

=1 (@LF (x,))+1(0F (x,))=1(LF (x, )):_|og(m%(xi)):|og(1+ef )

So, instead of minimizing p(d,) = Zdi , We want to:

Min - ((y,f,)

where:
oy, f (x;))=log(+e " ™) i =1,2,...,n

Now, the Pregibon function is defined as:

14 (u):p(g(U))z{—Z(H log(L+e )2 —H ow

log(l+e™) log(l+e™)<H }
Note:

log(1+e™) <H e <e" —-1su>-log(e" -1)
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Pregibon function can finally be be written as:

KPregibon (U) _ {|009(1+e‘“ ) u=-— |Og(e H _1)}

ow (2.3)

The estimates obtained by (3.3) have approximately 95% asymptotic relative

efficiency when H = (1.345)°.

So, in view of loss function, we get the following problem:
MIN D" ¢ (y f (x,)) , where ¢ (y,f (x;)) is as defined in (2.3)
i=1

Advantages of Pregibon function :

Pregibon function depends in its computation on Huber loss function which is a
robust function .Using a tunning constant equal (1.345)°, we obtain a high

efficiency that reaches 95%.

Disadvantages of Pregibon function :

Pregibon function grows as u——oobut less rapidly than the original function

I(u)of the logistic regression. The resulting coefficient estimates become less

sensitive to extreme observations. However, the value of ¢"*®™(u) remains to be

unbounded and hence the impact of outliers can still be large.

(2.2) Copas estimator:

Copas(1988) modeled contamination of class labels in the training data. Specifically,

he introduced a misclassification model in which each response is misclassified with

probability TT. As a result, the response y could be 1 with probability P”(x), where:
P (x)=@1-IDz(x)+I({1-7z(x))
=x(X)-Tlz(x)+I1-T1z(x)

= F(X" Buc) +1I(1-2F(x" Byc)) = GX' Byc . 1T)
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Where B,,.denote the parameter under the misclassification model. Copas

compared the two models:
1- 7(x)=F(x"B) 2- P'(x)=G(x"B,,.,IT)

and concluded that the latter model is better because it has the same robustness

properties of the former but it had less small to moderate sample size bias.

In terms of the log-likelihood function of logistic regression with P”(x) instead of

7(x) ,we have:

LOGL =/ = Z og[r(x,) + TIA-272(x, )]+ (L—y,) log[L— 7(x, ) - [I(L— 27(X, )]}(24)

Let S, = log(z(x;)+I1(1—-27(x;)) denote the first term of the sum in in (2.4), then :
S; =y, log(z(x;) +TI-27(x;))

1 211 1+TI(e " *) -1)
e T gm0 )

(2.5)

Let S, =(1-vy,;)log(1—z(x;) —I1(1— 2z (xi)) denote the second term in (2.4), then :
S, = (- y,)log(1— 7 (x,) ~ 11— 27(xi))
= (1-y,)log(1- () -T1-2 Iz (xi) )

IT

1
= (1—yi)|09(1—1+e—,f(xi)—n—2h_e—,f(xi))

1+e 0D 11 +e ")) —211
- (@-y,)logl ( )=21),

1re ')
1+e ") _1-T1(e " *) -1
~(1-y,)log] e
= (x;) = (xi) —f (xi) Fxi)a=f (i) _a-f(x)
- -y oglE—— 02y oy yiogt—HIE 2 e )
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e "I @L+TIe " ™ e I A+TIe ") —10)

- @yl = ey gl e -
-y, logl" :i)fij(fi:fx )1;“)] @y gl e T

- @y togr e D)y (26)
Substituting from (2. 5) and (2. 6) into (2.4),then we get:

LogL =1 = Z[y Iog(lm(eeff((xx 1))+(1—yi)Iog(lfiff(:i))_l))]

LogL can be written as:

1+H(e_yif(xi)_ 1+H(e—Yif(Xi)_1))]

D)1, o @-y,)log(

LogL =1=>"[l. _log(
i=1

1+e—Yif(Xi) 1+e—Yif(Xi)
where | denote the indicator function.Then:
n 1+H(e*Yif(Xi)_1)
LogL =1 =§Iog[ Toa o ] (2.7)
And hence Copas function can be defined as:
ooe )= 1t 2.8)

1+T1(e™ -1

And hence Copas function can be defined as:

-u

1+e

= e

So, In view of loss function,we get the equivalent problem of log-likelihood

maximization in (2.7) as follows:

MIN D" 2% (y, f(x;)) , Where /%P (y, f(x;)) is as defined in (2.8)

i=1

Advantages of Copas function :
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Assuming the worst cases of classification, that is,classification error rate
(I1)=0.5.Then, for any values of ITsmaller than 0.5, we find that 1°®*(u) is a
decreasing function in u and bounded by —logIl, hence, reducing the impact of

outliers.

Disvantages of Copas function :

Copas function depends in its computation on the unknown parameter IT which must

be estimated.

(2. 3) Croux Estimator:

In order to overcome the problem of Inconsistency of Pregibon estimator and
biasedness of Copas estimator, Biancoa and Yohai (1996) proposed a consistent
and more robust version of Pregibon estimator by adding a bias correction term .

Instead of minimizing Zp(di ), they suggested to solve:

i=1

Min} p(d,)+C, 2.9)

i=1

where d, is the negative log-likelihood function and C, is a a bias correction term

given by:
C, =G (z(xi))-G @—z(xi))
The bias correction term can be written as:

C(s,y)=G(F(s)-G(@-F(s)) , where:

F(s)= 1 1 — and s=Z"y as previously defined
+e

And: G(t)= tj p'(~Inu)du (2.10)

where this choice of G is made to make the estimate consistent.
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So, the estimator of Bianco and Yohai, simply defined by y,, is a special case of

(2.1) with the function ¢ given by:

Py () = p(=10g(1-F (5))) +G (F(s)) +G (1-F(s)) (2.11)

So, it is clear that the construction of Biancoa and Yohai estimator depends on the

choice of p function. Therefore, they suggested to use the following function:

t—— t<k

— o.w

Where k is a tunning robustness constant .

Croux and Haesbroeck(2003) stated that the Bianco and Yohai estimator is consistent,
asymptotically normal and have good bias and robustness properties.However, by
numerical experiments carried by them, they confirmed inconveniency of this
estimator(i.e:the Bianco and Yohai estimator most frequently does not exist).One
major disadvantage of the BY estimator as pointed above is that the estimator
sometimes may not exist .Even with samples without any outliers , it may happen that

the estimator explodes to infinity.

A second disadvantage is that the derivative of the p function, given by:

1-Y k20 t<k

pP=1 k
0 o.w

Vanish for large values of 't and misclassified observations are severely
downweighted while those observations that contain most of the information in

logistic regression .

They suggested a new form of the loss function as follows:

. te @ t<d
P 2e @+ +e T @A+Jd)+d  ow
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Where k is a tunning robustness constant and it should be chosen to reach a
compromise between robustness and efficiency. As k increase, the function gains in

efficiency but loses in robustness. As a compromiser , they suggested k =0.5

The estimator of Croux and Haesbroeck is given by :
@cn (8) = p(=log(1— F(s)) + G(F (u)) + G- F(u))

we derive Croux and Haesbroeck function as follows:
(") = p(£* ) +G (F () +G (1-F (u)) (2.12)

e*‘\/CT

Where: F(u) = pU)= {u

u<d
1+e™, 2o W@+ Ju)+e T @A+d)+d) u>d }

And p(£°" (u)) is obtained as follows:

o ) {'09(1+e“ e log(l+e™) <d]

20" 1+ flog(tre ) +e € (20+T)+d)  loglL+e™) >d

ECH

p(£77 (u)) can be written as:

P () [

log(L+e " )e u>-loge? —1)
—2e Ve (1 4 flog+e ")) +e ¥ (2+d)+d) u=—loge® —1)

Y (%) 1 1
L . JT—e 4 7r+e4\/7r®(\/2(1+1/—|09( ~ ) <~ loge’ 1)
2 1+e™ 1+e™

G(Fu)=|1e"

eﬁ%—e_‘l‘x/;%‘l‘x/;@(\/?(%h/d_))

l+e

—>—log(e” -1)
l+e

G (F(u)) can be written as follows:
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e g Vloste™) g 4J_ e4J_ @(J’ 2G+ +Jlog+e ™)) u=<-Iloge® 1)
G(F))=
"Fi—e 4\/_+e4\/_q>(\/_(—+\/_)) u>—log(e® -1)

l+e™

—y—o - 1 1
1- 1 o log-—= _e 4\/;4-64\/;@(\/5(34-\/— - 1_u 1- 1 <e-d
+€

1_G(F(u))_ l+e™ 1+e™
"/_(1— 7u) —e 4\/_+e4\/_q3(\/_(—+\/_)) 1—1;“ >e

1-G(F(u)) can be written as follows:

%e log(t+e") 4\/_+e4\/_CD(\/_(— Jlog(l+e')))  u >loge® -1)
)¢ 4f+e4fc1>(f(—+\f)) u <log(e’ -1)

Now, combining S|m|Iar terms together, we get:

1- G(F(U))—

u)=1 }[Iog(1+e“ e e

Lu_e_i /5 +e‘1‘\/;®(«/§(%+«/d_))]

{u >—log(e® -1) 1+e

+I{U<—Iog(ed_1)}{ -2 e (1+«/Iog(1+e ]_-|-\/_ -|.d .|.e __ei\/;+ei\/;q)(\/§(%+\/(j_))

_1 ‘\/“JQ(T 4 4
+ {uzlog(ed—l)} 14" € - m+€ f@ «Hog 1+e

e Ly 7 ﬂ+e4J_® ]

+l {u<log(e"—1)} 1_|_eu

(2.13)
where | denote the indicator function.

So, In view of loss function, we get the equivalent problem of log-likelihood

maximization :
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MIN > (y,f (x,)) , Where ¢°" (y.f (x,)) is as defined in (2.12)
i=1

Croux and Haesbroeck estimator has the property that it exists whenever the ML-
estimator exists. They provided a fast and stable algorithm for its computation and
showed in a simulation study the good performance of that estimator with respect to
other proposals.

Also, they pro provided in (2008) The weighted version of the Bianco and Yohai
estimator which is defined as:

7 :argMinzWiQ(ZiT7in)

i=1

where the weights depend on the Robust Distance of the observation x; . This robust
distance RD, is equal to the Mahalanobis distance of x, to the center of the data

cloud in the covariate space, with the center and covariance-matrix robustly

estimated. The weights are generated as:

W (t)=1 (tz S7(p,0.975)

(2.6) Maximum Estimated Likelihood (MEL) and Weighted Maximum
Estimated Likelihood(WEMEL) estimators:

Rousseeuw and Christmann(2003) presented the weighted Estimated Maximum
likelihood (WEML) estimator.

Consider the following maximum likelihood estimator of T given (Y =)

A

Ty (Y=0)=f
T (Y =1)=s
Where f and s are the state of failure and success, respectively

If we consider the conditional probability that Y =1 given TAML , then:

Cairo University-Institute of Statistical Studies and Research

66



The 50" Annual Conference on Statistics, Computer Sciences and Operation Research 27-30 Dec,2015

p(Y :1|TAML):5O if y:O
(2.13)

p(Y =1|TAML)=51 if y:1

Where vy is the observed value of Y . Denoting (3.13) by Y, then we write:

Y, =A-Y})8,4Y 4,

Which is a weighted average of ¢, and 5, with weights 1-Y and.
In a model with n observations, Y, is obtained analogously as:
Yi :(1_yi)50+yi51 (2.14)

Which we call pseudo observations.

Choice of 6, and ¢, :

If 6, and o, are known from the context (e.g. from the type | and type Il error

probabilities) , then we can use these values. But in many cases, but in many cases,

0, and o, are not given in advance. Copas (1988) found that accurate estimation of
0, and o, itself is very difficult is very difficult, if not possible unless nis extremely

large.Note that Rousseeuw and Christmann approach is somewhat similar to Copas
approach. The ‘symmetric’ approach used by Copas is to choose a single constant
I[1=6, and 1-I1= ¢,. On the other hand, there is something to be said about

the‘asymmetric’ choice which takes into account how many y ’s are 0 and 1 in the
data set. When we consider the marginal distribution of the vy, (that is unconditional
on X, ), then we can construct some estimate 7 of the marginal success probability
P{ =1). In this case ,the best estimate of P(Y =1) is 7 =(number of y,=1)/n (i.e,
the average of the y,’s(7) equal 7.So , in a same manner, we want to choose

d,and 9,
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Such that the average of pseudo observations equal 7.

Z V, =(-7)5, + 75,

i=1

1L
T=—
n
F—78,=8,-75, s 7(1-5,) =5,(1-7)

Which can be written as :

= 2.15
5,-7 -0, (2.15)

Now, if we let the latter ratios equal a small positive number, say, ¢ .Then, we can

write both

o, and ¢, as follows:

:1“‘; > 1+75=05,(1+5)

1-5,=5(5,-7) - 1

From which we get:51:1+7[6
1+0

Similarely, 6, = (7 —6,) = 8,(1+ ) =76 which

5 = 7o
leadsto ™° ~ 1, 5

Estimation of probability:

From(2.15), since the dominator cannot be negative, we conclude that:
7<0, and 729, (i.e: 5, <7 <9))

-Whenall y,’s=1>7=7=1

- Whenall y,’s=1>7=7=0->7z=7=1

So, 7 could be zero or 1.So, a natural idea is to bound 7 away from 0 and 1 by

putting:

7 =max(5, min(l— 45, 7)) or equivalently:
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7 =min(5, max(1- &, 7))

With the last formula , we conclude that zis estimated robustly with the Minimax

property of M-estimators.

Missclassification probabilities(classification errors):

WhenY, =1, we have:

p(Y, =1|T =s)=0o, (correct)

p(Y, =0|T =s)=1-0, (Missclassification)
Similarely,

WhenY, =0

p(y; =0|T =f)=1-0, (correct)

p(, =1|T =f)=0, ((Missclassification)
So, the misclassification probabilities are:
1-0, and ¢,

For the first type of Missclassification: J,

5O:7Z-_5<i<5
1+6 1+0

For the first type of Missclassification: J,

1+ 70 _ @-n)o - o) <
1+6 1+6 1+6

1-5, =1-

So, both types of errors are less than ¢ .

By simulation studies, Christmann showed an appropriate choice of ¢ is 6=0.01

which will lead to smaller classification errors.
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To downweight leverage points in X-space, Christmann suggested the weighted

maximum estimated likelihood with weight function given by:

= M - Where:  X;" =(X; 5, X; ;) » RD(x;") is the robust
max {RD (x,"),M | ' '

Mahalanobis distance that depend on the minimum covariance determinant (MCD)

estimator and M is the 75th percentile of all RD(xJ.*), =1,2,...,n.

Advantages of Wieghted Estimated Maximum likelihood estimator:

1- WEMEL always exist and id does not require the condition of overlap(i.e: it can
always be computed ,even in case of complete separation of the two groups)

2-As, we have shown , WEMEL can be computed when all values of y are 0 or 1.
3- WEMEL is x-affine equivariant

This property means that when the x; are replaced by X, = Ax,, where A is a non-

singular px p matrix, then the regression coefficients transforms accordingly.

4- WEMEL is equivariant with respect to recoding the response variable

MEL estimate is the value that maximizes the log-likelihood:

logL =" {¥, log 7(x )+ (¥, log(1—7(x, )}

-y {[@-y:)8 +y,6,]log(max(s, min(L- &), 7)) +[L- (L~ y,)&, + Y, 8,)](log(min(s, min(L- &), 7))}

i=1

n

=2 {[6 +(8,~ &)y Jlog(max(8, min(L- &), 7)) + [~ &) + (5, = &)y, (log(min(&, min(1- &), 7))}

i=1

o (max(s, min(L— &), 7)) -l
Y | (min(S, min(L— ), 7))l @]

(2.16)

Where:
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T = p(Y| :1)
And in view of loss function, we get:

e (min(s,min(1-5), 7))l *0*(%0-aui]

KMEL (U) —

e (max (8, min(1-&), 7))o+ (e-20ui ]
So, the problem becomes: Min /™ (y,) , where ¢“ (y,) isas given in (2.16)
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