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OUn Solving N -Vehicle Cost Varying Transportation Problem

Mohamed S. Osman+*, Mahmoud M. El-Sherbiny+*, Ramadan A. Zein El djan #° and
Samia M. A El Sameea**

Abstract

Solving N —Vehicle Transportation Problem with varying cost due to
varying capacity is considered in this paper. The Vogel Approximation Method
is applied to determine the cost of each cell instead of the vehicle cost and The
unit cost is used by taking the penalty in row and column with the same capacity
reaching faster to solution than northwest corner method. The N-vehicle
transportation problem cost is also solved with fuzzy numbers using Robust’s
ranking indices and Vogel Approximation Method reaching to the optimal
solution. ,

Keywords: Transportation Problem, Solid transportation problem, N~Vehicle Transportation
Problem, Vogel Approximation Method (VAM), Robust’s ranking indices.

1. Introduction

In real life, we face more complex problems like using different models
of conveyances, such as goods trains, trucks, ships, cargo flights, etc, which
means the route between every source and destination will has more than one
cost, and this number of costs equal the available capacities. Solving this
problem, we must found the value far as possible allocate to the cheapest route
to every capacity. Like this problem called solid transportation problem [14].

We must know the conveyances in solid transportation problem used one
time in one trip. If we will use the vehicles more than one time in several trips
then we speak about N-Vehicle transportation problem. That's happen when the
company has several vehicles with small capacity "may be only two or three
vehicles with different capacities" less than the available units "this vehicles
can't carry all the units one time" in this case, it must be used the vehicles in
more than one trip till transfer all units.

It may be the transportation center has little N-types of vehicles "These
vehicles have different capacities" and according to the cost of each one, it will
identify the type and how many vehicles that will be used to transfer the units

[9].
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The goal of solving Transportation Problem is to transfer a product from
supplies to destinations "using only one conveyance, which means one capacity
and one cost in the route between every source and destination” by minimum
cost [4]. To solve this problem it must be passed throw two stages:

First stage: identify the Initial Basic Feasible Solution, using one of the
following (Northwest Corner method or Minimum cost method or Vogel’s
approximation method (VAM).

Second stage: Identify the optimal solution by evaluating each unused cell to
know if we used one or more from them will reduce the cost or no. When all
cells have been evaluated and appropriate shifts made, then the problem is
solved. We can make this evaluation by the stepping stone method or modified
distribution method (MODI) or (u , v ) method.

In some situations the decision maker has data as fuzzy to become more
reality such as Pandian and Natarajan [11] which it is proposed a new algorithm
called zero point method to solve fuzzy transportation problem, then Samuel
[15] improved zero point method to solve the problem, and developing
unbalanced transportation problem [16]. Also Narayanamoorthy, et al. [8] used
Russel's method to solve fuzzy transportation problem. In this paper, the Rssell's
method dependent is used to identify (%) and (V;) where ( %) equal the largest

cost in each row and (V,) equal the largest cost in each column then identify (

d,) where (d » ~Cy U7V ;) then choose the most negative cell and allocate as

much as possible to this cell. Then go the next most negative cell and repeat the
last step till allocate all the supply and demand.

Venkatasubbaiah, et al. [18] developed other method to solve interactive

fuzzy goal transportation problem gives the same number of allocations but with
improved value. '

The N —Vehicle Transportation Problem with varying cost due to varying
capacity is considered in this paper, we use VAM to determine the cost to each
cell instead of the vehicle cost. So, we use the unit cost taking the penalty in the

row and column, reaching to the solution faster than northwest corner method
which used in [9].

This paper is organized as follows: Section 2 considers "problem
definition". Section 3 introduces "The proposed method: including the steps of
solving N-vehicle transportation problem using Vogel's Approximation and
applying the optimality test. Section 4 introduces "numerical example". Section
5 shows "Fuzzy transportation problem". It is used ranking fuzzy number and
VAM in N vehicle transportation problem in varying cost presenting another
numerical example. Finally, Section 6 includes conclusion.
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2. Problem Definition

The mathematical model of transportation problem [14]:

n " /
m‘“Z:Z Z ZC.,L-)C,;L-

Y S .-D for j=1,2,..n (2.1)
Y Sk =5, for i=1,2,...m (2.2)
Y x . ce, for k=1,2,.....1 (2.3)
%S,’-%Df%e. _ X w0 Vijk (2.4)
Where;

S/ : The units available at source;.
D, : The units demanded at destination;.

€ : The capacity( e )of kvehicle.

Xu : The unknown quantity shipped from source ( i )to destination )by k) of
conveyance. ‘

Cu : The cost of shipping units from source ( i )to destination )by (k) of
conveyance.

The solid transportation problem, choose the cheaper vehicle available in
the route and collect goods till reach exact it’s capacity. It was the conveyances
(/) has capacities exact equal to amount of goods, but the new here in "N -

Vehicle cost varying transportation problem" the transport center has small

numbers of conveyances (differ in capacity and cost) ready to transport goods
with several trips till transfer all goods as in Table 1.

Table 1 Tableau for cost varying transportation problem.

D \ D 2 . Stock

1 2 ! ] 2 ! ! 2 '

S € 1€ g € 1k € 12p€ 123 € ay & € 1€y € i S
i 2 / | 2 ' i 2 '

S € 1€ yppreee € 2 € 20p € anpreeere € 12 L€ €y € 10k S,
i 2 1] 1 2 1 ] 2 1

S . € i€ g € ik € i€ ayree € o | € € € S n

Demand d . d . " - d,

There are three main differences between solid and N-Vehicel transportation
problem: ‘ - ‘ )
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| The vehicles capacity is less than the units available af source;and
destination ;

2. The conveyance may carry less than its capacity.

3. The cost of conveyance may be multiply more than one time to calculate the
cost of transport the goods.

So the above mathematical model formulation in eq. (2.3) changes to eq. (2.5)
as follows:

2 ;"=|Zj=lx s =€ for k=12,....1 (2:5)
ZT::S /=Z;=|D ,SZ:..ek ‘ ’ (2'6)

3. The proposed Method

To solve transportation problem using our suggested method as follows:

. . c irk
Stepl. We have obtain the new transportation cost (U w ~ B ’ )
ijk

- Step2. Identify the Initial Basic Feasible Solution using (VAM)
Step3. Improve the solution by applying the optimality test using (MODI)

- The calculation for obtaining the real transportation cost as follows:
C ik

U (unit cost) transported by each vehicle where Y u+ = B
. ijk

3.1. 'Solving N-vehicle transportation problem using Yogel's Approximation

Applying VAM as follows:
1. Balance the given transportation problem if it isn't balanced.

2. Determine the penalty cost to each row by subtracting the lowest cost from
the next lowest cost'in the row.

3. Determine the penalty cost to each column (for the same capacity) by
subtract the lowest cost from the next lowest cost in the same capacity.

4. Select the row or column with the highest penalty cost.

5.  Allocate as much as possible to the cell with lowest cost in the row or
column. '

6. Repeat steps 3, 4, 5 and 6 until all requirements have been met.

7. Compute the total cost to each cell by identifying which vehicle will
transport the units as we will explain in the next section (3.2)

8. Compute the total cost to all transportation.




3.2. The method for identifying the cost of each cell.
To identify the cost for each cell ¢ w ), it must be follow some steps to

know which vehicle will be used and how many trips need to transport such
units:

e IfX <e orif€ itripscost ¢ < ¢ . (where 7 = the number of trips) then

€1 (vehicle 1) will transport the units.
o IfX >eiand 7C1>C:then €2 will transport the units, but must look at (XX ) ,

e IfX <€ or 7¢:<C:then will add (€,) or 7€ to the cost

e IfX >€iand 7C:>C:Then must add one from the same vehicle (e,)

Where: .
¢+ . The cost of the vehicle (k ), k=1,2,..1
€+ : The capacity of the vehicle (k), k=121

Where(_c  <C L,<C e <(C + ) and

(ex<ez<es """ <‘ek)

sk : The units must transport.

*ur ; The fractional produced when divided ¥«
€
(Divided X » to identify how many numbers of trips will the vehicle takes)
(3 ! :
the fractional that’s less than the capacity of current vehicle so may add other
tripe to the current vehicle or use other vehicle types.

3.3 The optimality test
The steps of optimality test:

1. Recalculate the cost to be equal (the cost / units)
2. Determine ¥ | i=1,2,...... m andV i, j=12,.... nto all basic cell

where C «= U +V

3. For nun-basic cell determine s by introduced the feasible loop to the nun-

basic cell to identify the amount of units suitable to the cell then compute
the cost to the cell as the basic cell.

4. Determine d , for each nun-basic cell where d y=C ,—U =V,

. ifalld » > 0 then the solution is optimal.




start

Balance the transportiaion
problem( Lty S, = 2}"‘:1 5

|

For each row subtracting the
fowest cost from the next lowest

Input: X s

vehicle_Num

b
o

Seth +=1

Input: ey
Input: ¢y

If hevehicls Num

/

cost.

For sach column, subtracting the
lowest cost from the next lowest
cost to each same capacity.

!

Select the row or column with the
highest penalty cost. |

!

Allocate as ‘much as possible to
the ‘cell with lowest cost in the
tow of column,

all requirements N NO
have been meeis \
x\\ ? Do

. ,

Flowchart 1. Represent the Vogel Approximation
Methiod to solve N -Vehicle Transportation Problem

Set r =X/

(X <e)&

(rse) < Cip1

Set Cost +=¢4

h 4
Output: "Vehicle
Number is"+i
¥

Flowchatt 2. Represent the calculation process to
identify which vehicie will tranisfer the goods.




FHICS And ioneration Heseareh 27228 Diere

]
IS

o Ifthereare ¢ = U (hen the solution is optimal and alternative solution
also exists.
o If there are d » <0 then the solution is not optimal, to reach the optimal,

follow the step 4.

e Go to the most negative cell then produce the loop (use the straight line
beginning in the most negative cell and take available path always make
right angle in basic cell then end in the same beginning cell).

e For the most negative cell put sign (+)then in the next cells put sequentially
sign (+,-).

e Determine the smallest units in the cell have sign(-), then subtract and add
this amount of units to the cells according to the sign.

e Repeat the test till reach the optimality solution.

4. Numerical Example:

Example: Consider a 2-vehicles cost varying transportation problem

Table 2 Represent the data of example 1.
DR Dy e - Stoc
5,10
8,16

The capacities of vehicles: €1=6 and €2= 18,

Applying the proposed method:

. ‘ . S
Step (1) for each cell, count U vk (the unit cost) for each vehicle where U . = E‘L
' ijk

as in Table 3.
Table 3 Iteration 1

e e T T B
46,  8/18 566, 10/18 10/6,  20/18 Sgg
s, 3 8/6,  16/18 66,  12/18 g
706, 14/18 3/6, /18 9/6.  18/18 Lo

Step (2) Identify the Initial Basic Feasible Solution by (VAM) as in Table 4,5,6,7 & 8

|
s
i
!
3
|
]
.
i




Table 4 Initial Basic Feasible Solution

D,

D,

D,

Stock

4/6,  8/18

5/6, 10/18

10/6,

20/18

48

S

2/6, 3/18

8/6, 16/18

6/6,

12/18 (20)

32 -

S ),[f

7/6,  14/18

6/18

9/6,

Demand

75

3/6,
30

18/18
o

2/6, 5/18

2/6, 4/18

3/6,

Table 5 Iteration 3

6/18

: “': ‘ D | R

G D e

DG

| s,

8/18

5/6, 10/18

10/6,

20/18

" Stock -

2/6, 3/18 (32)

8/6, 16/18.

6/6,

12/18 (20)

e Y

Daand =

14/18

6/18

30

9/6,

0 "

18/18

7:’ ;- ‘25 ":‘,‘

2/6, 5/18

2/6, 4/18

Table 6 Iteration 4

penalty
1/9
1/6
176

penalty
1/9

1/6

penalty

:].4/6,

8/18 (43)

1/9

2/6,

8/6, - 16/1

8

6/6,  12/18 (20)

1 76,

3/18 (32)
1418

3/6,

6/18

9/6,

1/6

18/18 :

3/6, 6/18

2/6,

4/18

Table 7 Iteration 5

D

penalty

4/6, 8/18 (43)

5/6, 10/18

6]

10/6.  20/18

1/9

| s,

3/18 (32)

8/6, 16/18

6/6, 12/18 (20)

i e, 14018

6/18

(25)

9/6,  18/18

176

Demand

j ,' "‘ 0

4/18




Table & The final al

bleau of |

Cheiences and

nitial basic feasible solution.

D D, D . Stock
S ws, sng (43) 5/6, 10/18 (5) | 10/6, 20/18 48
8 26, 3/18 (32) 8/6, 16/18 66, 1218 (20 | 53

S e, 14ns 306, 6/18(25) | 9/6, 1818 25
‘Demand | g5 om0 20 |

Step (3) identify the cost for each cell as

Table 10 and 11

Table 9 The initial basic feasible solution cost,

P N

48  (24/43) 5,10 (5/5) 10,20
123 (6/32) 8,16 6,12 (18/20)
7,14 3,6 (12/25) 9,18

Table 10 The optimality test Iteration 1.

4,8 -24/43

5,10

5/5

10,20

2,3 6/32

8,16

6,12

1820

7,14 3,6

12/25

9,18

Table 11 The optimality test Iteration 2.

5,10

3)

10,20

d>0

8,16

d>0

6,12

20

3,6

25)

9,18

d>0

in Table 9 then apply the optimality test as in

There is no negative d,,so the final results in (Table 12) is the same

result as in (Table 8) after Applymg VAM so, we reach to the optimal and final

solution with a few steps.

Table 12 The optimal solution

D D Doy Seek
(43) 5,10 (5) 10,20
23 (32) 8,16 6.12 (20)
| 7.14 36 (25) 9,18
Demand | 75 |ogee o | 0T




Table 13 The summary of the results including the total cost

J
v

The basic The Cost of No. Cost of .| The total
cells quaunntilttsy of vehicle (1) Trips vehicle (2) No. Trips cost
X 43 (4) - (8) 3 24
PR 5 5) 1 (10) - 5
X 32 - (2) - 3 2 6
X 20 (6) 1 (12) i 18
X 25 3) - (6) 2 12

Summation | .125units. 658

So, the final total cost = 65§ corresponding to the optimal solution.

5 Fuzzy Transportation Problem:

In real life, the problem is more complex than that simple form where we
may deal with fuzzy transportation problem. The value of cost, supply and

demand may be appeared as fuzzy number. The mathematical model of fuzzy
transportation problem is as follows [12]:

min Z =~ €,%, (5.1)
1 =1 =1 :
s 1o x”,.sz~,, i=1,...,m (5.2)
7.=1
X, ~D,, j=1.,n (5.3)
i=1
28, *> D, (5.4)
=1 7= ’

Where;
3. : The uncertain units available at source;.
D, : The uncertain units demanded at destination,.
&, « The uncertain capacity (e )of kvehicle.
%, .+ The uncertain unknown quantity shipped from source ( i )to destination
(J) by (k) of conveyance.
¢yy : The uncertain cost of shipping units from source ( i ) to destination (j) by
(k) of conveyance.




Some definitions:
Definition (1): A fuzzy set A with membershipy, (x) is defined by
[13]4" ={(x, j1, (x)):x € 4 and i1, (x) €[0,1]}. The fuzzy number a= (a,,a,,a;,a,)is a
fuzzy subset from the real line (®)has the membership function - (@) with the
following conditions:

4, (a) 1s a continuous mapping from R to the closed interval [0, 1],

p-(a) =0 for every a e (~ow,a,],

H:(a)=0 is strictly increasing and continuous on[a,,q,],

p-(a)=1 for everyae[a,,a,],

1 (a) is strictly decreasing and continuous on[a,,a,], and

p-(2)=0 for everyae(a,,+w]
Definition (2): A fuzzy number a is a trapezoidal fuzzy number denoted

by (a,,a,,a;,a,) where a,,a,,a,and a, are real numbers and its member ship
function p.(x)is given below [13]:

r

0 Sfor x <aq,
(x ~a,)/(a,-a) Jor a <x <a,
(x)= 1 Jor a,<x <aq, i
(a,~x)/(a,~a,) fo‘r a,<x <a,
0 for x2q a e

Fig.1: A trapezoidal fuzzy number

5.1 Ranking Fuzzy Number:

The Fuzzy number may be triangular or trapezoidal, and to compare between
two or multi fuzzy numbers we go to use one of the ranking methods. Several
methods are introduced for ranking of fuzzy numbers. The measure of a fuzzy
number is obtained by the average of two side areas, left side area and right side -
area consider the following fuzzy number [1]:

A, =(A®),A), where 0<r<o  (5.5)

When a normal fuzzy number is meant, the fuzzy number is shown as
follows: 4 =(A(),A(r)), where 0<r<l  (5.6)

Pversiiy.




Fig.2 The presented quantity

As shown in Fig 2, which represents quantity as a summation of the
dotted area and the cross-hatched area

MR =3[ a0+ R = [ aor 2 [ Aoa 67)

With the trapezoidal fuzzy number definition we can express M (B)as
B=(B(r).B(r)),  (0srs<l (5-8)

So , we can rewrite (5.7) as follows:
vay gy L = 1 A
MI(B) _—Z—IO (BW)+ B@)dr =~ [m+n+5 +{/3]. (5.9)

5.2 Fuzzy N -Vehicle Cost Varying Transportation Problem

The N-vehicle transportation problem cost may be come as fuzzy
numbers which are realistic and general in nature; we will solve this problem by
using Robust’s ranking indices and obtain the optimal solution using last steps.

Example: Consider a 2-vehicles cost varying transportation problem the
capacities of vehicles: €:1= 6 and €:= 18, and the costs as follows:

Table 14 The data
SRR D e Dy el Dy e Stoek D

(9a10’12’13)» (] 1,13,]4,15). (4,5,7’8), ~ N

(11,13.14,16) (14,16,18.20) - (6.8.9.11) -(50,70,90,105)
(5.8,10,12), 6,7,9,11), (3,5.6,8), T e
(1.9.12,14) (9.11,13,14) (5.6.7.8) -(30,60,80,93)

(10,11,12,13), (8,10,11,13), (6,7,9.10), e S SR

(12.14.16,18) (13,14,15.16) (151012) | (20.35,45,85)

Demand: | +(25,40,55,83) | 1(28,39,44,76) ' | "(47,86,116,124) ; |

In this example, each cell has two fuzzy costs because there are two
vehicles to transport the units. For example the route between (S +,D 1) the cost

dies and Hesearen
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of (€)= (9,10,12,13) and the cost of (¢:) = (11,13,14,16). Using ranking
method, the cost becomes as in Table 15

So, each cost in Table 14 appears as trapezoidal fuzzy number, we find
the summation of cost then divided it by 4 as follows:

For example the route between (S 1, D 1), the cost of (€1) =(9,10,12,13)

9+10+12+13

the rank of this cost = =11, and the rank of the second vehicle cost

(€2) in the same route = H¥13+14+16 =13.5

Table 15 Iteration 1 - after applying the ranking method

SDA R Dy Dy
(11),(13.5) (13.25),(17) (6),(8.5)
(8.75),(10.5) (8.25),(11.75) (5.5),(6.5)
(11.5),(15) (10.5),(14.5) (8),(9.5)

0.7 6.75 325

Step (2) Identify the Initial Basic Feasible Solution applying VAM as in Table 16 and 17

Table 16 it shows the Iteration 2

D

S

(1.83), - (0.75)

(2.21), (0.94)

(1), (0.47)

S

(1.46), (0.58)

(1.38), (0.65)

(0.92), (0.36)

NE

(1.92), (0.83)

(1.75), (0.81)

(1.33), (0.53)

.- Demand::{ "

15075

T aeTs

0.38, 0.17

0.38, 0.15

0.08, 0.11

Table 17 The Initial Basic Feasible Solution:

Qp i

D

46.25

(11), (13.5) (13.25), (17) (6), (8.5)
78.75

(8.75), (10.5) (8.25), (11.75) (5.3), (6.5)
50.75 0.5 14.5

(11.5), (15) (10.5), (14.5) (), (9.5)

Cesas |




Step (3 applying the optimality fest us in Tabl

e 18 an

gty

Table 18 The optimality test [teration 1.

Vi V. Vi
. (1), (13.5) (13.25), (17) (6), (8.5) 0
u, 42.5/78.75
(8.75), (10.5) (8.25), (11.75) (5.5), (6.5) »
U, 31.5/50.75 8.25/0.5 6.5/14.5 -0.09.
- (11.5), (15) (10.3), (14.5) (8), (9.5) ,
U 43.5/46.25 -15.65 ..
071 1659 0.54
Table 19 The optimality test Iteration 2.
RSk (1), (13.5) (13.25), (17) (6), (8.5) 0
JUd d>0 d>0 78.75 e
(8.75), (10.5) (8.25), (11.75) (5.5), (6.5) 0.09" -
50,75 0.5 14.5 ket
(11.5), (15) (10.5), (14.5) (8), (9.5) R
d>0 d >0
mr b 084

The final results as in Table 20 with the corresponding total cost = 132.258$.

Table.20 Final results and corresponding total cost

“The quantity” | Costof:"| “Costof: | ‘No. | Thetotal
ofunifs, | vehicle (1) | - vehicle (2) - | Trips | ‘cost. .
78.75 (6) - (8.5) 5
50.75 (8.75) - (10.5) 3
0.5 (8.25) 1 (11.75) -
14.5 (5.5) - (6.5) 1
46.25 (10.5) - (14.5) 30 |43
“Summation |- 190.75units | 0 r o 120 ] 132.258

6- Conclusion

In this paper, the VAM is used to solve N -vehicle transportation
problem, where the cost is defined by (vehicle cost/ vehicle capacity) then
applying the penalty by taking the difference between the two smallest costs in
each row and the same on columns reaching to the initial basic solution. The
proposed method is faster than the method proposed applying northwest corner
method It is also applied VAM in fuzzy N-vehicle transportation problem using
Robust’s ranking indices reaching to the optimal solution.
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Solving Rough Interval Cost of Transportation Problem with Source
and Destination Parameters

Osman.M.S.A', El-sherbiny. M.M.N?, Khlifa.H.A® and Farag.H.H.H*

Abstract:

The rough-interval linear programming method is developed for
transportation problem to represent uncertain parameters. In transportation
problem, the cost of transportation from source to destination may depend on
many factors which may not be deterministic in nature. In this paper, the unit
cost of transportation with source and destination are considered to be the rough
interval cost. The problem is solved by two methods, the traditional and
proposed method. In proposed method the objective and constraints are roughness.
The results of many cases are different and the others are the same.

Keywords: Transportation problem, Optimization, Rough Set, Rough interval, rough-interval
linear programming (RILP) !

1. Introduction

Transportation problem is one of the important linear programming
problems. Many efficient methods have been developed to solve a
transportation problem where the unit cost of transportation, demand and
supply are deterministic .In many practical situations, the cost of transportation
may be not deterministic in nature. The cost depends upon many factor such as
road condition, traffic load causing delay in dehvery, break down of vehicles,
labor problem for loading and unloading which may increase the cost. All these
factors are uncertain which cannot be predicted before due to insufficient
information, unpredictable environment [2, 3].

Transportation problem is studied in various types of uncertain
environment such as fuzzy numbers. In this paper, we develop a transportation
model with rough interval parameters In real life, the information is available
in imprecise nature. There is an inherent degree of vagueness or uncertainty
under consideration problem.

Rough set was pioneered by Pawlak in mid 1980s and since that time, the
rough set theory has become at hot topic of great interest to most researchers
in several fields which applied on many domains such as expert systems,
machine learning and decision theory.

Pro. Of pure mathematics and Operations Researches, El-Asher University

Pro. Of Operations Researches, Institute of Statistical Studies and Researches - Cairo University
Assistant Prof of O. R., Institute of Statistical Studies and Researches - Cairo University.
Candidate of PhD in O R, Institute of Statistical Studies and Researches - Cairo University.
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A rough set concept is different from ordinary set as well as fuzzy set. An
object in an ordinary set is completely determined. An object in a fuzzy set is
fuzzily determined while in rough set the object is approximately determined
based on some knowledge. Thus knowledge in the rough approach is
necessarily connected with the variety of classification patterns related to
specific parts of the real [10]. This paper is organized as follows; section 2
introduces "rough set theory, kinds of mathematical programming problems
and rough interval” including some definitions and examples. Section 3
considers "rough-interval linear programming". Section 4 presents the
transportation problem in crisp and rough interval form. Section S includes
explaining "rough interval using traditional and proposed method". Section 6
contains "two illustration examples". Section 7 presents "conclusion".

2- Preliminaries:

2.1-Rough Set Theory

Rough set theory (RST) has been proven to be an excellent mathematical
tool for dealing with uncertain and vague data descriptions of objects [7].

The main idea of rough set is the approximation of subsets or partitions
of the universe U. For fixedx €U, the available information can be used to
calculate its degree belonging to a subset X of U where X can be regarded as
a concept to be approximated. X is said to be a definable set (or exact set) if
X is union of some equivalence classes, X is said to be a rough set respect to

(U,R).The lower approximation of X by R is defined as RX ={x eUlx), <X}

and the upper approximation is defined as RX ={X eU|X ], nX # @}. Clearly,

the lower approximation RX is the greatest definable set contained in X, and
the upper approximation RX is the least definable set containing X. The
boundary region of rough set X is defined as BN, (X) =RX -RX . The

boundary region does not represent the area which cannot be classified, to X
nor to its complement U-X, is the boundary region of the definable set an
empty set because the upper approximation of the definable set are equal.
The basic concepts of rough set theory are shown in Fig 1 [9, 11]

The upper
approximation of RX
{ Set RX
The lower
approximation of RX

Fig 1 Rough set[11]
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2.2 Kinds of rough mathematical programmin g problems:
The rough mathematical programming s considered when the
mathematical programming of any parameters in objective function or
constraint is roughness. The rough programming problems can be broadly

classified as:

- 1*" case: mathematical programming with rough feasible set and crisp
objective function. ‘

- 2™ case: mathematical programming with crisp feasible set and rough
objective function.

- 3" case: mathematical programming with rough feasible set and rough
objective function

The rough feasibility arise only inl®* and 3™ cases, where the feasible set
is a rough set and the solutions have different degrees of feasibility as
follows:

-A solution of x is surely-feasible if it belongs to the lower approximation of
the feasible set

-A solution of x is possibly-feasible if it belongs to the upper approximation
of the feasible set :

-A solution of x is surely-not feasible if it does not belongs to the upper
approximation of the feasible set [7] :

Now we consider the description of transportation quantity. If the
transportation quantity is less than 130 tons, then the universe can be set as
[0, 130]. With his or her knowledge and experience, the decision maker
(DM) may divide the universe into five equivalent classes as follows:

- [0, 25]: The DM believes that the transportation quantity belonging to this
interval is ‘‘low.”’

- (25, 30): The DM believes that the transportation quantity belonging to this
interval is in transition from ‘‘low’’ to ‘‘middle.’’

- [30, 55): The DM believes that the transportation quantity belonging to this
interval is ‘‘middle.”’ '

- (55, 60): The DM believes that the transportation quantity belonging to this
interval is in transition from ‘‘middle’’ to “‘high.”’

- [60, 130]: The DM believes that the transportation quantity belonging to
this interval is ‘‘high.”’.

Then the partition {[0, 25], (25, 30), [30, 55], (55, 60), [60, 130]}
given by the DM can be regarded as the available information. For another
person, he or she may make a vague description of “‘low,”’ ‘‘middle,”’ and
“‘high.”” Assume that he or she regards that the “‘low’’ transportation
quantity is from 0 to 35, the ‘‘middle’’ transportation quantity is from 25 to




b to 1300 According (o

o

the partition of the DM, the transportation quantity interval [0, 25] is a
surely low (ransportation quantity interval, the transportation quantity
interval [0, 30) 1s a possibly low transportation quantity interval, and any
transportation quantity in (25, 30) has rough membership from 1 to 0.
Similar analysis may be carried out for the concepts of ‘‘middle’’ and
“‘high’’ (see Fig. 2) [11, 12].

1

\ ow . aiddle i algs
Rougk xembirsho :
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0 H »
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Upper wpprusicialivn e oo midel - E t i =
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Lower sporoximative = Jo% - v e paiddie el Mg g e et
H
i
RRPEY = ]
2330 5560 130

Fig 2 Rough description for transportation quantity [12]
2.3-Rough interval

Rough interval (RI) is a particular case of a rough set. The lower and
upper approximation interval concepts satisfy the mathematical definition of
the rough set's upper and lower approximation adapted to intervals.
Arithmetic of rough interval can be expressed as follows:

RI =([a,b],[c,d]) where (c<a<b<d)

RI comprises of two parts: upper approximation interval ([c,d]) and a
lower approximation interval ([a,b]) .For conveniences, it is denoted the
upper and lower approximation interval of RI as RI'and RI. respectively.
So, in normal cases, the variable takes value in the lower approximation and
in special cases that the takes the value in upper approximation, that is to say
there is no value taken the variable outside the upper approximation
interval[6].

Definition 1: let x denote a closed and bounded set of real numbers. A rough
interval X' is defined as an interval with known lower and upper bounds but
unknown distribution information for x: :

X'=[Xx*:x"Y] where X" and X" are lower and upper approximation
intervals of X/, respectively[5].
X* and X" are conventional intervals and X" O XV.

Definition 2: let R® denote a set of rough intervals, A rough interval vector
X'is a tupelo of rough intervals, and a rough interval matrix whose elements
are rough intervals:




X=X =X XY Wiy X eRrt
Xy =X =[X; X/ Vi, i} ,X| eR*m

The operation for rough-interval vector and matrices is defined to be
analogous to those for real vectors and matrices. . More definitions related to

the operation methods for rough intervals and the modeling approach for RILP
are all provided. |

Definition 3: For rough interval X™, we have:
XM >0,iff X" ,X" 20
XM <0, iff X' ,xY <0
Definition 4: Let *e{+,-,x,+} be a binary operation on interval number X!
and Y* when X', Y > 0 we have[5] :
X '+Y DX Y “1:[X0+Y 0]
X'y T H[X Y “]:[X°-Y ']
X '+7 T H[X %Y “]:[X°xY °]]
X T+Y X %+Y ?): XY M)
As X", XY, Y" and YY are conventional intervals, the above operations can
be further transferred to the following functions if letting X* =[ X?® X" ],
XU=[ X%, X1, Y =[ YO, Y 1, YU=[ YS, Y¢ Jwhere X2, X°, X°, X4 Y%, Y°, Y°
- and Y? are deterministic numbers denoting the lower and upper bounds of
x4, XY, Y and YU
X M4y M= ([X °+Y “LIX°+Y *1:[X °+Y °1,[X?+Y 9]
X R!_Y RI ':([X ay b],[Xb—Y a]:[X A d],[Xd"'Y C])
X RI 4 Y RI — ([Xa*y a],[Xb*Y b]:[X c*Y c],[Xd*Y a'])
XM ay M= ([X 94y P1L[XP+Y “1:[X °+Y “1,[X9+Y °])
These transformation processes are based on the operation method for
conventional intervals [12].

Example:

Let X" =([4, 81,[2, 10]),and Y™ =([2, 51,1, 7]) be two rough intervals then
the rough interval arithmetic defined by[12]

X Miy ®=(16,13]:[3,17])

X *-y ¥ =(-1,61:[-5,9])

X *Mxy ® =([8,40]:[2,70])

X * sy M =([4/5,4]:[2/7,10])
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i 30 Let A7 and BY denocte two sets of rough intervals A rough -
mterval linear programming model can be formulated as follows:

max fR[ — CR] X
subject to A® - X < BM (D
X 20

Where AR ¢ RF (™M™ BRE ¢ RRIMD " ¢ (IT}R and TT denotes a set of

deterministic parameters , X~' denotes a set decision variables, f*! denotes
P

objective function value.

3. Rough-interval linear programming

Prior to proposing rough-interval linear programming, a set of
definitions for rough intervals need to be provided. Generally, a rough
interval comprises two parts: an upper approximation interval (UAI) and a
lower approximation interval (LAI). The variable is assumed to be inside of its
UAI and cannot get the qualitative value outside of this interval. The second
element of rough interval LAI, can also be defined on this basis [4].

4. Transportation problem: ‘
4.1. The crisp model of transportation:

Suppose that there are m sources and n destinations, Let ai be the number
of supply units available at sources i (i=1,2,3....m) and let bj the number of
demands units required at destination j (j=1,2,3....n). Let cij represents the
unit transportation cost for transportation the units from source i to
destination j. The objective is to determine the number of units to be
transported from source i to destination j, so that the total transportation cost
is minimum. Let x; be the decision variable which denotes the number of
units shipped from sources i to destination j[8].

Minimiza ZZcUxU
=1 j=i
n

subject to qu Sa, , i=12,..... m (2)

J=1
m
Zx,j ij , J =12, n
i=1
x;, 20

4.2. The rough interval model of transportation:

The cost cj; is a rough interval variable of the form let
RI a bi.r.c d
N (TRANCAE )
c a b d
where c; Sey <c; <cg

The supply a; is a rough interval a® =([a?,a’]:[a°,a"))




The demand b; is rough interval b =([b],b):[0°,b7]) and the objective

function becomes a rough variable of the form f* =([f* £*].[f* ,f‘f])

n

c'”,/x,j ,RI=a,b,c,d

I
M

o . !
Minimiza Sk

n
-
n

subject to x, o =at, i=1,2,...... m (3)

M: 5P
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#
—

M=
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=
=
] |
M= &
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~
>
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x, 20

5. Rough interval using traditional and proposed methods
5.1 The traditional method

Divide the model to four sub-model A, B,C and D and solve them
separating of each other. The results correspondmg to the model is f*, £, £°, f9
and X*, X®, X¢, and X, respectively.

5.2 The proposed method

The steps of proposed method as follows:
‘Step 1: Formulate the problem

Step 2: Solve the second -desired upper-bound sub-model UAI[d] and obtain

solutions of X, and f2,

Step 3: Solve the first lower sub-model UAI[c], and add constraintX, <X/

opl
to obtain the solution of X;, and S o

Step 4: Solve the second upper sub-model LAI [b], and add

constralntX >X° to obtain the solution of Xx°?

opt opt Md

opl
Step 5: Solve the first lower sub-model LAlfa], and add constraintX, 22X,
and X, <X, and f2,

. 10 obtain the solution of Xx¢

opt

Step 6: Incorporate the solutions of all sub-models to obtain primal solutions
as follows:

S = oS e iy o 1]
X o [[XZpt ’ opt] [Xopt 4 opt]]




6. Tilustration examplies

6.1-Example 1:

Bl B2 B3 Bd S

Al (16,7]:15,9]) ([6,7]:15,9]) ([5,7]:14,8]) (16,7):15,9D ([7,9]:16,10])
a2|  (OULEAZ) | (517:014,18)) | ([16,17]:{14,19]) | ([18,21):[17,22]) | ([17,21]:[16,22])
A3 ((1,13]:[10,14]) (I3,5]:(2,6]) (19,11}:(8,12}) ([3,4):[1,5]) | ([16,18]:{14,20])
D | ([(10,12]:[9,13]) (12,4:[1,5) | (13,05]:(12,16)) | ([15,17]:[14,18)) | ([40,48]:[36,52])

Consider a problem with three sources (i= 1,2,3) and four destination
(=1,2,3.,4). The unit of transportation cost are rough interval, the
availability at each sources, demand of each destination are rough interval

The problem is solved by two ‘methods, applying Lingo package
reaching to the final results.

The traditional method:

A
Bl | B2 |B3 B4 | S
Al |6 6 5 6 7

A2 9 15116 18 17 =284
A3 1113 9 3 16
D [10 ]2 |13 |15 |40 X*=(0,0,7,0,10,1,6,0,0,1,0,15)
B
Bl | B21'B3 | B4 |'S
Al {7 7 7 7 9 f" =421

A2 1L 1717 12121

A3 11315 11 4 18 o
& s s X* =(0,3,6,0,12,0,9,0,0,1,0,17)

Bl [B2 [B3 [B4 [S [ =208
Al |5 |5 |4 |5 [6
A2 |8 |14 |14 117 |16 : ‘
A3 [0 2 |8 |1 j14 X°=(0,0,6,0,9,1,6,0,0,0,0,14)
D |9 |1 |12 |14 [36 '

Bl | B2 |B3 {B4 | S —

Al 19 |9 [8 |9 10 fd“506
A2 12 {18 19 22 22
A3 |14 |6 |12 |5 |20 x*=(0,0,10,0,13,3,6,0,0,2,0,18)
D 13 | 5 16 18 52
f7=[[284,421]:[208,506]],

X12=[[0,01:[0,3]),  X;3=[[6,7]:(6,10]] X2,=[[10,12]:[9,13]]

5 XZZ =[[131].[O33]]s
X25=[16,61:06,911 X3z =[[1,1}:[0,2], X3,=[[15,17]:[14,18]]

The proposed method:

Step 1: divide the original model into LAI [a ,b] and UAI [c ,d]




Then, classifying each one into sub-model according to the lower and
LAIJ[a]

STatisuey Lt

LAlIfa,bj
Bl B2 B3 B4 5
Al | ([6,7]) ((6,7]) (35,7 ([6,7]) (83))
A2 | (1911]) | ([1S,17]) | ([16,17)) | ([18,21]) | ([17,21])
A3 | ((1L,13)) | (3,5 (311D | (34D | ([16,18])
D | ([10,12)) | ([2,4]) (113,15)) | ([15,17]) | ({40,48])
UAX[e,d]
Bl B2 B3 B4 S
Al | (I59D) (ERI)) (4,8]) (E2))) ([6,10])
A2 | ([8,12) | ([14,18]) | ([14,19]) | ([17,22]) | ([16,22])
A3 | ([10,14)) | ([2,6]) (8,12) | (18D | ([14,20])
D_|(%13) | (15D ([12,16]) | ((14,18]) | ([36,52])

upper approximation interval,
respectively
- A .
Bl [ Bz [B3 [ B4 [S LAI
Al |6 |6 |5 |6 |7
A2 19 |15 |16 |18 |17
A3 11 (3 [9 [3 |16
D [10]2 [13 115 [40
C
Bl |B2 |B3 |B4 |S UAI
Al |5 [5 [4 |5 |6
A2 [8 |14 |14 [17 |16
A3 (10 ]2 [8 |1 |14
D |9 |1 |12 |14 [36

Step 2 : solve UAI[d] then obtaining the solution ofx?

/=506

Xx?=(0,0,10,0,13,3,6,0,0,2,0,18)

Hesearoh

lefomda d RFRAD L4070

Step 3 : Solve UAI[c] after adding the following constraints

X” <=10, le <=]13 ,XZZ <=3, X23 <:6, X32 <=2 s X34 <=18

Reaching to the following solution of X

X¢=(0,0,6,0,9,1,6,0,0,0,0,14) =208

opt

and f,,

Step 4: Solve LAI[b] add the following constraints

Xp3>=6, X, >=9 | X;; >=1 , X23 >=6 , X3, >=14

LAI[b],and UAI[c] UAI[d]
"B
Bl1-|B2 |B3 B4 |S
Al 1707 |7 7 9
A2 1117 |17 121 |21
A3 |13 |5 11 |4 |18
D 1214 15 117 |48
)
Bl | B2 | B3 |B4 |'S
Al 9 .19 8 9 10
A2 12018 (19122 |22
A3 14 |6 12015 |20
D 13 |5 16 |18 |82
d
opt and fopl

Reaching to the following solution of X!, and s},
Ve wiuie tatistionl ! es and Hesearch 74
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Step 5 Solve LAlja] and adding the following constraints

12,3,6,0,0,1,0,17)

7

X13>=6,X,, >=9,X,,>=1,X,; >=6 , X3, >=14 and X,;<=9,

Xy <=12,X,, <=3, X;; <6, X3, <=1,

Reaching to the following solution of X

X*=1(0,0,7,0,10,1,6,0,0,1,0,15)

as follows

X34 <=17

a

and opt 3

=284

Step 6 : Incorporate the solution of all sub-models to obtain primal solution

fA=[[284,421]:[208,506]], X;5=[[7,9]1:[6,10]] X,=[[10,12]:[9,13]],

X,ZZ:[[L?’]:[L:;]] X23=[[6,6]:[6)6]]s X32:[[1>1]:[Oa2]: X34=[[15’17][14’18]]

6.2-Example 2:

B1 B2 B3 S
Al | ([7,9]:(6,10}) ((10,11]:(8,12]) (111,13):[10,12]) (124,27):[22,28))
AZ | (16,81:[5,9) (19,10):[7,11]) (15, T:[ 4,8)) ([15,18]:(14,19])
A3 | (18,001:[7,11)) ([13,15):(12,16)) ([8,10:(7,11]) (122,24]:121,26])
D ([13,16):[12,17]) (125,28]:(23,30)) (123,25]:[22,26)) (161,69):[57,73])

Consider a problem with three sources (i=' 1,2,3) and three destination
(j=1,2,3). The unit of transportation cost are rough interval, the availability
at each sources, demand of each destination are rough interval

The traditional method:

A Bl | B2 | B3 |S

Al 7 10111 124
A2 16 |9 5 15
A3 1 8 13 |8 22
D 13 | 25 23 | 61

=495

X*=(0,24,0,0,1, 14, 13,0, 9)

B Bl | B2 | B} |S
Al |9 111 |13 127
A2 |8 10 (7 18
A3 |10 {15 |10 |24
D 16 |28 |25 |69

1’ =666

xt=(0,27,0,0,1, 17, 16,0, 8)

£ =382

C|Bl} B2| B3| §

Al 6 8] 1022

A2 5 7 4 14
71 12 7 21
D 12} 23] 22 57

X =(0,22,0,0,1,13,12,0,9)

D Bl | B2 |B3 |S

Al 110 112 112 128
A2 |9 1 18 19
A3 (11 J16 |11 126
D 17 130 126 |73

f=180

X'=(0,28,0,0,2,17,17, 0,9)




JU=([495,6661:[382,7801), X,,=([24,27]:(22,28]), Xoo=({1,11:[1,2])
Xos=([14,171:013,17]), X3, =([13,16]:[12,17]),  X35=([8,9]:[9.,9])
Applying the suggested method:

Step 1: divide the original model into LAI [a ,b] and UAI [c ,d]

{a,b] | B1 B2 B3 S

Al 1 (7.9 | ([10,11]) | ([11,13]) | ([24,27])
A2 | ([6,8]) (%,10]) | (5,7]) ([15,18])
A3 | (I8,10]) | (J13,15]) | ([8,10])) | ([22,24]))
D ((13,16]) | (25,28]) | ([23,25]) | ([61,69]))

[e,d] | Bl B2 B3 S

Al | ([6,10]) | (I812]) | ([10,12]) | ([22,28])
A2 | (59D (711]) | ([4,8]) ({14,19])
A3 1 (7,11]) | (12,16 | ([7,11]) | ([21,26])
D (12,17]) | ([23,30]) | ([22,26]) | (57,73])

‘ Then, classifying each one into sub-model according to the lower and
upper approximation interval, LAI[a] LAI[b],and UAI[c] UAI[d]
respectively :

A Bl B2 |'B3 |S LAI B Bl { B2 | B3 |8
Al |7 10 11 |24 Al- 19 111113 |27
A2 6 9 5 15 A2 |8 10 7 18
B R ' b e T 128 T
D 13 | 25 23 |61

C ‘Bl B2 {B3 18 D Bl | B2 -1 B3 S
Al 6 8 10 22 - : Al |10 ] 12 12 28

A2 19 11 18 19

A2 |5 7 4 14
ual A3 |11 |16 11 |26

Al |7 12 117 21
D 12 123 |22 |5§7

D 17 {30 |26 |73

Step 2 : solve UAI[d] then, obtaining the solution ofX ¢ and fon

opt
x?=(0,28,0,0,2,17,17,0,9) 74=1780
Step 3 : Solve UAI[c] after adding the following constraints
X <=28, X32 <=2, X3 <=17, X35, <=17, X33 <=9,

©and ff X°=(0,22,0,1,13,12,0,9) f° =380

opt opt

Reaching to the solution of X

Step 4: Solve LAI[b] after adding the following constraints




Reaching to X, and [, X' =(027,01,1,16,150,9) f =667

Step 5: Solve LAI[a] after adding the following constraints
X/g >:22, ng >:1, Xz_; >:13, X_;/ >=12, X33 >=9 and X12<:27,
Xy <=1, X, <=1, X33 <=16, X3, <=15, X;;<=9

Reaching to solution of X and f;, X" =(0,24,0,0,1,14,13,0,9) f* = 495
Step 6: Incorporate the solutions of all sub-model to obtain primal solution
as follows

/M=([495,6661:(380,7801), X,,=([24,27]:[22,281), X,,=([0,0]:[0,1]),

X2=([1,1]:[1,2]) o KX=([13,161:[13,17]),  X5,=([13,15]:[12,17]),
X33=([9,91:[9,9])

7-Conclusion

. This paper considers a formulation of an interval rough transportation
problem which it is solved by two methods. The traditional and proposed
method are applied in form of the third case which the objective and
constraints are roughness. The solution of suggested method in many cases
is different in results but some cases with the same result.
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Abstract

This paper deals with a multi-objective linear programming problem with an inexact rough
interval fuzzy coefficients IREMOLP. This problem is considered by incorporating an inex-
act rough interval fuzzy number in both the objective function and constrains. The concept
of "Rough interval” is introduced in the modeling framework to represent dual-uncertain
parameters. A-suggested solution procedure is given to obtain rough interval solution for
IRFLP(w) problem. Finally,two numerical example is given to clarify the obtained results
in this paper.

Keywords

Multi-objective linear programming; Rough-interval fuzzy coefficients; Weighting method;
Rough interval solution.

1 Introduction

The theory of rough sets proposed by Pawlak (1982) [16], can be regarded as an effective
mathematical vehicle for dealing with imprecise and ambiguous data analyses, which can

be subsequently applied to pattern recognition, machine learning, and knowledge discovery
[1-7]. The equivalence relation is a key notion in Pawlak’s rough set model. All equivalence
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classes form a partition of a universe of discourse. Using equivalence ciasses, an arbitrary
subset can be approximated by two subsets called the lower approximation and the upper
approximation. However, the equivalence relation is a stringent condition that may limit
the applications of rough sets in practical problems. Hence, various extensions of Pawlak’s
rough set were developed from an equivalence relation into a more general mathematical
concept, e.g., binary relations by Slowinski (2000) [18]. The theory of rough set deals with
approximation of an arbitrary subset of universe by two definable or observable subsets
called lower and upper approximation. Dubois and Prade (1990) (5] pointedly that the
rough fuzzy set is a special case of the fuzzy rough set. The notion of interval-valued fuzzy
set was suggested for the first time by Turksan (1986) [19] and Gorse (1986) [9]. They
are applied to the fields of the approximate inference gave Miyamoto (2004)[14] fuzzy sets
and a-level sets .Shaocheng (1994)[17] introduced two kinds of linear programming with
fuzzy numbers. They are called interval number and fuzzy number linear programming.
Guijun and Xiapong (1998)(10] define interval-valued fuzzy number and interval distribu-
tion numbers and gave their extended operations. Zhong et al. (1994)[23] study fuzzy
random linear programming having fuzzy random variable coefficients and the decision
vector of fuzzy random variable. It is generally accepted that these two theories are re-
lated, but a listing and complementary, to each other Miyamoto (2004) [14], XU (2012)
(20} and Yao (1996) [21]. establishes a rough multiple objective programming model for a
solid transportation problem. Gong et al., (2008) [8]and Li et al., (2007) (12], introduce an
interval-valued fuzzy information system by means of iterating the classical Pawlak’s rough
set theory with the interval-valued fuzzy set theory and oles cusses the basic rough set the-
ory for the interval-valued fuzzy information system. There are at least two approaches
for the development of the fuzzy rough sets theory: The constructive and axiomatic ap-
proaches (Yao (1998) [22]). In the constructive approach, the relation to the universe is the
primitive notion, The lower and upper approximation operator are contracted by means
of this notion. On the other hand, the axiomatic approach takes the lower and upper
approximation operator as primitive notion. In this approaches, a set of axioms is used
~to characterize approximation operators, Zhang (2012) [24] presents a general framework
for the study of interval type-2 rough fuzzy sets by using both constructive and axiomatic
approaches. In this paper, multi-objective linear programming problem with an inexact
rough interval fuzzy coeflicients IRFMOL is introduced.The problem is transformed into
the corresponding IRFLP problem using the weighting method, A solution procedure is
given to obtain the rough interval solution for the IRFLP(w) problem.
The paper is organized as in the following sections: In section 2, some preliminaries are
introduced. In section 3, problem formulation is introduced as specific definition and prop-
erties. In section 4, a solution procedure is given to obtain a rough interval solution for
the IRFMOLP problem in section 3. In section 5, numerical example is given to clarify the
obtained results. Finally, some concluding remarks are reported in section 6.




2  Preliminaries

In this section, we introduce some notions related to the IRFMOLP problem. The following
concepts can be found in [11], [15] and [24]. Number of a-cuts, leading to a series of
dual intervals being generated. Among these intervals, the internal has two limits (i.e.
an" () and a"(c)) reflect the conservative feature of fuzzy information, while the external
ones (i.e. a5’ (c) and a3Y(c) ) correspond to the optimistic characteristics. Let FE(R)
denote the set of all compact rough fuzzy numbers on real line (R), that is, 3% € FR(R).
It is a” lower bounded membership grades consist of a membership function located inside
the other one formed by the upper bounded grades 4V, af Satisfies:

1. &% is normal
(iedz €all = {z:arl

v

a, V2 a, @ Ca¥, o € (0,1]}) such that a®(z) = 1.

Il

2. For any a € (0,1], a® [[a(a)“u,a(anU)] : [a(a)_[’,a(a)“}] is a rough interval
number on R such that [a3%, af?] C [a77, atV] :

Definition 1 Suppose that
af = [[a™(a),a*(a)) : [a~*(a),a ()],

b = [167(@), 6" (@)] : [b"(e), 6" ()]

we define
1.

ag+b; = [1a7(@) + 57(@); a*¥(@) +6*7 ()] : [a75(@) + bH(a), a*E(a) + bFE ()]
2.

af=bf = [[e7¥(@) = 0*"(), a*¥(@) = bY(@)]: [aH(e) ~ b*X(a),a*H(a) - b ()]

axbf = [la™(@) x b7 (@), a*¥(@) x 5" ()] : [a™(2) x b7(a), a*E(e) x bH(a0)]
4. The order relation ™ <" is defined by

ag <} iff a*(a) <bM(a) and o Y(a) < b Y(a).

5. Let { [[a—U(a")’aJrU(ai)] : [a_L(ai);a+L(C¥i)]]) i € I'} I is the index set and
Nie 1 a(aiel)_u > —o0, then

Ner [l (@), 0% ()] : [a™ (), ¥ (0] =

"[[/\iel a™Y(0u), Ave 1 0tV ()] [Aver a5 (0n), Aver a+L(ai)]} ,




6. let | M@"U(ai}?a,""U{az‘)} : ia"l‘((ji),(L‘{"L(Oz,‘;!}]7 P € [} [ s the index set and

Vie 1 a(aier) ™Y < +oo, then
Vier [la7 (@), a7 (e)] o (), 0t ()] =
[[Viel a (), Vie 1 a*¥ ()] : [Vier a"¥a), Vier CLH(OM)]] :

Definition 2 Let Fi(R) denote the set of all compact fuzzy numbers, that is, for any
a € Fy(R), satisfies:

1. disnormal (i.edz €ay = {z:d(x)> o, a € (0,1]}) such that a(z) =1,
2. Foranya € (0,1, aq = [aL(a),aU(a)} is closed interval number on R, ak < aV.

Suppose that, a, = [aL(a), aU(a)] , by = [[bL(a),bU(a)], we define

1. |

G+ b = [a"(2), 0% ()] + [b5(2), 07 (@) = [a*(e) + b"(ar), (@) + 0 ()], (1)
2.

ta = ba = [a%(a), 0 ()] - [p*(a), ¥ (@)] = [a"(a) = t(2), 0" (a) — b (a)], (2)
3.

Ge - ba = [a"(a),a”(a)] - [b"(), V()] = [a"(a)b" (@) A a¥(a)bE(a) A a%(a)b (o)
AdY (@)bY (@), af(a)b*(a) v a ()Y (a) v a’ ()b (a) v a¥ ()b ()], (3)
4. The order relation” <" is defined by ‘ '
[a"(), aU(a)]vS [b%(c), % (@)] if f a*() < b"(),a%(a) < b¥(a),

n

. Let {[a"(c),a ()], i € I} C R, I is the index set and Aie 10(0uer)® > —o0, then

/\a“ [aL(ai)’ aU (CYZ)] = [Aa,- aL(ai): Aai aU(ai)]r (4)

[

. Let {[a"(cw),a" ()], © € I} C R, Iis the index set and Ve ; aauer)V < oo, then
Va, [a"(as), 0% ()] = [Va,a" (1), Va,a¥ ()], (5)
Lemma 1 Let EL,.I; € Fy(R) , then for any o € (0,1], we have

(@ %b0)a = aq *bq (6)
% is any operation defined in (1)-(6).
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3  Problem formulation

Consider the rough fuzzy multiobjective linear programming problem (IRFMOLP), as in
the following form:

e Model 1 o o
IRFMOLP min (fR(DR, X®) = DR XT) (7)
IERE MR
Subject to:
MR(A, B)={z": AR XR < BR % >0}
where DR = [ J{}]kXﬂ’ AR = [ aﬁ]mxm BR = ( 5{2’ Ef)“-) Bﬁ)) XR =
(zf, 28, ..., )T and D®; AR, BR are compact rough fuzzy numbers. The above

problem can be reformulated by use the weighting method as in the following form:

Model 2 , 4
FR(AR YRy _ AR YR
IRFLP(w) i (FRCRX”) =CR X ) (8)

Subject to:

R={z?: AR xR < BR z? > 0}

where [CI7F = W]ux[Dlfyn, w € Q = {w; > 0,5 = 1,2,..,k, ¥, w; = 1},
D® = [dflixn, A" =[aflmxn, BT = (8L, bE, ..., b), X7 = (2l 28, )T
‘and C%; AP. BR are compact rough fuzzy numbers. ‘

Definition 3 The rough fuzzy vector z*F(A*R, B*R) which satisfies the conditions in
model (2), is said to be a Tough fuzzy optimal solution of mode (8) IRFLP(w) if

fR(éR, i*R) < J'ER(C”:*R, ~%R)

for each $*F € MP(AR, BR), furthermore if s*® is a rough fuzzy vector. then it is said
to be a rough fuzzy optimal solution of model 2: for any o € (0, 1] the a—level cuts of

iR, a;,R, bR, xif are rough intervals, furthermore, if z*% is a rough fuzzy vector,

then it is sazd to be a rough fuzzy optzmal solution of model 2: for any o € (0, 1] the
a—level cuts of ci®, a3f, bR, xR are rough intervals denote them by:

(6P = [[c;-*-%a),c:w(an 675 @), O H(@)]],
(@) = [ 05 (@), a5 (@],
b5 (@), b5 ()],
[ (@), 7))

[ -U *+U(

a),a; (a)

aji (o)
(65%)a = (1877 (), b5+ (e
(27%)a = ([0 (), 21+ (

i=1,2.,n j=1,2..,m

'
)
Ik

Q




Definition 4 (Rough fuzzy efficient solution) The rough fuzzy vector a;"m(/im, By
which satisfies the condition in model 1 IRFMOLP, is called o rough fuzzy efficient so-
lution of mode 1 IRFMOLP if and only if there does not exist another J:R(A*R, B*R) €
MP® such that )

fi(c"'wR’ fﬁR) < j'-i(éwR’ E*R)
for alli and fi(z®) # fi(z*R) for at least onei = 1,2, ... k

Remark 1 For any w* € Q, any rough fuzzy optimal solution of modle 2 is an rough
fuzzy efficient solution of problem modle 1

Also, for any o € (0,1] we transfer model 2 to two ‘boundary models, an upper
approximation fuzzy interval programming problem Pj and lower approximation
fuzzy interval programming problem P¥ as follows:

pU . o (FU _ AU $U
By - min, (=07 %) ©
Subject to: ST g :
MYAY,BY)={z : AY X < BY, 23>0}
SL o (FL . ALSL
Py min (f =C"X ) (10)
Subject to:

M (AY By = {z : AL X < BE, & >0}

4 Solution procedure

1. Convert model (2) to two boundary corresponding to submodels PY, PE, re-
spectively, if the objective is to be minimized, then PY is desired.

2. Convert each boundary model to two corresponding to submodels the upper and
lower approximation intervals, respectively.

3. Solve the first desired upper bounded submodel and obtain solution of z+U and
P,

4. Add constraint z+2 < 7Y to the second upper bounded submodel, solve it and
obtain solution of z+% and P;Z.

5. Add constraint 2% < ztL to the first first lower bounded submodel, solve it
and obtain solution of z=% and P; %,

6. Add constraint 7Y < 2% to the first second lower bounded submodel, solve it
and obtain solution of z=Y and P;Y.




7. Incorporate the solution of all submodel to the obtain optimal solution as fol-

lowing :

2 = [lez",w2"] : [a3

After deduce the following programming problems for a upper apprbximation interval

and lower approximation interval

Ta€ My

¥

-L 4L

o

]

Lesen

fi = U0 1Y) 2 5]

[+1

a4

min  C VX,

min CItX

[s 4

e Model 3:
1.
U :
-v 2a€ MI
2.
p-L.
L T € ML
e Model 4:
B b
+U :
P+U ' wagl}l\f};—u
2.
+L, :
i st M
e Model 5:
1.
U .
+UL Ta & M:U
2.
~ 1 .
+L T € AL?L
e Model 6:
1:
Pty min

+U
s Ca Xa




prE. min CHXx,
o€ MFF

e Model7:

1. P#Y and P7Y

min  CHX, and min  C;VX,
raM{-UAU) zaeMUHD)
2. Pl and
CiHt X, and - min  C;P X,
maehftg—ln’f‘b) Ta€ Mé"L:"‘L)
e Model 8&:
L.
P min  CIVX,
sae MEUAD)
2.
PR min ~ CYHXx,

g€ ML)

1t is clear that for any « € (0, 1] Models (3-8) are linear programming problem with rough

interval numbers solved them by simplex method .

Lemma 2 Suppose that (A) >0 (i.e a;* > 0 and aff >0) for any o € (0,1] if % € M,
then z3% € M7" and =}t € ME . Similarly, when AV > 0 and & € MY then gV e M7V
and ¥ € M}V .

Lemma 3 Suppose that (A)L < 0 (i.e az’ < 0 and af’ <0 ) for any a € (0,1] 4f

7t € MP, then o3t € ML and 7t € ML Similarly, when AV <0 and 3V € MU then
;Y € M+U and :c*U € M‘

Lemima 4 Suppose that A= < 0 and A* > 0 (i.e aj” < 0 and af* > 0 ) for any

ain(0,1] if & € M&LAL), then g}l € MEEHD | Similarly, when A~ -7 <0 and AtV <
0; &€ MU then m*U EM( U+U)




5 Basic results

In the following we shall prove some theorems which point out that a rough fuzzy optimal
solution of models PY and P may by resolved into a class of optimal solution of modules
(model 3-8)

Theorem 1 Suppose that A > 0 and CU > 0 if 3*V is upper approzimation (rough) fuzzy
optimal solution of models PY, then for any a € (0,1], we have

1
-U _ : -U U +U __ : +U U
Te = Ly mv Ca™ X To = Lye vz Ca™ X
2. ~ o~
i’ = min G X7, e = (2", n5") (11)

3. (z*)tY, (a: )Y are upper approa:z'mation (rough) optimal solution of models ( 5) (prob-
lems PrY, P7L) and (6)(problems PYJ, PTL), respectively.

Proof Suppose that #*V is upper approximation fuzzy solution of model P{U), that is,
#U e MY and (CU)T Y = Min (GY)T 2¥ (12)
Since A*Y > 0, by lemma(1), we have (z*);Y € M7V , (z*)iV € MY,
= {7 5 M} and MY = {ztV: e M}

from eqgs (1) (3), (6) and since C*V > 0, then the the first side of eqn12
Z(CH-U * U]

[(e5™Dalz)E"s (57 )alz)a"]

iy

=

—_
Q

(C*V)a(a")5HY, (C2F)(2)3Y] =

-

I
M= 5

.
Il
-

i
1=
=
£

|

<
~—
8
—~
O

=) (@)E]

w,
1l
R

I
e
N
&3

<
e
R

81
Sl
RS

.
It
—

[éf*U X*U]a (13)




From eqs (1),(3),(4),(5) and (6), then the second side of eqn(12)

(i, @7 5°) = min (€0 ),
VemyV o mUGMU
n
= min
glemyv ]Z::{

=

zYeMU j=

= min ( '—U ou (C+U) )][( J)aui (x.’i);U]>

p—

eMV \

= in, (el (")) (213

= min (n ;LU, (C}LU)a) (%‘)EU]>

= Lin, (Ca(0, min (C*).) (03 (149

From eqs (13) and (14) there followes (11), we also obtain, for any a € (0, 1]

(CH)e(X)5Y = XI?}?—U (C*)oXe (15)
(C)e(X)5™ = min , (C")aXe (16)

eqs (15) and (16) show that the part of the theorem is correct, too the proof is compleat.

Theorem 2 Suppose that AV > 0 and GV < 0 if MY c {ezV 3V € MY} and MIV.C

{2V : 3V € MY} #*U is upper approzimation (rough) fuzzy optimal solution of models By,
then for any « € (0,1], we have

1.
U _ i ~U +U : +U
" = min, Co” Xa o™ = min, Coa” Xa
i = jmin cv xv 7y = (7Y, ntY) (17)

3. otV 2*=U are upper approzimation (rough) optimal solution of models ( 5) (problems
P (@) Pif(a)) and (6) (problems P*Y(a), P*E(a)), respectively;

e




Proof Suppose that Z*V is upper approximation fuzzy optimal solution of model ]53 (prob-
lem 9 ), that is

(C*)a(=)E”, (CaF)(z)5Y] =

#VeMY and (CY)T 2* = min(CY)T 2V (18)
Since AV < 0 by lemma 1, we have (z*);Y e M7V, (2)iV e MIV, MU = {2V 3V ¢
MY} and MFY = {zFV: 2V € MY}

From eqgs (1) (3), (6) and since C¥ > 0, then the the first side of eqnl8

CRINEH BB SCLSRIEIRS

o,
Il
-

I
= ‘ﬁ:

(5™ )al=))a?, ()23

.
i
—

Il
M=

(&5 )er (™)(25)3Y, (23)2Y]

Il
Q) o,
il s
- =
P
&y
<
N
R
—
8
.
e
RQ

= [C“wU X*U}a (19)

From egs (1),(3),(4),(5) and (6), then the second side of eqn(18)

[

FVemV

min (CY)T :vU> = min ((é’U)T a:U)a

i¥eMV

= min (Zﬁj [(e5)ar (cF")ell(3)3Y, (wj)ZCU]>

= _min, é (7)), (cfY)a) (wj);”]>
= _min ([(C™)u(@), (C*)a) (2)37])
i, (Ca(@)3", min (C*)a) (2)3"] (20)

From egs (19) and (20) there followes (17), also obtain, for any a € (0, 1]

(C*)a(X*)3Y = Miny, cpr-v (CV)a X, - (21)
(C)a(XMEY = on (CNa(X)Y (22)

egs (21) and (22) show that the part of the theorem is correct, too the proof is compleat.




%’Joroﬂdiy Suppose that AV < 0, A > OV <0, and CFY > 0 et MLTTY C
{zFV . 2V e MY }, where o € (0, 1] #f ¥ 1s upper approzimation (rough) fuzzy optzmal

solution of model Py, then for any a € (0,1], z*Y is upper approzimation (rough) fuzzy
optimal solution of model 8.

Example 1 : Consider the following rough fuzzy linear programming problem:

(IRFMOLP),
IR 2R\ [ zh
(0 )2 )
Subject to :
5ROGR\ o a7 n
gr §" <‘f}3>s 5", ) >0
3R iR Z (57 Ty )

Suppose for o = 0.5 the a— Cut of the rough fuzzy numbers in the above can be write as:

L ( [[0,2] : [0.5,1.5]] [[1,3]:[1.5,2.5]] ) ( zf )
([2,4] : [2.5,3.5]] [[L,3]: [1.5,2.5]] T

subject to :

(15,7): (55,68 \ / .r ((26,28] : [26.5,27.5]]
([5,7) : [5.5,6.5]] ) ( L ) < ( ([44, 46] : [44.5, 45.5]] )
0,2 .5]] (14, 16] : [14.5, 15.5]]

X ( R ) [[wlL’me =77, m—li_U]]
[[xZ—L’m;L] : {mé—U,mg-U]] '

Convert the (I RFM OLP); linear programming problem to single objective by weighting
method f(z) = wifi +wafa, at wy =w;y = 0.5, follows:
IRFLP (w)

T3

maaé( [11,8] : [1.5,2.5)] [[1,8]: [15,2.5]] ) ( ig )

Subject to :

[(1,3] : [L5,2.5]] [[5,7]:(5:5,6.5] \ / _r ([26, 28] : [26.5, 27.5]]
[(7,9] : [7.5,8.5]] [[5,7]:[5.5,6.5)] ) ( R ) < ( [[44,46] : [44.5,45.5]] )
(l2,4] : [2.5,3.5]] [[0,2]:[0.5,1.5] /] \ * ([14,16] : [14.5, 15.5]]

fical Mtudies and Hesearch




Now, we divided a problem above to a problems upper approximation problem P¥ () and
lower approximation problem PE(«a) follows

PE(a): .
mlu ’:ETQL]
Maz ([1.5,25) [15,25] )
[1720{1; mg—aL]
Subject to :
[1.5,2.5] [5.5,6.5] Evgan] [26.5,27.5]
[7.5,8.5] 5 5, 6. 5] < | [44.5,45.5]
[2.5,3.5] 0 5,1.5] a;zof”g;za (14.5,15.5)
Py (c) :
:L'la >$1a
x ([,
o2 4|
Subject to :

( 1,3
[7,9
2,4

Since CY >0, AY >0 and o = 0.5 of PY(a), then the PY(c) problem corresponds to the
following model in the model 6 P*J as:

' ay
Pty max ( 3 3)

)

| 57 [ |owadd] (26,28
] [5,7] ) < ( 44, 46] )
] [0,2) Ergtrnd 14, 16]

+U
Zog

15 2 26
75 <| 4 |
20 3V 14

Follows the upper approximation (rough) solution of problem P*Y U a;m =3, a:ij’a = 4.6,

Smce Ct >0, AL > 0 and o = 0.5 of P*{ (), then the PF(a) problem with add constraints
1l < 3 and 2§ < 4.6 corresponds to the following model in the (model 6) P*} as

o
Ptk max ( 25 2.5 )

+L
Loy

Subject to :




Subject to

1.5 5.5 26.5
75 5.5 ok 44.5
2.5 0.5 < | 145
1 0 r3k 3
0 1 4.6

follows the lower approximation (rough) solution z}.2 = 3, zff = 4.
Now, from the PF(c) problem, we have C* > 0 and A% > 0, then P¥(a) with add z7X < 3
and 737 < 4 corresponds to the following model in the model 5 P % as:

Tia
P max(15 15)

Tra
Subject to : ‘
2.5 6.5\ 27.5
85 6.5 ok 45.5
3.5 1.5 ) <| 155
1 0 Tk 3
0 1 4

follows the lower approximation (rough) solution z7.* = 3, 35X = 3.076
Now, from the (P7(c)) problem, we have C > 0 and A > 0, then a problem PY(a) with
add 27V < 3 and 25V < 3.076 corresponds to the following in model 5 P;g W as:

| el
P;g max(l 1)( _U)

Toq
Subject to :
37 28
9 7 T 46
4 2 ( ) <| 16
10 v 3
01 3.076

follows the upper approximation (rough) solution z7’ = 2.54, z3;7 = 2.90. then for
wy = wp = 0.5 and for « = 0.5 the rough fuzzy optimal solution of RF'LP,(w) is

o = (zf, =) = [[2.5,3) : [3, 3]], [[2.9, 4.6] : [3.076, 4]]
with rough fuzzy objective value is

FR = [[5.44,22.8] : [9,11,17.5]]




Example 2
LAY e
min = P
( 2" 3f ) R
( _3R _3R ( zf ) _JR
4 2 < -
zf

Suppose for ¢ = 0.5 the a— Cut of the rough fuzzy linear multiob jective problem are as:

IRFMOLP, R
min ( (3,5] : [3.5,4.5]] [[1,3] :[1.5,2.5]] ) x3
[1,3]: [15,25] [12.4):(25,35] ) | p

2

Subject to :

subject to :
( [—[1,3] : —[1.5,2.5]] [—[3,4] : —[2.5,3.5]] zf’ 7 [—[3,5] : —[3.5,4.5]]
[-2.4]: ~[25,35] [~[1,3]: ~(15,25] )| , | S\ [-[24:-[2535]
Subject to
P [ler”, 21" : 277, 1Y)
( xg ) 5 ~L 4L U +U]]

[[132 Lo ]:[372 y To

Convert the IRFMOLP, to single objective by weighting method f () = w fitwafa, at wy =
wqe = 0.5, , follows: :
IRFLP,(w)

min ( [[2,4] : [2.5,3.5] [[1.5,3.5]:[2,3]])( 1)

Subject to : ‘
<[—[1,31:—[1.5,2.5H {—[3,4}:——[2-5,3-5]1) o <([—[3,51:—[3.5,4.5H>
(~[2,4] : —[2.5,3.5]] [=[1,3]: —=[L.5,2.5]] 2 ) [~[2,4] : —[2.5,3.5]]

Now, we divided a problem above to a problems upper approximation problem PY(a) and
lower approximation problem Pf () follows

~L +L
[a’la 1 1o ]

Pl () min ( [25,3.5] (2,3] )
|22, 23]




bubject to .

~L +L
{mla 1 Lo ]

—[1.5,2.5] —[2.5,3.5] ~1[3.5,4.5
( —1[2.5,3.5] -—[LS,Zﬁ]) 032 1] < < _%25,35%>
$1aU> :Ei’-o(tj]
PY(c) min ( [2,4] [1.5,3.5] ) -
Subject to :
~1,3 -[24) it —[3,5)
( - [2)4] - [173] > [ZEQ_U w-Z{ﬂU] < < - [2)4] )

Since CV > 0, AV <0 and a = 0.5 of PY(a), then the PY () problem corresponds to the
following (in model 6) P1 as

zty
P*Y  min(4 35)|

' ’+U
(ol ea)
2 -1 S\ 2 )
- Follows the upper approximation (rough) solutiorrof problem P*Y zV = 0.333, (E+U

1. 333 since, CL > 0 and AL < 0 of PE(«), then the Pf(ar) problem w1th add constraints
o3l < 0.333 and 73> < 1.333 corresponds to the following in model 6 Pt

o . ol
Pt mm(353) .

subject to :

Tog
subject to :
-1.5 —-2.5 oy -3.5
—-2.5 =15 Lo < —2.5
1 0 ( +r ) — | 0333
o 1 2a 1.333

have the lower approximation (rough) solution of problem Pl atl =025, zff =125
Now, from the PE(c) problem, we have C% > 0 and AY < 0, then PL( ) with add




Tl < 0.25 and z50 < 1.25 corresponds to the following (in model 5) Pr[ as:

-
Tia
L in( 2.5 2
i mn(as o)
Lo
subject to :
25 =35\ , s —45
-3.5 —2.5 la < -3.5
1 0 L 151 025
0o 1 T2a 1.25
follows the lower approximation (rough) solution of problem P;f z3l = 0.1667, =5y =
1.1667

Now, from the PY(c) problem, we have C¥ > 0 and A* > 0, then a problem Pf() with
add z7¥ < 0.1667 and z;37 < 1.1667 corresponds to the following (in model 5) P 7 as:

~U
Tia
A in( 2 1.5
vy min ) v
Loq
Subject to : .
-3 —4 £=U )
—4 -3 la i —4
10 U | 0.1667
0 1 i 1.1667
Follows the upper approximation (rough) solution of problem P} Uil =0.1429, ;7 =

1.1429, then for wy = wy = 0.5 and @ = 0.5 the rough fuzzy optimal solution of 1 RFELP(w)
is ' :

? = (mf,mg) = {[0.1429,0.333) : [0.1667,0.25]], [[1.1429,1.333] : [1.1667, 1.25]]
with rough fuzzy objective value is

R ={([2,6] : [2.750,4.625]]

6 Conclusion

In this paper, we have obtained an the efficient solutions of multi-objective linear pro-
gramming problem with inexact rough interval fuzzy coeflicients in both objective and
constraints. The problem IRFMOLP is transformed into the single objective linear pro-
gramming problem with an inexact rough interval fuzzy coefficients by using the weighting
method IRFLP(w). The new arithmetic operations based convert each an inexact rough
fuzzy problem to two problems corresponding to the upper and lower approximation fuzzy
set, respectively. Solve all the problems and incorporate the solution of all problems to the
obtain optimal solution as follows rough interval.
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Abstract

A new method namely, separation method [15], we apply this concept for
rough interval based on upper upper interval (UUIT), upper lower inter-
val (ULIT),lower upper interval (LUIT) and lower lower interval (LLIT),
are proposed On Solving of Rough Interval Multi-objective Transportation
Problems (RITP) where transportation cost, supply and demand are rough
intervals. The separation method can be served as an important tool for the
decision makers when they are handling various types of logistic problems
- having rough interval parameters of transportation problems. The solutions
of four problems (UUIT, ULIT. LUIT, LLIT) constrict to the rough solution
set of our (RITP) and also the optimal transportation cost. The solution
procedure is illustrated with a numerical example.

Keywords

Rough Interval Transportation problem, Multi-objective transportation prob-
lems, efficient solution, Weighting method .




1 Introduction

The theory of rough sets proposed by Pawlak [16] can be regarded as an ef-
fective mathematical vehicle for dealing with imprecise and ambiguous data
analyses, which can be subsequently applied to pattern recognition, ma-
chine learning, and knowledge discovery [1, 2, 4]. The equivalence relation
is a key notion in Pawlaks rough set model. All equivalence classes form a
partition of a universe of discourse. Using equivalence classes, an arbitrary
subset can be approximated by two subsets called the lower approximation
and the upper approximation. However, the equivalence relation is a strin-
gent condition that may limit the applications of rough sets in practical
problems. Hence, various extensions of Pawlaks rough set were developed
from an equivalence relation into a more general mathematical concept,
e.g., binary relations [2], neighborhood systems and Boolean algebras [20];
and coverings of the universe of discourse [21]. Moreover, generalizations
of rough sets to the fuzzy environment have become a rapidly progressing
research area receiving much attention in recent years.

Dubois and Prade [7] first proposed the notions of rough fuzzy sets and fuzzy
rough sets. Subsequently, various definitions of fuzzy rough sets with refer-
ence to different fuzzy logical operators and binary relations have been pre-
sented in the literature [9]. Through constructive and axiomatic approaches,
Wu and Zhang [19] generalized fuzzy rough set models by an arbitrary fuzzy
relation and presented a systematic study on the four fuzzy rough approx-
imation operators. Also they studied the transportation various efficient
methods were developed for solving transportation problems with the as-
sumption of precise source, destination parameter, and the penalty factors.
In real life problems, these conditions may not be satisfied always.

To deal with inexact coeflicients in transportation problems, many researchers
[3-6, 11-14, 18] have proposed Rough interval programming techniques for
solving them. Das et al. [6] proposed a method, called fuzzy technique to
solve interval transportation problem by considering the right bound and
the midpoint of the 1820 P. Pandian and G. Natarajan interval. Sengupta
and Pal [18] proposed a new fuzzy orientated method to solve interval trans-
portation problems by considering the midpoint and width of the interval




in the objective function.

In this paper, we propose a new method namely, separation method to find
an efficient solution for transportation problems where transportation cost,
supply and demand are rough intervals. The proposed method is based lower
lower interval, upper lower interval, lower upper interval and uppér upper
interval [9]. The new method can be served as an important tool for the
decision makers when they are handling various types of logistic problems
having rough interval parameters. The solutions of four problems (UUIT,
ULIT. LUIT, LLIT) constrict to the rough solution set of our (RITP) and

also the optimal transportation cost. The solution procedure is illustrated
with a numerical example.

2 Preliminaries

In this section, we introduce some notions related to the considered prob-
lems. the following concepts can be found in [10], that is a®® and b7 .
are the rough interval following as : aff = [[a"U ,atl] [a“L,+L]] is a rough
interval such that [a=%,a*f] C [a7Y,a*Y) :

Definition 1
Let RE denote a set of rough intervals. A rough interval A is tuple of rough

intervals, and a rough interval matric Af} a matriz of rough interval whose
element are rough intervals:

AR — {af{ = [[a;U,a,?‘U] : [ai—L, a’-‘}—LH . Vi, AR ¢ RE(xn)
AR ={af = [[07”, 0] : a5, af"]] . Vi,5}, AR € RE™™

Definition 2
Suppose that

" = [0 ) ok et bR = [
, we define
1 af+bR= [[aV +b7U, at¥ +6%0]: [a~F + b7 atd 4 bV

2. af —bl= [[a7V —btV, a*V ~b7U]: [a=L — b+ 0t — b“L]]

Trpversiy-rnsiituie of Hiabishonl Bluaies aad Hesenroh



g afx bt = a7V x b7Y]: [atV x b*U] @ f x b7 [ath x b+

Definition 3
The order relation < for a rough interval a® and bR is defined by
ch <blt iff att <btl gnd o U < pU

Definition 4
{ [[a;U,a;*U] ; [a[L,a,”’]] , €1} 1 isthe index set, then

1.
et ([ai%,af %] (a7 ", af M) = [[Aver 077, Aie 1 6fY) ¢ [Mier a7, Ave a]

if Nieraier> 0

Vier [[ai",af"] : 07, 0 1]] = [Vier 077, Vie 1 Y] : Vier a5 Vier oY)
if Vieraer> 0

3  Problem formulation

Consider the following rough interval multi objective transportation problem
(RIMTP):

Min(Z%) = 55 SIGEY (@) (G5 () o8 r=1,2, .0k

i=1j=1
such that
> off = (10,1 oot i=1,2,0m (1)
;zfj = (1677, 557 (o5, b5 71,5 = 1,2, ...om (2)
i[[ U, atV] s ot o) = ﬁ”:lub;ff,b;’f}:[b;%bﬁn, (3)
i=1 =




thy B e . . oy . o L . R e ey v e &

N g 4y it g LE o agy 3 . v S day § g & e Fi e 1 P %y e T ey d s ooy gu EF \ Y omesn be % D Y 5 138 &
£ % 85383 § vt rieg iy snFafinfioon § ygvrgsertioy RO TIO0N il LA ety [ ENASE AN R 4 . “ F A0 L85 % 4
e Yy AR E R R R R A R [S21NNA 41 R E 2 S LNCINE WA ER R SRR N RARTERLL AR NPPIOE A BRSOV OH L4 500 L4

o5 250] s [zt 2] = 0 (4)

ij g ij 1Ly
i = 1,2,..,m and j = 1,2,..,n, are integers. where (Z%)" =
(2 oy, (Zw) I 1(Z5h), (Z“) 1l llei”, 571+ legts efil) > 0, [lag¥, Y] -
la ‘]L, al]] > 0 and {[b{JU,b”‘"U] [b;;%,b5]] > 0 are positive for all i and j .

Deﬁnition 5 (Rough interval efficient solution)

The rough interval vector z*& which satisfies the condition in (RIMTP) 1
,2, 8 and 4 1is called a rough interval eﬁ’iczent solution of (RIMTP) if and
only if there does not exist another % such that

(27 (z) < (2% (z*)
for allr and (Z®)(z) # (ZR)"(z*) for at least oner = 1,2, ... k.

Problem RIMTP will be treated using the weighting method (i.e by con-
sidering the following problem with scalar objective RI TP(w), as in the
following: )

m-n

RITP(w) MinZ{ = T_Zl 1—21321 well(e57)", () (e, ()] f
such that

Jémg =[[a;% a}"]: [a7T,afY])), i= 1,2,...,m (5)

gmg 677,659 (55 625, 5 =1,2,.0m .

Sl at) ot = ST b )

(257, 287) = [255%, 2571) > 0 (8)

it = 1L,2,..,mand j = 1,2,..,n and are integer Q@ = {w, > 0, r =

1.k, Tk w =1}
where [[c;;V, cfV] - [ci;%, i) > o, la5¥, "] : 05", o] > 0 and (1657, 571 -

b5, bj]] = 0 are positive for all i and j.




Definition 6

For gwen w* € 1, the set [[:LZ‘]U,Q:?;U] zgtaiE)), for all 4 =
L,2,.,m and j = 1,2,..,n is said to be a rough feasible solution of
(RITP(w*)) if they satisfy the equations 5, 6, 7 and 8.

Definition 7
For given w* € §) a feasible solution x*]R, for all i=1,2,..,m and j=

1,2,...,n of the problem (RIT P(w*)) is said to be an rough optimal solution
(RITP(w*)) if

of
335 Stllen”, e et ()" < 35 5 S utlleg? ) et

fori=1,2,..,mand j = 1,2,...,n and for all feasible [[z
fori =1,2,..,mandj=12..n

Now, we prove the following theorem illustrates the relation between optimal
solutions of a fully rough interval transportation problem and upper upper
interval, upper lower interval, lower lower interval and lower upper interval of
induced transportation problems and also, is used in the proposed method.

7afl] et et

Theorem 1 The rough optimal solution of the problem (RITP(w*)) can be
characterized by the solution of the following models:

® MOdelll
' Ic m n
(UUITP(w*): MinZ! = 3 Z Zw;‘ ctlatl
: r=14=17=1 :
subject to
m
ZIQT;EU:O’;FU; i=1,2,.,m (9)
]:
Zx;;U_b;-U’J :172’7 n (10)
i=1
n m
> afl =3 b (11)
1=1 ]=1
ziV >0 (12)




v =1,2,.,m and 37 = 1,2,..,n and are integers and the set
(z} ) U for alli and j is an optimal solution of the upper upper bounded
tmnsportatzon problem (UUITP(w*)) of (RITP(w*)) where

e Model 2

k m n
(ULITP(w"):  MinZjb =3 3 5 wi_jchtaftt
r=11=1j=1
subject to
m
Saft=aft, i=1,2,..,m (13) -
J=1
. .
}jlz;;L =o't i=1,2,..,n (14)
=
L L |
>0 (16)

1=1,2,...,m and J=12,..,n and are integers
and the set (z} ) for all i and j is an optimal solution of the upper

lower bounded tmnsportatzon problem (ULITP) of (RITP) provided.
it < :c+U for all 1,7 where

e Model 3
k-m n
(LLITP(wY): MinZ;" = Zl 21 lerﬁlc” Let
r=1i=1j=
subject to
m .
Szt =af, i=1,2,..,m (17)
j=1
;:n;f =b;"7=12.,n (18)
n m
>a;t =3 b (19)
i=1 j=1
z;" >0 (20)

peration Wesearch L2250 hee JUid




1= 1,2,. and j = 1,2,..,n and are integers and the set
(zp;) " for all v and j 15 an optzmal solutwn of the lower lower bounded
transportation problem (LLITP) of (RITP) provided z;;* < zit for
all 1, 7 where

e Model 4
k m n
(LUITP(w")) : ]V[z'nZz;U = }:l Zl le* 1c;JU:E{jU
r=11i=] j=
subject to
ool =a7Y, =123 (21)
7=1
doay =b,0=1,23,4 (22)
=3 b7 (23)
i=1 j=1
75 20 (24)

i=1,2,..,m and 7=1,2,...,n and are integers

and the set :c{jU, for all i and j is an optimal solution of the lower upper
bounded transportation problem (LUITP(w*)) of (RITP(w*)) .

proof: ‘ :
Let for w* € Q { [[z57,z"] : (=%, =")] , for all i and j } be a rough
feasible solutlon of the problem (RI TP(w ))

Therefore, { z}i” , for alliand j }, { zf;* , for all i and j }, { ;" , for all
1 and j } and { T;; U , for all 4 and j } are feasxble solutions of the problems
(UUITP(w*)), (ULITP( ), (LLITP(w )) and (LUITP(w*)).

Now, since { (:z:;*j)+U, for all ¢ and j }, { (z} ) ,foralldand j }, { (z)” -k
, for all 4 and j } and { (zf;)” ~U for all 4 and j } are optimal solutions of

(UUITP(w*)), (ULITP(w"), (LLITP(w*)) and (LUITP(w")), we have

r=11i=1j=1 r=11i=1j=1

m n k m n
ZZw:c;“jU( ) SZZZw;‘C;;U:E;SUz—12 samandj=1,2,..,n

.
ol
o




komo on . )
>0 'w;‘c:}[“@fj)“ <> 2.2 fcj}L;t;;Lz' =1,2,...,mandj=12,...,n

S

and (z2 )" < (@ )"Yi=1,2 ... . mand j=1,2,...n

M
NgE!
WE
E
Q*
S0
&
B
~
h
IA
Ma—
M3
M=
g

:ci"ij[jLz':l 2,..,mandj=12 ..,n

b B UpiU o B & . U U :
ZZZwrcij (z3;)7" < ZZZwrcij T 1=12,..,mandj=1,2,..,n

koo 2 * U *_Ukmn ¥ +U ¢ x\+U k w ¥ ~L¢ x\—L
[[T;;J};lwr% (=) ;;;wcg (z55) "] [gg};quj (z3)",
komn kom 'n kim . 'n
IDID I €Ml | ES (DDD DD SR SED B B DIl g
r=11i=1 j=1 r=li=1j=1 r=1i=1j=1
k -m n *‘-L_Lkmn e +L 4L
(202 2 wici e, 30 30 3 wich el
r=11i=1j=1 r=1i=1j=1
That is,
—U U . (=L 4L : UL . &
TZ“ZUZ w [[ ’L] ) z]] [cm 76;3 ” (xij)R < 1‘5—:1 Zl Z:lw:{[cijU’Cg] : [CijLic;Z;L” 335
= = =)= J=

Now, since, { (=} )+U for all 4 and j }, { (=3 gt for all 4 and j }, {

(a:”) , for all ¢ and j } and { (z} ) , for all i and j } satisfies 9 to
24 and [:z:“U zi’] C [z, =] for all i and j we can conclude that the set
[[(z5)7Y, (a:ﬂ)”LU] [(z3)7F, (23;)*]] for all i and j is a feasible solution of
(RITP(w*)).

Thus, the set of rough intervals [[(z%,)7Y, (z3,)*Y] : [(z3) 7%, (%) *1]] for all
i and j is an rough optimal solution of the problem (RITP(w*)). Hence the
theorem.




4  Separation method

We, now introduce a new algorithm namely based on separation method [15]
for finding an optimal solution for a rough interval transportation problem.
The separation method proceeds as follows.

1. Consider the rough interval multi objective transportation problem
(RITR) and given its secularization weighting problem (RIMTP).

2. Construct the (UUITP(w*)) of the given (RIT P(w*)).

3. Solve the (UUITP(w*)) using the simplex method. Let (z;)*Y, for all
i and j, an optimal solution of the (UUIT P(w*).

4. Construct the ULITP(w*) of the given (RIT P(w*)).

5. Solve the (ULIT P(w*)) with the upper bound constraints z; L < (z;

using the simplex method . Let (7} )+L for all 4 and j be the optimal
solution of (ULIT P(w*)).

6. Construct the (LLITP(w*)) of the given (RITP(w*)).

7. Solve the LLIT P(w*) with the upper bound constraints z;; L < (a )+L

using the simplex method . Let (z};)~ ~L  for all 4 and j be the optlmal
solution of (LLITP(w?*)).

8. Construct the (LUIT P(w*)) of the given (RITP(w*)).

e

9. Solve the (LUITP(w*)) with the upper bound constraints a;JU <
(z3)~" using the simplex method. Let (z};)~V , for all ¢ and j be
the optimal solution of (ULIT P(w*)).

10. The optimal solution of the given (RITP(w*)) is
2 = [[(z})7Y, (a5) "7+ [(=5) 77, () )
and ()", (25;)**] C [(=;)7Y, (2f;) V] for all i and j .
PR=1E U )
and  [(f5)7F (F)1 S [(£) 7Y, (f) 7] for all é and j .

25 ari Hesearch
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"The proposed algorithm is illustrated by the following example.
Example 1

3 4 3
MinZ® = (Z > ooy, Y% ng%f;)

such that

1=
m R n
> a; =Zb§z and xﬁZO

i=1 7=1

assume that the rough interval characterized as:

1. Rough interval coefficients (the first one C''%)
1

[10,3): [1,2]]  [[0,4] : [1,3]] [[4,10] : [5,9]] [(3,9] : [4,8]]
C¥ = | [0,3]:[1,2] [6,11]:(7,10] [[1,7]:[2,6]] [[2,6]:(3,5]]
((6,20] : [7,9))- [[6,12]: [7,11]] [[2,6]:(3,5]] [[4,8]:][5,7]]

(the second one C?F)

[[2,5]: 3,4))  [(2,6]:3,5] [[6,12]:[7,11]] [[5,11]: [6,10]]
Cor= | [12,5]:[3,4]] [[8,13]:(9,12]] [(3,9]:[4,8)] [[4,8]:[5,7]
[[8,12] : [9,11]] [(8,14]: [9,13]] [(4,8]:[5,7]] [6,10]: [7,9]]

2 Supplies

a1 = [[6,10] : [7,9]], ay=[[16,22]:[17,21]], a3 = [[15, 19] : [16, 18]]
3. Demand

bi=([9,13] : [10,12]], by =[[1,5]: [2,4]], bs = [[12,16]: [13, 15]],
by = [[15,17] : [15,17]]




Then the Problem RIT'FP(w) takes the form

3 4
RITP(w) MmZW—wlch —\—wQZZcm R ZZC :E

i=1j= i=1j= 1j=1
such that )
Szl =af, i=1,2,3
j=1
3
Sz =bF, i=1,2,3,4
i=1

At (w},w) = (0.5,0.5), then the coefficient matrices C*# = w; C1# 4wy C**
| [(1,4] : [2,3]]  [[1,8]: [2,4]] ([[5,11]:[6,10]] [[4,10]: [5,9]]
cf= | [,4:023] [7,12]:[8,11] [[2,8]:(3,7] [[3,7]:[4,6]
(7,11] : [8,100] [[7,13]:[8,12]] [(3,7):[4,6]] [5,9]:[6,8])
ar = [[6,10]: [7,9]], a2 = [[16,22] : (17,21]], as = [[15,19] : [16,18]]
b1 = [[9,13] : [10,12]}, by = [[1,5] : [2,4]], bs=[[12,16]: [13,15]],
by = [[15,17] : [15,17])
Now, we consider the following variables ||

and j corresponding to the given RITP.
Now, the UURITP of the RITP is given below.

277, atV] : ot o) for all i

Supply

4 1511110 10
4 (12|18 | 7 22
111131719 19
Demand { 13| 5 |16 | 17 51

Now, the optimal solution to the UURITP is
(z3)T =5, (z1p)*V =5, (zi"" =0, (z})™ =0

=3, =0, (23)77 = 14

(z%1) (z32) ($;3)+U =0,




<I§l>+U = O) (m§2>+U - O> (I§3>+U e 16, <I§4)+U = 3

Now, the ULRITP of the RITP with the bounded constraints is given

below.
Supply
3141(10]9 9
3111|716 21
101121 6 | 8 18
Demand [ 12| 4 | 15| 17| 438

and also, m”’ < a:j;U, 1=1,2,...,mand 7 =1,2,...,n and are integers.

($11)+L =9, ($§2)+L =4, (${3)+L =0, ($§4)+L = 0
(5’331)+L =17, (a5)*" =0, (z33)*" =0, ($34)+L =14
(@) E =0, (si)*r =0, (z5)"L=15, (z3)*F =3

Now, the LLRITP of the RITP with the bounded constraints is given

below.
Supply
2121615 7
2181 3|4 17
8 {81416 16
Demand {102 |13 |15} 40

and also cc”[’ < cc” , 1=1,2,...,mand 7 =1,2,...,n and are integers.
(z}) " =5, ($T2)_ =2, (e)7F =0, (z})F=0
(z51)” =5, (3332)4; =0, ($§3)_L =0, (9334)4’ =12
0

($31) = ) (x§2)—L = 07 (CEEB)_L = 13’ ($§4)~L =3
Now, the LURITP of the RITP with the bounded constraints is given below.

Supply
11154 6
117123 16
7171315 15
Demand |9 1]12]15 37
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and also, xZJU < CUUL) 1= 1,2,...,mand j = 1,2,...,n and are integers.
Now, the optimal solution to the LU RT P with bounded constraints is

@)V =5, (z1)Y =1, (zi5 V=0, (z},)Y=0

(CE‘31>—U =4, (17;2)_[] =0, (ZE;S)_U =0, (33;4)_(] =12
(25)77 =0, (z3)7Y =0, (235" =12, (at)"Y =3
Thus, an optimal solution to the RITP is
zii = (([5,5) : [5,5]], [[1,5] : [2,4]], [[0,0] : [0,0]], [[0,0] : [0,0)])

w3t = (4,8 : [5, 7], [[0,0] : [0,0]], [[0,0]: [0,0]], [(12,14] : [12,14]})
z5 = ([[0,0] - (0,0}, [[0,0] : [0,0]], [[12, 16] : [13,15]], [[3,3] : [3,3}})

i=1,2,3,4
and also, the minimum transportation cost is .

(=17 M U5 () = (97, 314) : (142, 250]

5 Conclusion

The separation method provides an optimal value of the objective function
for the rough interval transportation problem. This method is a systematic
procedure, both easy to understand and to apply . The proposed method
provides more options and can be served an important tool for the decision
makers when they are handling various types of loglstlc problems having
rough interval parameters. .
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On the Complete Stability Set of the First Kind for Parametric
Multi- Objective Linear Programming Problems

(Parameters in the Objective Functions)

Mohamed S. A. Osman”, Alia Youssef Gebreel

Abstract

This paper uses parametric study for providing essential
information about the problem's behavior to the decision maker. Two
algorithms are presented in this work. The first algorithm is obtained to
find the complete stability set of the first kind for parametric multi-
objective linear programming problems. It is based on the weighting
methoa fur scalarizing tlf)multi— objective linear programming problems
and Kuhn- Tucker conditions for mathematical programming in general.

The second algorithm presents a technique to decompose of the
parametric space in parametric linear programming problem according to
the enmnlete stability set of the first kind.

Two numerical examples are introduced to clarify the obtained results.

Key words: Multi- objective linear pfogramming, efficient solution,
solvability set, stability set of the first kind, and multicriteria simplex
method.

1- Introduction

In early work, the notions of the solvability set and the stability of

the first kind are analyzed for parametric convex programming problems
6, 8]. |

The relation to the importance of the results in multi- objective convex
programming problems can be seen by the fundamental role which
parametric techniques play in multi- objective programming,

In this paper, the basic concepts are defined and analyzed quantitatively
for parametric multi- objective linear programming problems.

*' Prof. Dr. Vice President of the Tenth of Ramadan University, Egypt,
2 Candidate of Ph.D. in Department of Operations Research (ISSR), Cairo
University, Cairo, Egypt.
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Also, the connectedness nature of the efficient extreme sclutions of such
problems is utilized together with the fruitful relation that the Kuhn-
Tucker conditions play in solving such problems.

This paper is structured as follows: the parametric multi- objective
linear programming problem is introduced in the second section. The
third section covers the definitions with characterization of the basic
notions of solvability, stability set of the first kind, and the complete
stability set of the first kind for such problems. Also, an algorithm for
determining the complete stability set of the first kind for a given
parameter is presented. The fourth section is devoted to present an
algorithm for decomposing parametric space according to the complete
stability set of the first kind. Two examples are given which clarify the
developed theory.and algorithms. Finally, conclusion is reported in the
fifth section.

2- Parametric multi- objective linear programming problem

Consider the following parametric multi-objective linear programming
(MOL) problem with parameters in the objective functions:

MOL):
M FG, X) = (21" Coy (M) X5, 2" Coj (M) X5y vy Timt™ Cig (M) X5),

Subject to :
G={Xe R" | ijln 3 X < b;,i=1,2,..., m}
Where:
Gy (M), 1=1,2, ...k, j=1, 2, ...., n are continuous functions in A,
1

A eRY i=1, 2, ..., k are real valued parameters,
p

A= (e M) €R QRE R, @RY

It must be noted that the nonnegativity constraints Xj20,j=1,2,....,nare
included in the feasible region "G".

Using the weighting method to solve (MOL) problem, we get the

following single objective parametric linear. programming problem
"P(W)" as follows:

P(W): Min Yt ¥ wi ¢y (M) X,
Subject to
G={XeR"| 2" %< b, x,20,i=1,2, ..., m,
=L,2,...,n}[7],




It is well known [3, 5] that; if X is an efficient solution of (MOL) for A=
X, then there exists W > 0, such that X solves P(W) for A =2, and ifX
solves P(W) uniquely for A =X, W> 0, or if X solves P(W) for A =],
W > 0 then X is an efficient solution of (MOL) for A = A,

Moreover, if we take A = A, then all the efficient solutions of (MOL)
could be generated from P(W) by taking only positive values of W.

3- The complete stability set of the first kind

For the parametric multi- objective linear programming problem, the
following basic notions can be defined:

Definition (The solvability set)

The solvability set of problem (MOL) which is denoted by B, is defined
by: B={\e¢ R @ RD @ o @ Rl | there exists an efficient
solution of problem (MOL) for the given A}.

It is clear that if G is bounded then B = R11 @ R12 ® R @ le

Definition (The stability set of the ﬁrst kind)

Assume that for 7: € B, X is an efficient solution of problem (MOL)
corresponding to A, then_the stability set of the first kind of problem
(MOL) corresponding to X which is denoted by S( X)) is defined by:

| SX) ={ A € B | X is an efficient solution of the problem (MOL)

corresponding to A}.
Definition (The complete stability set of the first kind)

Assume that for A € B, all the corresponding efficient solutions of the
problem (MOL) are the points X;, i € L, then the_complete stability set of
the first kind of problem (MOL) denoted by S (A) is defined by:

Sc(d) =QELIS(Xi)-

It must be noted that the efficient solutions of problem (MOL) for
any A € B is connected [1, 9], then Sc( A) can be obtained by:

SC(A)=QELS(Xi)’

]



. B

Where L is a finite set, X, i= I, 2, ..., L are the efficient extreme
solutions of (MOL) corresponding to A = A,

Assume that X is an efficient solution of problem (MOL) for A € B, and
= { 1 ’ Zj:;n djj Xj= bi; i:l, 2, cevy m}

Le., i denote the set of all indices corresponding to the active constraints
of G at X, with cardinality r.

Then the corresponding Kuhn- Tucker (K.T.) conditions [2, 4] of the
P(W) for X € B takes the form:

Tiet wi ey (Ag) + 2 ajui=0, j=1,2,....,n,
_ el K.T. problem
u; > O, 1€ I, '

where

ui,iel are the corresponding multipliers of the K.T. problem.

The equations in K.T. problem is a linear system of equations in the
multipliers u;, i € I which could be solved by any suitable technique from
which either one of the following three cases can arise assuming the
linear independence of the equations:

1) r=n

In this case u; , i € I could be obtained from the equations in K.T.
problem, substituting in u; > 0, we get r conditions on Wi, A, 1=1,
2, ...,k

2) r<n

In this case, we use r of the n equations to get u;, i € I and
substituting in the rest of the equations and in the inequalities
u; > 0, we get n conditions on wi, A, i=1,2, ..., k.

3) r>n

In this case, n of multipliers u;, i € I are obtained from the -
equations, and substituting in the inequalities u; > 0, i € I we get r
conditions on w;, A;, i= 1, 2,...,k

Let A(X) = {(W, MeRxB | (W, X) solves K.T. problem}, then the
stability set of the first kind S( X ) can be obtained by: |
S(X)={AeB|(W, 1) e A(X)),




In the following, the algorithm ALg.(l) is presented to obtain the
complete stability set of the first kind of problem (MOL) for a given
A€ B.

ALg. (D)

1. Start with any X € B.

2. Solve problem (MOL) for A = X using the multicriteria simplex
method [9] to get all the efficient extreme points of the problem
"X",1eL.

3. Puti=1, get I, such that
L= {1 |2-" ayx;=byi=1,2,...., m}.

4. Solve K.T. problem to get A(X;) from which we obtain S(X,).
5. Go to step (3) and put i= 2, repeat step (4) to get the set S(X).

6. The process is repeated till all the efficient extreme points Xj, i e L
are exhausted.

7. The complete stability set of the first kind is obtained from the
relation:

Sc(X) =N S(X).
1€l

Example 1:

Let us consider the following bicriterion parametric linear programming
problem with two parameters A, A, in the first objective function f; and
one parameter A; in the second objective function f,. A, M, M eR.
Min F = (f; =\ X1+ A, x,, H=-3x+tAx),
Subject to
G= {XeR* x+x,<4,
x1+2x, <6,
-X1 =0,
- X, <0},

Since G is bounded then B = R?. If we take )\ = (A, A2, A3) =(1, 1, 1), the
problem will have two efficient extreme solutions X, = 0,0), X, =(4, 0),

(see Fig. (1)). '




1o

©.3 (2, 2) 3,3

G

s £

Xy
©, 0 4,0 0, 0

FG) Na@, -4

Decision space

4, -12)

Objective space

Fig. (1) G and F(G) when (A4, A, A3) = (1, 1, 1).
(1) For X, =(0,0)
It is clear that I( X;) = {3, 4}.

The Kuhn- Tucker condmons at X, for the corresponding weighting
problem take the form:

w7\.l—3(1—-w)-u3 =O,
sz + (I—W) }\.3'—114 = 0, '
u; = O,
Uy > 0.
From which, we get: '
AX) ={(w, ) e R*| w(h+3) >3, wls - 1) <As, 0 <w < 1}.
Therefore,
S(X0)={1eR’| (W, L) e A(Xy)}.

(2) For X, =(4,0)
It is clear that I(X,) = {1, 4}.
The Kuhn- Tucker conditions at x, for the corresponding weighting

problem take the form:

le—3(1—W)+ U1=0,
WM+(1—W))\.3+UI—'U4=O,

From which, we get:
A(Xa) ={(w, M) e R*| w(l +3) < 3, w(3+x1-xq+x3)< A +3,
0<w<1}.




{heretore,

S(Xy)={AeR’|(w,\) e A(Xy) }.

The complete stability set of the first kind for the given problem for
A=(1,1, 1)isgivenas Sc (1, 1, 1) = S(X;) N S(Xy).

4- Decomposition of the parametric space

[t is clear that the parametric space is of dimension Z;=|k A, the solvability
set B which is a subset of this space could be decomposed according to
the complete stability sets of first kind as well be clear from the following
algorithm which is denoted to ALg. (II):

ALg. (ID)
1. Start with any A, € B.
2. Use ALg. (I) to get Sc (\)).
3. Choose A; € B - Sc (A1), and use ALg. (1) to get Sc (Ay).
4. The process is repeated by taking A, € B - Sc (\), i=1,2,...., 1
5. The algorithm is terminated when B - S¢ (A,) = ¢.

It must be noted that, the complexity of determining the complete
stability set of the first kind depends mainly on the structure of Cy(}y),
i=1,2,...,kandj=1,2, .....,n

Remark 1:

If for any A € B, X is the unique efficient extreme point of problem
(MOL), then it must be noted that there is a difference between the sets
S(X) and Sc (X) since S(X) gives the set of As that maintains X as an
efficient extreme point while Sc ( A) gives the set of As that maintains
X as the unique efficient extreme point. In this case Sc (A) = { A }.

Remark 2:

If at stepl of ALg. (II) for A, € B, we get unique efficient extreme point,
then choose A, € B, A A, and go to stepl.

Example 2:

Let us consider the following bicriterion parametric linear programming
problem with the same parameter A € R in the two objective functions fj,
and £,.
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MinEF=(=Ax 3%, L=5%-Ax),

Subject to
G= { XeR*| x+x;, <4,
X1+ 2 X, <6,
- X SO’
—XzSO}.

Since G is bounded, then B € R.

(1) If we take A = 0, the problem will have one efficient extreme solution
X=(0, 0), (see Fig. (2)).

ry
(0, 20
23 (6, 20
‘ E(G)
, 3
©, 3) > :
G
X1 12 31
(0, 0) @ 0 , (0, 0) .o
Decision space
: Objective space

Fig. (2) G and F(G) when A=0.

It is clear that I(X,) = {3, 4}. The Kuhn- Tucker conditions at X; for the
corresponding weighting problem take the form:

wA+5(1-w)—u3 =0,

3w—-A(1-w)—us =0,
uz > O,
LI4Z 0.

From which, we get:

A-w) , _(w)

e s 3
AX)={(w,M) eR"| A> (W) = (1-w)

, 0<w<1}.

Therefore, ,
S(X)={AeR[(w,}) e A(Xy) }.

From Fig. (3), it is clear that S( X;) =R.
Then from remark 1, it follows that S¢ (0) = {0}.




fa

q
e

l\\\\\'\\‘“‘;‘N

<
Y
<>
—

)\‘Z-_Sil-_VVL X<__£§_“’l___
(w) = (1-w)

Fig. (3) The relation between A and W when X;= (0, 0).

(2) Take A = 1, the problem will have two efficient extreme solutions
X1=1(0,0), X; = (0, 3), (see Fig. (4)).

£
T 4, 20)
X2 : (8, 8)
0,3 F(G
© I 2 ©
G
X1 —— > f) :
©, 0 4, 0 0,0 N |
Decision space (9, -3)
Objective space

Fig. (4) G and F(G) when A=1.
It is clear that I(X;) ={2, 3}.

The Kuhn- Tucker conditions at X, for the corresponding weighting
problem take the form:

W7\.+5(1~—W)+UZ —U3=0,
3w—-A(l-w)+u, =0,
u; >0,
U320.
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From which, we get:
A(Xo) = {(w, M) e R} A > ”(AIEW_))_ A>8w-5, 0<w<l1).
- W

Therefore,

S(Xz)={AeR|(w,}) e A(Xy) }.

From Fig. (5), it is clear that
S(X;)={AeR|A>0j}.

Then Sc(1) =S(X)) N S(X3) = {Le R |1 >0}.

)\‘u 4

(Gw)

...""(‘I‘_‘TGVT A>8w-5

A >

Fig. (5) The relation between A and W when X;= 0, 0),
: and X; = (0, 3).
3) Take A =- 1, the problem will have two efficient extreme points
X1=(0, 0), X3 = (4, 0), (see Fig. (6)).
It is clear that I(X;) ={1, 4}. The Kuhn- Tucker conditions at X; for the
corresponding weighting problem take the form:

wA+5(1-w)+u =0,

3w—A(l-w)+u-us =0,
1.1120,
U4ZO.

From which, we get:
AX) = {(w, 1) e R?| < =3
Therefore,

W

1-
) , AS8w-5,0<w<1}.




SOXy )= he R (w, h) e ACX) |

('4n 20)

X2 4, 12)

F(G)

©.3

00

Objective space
Decision space

Fig. (6) G and F(G) when A=~ 1.

Ad ha

xs—'i%l#"l A< 8w-5

Fig. (7) The relation between A and W when X;= (0, 0),
and X; = (4, 0).

From Fig. (7) , it is clear that
S(X3)={AeR|A<0}.
Then Sc(-1) =S(X,) N S(X3) = { A e R, A <0}.
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A summary ol these results are shown in the tollowing Fig. (8).

The values of A

The efficient extreme
points: ¥ v

{(0,0), (4, 0)} {(0,0), (0, 3)}

A

Unique point

(0,0)

Fig.(8) The decomposition of the parametric
space of the example.

5- Conclusion

In this paper, the efficient set is studied for the parametric multi-
objective linear programming problems. The aim was not only to measure
and evaluate the solutions but also to determine the complete stability
efficient sets of the first kind for such problems.

The problem was treated for general parameters and many special
cases can be derived from this general structure. The complexity of
determining the complete stability efficient set of the first kind of this
problem is depended on the structure nature of the parameters.

This work could be generalized for parametric multi- objective
linear programming problems with parameters in constraints, and
quadratic programming problems.

Finally, this study is essentially a new trend towards a good decision for
multi- objective linear programming problems.
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A Modified Bat Clustering Algorithm for Solving the Capacitated
Vehicle Routing Problem

'K. Lamiaa, %K. Motaz, *K. Sally

Abstract

The capacitated vehicle routing problem (CVRP) is a class of vehicle
routing problems (VRPs). In CVRP a set of fixed capacity vehicles is
required to fulfill customers' demands for a single commodity. The main
objective in this respect is to minimize the total cost or distance while
satisfying a number of constraints, such as: the capacity constraint imposed
on each vehicle, logical flow constraints, etc. The cluster-first route-second
method is a technique employed in VRP based on grouping of customers
into a number of clusters, where each cluster is served by one vehicle. Once
clusters are formed, a route determining the best sequence of customers is
established in each cluster. The bio-inspired bat algorithm (BA), introduced
in 2010, has proven to be efficient in solving combinatorial optimization
problems. It is integrated to the traditional Kmeans clustering algorithm to
generate the bat clustering algorithm known as ‘C-bat’ algorithm. In this
study, we modified the aforementioned algorithm in order to incorporate a

‘capacity constraint into the original algorithm. The resulting algorithm is

utilized in the clustering phase of the cluster-first route-second method to
solve the CVR problem. Experimental results show that the algorithm is

- efficient when tested on a number of benchmark problems.

Keywords: CVRP, cluster-first route-second, clustering, Kmeans, bat
algorithm.

1. Introduction

The Capacitated Vehicle Routing Problem (CVRP), one of the variants
of the classical Vehicle Routing Problem (VRP), was first introduced by
Dantzig and Ramser[1]. In the VRP, a fleet of homogeneous vehicles with
fixed capacity, departing from a central point (depot), must fulfil the
demands of a number of spatially separated customers at a minimum cost.
This must be done without exceeding vehicle’s capacity. The cost is
estimated either by the travelled distance or travelling time.

1, 2, 3 Department of Operations research & Decision Support, Faculty of
Computers and Information, Cairo University, Cairo, Egypt




Several methods for solving CVRP have been reported in the literature.
These algorithms are generally based on exact methods, heuristics,
metaheuristics or a combination of them. For a detailed review of CVRP
solution methods, interested readers are referred to Takes [2]. Cluster-first
route-second method is one of the heuristics employed to solve CVRP,
where clustering represents the core step within the heuristic [3]. In cluster-
first route-second method, customers are first grouped (cluster first) into
feasible clusters that maintain the capacity constraint. A vehicle is
responsible for serving each cluster, and so the clustering phase can be
viewed as a capacitated cluster problem (CCP). Efficient routes are then
established (route second) by conducting a permutation between customers
of each cluster, specifying their best order in the route.

Bat algorithm (BA) is a bio-inspired metaheuristic that is based on the
echolocation behavior of bats. It was first introduced by Yang [4] in 2010.
In BA, a population of bats (solutions) uses both: a ‘frequency-tuning’
technique to explore the search space and an ‘automatic zooming’ to
exploit it. Thus, the algorithm creates a balance between exploration and
exploitation, which represents a key issue in any metaheuristic. BA proved
to be efficient in solving optimization problems, and accordingly was
extensively studied by many researchers. Since it was first proposed, BA
was subject to modifications to enhance its performance, These
modifications lead to a number of variants applied in diverse areas. For
example, the authors in [7] incorporate a hybrid BA for solving CVRP. In
their study, routes are incrementally built using bat algorithm, then further
improved using local operators. Reference [5] provides a review of variants
and applications of BA.

The Kmeans clustering algorithm is one of the widely used traditional
partitioning approaches. It has a major drawback of falling into local
minima. To overcome this drawback, a technique to hybridize Kmeans
with an optimization algorithm is widely used. The merits of combining a
number of bio-inspired algorithms, including BA to Kmeans have been
studied in [6]. Experimental validation showed the benefits of such
integration. Results showed that clustering with bats, known as C-bat, is
highly ranked among its metaheuristic rivals. Therefore, we were
encouraged to use it in our proposed work to solve the CVRP.

In the current study, modifications of the C-bat clustering algorithm are
conducted in order to include capacity constraints. This renders the C-bat
algorithm appropriate for solving capacitated clustering problems (CCP).




The proposed modified C-bat algorithm will be further used in the
clustering phase of the cluster-first route-second technique to solve the
CVRP. To the best of our knowledge, this is the first time to incorporate
capacity conditions with C-bat algorithm.,

The rest of this work is organized as follows: in section 2 we introduce the
problem definition. Details of the solution methodology are given in
section 3, where bat algorithm in first introduced followed by the C-bat
algorithm and finally our modified C-bat algorithm. Experimental
computations are presented in section 4. Finally the paper is concluded in
section 5.

2. Problem definition

The vehicle routing problem (VRP) is considered as one of the most
analysed combinatorial optimization problems [8]. The classical VRP
consists of determining the optimal routes used by a fleet of vehicles to
satisfy the demands of a number of spatially separated customers. Many
variants of VRP exist in practical applications. These variants usually
depend on the type of constraint(s) imposed on constructing the route. The
CVRP considered in this work consists of distributing a single commodity
from a central depot to a known set of customers, using a given number of
identical vehicles of fixed capacity. All the customers have predetermined
deterministic demands. Demands may not be split; hence, each customer
should be visited exactly once. The total demand assigned to each vehicle
must not exceed its capacity. The objective is to minimize the total distance
traveled all by the vehicles. Once each vehicle is assigned the associated
group .of customers, a minimum route is to be established. This route starts

at the depot, passing through all the assigned customers and back to the

depot.

According to [9] VRP is an NP-Hard problem. Heuristics and

metaheuristics are therefore considered to solve the problem and its
associated variances [10].

3. Proposed solution methodology

Our approach to tackle the CVR is based on following the cluster-first
route-second method. In the clustering phase, customers are grouped into
feasible clusters. Feasible clustering means that the total demand of the
customers belonging to a cluster does not exceed the capacity of a single
vehicle. Then, in the routing the phase, customers are suitably ordered
within each cluster, which amounts this phase to solving a TSP [11]

.




In the present work, clustering will be pertormed using a modified C-bat
algorithm. Details of the proposed algorithm are presented below.

3.1Bat algorithm

The original bat algorithm (BA), inspired by the echolocation features
of microbats, was first introduced in [4]. In BA, a population of N bats
(solutions), flying in a D-dimensional search space, update their positions
x} and velocities v} at any generation ¢ according to the following three
equations [4];

fi = fmin + (fmax - fmin)ﬂ: (D
vi =v{" 4 (xf = x")f, (2)
xi = x4+ v, )

Where, 8 € [0, 1] is a random vector drawn from a uniform distribution. A
fitness function F(x;) is associated with each bat, and x* represents the
current global best solution which is determined after comparing all the
solutions. Each bat has its own frequency f; € [finin, finax], Where the
values of fi;, and f,,,, depend on the domain of each problem, its pulse
emission rate r;f, and its loudness AL,

A local search around the current best is performed with probability rf.
Thus a new solution is locally- obtained for each bat using random walk

Xnew = x* + € AL, 4

Where € € [1,1], and A" is the average loudness of all the bats at current
generation t. As the loudness usually decreases once a bat has found its
prey (i.e. better F(x;)), while the rate of pulse emission increases, A! and
r{ have to be updated accordingly as generations proceed

ATt =0 AL, 1t =10 X [1 - exp (= X 01, )

Where o« and y are constants. This update is done, if and only if the
solution improves or not too loud, i.e. F(xyg,,) < F(x;) & rand < AL,

The balance between: 1) exploration which is depicted by randomly flying
bats over the search space, and 2) exploitation represented by the local
search in promising locations, can be considered one of the BA’s points of
strength.

Integrating the BA with Kmeans algorithm to overcome the latter’s
drawbacks is discussed in the next section. |




3.2C-bat algorithm

The Kmeans clustering algorithm assigns points to k clusters based on

their proximity to the cluster’s centroid. Initially centroids are selected at
random and then iteratively reallocated until a predetermined stopping
criterion is met. One can broadly divide Kmeans algorithm into: an
initialization phase, a cluster assignment and centroids update phase, and
finally an exploration and evaluation phase [5]. Kmeans algorithm suffers
from two main drawbacks, namely: its dependency on initial centroid
values, and its tendency to fall into local optima. Its integration with bio-
inspired optimization algorithms to overcome the aforementioned
drawbacks was studied in [12, 6].
In the C-bat algorithm introduced in [6], bats represent solutions, each of
which holds a set of centroids. A population of bats collaboratively
searches for the best possible configuration of the clusters. The best
configuration of clusters is reflected by the optimal positions of the
centroids. These centroids are subsequently used to grow clusters following
the basic Kmeans principle: points are assigned to the cluster with nearest
centroid. The algorithm aims at minimizing an objective function defined
as

F =3 3| — ceny|”, (6)

Where, k is the number of clusters, N is the number of points to be
clustered, x; ; is the it" data point belonging to the jt* cluster, and cenyis
the centroid of cluster j. Bats use equations from (1) to (3) for updating
their frequencies, velocities and locations identically as BA. For
performing local search, equation (4) is redefined as follows

Xnew = x* +0.01 X rand(0,1), ' 7
Where, rand(0,1) being a uniform random number and the value 0.01 acts
as a static step for the bat.
Modifications on the C-bat algorithm, to incorporate a capacity constraint
in order to use it for solving capacitated clustering problems, are discussed
in the next section. ‘

3.3Modified C-bat algorithm

Two main modifications were performed on the C-bat algorithm. The
first modification concerns the objective function. The second modification
consists of improving exploitation by means of a dynamic local search
operation. Figure 1 gives a Pseudo code of the Modified C-bat algorithm.




As mentioned earlier, the capacitated clustering problem CCP consists ol
imposing a capacity constraint on each cluster. Mainly, there exist three
approaches to handle constraints: direct approach, Lagrange multipliers,
and penalty method [13]. The penalty approach is selected in this proposed
method, since it is the simplest to implement in practice, without reducing
the quality of the results. In our approach, constraints violations are
incorporated in the objective function defining a penalized function. This
function penalizes infeasible solutions relative to the amount of constraint’s
violation [14]. Accordingly, the new fitness function can be defined as

Fo(X) = F(X) + p X (A Capacity)°©, (8)

Where: Fp(X) is the penalized fitness function, F(X) is the original fitness
function, and A Capacity is the amount of capacity violation. While p and
c are user defined penalty parameters. In the current study, these
- parameters are determined experimentally. Incorporating the penalized
fitness function to the C-bat algorithm yields a modified C-bat algorithm
appropriate for CCP.

The second modification deals with improving local search performed
around the best solution. Our proposed modification involves using an
adaptive local search technique in order to improve exploitation. The new
solution is obtained by modifying equation (4) as follows

Xnew = X" + 85 X N(0,1), 9)

S=R/5X(G—1t)*/G? whereS » Oas t > G (10)

Where, S represents a ‘step size’ for the bat, R is a user defined range, G is
the maximum number of generations, t is the current generation number,
and N(0,1) is a random number generated from a normal distribution with
zero mean and standard deviation 1. As can be seen in equation (10), the
‘step size’ diminishes as generations proceed. Letting the bat reduce its step
as it approaches final iterations is a more realistic representation. It
illustrates what should actually happen as generations evolve. It is
considered fine tuning, since the bat narrows its search around the best as
iterations proceed.

The modified C-bat algorithm is used in the clustering phase of the cluster-
first route-second technique to solve the CVRP.

In the next section, experimental computations are carried out in order to
investigate the efficiency of these modifications.
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Modified C-bat algonihm

Determine the number of clusters k
Initialize the bat population x; (i = 1,2, ..., n) and velocity v;
Define pulse frequency range [ foin, fimax] and initialize f;
Initialize pulse rates 1 and the loudness A;
For each bat randomly select k objects from S data objects as initial centroids and
evaluate corresponding fitness Fp(x;) [equation (8)]
while (¢t < Max number of iterations)
for each bat x; in population
Generate a new solution by adjusting frequency, and updating veloczty and
location/solution [equations (1) to (3)]
if rand > r;
Generate a new solution by performing an adaptive local search around the best
solution x*
[equations (9) and (10)]
end if
Evaluate the new solution Fp(X; new) and reassign the clusters following the basic k-
means principle
if rand < A; & Fo(X; new) < Fp(xy)
Accept the new solution
Increase r; and reduce A;
end if :
Rank the bats and find the current best x*
end while

Figure 1: Pseudo code of the Modified C-bat algorithm
4. Computational results and analysis

In order to verify the efficiency of the proposed capacitated C-bat
algorithm, a set of experiments are carried out. The modified algorithm is
tested -.. using beachmark problems downloaded from the web
http://www.branchandcut.org/. In this work, 10 instances from three
different sets are selected. These sets are known in the literature as set A,
set E, and set P. Set A and set P are obtained from Augerat et al [16], while
set E is obtained from Christofides and Eilon[17]. For the instances in set A
and set E, customers' locations and demands are randomly generated.
Instances in set P are modified instances from the literature. Each test
instance has the following nomenclature: the first letter refers to the set
name followed by the number of customers and finally the minimum

~ number of required clusters. For each instance, the depot and customers’

coordinates, as well as customers' demands, are given.

Computational experiments are coded using MATLAB 2009a, on a PC
with Pentium Dual Core T3200 Processor 2.0GHz and 2.0 GB memory. In
the experiments, we run each instance for 10 independent runs and the best
result is reported. The stopping criterion is the number of bat generations.
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The parameters of the proposed modified C-bat algorithm were set
experimentally after a number of test runs. Chosen values of the
parameters that are as follows: the bat population size is 10; the maximum
number of generation is 400. The loudness A; and the pulse rates r;of bat |
are uniformly generated A; € [0.4,0.6] and r; € [0.5,0.8]. The minimum
and maximum frequencies are set as: fi,;, = 0 and f,,, = 100. The
parameters « and y are given values of 0.9 and 0.98 respectively.

Results of these runs are summarized in Table 1, which includes the
following information: instance name, vehicle capacity, tightness (total
demand/total capacity), “optimum” cost, and modified C-bat cost. The
solution reported is “optimum” according to http://www.branchandcut.org/.
The “optimum” routes and the corresponding total cost are provided in the
website. The reported cost is the sum of Euclidean distances travelled by all
vehicles starting at the central depot, visiting the assigned customers, and
travelling back to the depot. The values in Table 1, either the optimum or
the modified C-bat, are those of the total distance travelled by all vehicles.
As can be seen, the proposed modified C-bat algorithm was able to obtain
very promising results. Optimum values were obtained in 3 instances,
namely; E-n22-k4, P-n20-k2 and P-n22-k2. While a deviation of less than 1%
from optimum, in terms of cost values, was recorded in 3 instances namely;
E-n23-k3, E-n33-k4 and E-n51-k5. The deviation for the remaining 4
instances was less than 4%. The maximum recorded deviation ‘from
optimum was 3.9%, while the average deviation was 1.13%. Deviation
from optimum was calculated using equation (11)

optimum~modified
optimum

Deviation% = % (11)

Table 1: Comparison of results for benchmark instances

No. Instance Capacity Tightness Opt modified Deviation
C-bat %
1 A-n33-k5 100 0.89 661 687 3.9334
2 A-n33-k6 100 0.9 742 751 1.2129
3  A-n38kS 100 0.96 730 751 2.8767
4 E-n23-k3 4500 0.75 569 570 0.1757
5 E-n22-k4 6000 0.94 375 375 0
6 E-n33-k4 8000 0.92 835 843 0.9581
7 E-n51-kS 160 0.97 521 525 0.7678
8 P-n20-k2 160 0.97 217 217 0
9 P-n22-k2 160 0.96 216 216 0
10 P-n51-k10 80 0.97 741 752 1.4845
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Among traditional arguments used to analyze the difficulty of a VRP
instance one can cite: the depot position, the number of customers, the
number of vehicles and the tightness ratio [17]. For the 10 instances tested
in this study, the depot was positioned almost in the middle of all
customers. For the tightness ratio, all of the above tested instances were for
tightly packed vehicles, where the tightness ratio was close to 1. Regarding
the number of customers, all the 10 instances ranged from 20 to 51
customers. This mlght be categorized as medium size problems. In
analysing the results in Table 1 above, we notice that the quality of the
solutions obtained using the proposed algorithm was problem size
independent. Concerning the number of vehicles as an argument to analyze
the difficulty of the VRP, instance P-n51-k10 was generated based on
instance E-n51-k5 by increasing the number of vehicles employed, while
decreasing their capacity. This modification resulted in categorizing test
instance P-n51-k10 more difficult than instance E-n51-k5 as stated in [17].
Comparing the results of these two instances, it was noticed that the
solution recorded for instance E-n51-kS is superior to that of instance P-
n51-k10. This was reflected in the higher deviation percentage from
optimal recorded for instance P-n51-k10. Thus, an increased number of
vehicles with decreased capacity resulted in a more difficult VRP problem,
and hence, the problem was harder for the algorithm to obtain optimum
results. . 4 ,

The computational time for the 10 test instances was in the order of a few
seconds.

5. Conclusion

In this paper, a modified C-bat clustering algorithm. is developed and
used to solve the CVRP. Two main modifications are adopted; the first one
involves using a penalized objective function to account for a capacity
constraint. The second modification improves the local search of bats by
employing an adaptive local search technique. Experimental analysis shows
the ability of the algorithm to improve on obtaining optimum and near
optimum solutions for benchmark problems. Applied to 10 benchmark
instances, the algorithm was able to obtain optimum for 3 instances and
near optimum for the other seven instances. The maximum recorded
deviation from optimum was 3.9% and it occurred only once, while the
remaining deviations from optimum were less than 3%. The average
deviation from optimum for the 10 test instances was 1.13%. To sum, the
main contribution of this work is incorporating clustering algorithms with
BA to obtain a new modified C-Bat algorithm. To further enhance the




performance of the proposed modified C-Bat algorithm we introduced a
new adaptive local search technique. The proposed algorithm was applied
to CVRP and promising results were recorded.
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IntormationTechnology Investments Decisions in
Egypt: State of the Art of InformationTechnology
Evaluation Methodologies'

Mohammad Ibraheem Ahmad"

Abstract

This Paper aims to explore IT investment decisions evaluation practices in Egypt.
IT evaluation literature was reviewed concerning IT investment evaluation models and
methodologies. Traditional models include Economic Models (Productivity, and
Profitability and financial analysis). Emerging trends in IT Evaluation include, but not
limited to, Risk and Portfolio Management Approaches (Value-at-risk, Real Options),
as well as Composite Balanced Scorecards (IT BSC).

To recognize state of the art of IT investment decisions evaluation in Egypt, an
exploratory study is conducted based on Questionnaires distributed into three categories
of respondents (User of the system — Decision maker in investments in the system —
Decision maker who has authority to use system) who worked in a number of listed
companies operating in Egypt,

The results of the exploratory study are in general so far consistent with findings of
related literature. Results indicate that Net Present Value (NPV) and Return on
Investment (ROI) are of great interest to decision makers in IT investment decision in
Egypt. However, emerging IT evaluation trends (IT BSC and Value-at-risk) also gained
their concern. One can interpret this as among financial measures, NPV and ROI are
still widespread measures of IT value. Also, both Decision makers and Users are aware
of recent trends of IT evaluation methodologies.

Keywords: Information Technology investment decisions; Information Technology
evaluation; Information Technology Balanced Scorecard; Value-at-risk; Real options.

1. Introduction

While organizations sought to meet the growing needs of information,
especially in the modern business environment, which is characterized by
risk and uncertainty, they adopt information technology to enable them to
meet their information needs. Nowadays, the information technology is not
a competitive advantage in organization anymore [2].

As pointed out by [3], IT Investment decision making framework differed
dramatically within last years, because IT does not still support office
automation only. IT is considered to be a strategic necessity that is difficult
to manage [4]. Furthermore, IT investment decision is a strategic one. This
decision is of increasing importance in case of investing in IT based
information system, because management information systems are the most
important source of information within any organization. Recent surveys
indicate that issues such as ‘measuring the value of IT* and ‘evaluating IS

' Based on exploratory study conducted within a master dissertation (in Arabic) in Accounting
(Management Accounting Information Systems) [1]
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Accounting Information System, Email: mohammad.ibraheem.ahmad@gmail.com

Catro t

: potivainefitesto of Senitiotioal Stiiidine cvered % ey e b
PERVETSI Y- HRIHULE G SHTAUS TGS DLLies ang <esearech



performance’ are of great importance o managers [5]. in spite of this, it is
difficult to ascertain the benefits of developing software applications [6].

As indicated in [7], developing Information Systems is time-consuming,
in addition to high cost of application and configuration. However, these
systems do not provide the benefits expected from them, which occur only
after a period of applications. As shown in [8], strategic systems projects
involve a huge amount of risk, thus IT investment decision is made in an
uncertain environment. In addition, the more increased strategic importance
of information technology, the more risk and difficult both direction and
timing of allocation decision of resources to that technology.

In general, Information Technology does not meet the needs of one party
only, but is also multi-parties stakeholders investment [7]. IT Investments
Stakeholders are identified by [7] in several parties which are: organization
(management), users, application and implementation team, technical
support personnel, and other stakeholders who do not bring benefit to the
project, or does not affect it (trading partners).

Risks inherent in investment in IT projects are reviewed by [8] which are;
Technical Risk (incompatibility of system capabilities with current
technology), Functional Risk (system failure in achieving the desired
benefits of IT), Project Risk (technology capabilities are beyond staff's -
technical skills of Organization), Internal Political Risk (IT investment may
be involved in conflicting interests which impede its implementation as
desired), External Environment Risk (Unexpected response from
competitors or regulatory bodies), and Systemic Risk (Technology may
dramatically change environment so that achievement of expected benefits
is hindered). Project risk and functional risk are prevalent. They affect each
other, as the procedures that will reduce one of them, will increase the other
risk at the same time [8]. :

On the other hand, there is seldom evidence about presence of direct
relationship between IT investment and firm performance. Actually, it is
not as ease to conduct quantitative analysis for evaluation purposes,
because it not easy to quantify IT benefits. While many studies tried to
identify the relationship between IT investment decisions and firm
performance, results about IT returns were confusing. Some others tried to
interpret these findings but merely few of them make sense (see [9]).

In summary, the nature and characteristics of IT projects investments
impose methods of evaluation and criteria that suit this special nature [1,
10]. ‘ :

This paper is organized as follows. Section 2 represents an overview of
IT Investments and IT value. Section 3 shows an overview of IT
evaluation. Section 4 literature reviews IT evaluation methodologies.
Section 5 reviews popular IT evaluation methods. Section 6 shows
Research Methodology. Section 7 summarizes results. Finally, some
concluding remarks are reported in section 8.




2. Overview of I'T investments and I'T value

In terms of information systems (IS) one can distinguish between the
worth of the product (the IS), and the worth of the process (the activities
involved in producing the IS). The worth of the IS development process is
normally evaluated in terms of an assessment of some features of the worth
of the product [11]. ‘

As claimed by [12], the debate over IT value is related to the controversy
research question to be answered, and what the appropriate (null)
hypothesis should be. In this regard, [12] argued that IT value research
question may be linked to either Productivity (IT enable firms to produce
more “output” for a given quantity of inputs) or Profitability (IT enable
firms to gain a competitive advantage and thus earn higher profits than
earned otherwise) or Consumer surplus (value or substantial benefits
delivered to the consumer). While Productivity addresses value creation
perspective, Profitability and Consumer surplus address value distribution
perspective. Underlying theory for each of these differs. Productivity is
derived from Production Theory, Profitability is derived from theory of
Competitive Strategies, and Consumer surplus is derived from Economic
Welfare and Consumer Theory [12]. Thus, Productivity is linked to
Economic marginal benefits of IT, Consumer Surplus is linked to benefits
that are delivered to the consumer and on the contrary, Profitability is
linked to benefits generated from IT competitive advantage that are
delivered to shareholders (firm owners) [12].

In this regard, [4] declares that Potential benefits of IT are dependent on a
number of related business functions and external parties. The success of
many IT projects is a complex mixture of financial, technical,
organizational and social effects, both within the organization and external:
competitive reactions, influence on the value system, technology
acceptance behavior [4].

In the same context [13] identified and discussed five factors of IT
investments value delivery which are financial (the monetary values of
investment which accounts for money in and out of the organization),
operational (the improvement in the business functionality and processes in
the organizations facilitated by the IT investment), organizational
(organizational resources that include human, assets, infrastructure that are
benefited from the IT investment), strategic (corporate benefits through
management, and planning accomplished through IT investments), and
service (improvements of treatments, information, products and services to
the stakeholders especially the customers).

As shown in [14], two perspectives have been predominantly used as the
conceptual bases to study the strategic value of information technologies,
resource-centered (consider IT itself to be a strategic resource that can
directly influence organizational performance when properly combined
with other strategic resources) and contingency-based (strategic value of IT
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must be understood in conjunction with a firm’s strategy and siresses the
importance of a “good fit” between business strategy and [T strategy).

According to [14], two research streams draw on the resource-centered
perspective as their main theoretical basis for studying the strategic value
of IT; the production function view and the resource-based view (focuses
on the importance of the scope of resources). On the other hand, the
Contingency Perspective of the Strategic Value of IT deals with the
strategic alignment of IT (which refers to the degree to which the priorities,
goals, and objectives of the IS strategy are aligned with the priorities, goals,
and objectives of the firm’s business strategy) [14]. Obviously, managing
the congruence between stakeholders’ expectations and project goals is
very important [4]. As mentioned earlier, issues such as ‘measuring the
value of IT” and ‘evaluating IS performance’ are of great importance to
managers [5], although being unable to quantify the expected return of the
project, the decision is based on gut feeling [4]. Thus [15] raised a need to
adopt Benefits Realization Methodologies in order to ensure that expected
benefits are realized by planning how and when benefits will be realized
and deciding who will be responsible for achieving benefits as well as
actually overseeing the realization of benefits.

3. Overview of IT evaluation

The IS/IT investment evaluation methodology improves the decision-
making process for IS/IT investments while the benefit realization
methodology ensures that the benefits claimed for those investments are
realized [15].

In [16], it was argued that IT evaluation should be used for measurements
ex-ante (to support decision making), during the project (for controlling
purposes) and ex-post for post implementation reviews.

In this regard, a preliminary model that makes a distinction between four
types of IS evaluation activity is proposed in [11], primarily in terms of
when they take place in a standard linear model of the IS life cycle. These
types of IS evaluation can be summarized as follows [11] :

1. Strategic evaluation, which is sometimes referred to as pre-
implementation evaluation, primarily involves assessing or appraising an
IS/IT investment in terms of its potential for delivering benefits against
estimated costs.

2. Formative evaluation, which involves assessing the shape of an IS
whilst in the development process itself. Formative evaluation may be
used to make crucial changes to the design of an IS or to make critical
decisions concerning the degree of project abandonment.

3. Summative evaluation, sometimes referred to as post-implementation
evaluation, occurs after an IS has been implemented. Traditional
approaches to summative evaluation involve signing off some system
against its specification. More recently, there has emerged an emphasis




on usability testing. Summative evaluation may also produce ideas for

new systems and/or components.

4. Post mortem analysis is a variant of summative evaluation particularly
directed at organizations learning from their partially or totally
abandoned projects.

In this regard, [4] showed that resource-based view and the real-option
view can be used for ex-ante evaluation on project level, while
microeconomics-based view can be used as an ex-post justification on firm
level [4] (these views will be discussed in section IV).

In summary, evaluating every investment, before and after being made, is
very crucial for organizations in determining successful decision that has or
will be set [13].

In this context, vast majority of IT evaluation studies contributed to IT
investment evaluation literature in project selection stage. Numerous
analytical techniques ranging from simple weighted scoring to complex
mathematical programming approaches have been proposed to solve
effective project evaluation and selection problems [17].

Optimization and decision-making problems for complex systems are
traditionally solved using either the deterministic numerical approach
(which provides an approximate solution that totally ignores uncertainty) or
the probabilistic approach (assumes that any uncertainty can be represented
as a probability distribution). Both approaches only partly take into account
the factor of uncertainty which actually exists in the form of known
possibility distributions [18].

Early attempts focused on constrained optimization methods were given a
set of candidate projects; the goal is to select a subset of projects to
maximize some objective function without violating the constraints [17].
Some prior studies have considered the interaction among projects in
deterministic environments [17]. Others have dealt with stochastic
environments but have not considered project interdependencies [17].

The investment decision-making process is influenced by wvarious
uncertainty factors as well as by the need to formalize and process fuzzy,
insufficient and, mostly, expert data. Fuzzy statistics, possibility
approaches and methods of fuzzy optimization are widely used when
solving problems by modeling optimal decisions and especially when
constructing decision support systems [18].

4. IT evaluation methodologies

Numerous studies contributed to IT evaluation literature. IT evaluation
methodologies can be categorized from different points of view. Follows
brief discussion of these classifications. |

IT investment evaluation methods are diversified and classified into four

' Appendix II summarizes classification of IT Evaluation methods and underling Methodologies by
number of IT evaluation studies
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main categories in [ 13} financial methods, Operation method/manapgement
science methods, Technique specifically designed for particular IT and/or
organizations, and other methods (i.e. Balanced Scorecard, Critical Success
Factors, and Value Chain Analysis).

In [19], four basic approaches of IT investment evaluation are discerned:
Financial approach, Multi criteria approach, Ratio approach, and Portfolio
approach.

Based on a classification of IT evaluation techniques in [20] into four
groups (Economic, Strategic, Analytic, and Integrated approaches), [21]
further proposed a sub classification of two of these groups. On one hand,
[21] discriminate between three types of economic approaches; Ratio-
based, Discounting techniques, and Future value techniques. On the other
hand, [21] discriminate between two types of analytic approaches; Portfolio
analytic approaches, and analytic approaches other than Portfolio
approaches which include Risk and Value Analysis.

Similarly, [22] identified major categories of IT/IS projects evaluation
and justification Tools and Techniques which are: Economic approaches,
strategic  approaches, Analytical Hierarchy Process (AHP), Data
Envelopment Analysis (DEA), expert systems, goal programming, multi-
attribute utility theory (MAUT), simulation, and scoring models [22].

While some approaches can be clearly assigned to one particular
dimension, others combine characteristics of several dimensions (e.g., the
BSC method offers multi-criteria measures to support strategic planning)
[23]. Thus, most frequently used IT evaluation methods are clustered by
[23] in three major dimensions; Financial, Multi-criteria, and Strategic.
Some others lie in-between these dimensions. :

All of these mentioned above methodologies deal with IT evaluation in
practice. None of them reached theoretical level of classification. Upon
classifying IT investment evaluation methodologies, from a theoretical
point of view, [4] addressed three major categories in IT investment
evaluation literature. First category, The microeconomics-based view
(searches to show whether IT investments create excess return over other
types of capital investment or other production factors) and the process-
based view (is based on the idea that IT investments can create value by
improving operational efficiency which can lead to better firm-level
performance). Second category, the resource-based view (the fact that
resources, per se, do not create value; value is created by an organization’s
ability to utilize and mobilize those resources) and the real-option view (is
based on the real-options approach and values the inherent flexibility of
many IT projects). Third category, the pragmatic-justification view (uses a
wider definition of value and takes into account the organizational and
political context, with the need to conform to social norms of acceptable
behavior and legitimacy).

According to [4], the microeconomics-based view includes three
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approaches; Productivity approach, financial performance approach, and
firm value approach. The process-based view studies the process of value
creation; i.e. tries to understand the way the value is created [4]. On the
other hand, the resource-based view and composite scorecards includes two
approaches; Information Economics, and Balanced Scorecard (BSC).

In the next section IT evaluation methods will be discussed in brief.

5. IT evaluation methods and techniques

Methods and techniques have been suggested over the years to evaluate
IT and IS investments. Many studies addressed IT evaluation techniques.
As [4] claims, at least 200 techniques are documented (mostly composite
techniques) in IT evaluation literature. Early investments evaluation
methods emphasize the use of accounting indicators such as payback
period and Discounted Cash Flow (DCF) methods, whereas later methods
link the decision making process more strategically [15]. These traditional
methods focus on well-known financial measures [2], [5]. DCF approaches

are the most cited financial approaches [23]. Most Popular IT evaluation
methods are addressed below.

a. Productivity

Productivity is the ratio of output value to its related input value [24].
Productivity is measured in various ways, some studies have used a single
production function to try to find a direct correlation between IT spending
and firm performance [4]. In their model [24], consider three measures of
productivity, which they term output productivity, firm productivity, and
social productivity. Output productivity is defined as the ratio of the .
number of products produced to its related input value. Firm productivity is
defined as the ratio of output value to the firm to its related input value.
Finally, social productivity is defined as the ratio of social output value
(i.e., the sum of firm revenues and consumer surplus) to its related input
value [24]. This view of IT value is that IT can be treated as an input in the
production function of a firm and that there is a substitution effect between
IT and other production factors [4].

b. Payback Period (PP)

Payback Period projects are judged on the period needed to compensate
the initial investment [25].

c. Net Present Value (NPV)

Net Present Value calculates the present value of the investment’s money
flows, using a discount rate [25].

d. Internal Rate of Return (IRR)

Internal Rate of Return takes the time value of money into consideration

by introducing a discount factor, but risks are not accounted for in mutual
exclusive investment projects [25].
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e. Return On Investment (ROL)

Return On Investment is a well-known representative of financial
measures ratios, which are often used for comparisons or benchmarking
[23]. In ROI, Total lifecycle of investment is taken into account. While
time value of money is not taken into consideration, Risk can be entered
into the appraisal to a certain extent [25]. A further development addressed
by [26] is the Social Return On Investment (SROI) which includes three
types of return: Economic returns (all literally financial returns that a
certain project or organization creates); Socio-economic returns (which are
savings of the state (society) realized through avoidance of public transfers
(e.g. to jobless people) as well as the associated increase in personal
income and tax revenues through consumption); and Social returns (which
are less-tangible effects such as an increased sense of self-esteem and

personal independence as well as the enhancement of knowledge and skill
levels) [26].

f. The Return on Management (ROM)

The Return on Management presupposes that in today's information
economy management has become the scarce resource. In the ROM
method the value added by management is related to the costs of
management [19].

g. Information Economics

Information Economics is sometimes called the enhanced return on
investment (ROI). The ROI not only looks at cash flows, arising from cost
reduction and cost avoidance, but also provides some additional techniques
to estimate incoming cash flows: value linking; value acceleration; value
restructuring; innovation valuation [19]. Cumulative scores are calculated
by multiplying the weighted criteria. Adding value from other departments,

improved operations, increased productivity, and innovative investment
“aspects extend cash flows [23].

h. SIESTA ‘'Strategic Investment Evaluation and Selection Tool
Amsterdam'’

The evaluation criteria are deduced from a model, in which a distinction
is made between the business and the technological domain and three levels
of decision-making are discerned. Benefit and risk criteria are deduced
from the extent into which the different elements of the model fit [19]. This
method is a multi-criteria method, using extensive questionnaires [23].

i. IT assessment

IT assessment deals with the evaluation of information technology (IT)
effectiveness from a strategic point of view. An important part of the
method focuses on the analysis of financial and non-financial ratio's [19].

j. Bedell's method

The central premise of Bedell's method is that a balance is needed
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between quality and importance [19], [23]. The prioritization of investment
proposals is carried out by calculating the contribution of each information
system. The contribution of an IS is defined as the importance of the
system multiplied with the improvement of quality after development [19].

k. Investment Portfolio

The portfolio serves as a framework to make the preferences of the
different stakeholders explicit and debatable [19], where a defined set of
criteria is used to appraise IT in multi-criteria approaches, whereas single
criteria are rated for quantification [23]. This method evaluates IS
investment proposals on three criteria simultaneously, which are [19]:

* The contribution to the business domain;

* The contribution to the technology domain; and

« The financial consequences, by means of net present value (NPV)
calculation. ‘

l. Investment Mapping

Investment proposals are plotted against two main evaluation criteria: the
investment orientation and the benefits of the investment. The investment
orientation is broken up into infrastructure, business operations and market
influencing. The benefits are broken up into enhancing productivity, risk
minimization and business expansion [19].

m. Decision Tree Analysis

Decision Tree Analysis can be used for decision-making in conditions of
uncertainty. It enables decision makers to break down a large, complex
decision-making problem into several smaller issues [23].

n. SWOT analysis

SWOT analysis is used to find the strengths and weaknesses of the

organization, as well as the opportunities and threats present in the (future)
environment [23].

o. Data Envelopment Analysis (DEA)

Data Envelopment Analysis is a widely used mathematical programming
approach for comparing the inputs and outputs of a set of homogenous
Decision Making Units (DMUs) by evaluating their relative efficiency
[17]. A fuzzy variable is a variable with an imprecise value, as opposed to a
variable with an exact value. Fuzzy Data Envelopment Analysis (FDEA) is
a method for measuring and comparing the attractiveness of a set of
alternatives under condition of uncertainty [17].

p. Analytical Hierarchy Process (AHP)

Analytical Hierarchy Process is a multi-objective, multi criteria decision-
making approach that employs a pair-wise comparison procedure to arrive
at a scale of preferences among a set of alternatives. AHP is based on a
hierarchical structuring of the criteria that are involved in a decision
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problem. The hierarchy incorporates the knowledge, the experience and the
intuition of the decision-maker for the specific issue [27].
q. Multi-criteria method

Multi-criteria method solves the problem of comparing different
consequences on an equal basis by creating one single measure for each
investment [19]. Before using a multi-criteria method, a number of goals or
decision criteria have to be designed. Subsequently scores have to be
assigned to each criterion for each alternative considered. Also the relative
importance of each alternative should be established, by means of weights.
The final score of an alternative is calculated by multiplying the scores on
the different decision criteria with the assigned weights [19].

r. Real Options

An option is the right to do something, without the obligation to do it [4].
A Real option is used in IT evaluation as the initial phase of an investment
project is implicitly equivalent to buying an option [8], [28] where the
implementation of new architectures can be handled in a conditional way
by establishing flexible growth paths to take advantage of increasing
returns (in case of wide adoption) and network effects [4].

s. Value-at-risk

Value-at-risk indicates the greatest potential loss of a position or a
portfolio, which can be verified with a certain probability, in a defined time
horizon [29].

t. Balanced Scorecard

Balanced Scorecard (IT BSC) measures the performance of the firm from
four different dimensions. (1) User Orientation: How do Users see us? (2)
Business Value: How do we look to shareholders? (3) Internal Processes:
What must we excel at? (4) Future Readiness: Can we continue to improve
and create value? [30], [5]. Balanced Scorecard uses in IT field are not
limited to IT evaluation, It is used to IT Management and IT Governance as
well [31].

Based on the foregoing, the exploratory study methodology will be
discussed in the next section.

6. Methodology

An exploratory study was conducted based on questionnaire includes
questions to be answered by a number of listed corporate employees
working in Egypt as follows:

(i) Methods explored

This paper explores IT investment evaluation practices in Egypt using
most popular IT evaluation methods represented by the following methods:
Balanced scorecard A

Balanced scorecard (IT BSC) includes four different dimensions or




perspectives; User Orientation, Business Value, Internal Processes, and
Future Readiness.

Financial perspective of IT BSC

Financial dimension involve number of traditional financial metrics.
These metrics include Net present Value (NPV), Pay Back Method (PB),
Internal Rate of Return (IRR), and Return On Investment (ROI). For
evaluation purposes, organizations choose one or even a combination of
those measures into their evaluation metrics.

Non financial dimensions of IT BSC include:
1. User Orientation Perspective
2. Internal Process Perspective
3. Learning and Innovation (Future Readiness) Perspective
Non traditional methods include:
1. Value-at-Risk Approach
2. Real Option Approach

(i) Study population

Study population consists of three sub-samples (IT investment Decision
maker - System User - Decision maker who has authority to use system)
which take into account the demographic characteristics of participants as
possible. Each sub-sample consists of a number of observations (individual
participant), both from senior management (Decision maker who has
authority to use system - Decision maker) or Finance departments and
financial sector staff (System User) within a number of companies (private
and public sector) operating in Egypt listed in the Egyptian Stock
Exchange. The researcher selected companies listed in the Stock Exchange
for many reasons, the most important one is those companies are subject to
SEC control in terms of binding standards for registration in the stock
market. Also these companies are characterized by, relatively large size,
which helps on the existence of an integrated organizational structure.
Furthermore, these companies are managed by professional staff and
specialists, both academically and practically qualified.

(iii) Data collection:

Based on five ranks Likert scale, an ordinal scales questionnaire was
developed to perform data collection. This questionnaire includes three
categories of questions; the first includes questions to investigate how to
make an IT investment decision in Egypt (Actual Settings). The second
includes questions to investigate the subjective opinions of respondents in
general about how best to make such decisions (Self-reported Settings).
This category represents respondents' point of view by giving weights for
the investigated items. This examines the extent to which these elements
are taken into consideration when making such decisions. Finally, third
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category includes general questions about respondents, representing o
individual and demographic characteristics.

(iv) Data analysis:

To determine the possibility of generalization of results, Researcher used
three levels of data analysis to analyze Responses of respondents to
questionnaire items. The first level depends on methods and measures of
descriptive statistics to identify data distribution in question. Perhaps the
most important finding of this level of analysis is to identify frequencies of
individuals' responses to each item. The second level of analysis depends
on statistical inference methods to determine the extent to which findings
of first level of analysis can be generalized. Finally, the third level of
analysis is a further analysis (between groups) to determine the differences
between sub-samples, in addition to analyzing the differences between the
Actual (What applied in companies in reality) and Self-reported
(Respondent's subjective personal views) responses.

Second and third levels of analysis rely on nonparametric statistical
inference methods for a number of reasons. Most important of them is that
[32] showed that many studies warned against application of parametric
tests in empirical research in IS and IT field (AI). Further more, Reference
[33] explained that, Kruskal-Wallis nonparametric test is most useful tests
available as statistical hypothesis testing for behavioral and social research
to test differences between at least three sub-samples. Thus current study
uses nonparametric statistical inference methods.

7. Results

The following results had emerged from the statistical tests of the
exploratory study :

- The results of descriptive statistics of actual settings for Decision maker
who has authority to use the system sample (Cs) show that traditional IT
BSC dimensions gained highest frequencies followed by NPV. However,
NPV gained highest frequencies for Decision Makers sample (Ds)
followed by Value-at-Risk. On the other hand, ROI gained highest
frequencies for User sample (Us) followed by other IT BSC dimensions.
One can interpret this as NPV is still a widespread measure among
financial measures. Also, both Decision makers and Users are aware of
recent trends of IT evaluation.

- The results of descriptive statistics of Self-reported settings show that
traditional IT BSC dimensions gained highest frequencies followed by
ROI for Both User sample (Us) and Decision maker who has authority to
use the system sample (Cs). However, NPV and IRR gained equal
frequencies for Decision Makers sample (Ds). Again, one can interpret
this as Both User sample (Us) and Decision maker who has authority to

' Appendix I summarizes the results of statistical tests of actual and Subjective (personal self-reported)
opinion among each of the three samples.
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use the systermn sample (Cs) are aware of recent trends of I'T evaluation
compared to Decision Makers sample (Ds).

- The results of statistical inference show possibility of generalization of
findings for different elements. This applies for Decision maker who has
authority to use the system sample (Cs), User sample (Us). This doesn't
apply for Decision Makers sample (Ds) where frequencies of many of
elements were not significant.

- There is no significant differences between the three samples in Actual
Settings (what companies apply in practice), however if there are
differences they are not significant. The possible reason for these
differences is that frequencies of Decision Makers Sample (Ds) are the
lowest for most variables among other samples. This result can be
explained with respect to Decision Makers Sample, as they are
representatives of the decision-making process in companies that they
work for. This confirms the conclusion of existence of significant
differences between the subjective opinions of the three sub-samples.
Again, the reason for these differences is that frequencies of Decision
Makers Sample (Ds) are the lowest for most variables among other
samples in Self-reported settings.

- There are significant differences between what companies actually apply
in practice (Real settings) and what should be applied according to
individuals' opinion (Self-reported settings) for Decision Makers sample
(Ds). The reason for these differences is that frequencies of Decision
Makers Sample (Ds) are the greatest for most variables in the Actual
settings compared to Self-reported settings. This applies to Decision
Maker who has authority to use the system sample (Cs), but the
differences between actual and Self-reported settings are nonsignificant.
The researcher believes that the interpretation of this result may be
accounted for the conservative nature of the decision makers (both
samples include decision makers), particularly most of them are risk-
averse according to descriptive statistics results.

In summary, the overall results were consistent to a great extent with
what proposed by literature in this regard. The reasons for obtaining
different results from expected, on one hand Sample-related reasons; that is
small sample size of decision makers, as well as composition of each
sample. On the other hand, Environment related reasons; that is,
convergence of cultural values within the same society (exploratory study
applied in Egypt).

8. Concluding remarks

To recognize state of the art of IT investment decisions evaluation in
Egypt, This paper explores IT investment evaluation practices in Egypt
using most popular IT evaluation methods.

IT evaluation literature was reviewed. An exploratory study was




conducted based on Questionnaires disiributed info ihree categories of
respondents (User of the system — Decision maker in investments in the
system — Decision maker who has authority to use system) who worked in
a number of listed companies operating in Egypt.

Empirical findings are in general so far consistent with findings of related
literature. Results indicate that among financial measures, NPV and ROI
are still widespread measures of IT value. Also, both Decision makers and
Users are aware of recent trends of IT evaluation methodologies.
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APPENDIX |

STATISTICAL ANALYSIS RESULTS*

Ds Self- Us Self-
T Dol Gl G el g
Seltings Settings

Net present Value (NPV) 81.82% 100.00 % 88.37% 24.49% 3333% 22.22%
Bay Back Method (BP) 70.74 % 66.67%" 71.80 % 18.37% 17.78 %
Intenal Rate of Retum (IRR) S 4121%" 100.00 %® 78.38 % 2.04% 3333% 222%
Retum On Investment (ROI) 79.54 % 75.00%" 74,12 % 32,65 % 35,56 %

User Perspective 83.02 % 80.00%° 91.22% 70.59 % 50.00%*® 18.94 %
Learning and Innovation Perspective 79.25 % 25.00%"° 87.72% 74.51% 60.00 %° 82.46 %
Internal Process Perspective 94.00 % 75.00%" 94.74 % 83.33% 50.00%° 7321 %

{4
Value-at-Risk Approach 62,00 % 100.00 % 78.95 % 60.00 % 80.00 % 73.22%
Real Option Approach 81.14% 50.00%*® 75.00 % 80.77 % 50.00%" 69.64 %

2 Columns 2-6 represent Descriptive Statistics Results ( respond percentage for a given construct ).
® Results are Nonsignificant at P-value = 0.05 according to Wilcoxon Signed Rank test.




APPENDIX Il

IT INVESTMENT EVALUATION METHODS AND METHODOLOGIES *

| 1 i1 SR of 33 3 2§ ¢f i g ud
IT Evaluation Methods E :o%E 3@ €2 gg Ei g5 ‘éi 2% g g S 5 g ?;h:i
“F 3% T% 8% 9% 43 a8 &3 A3 dF 83 ¥ =3
Discounted Cash Flow (DCF)® [[g]]’ {21]
Bay Back Method (BP) [19] [21]
Retum On Investment (ROI) 23} [21]
Return On Management (ROM) [19] [23)
Information Economics(lE) [19] [23]) [21]
SIESTA [[1293]]'
IT Assessment [19]
Bedell's method (B's) {19} [23])
Investment Portfolio [19]} | [23]
Investment Mapping [19) S [23]
Critical Success Factors (CSF) [{22;]]’
SWOT [23]
Scenario Planning [23] [21]
Total Cost of Ownership [23]
Cost-Benefit Analysis [23] [21]
Decision Trees [23]
Real Option Approach 123] [21]
Balanced Scorecard (BSC) [23} [21]
Analytic Hierarchy Process 21}
Multi-Attribute Utility [21]
Fuzzy Logic [21]

* Rows represent 1T investment evaluation methods while Columns represent IT investment evaluation categories. Numbers in
brackets represent reference

® Net present Value (NPV) and Intemal Rate of Return (IRR) are Discounted Cash Flow (DCF) methods,
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An Artificial Immune System for Solving the Assembly Line Balancing
Problem

Mohammad Z.R.!, Ramadan A. Z.2, Mahmoud M. EI-Sh.3and Aly M, R.4

Abstract

An assembly line is a flow-oriented production system in which the productive units
performing the operations are aligned in a serial manner. The simple assembly line balancing
problem is a fundamental version of the general problem which has attracted attention of
researchers and practitioners of operations research for almost half a century. In this paper an
artificial immune system is developed to minimize the number of stations with a given cycle
time, which is the type-1 of the simple assembly line balancing problem. To validate the output,
the results are compared with 99 selected sample problems from a well-known benchmark. After
comparing the results with the output of Scholl and Klein (1999) branch and bound approach and
the bi-directional based on CPM heuristic approach which produced by (Yeh and Kao, 2009),
only 12 solutions are worse than Scholl and Klein (1999) approach and 3 solutions are worse

than Yeh and Kao (2009) approach. There are also 4 solutions better than Yeh and Kao (2009)
approach.

Keywords: Assembly line balancing problem, Convergence, Artificial immune

1. Introduction

Assembly lines used extensively in mass production systems to increase systems’ efficiency
and speed, to decrease ‘per-unit cost, ‘and-to make the manufacture -and ‘control ‘easier. An
assembly line is a collection of sequential stations typically connected by a continuous material-
handling system. The work pieces visit stations successively as they carried along the line
usually by some kind of transportation system (Mozdgir et al., 2013). Scholl and Becker (2006)
define the assembly line balancing problem (ALBP) as the decision problem of optimally
partitioning the assembly work among the stations with respect to some objectives. Numerous
approaches developed for solving the ALBP which have proven useful in various assembly
industries -such "as manufacturing, automobiles, consumer- electronics, etc. In the traditional
ALBP, a set of tasks is given along with their processing times and precedence relationships that
define the permissible ordering of tasks. The objective of the ALBP is to assign the set of tasks
to successive stations in order to meet specified production requirement (Yeh and Kao,
2009).The objective of this paper is to develop an artificial immune system (AIS) for solving the
simple assembly line balancing problem (SALBP). The paper organized as follows; Section 2
assigned to describe and formulate the problem of assembly line balancing. In Section 3, we
discussed some literature that solves computational problems by using AIS and demonstrated
some literature that presents algorithms for AIS. The proposed immune system presented in
scction 4; followed by section S, which presents the computational results compared with
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solutions of some problems taken from a well-known benchmark; eventually the conclusion and
future research addressed in last section.

2. The Assembly Line Balancing Problem

According to the underlying concept of any SALB formulation, an assembly line consists of k
= {1, .., m} stations arranged along a conveyor belt or a similar mechanical material handling
device. The jobs consecutively launched down the line and hence moved on from station to
station until they reach the end of the line. A certain set of operations performed repeatedly on
any job that enters a station, whereby the time span between two entries referred to as cycle time,
In general, the line-balancing problem consists of optimally partitioning the assembly work
among all stations with respect to some objective. For this purpose, the total amount of work
necessary to assemble a job is split up into a set ¥ = {I, ...,n} of elementary operations named
tasks. Tasks are indivisible units of work and thus each task j is associated with a processing time
t; also referred to as task time. Due to technological and/or organizational requirements, tasks

cannot be carrying out in an arbitrary sequence, but are subject to precedence constraints
(Boysen et al., 2007).

Type | simple assembly line balancing problem (SALBP-1), which is addressed in this work,
may be stated in the following terms: given a set of tasks, each has to be assigned to exactly one
station without exceeding a given cycle time, so that the number of used stations is minimized,

while satisfying the precedence constraints among tasks (Fleszar and Hindi, 2003).The problem
formulated as follows (Wei and Chao, 2011):

Notations:

n Number of tasks (i =-1,°..., n)

m 'Number of stations ( = 1,..., m)

t; . Operation time of task 7

ct Cycle time

P Subset of task (i, k), given the direct precedence relations
m* ~ Minimal number of stations

Decision variable:
x; €{0,1} 1 if task 7 is assigned to station j; 0 otherwise
The original SALBP-1 formulation is as follow (Wei and Chao, 2011):

Minimize Z=m" ¢))
Such that




m°

X“j:l,VI::l,...,n (2)
=1
n
Zti.x,jSCC,VjZI,...,m' (3)
=1 :
m m
Z}XUS ijk},V(l,k)Ep (4)
J J
xi; € {0,1} (%)

Constraints (2) simply say that all tasks have to be assigned, and each task has to be assigned
to one and only one station. Constraints (3) require that for any station, the total processing time
of tasks assigned must not exceed the cycle time, while constraints (4) ensure that precedence
relationships between tasks must be maintained. The objective is resolving the issue of task
assignment by using the minimum number of stations.

3. The Artificial Inmune System

AIS are a field of study focusing on the development of computational models based on the
principles of the biological immune system. It is an emerging field that studies and uses different
immunological - mechanisms to solve computational  problems (Al-Anzi and @ Allahverdi,
2013).A1S covers huge areas of complex computational and. engineering ‘problems such as
pattern recognition, fault and anomaly detection, data mining and classification, scheduling,
machine: fearning, autonomous ‘navigation, :robot navigation, clustering/classification,  bio-

informatics, image processing, numeric function.optimization, and computer security. (Diabat et
al., 2013). ~

There are different algorithms for AlS. Forrest et al. (1994) proposed a negative selection
algorithm, Hunt-et al, (1996, 2002) developed the theory of cloning selection. Chun et al. (1997)
presented an immune genetic algorithm (1GA), which is an integration of'a genetic algorithm and
an immune algorithm that increases the diversity of the chromosomes. Castro and Zuben (2000,
2002) suggested ‘a cloning . selection algorithm ‘based on an antibody cloning selection
mechanism, Castro and Zuben (2001) presented an artificial immune network for data analysis.

3.1. The Clonal Selection

Clonal selection is a widely accepted theory for modeling the immune system responses to
infection, The theory of clonal selection was proposed by Burnet (1959). It is based on the
concept of cloning and affinity-maturation. B and T lymphocytes are selected to destruct specific
antigens invading the body. When the body is exposed to an exogenous antigen, those B cells
that best bind the antigen proliferate by cloning. The B cells are programmed to clone a specific
type of antibodies (Ab) that will bind to a specific antigen (Ag). The binding between Ag and Ab
is governed by how well a paratope on Ab matches an epitope of Ag (Figurel). The closer is this
match, the stronger is the bind. This property is called affinity. Some of the cloned cells are
differentiated into plasma cells that are antibody secretors. The other cloned cells become
memory cells. A high-rate somatic mutation (hypermutation) is applied to the cloned cells that
promote a genetic diversity. Moreover, a selection pressure is performed, which implies a
survival of the cells with higher affinity. Let us notice that clonal selection is a kind of an




evolutionary process. Clonal selection immune algorithms may be viewed as a class of
evolutionary algorithms that are inspired by the immune system.
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Figure 1: The clonal selectlon principle (Castro and Zuben, 2000),
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4, The Proposed Model

In this section according to ALBP.and its constraints, we will discuss how to construct the
initial population of antibodies, the memory of the search, the affinity function, the cloning and
hyper-mutation, the replacement of the worst member of antibodies, the proposed algorithm, and
illustrative example.

4.1 The Initial Population

The proposed seed of the population of antibodies is based on generating an initial solution by
using the bi-directional procedure which is mentioned by Sholl and Vop (1996), but we use the
positional weight priority role which is mentioned by Ponnambalam et al. (1999) rather than
using the dynamic priority role. The remaining antibodies of the initial population will be
generated by using a random number of task swapping and shifting. The boundaries of swapping
tasks depend on determining the boundaries of shifting procedure, Pape (2015) refers to these
boundaries as the following:

I- The last station to which any task of the immediate predecessors of a selected task j is
assigned to and the earliest station to which any task of immediate successors of j is
assigned to set the boundaries within which task j can be shifted.

2- Two tasks can be swapped if each is within the shifting boundaries of the other one.

The seed will be mutated by shifting or swapping a random number of tasks » times to
produce the next antibody in the population which is also considered as the next seed. The
process will continue producing new antibodies until the population size is reached.




4.2 The Memory Of The Search

The memory of the search helped to discard the antibodies which are previously selected
for the cloning process from being selected again. So each antibody included in the population
will be tested if it is included in the memory of the search or not. If the antibody isn’t included in
the memory of the search, it will be ready for the affinity calculation.

4.3 The Affinity Function

The calculations of the affinity function (4F) between each two antibodies are applied to
extract the more diversified antibodies from the population to be prepared for the cloning and
hyper-mutation process. Two criteria are used to determine the similarity or the affinity between
antibodies. The first criterion is the smoothness index (SI) of the antibody and the second one is
based on the solution structure. The smoothness index shows how the solution is balanced with
respect to the idle time. We choose smoothness index criterion because most the solutions of the
population have the same number of stations, but the smoothness index mostly differs. The
smoothness index formula found in (Mozdgir et al., 2013) as the following equation:

m
Sl = Z(Ct — ts,)?,where ts;, represents station time (6)
K

The solution structure can be represented as the set of all ordered pairs of tasks and their
stations. If we refer to the disputed ordered pairs, which is the number of the ordered pairs of the
relative complement of the solution structure i in the solution structure /, as ((DOy), the proposed
affinity function for antibody ican be formulated as follows:

1
AF; = o + njzglx(DOU) )

The affinity function for each antibody that is not included in the memory of the search has to
be calculated and the higher affinity antibodies will be selected for the cloning and hyper-
mutation process.

4.4 The Cloning and Hyper-mutation

Each antibody is cloned number of times, determined by the Cloning Number (N¢). The
clones are then mutated to get new antibodies that are different from their parents, Castro and
Zuben (2002) illustrated the formula which calculates the amount of clones generated for all n
selected antibodies as the following:

n BN
N, = Z round (——l—) (8)
=1

Where N, is the total amount of clones generated for each of the antigens, f is a multiplying
factor, N is the total amount of antibodies and round(.) is the operator that rounds its argument
towards the closest integer. Each term of this sum corresponds to the clone size of each selected
antibody, e.g., for N = 100 and B = 1, the highest affinity antibody (i = 1) will produce 160
clones, while the second highest affinity antibody produces 50 clones, and so on.

Each cloned antibody will be mutated by using either shifting tasks from stations or shifting
tasks to stations or swapping.
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4.5 The Replacement of the Worst Member of Antibodies

After the cloning and hyper-mutation process has been completed, the bad antibodies, which
have higher number of stations and higher smoothness index, should be replaced by new random
antibodies. The proposed seed of the new antibodies after removing the worst ones is the
antibody which has the highest smoothness index of the cloned antibodies.The remaining
antibodies of the population after removing the worst ones will be generated as the same manner
of generating antibodies of the initial population.

4.6 The Proposed Algorithm

Step 1: Generate (P) initial population which has » antibodies.

Step 2: Create the memory set (M) = @,

Step 3: Create the elitism set (E) = ®.

Step 4: Initialize loop counter (k) = 1 and the maximum number of iterations (kmax) = m.
Step 5: Create a set of antibodies (P») which are not included in M.

Step 6: Calculate AF; for each antibody in P,

Step 7: Select N antibodies of P, which have the highest affinity to create the set (P¢) and Store
the solution structure of each element in P, in M.

Step 8: Clone and hyper-mutate each antibody in P. to produce (C) cloned antibodies and
append the antibodies (C*), which have the minimum number of stations and the
lower smoothness index; to P,

Step 9: Remove r antibodies which are the worst antibodies in P.

Step 10: Select E by comparing the evaluation of E with the evaluation of the best antibody in

P-and E will be the best one of them.

Step 11:Select the antibody (4s) which has the highest smoothness index to be the seed of the
remaining antibodies to complete P for reaching » antibodies by “using various
swapping and shifting procedures.

Step 12: If k= kmax then go to Step 14,

Step 13: k=k + 1 and go to Step 5.

Step 14: The best solution found is E.

Figure 2 shows the flowchart of the proposed algorithm.




r Generate (P) initial population which has n antibodies

l Create the memory set (M) = ® l
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I Calculate AF,for each antibody in P, ]
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have the highest affinity to create
the set (P.)
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| Remove r antibodies which are the worst antibodies in P |

Select the antibody
(4,) and select E

Generate the remaining antibodies of P
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Figure 2 the flowchart of the proposed AlS algorithm
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4.7 1llustrative example

We select the illustrative example which is found in Yeh and Kao (2009) to solve it by the

proposed AIS approach. The cycle time = 14 and the precedence graph of such example can be
summarized as the following table:

Table | initial data

Bramasseter 1 2|3 ]a]s]6[7]8 10 {11 {1213 14] 15 [16]17]18]19]20]21
'%M&ig&,‘"’ék~439594875 i3s3l s {s]i3]s]2]s
comipreirndl (113 la]s]s]e 9 9 0 [1s|i3]13]1a]17

RIS 2L 7 i 1611518
Bl 12

Stepl: Generate (P) initial population which has 1 antibodies.

As we mentioned about the initial seed, we apply the bi-directional procedure based on the
positional weight priority rule and the solution as in Table 2:

Table 2 the solution found by bi-directional procedure based on positional weight

Task . | 1|3|4|5|7|6({8 (9|2 11 (12|21 |16} 15[13|10]|17]20]19]18
Processingtime |49 (5|9f8[4|7][s5{3] 3 [t {7 |3 [5]|s5|[1]13]3]2]5
Station L2423 13141415)1 6161617717 1718191]9

The proposed population size n here is 10 antibodies. After generating the initial antibody,
another 9 antibodies will be generated by using swapping and shifting mutations to generate the
remaining antibodies of P,

Step2:  Create the memory set (M) = @,

The memory set, which discard the selected antibodies for cloning process from being
selected again, will be initialized as an empty set.

Step3: Create the elitism set (E) =,

The elitism set which store the best solution found along all 1teratnons will be initialized as an
empty set.

Step4: [Initialize loop counter (k) = 1 and the maximum number of iterations (kmax) =
m=2,
StepS: Create a set of antibodies P, which are not included in M.

Py set will be initialized to have all the antibodies included in the initial population and in the
next iteration it will be varied depend on the included antibodies inside the memory set M.

Step6: Calculate AF for each antibody in P,.

Table 3 illustrates the output of the affinity function of the 10 antibodies sorted in
descending order according to their affinity value:




Table 3 Calculate the affinity function for each antibody in the initial population

Antibody 2 4 5 6 7 8 9 10 ] 3
Disputed ordered pairs
max(DO,,) 7 7 7 7 7 7 6 6 6 5
Smoothness index (S1}) 9.85 | 10.54 [ 10.63 | 10.63 11.7 11.87 | 11.87 | 1204 | 922 | 9.85
Affinity function
AF, = Elfl + m_ax(DOU) 7.101 1 7.095 | 7.094 | 7.094 | 7.085 | 7.084 | 6.1085 | 6.084 | 6.083 | 5.101

Step7: Select NV antibodies of P, which have the highest affinity to create the set (P;)
and Store the solution structure of each element in P; in M.

Step 7 is to select the first 3 antibodies in Table 3,N. - 3, to compose Pcto be ready for the
cloning and hyper-mutation process. The 3 antibodies will be stored in the memory M to discard
them from being cloned again in the next iterations, The included antibodies’ structures in M at
the first iteration are:

Antibody (1) =

{(1,1),(2,6),(3,1),(4,2),(5,2),(6,3),(7,3),(8,4),(%,5),(10,5),(11,7),(12, 5)(13 5),(14,9),(15,7),(16,7),(
17,8),(18,9),(19,9),(20,9),(21,6)}

Antibody (3) =

{(1,1),(2,6),(3,1),(4,2),(5,2),(6,3),(7,3),(8,4),(9,5),(10, 6)(1| 5),(12,5),(13,7),(14,6),(15,7),(16,7),(
17,8),(18,9),(19,9),(20,9),(21,6)}

Antibody (2) =

{(1,1,(2,5),(3,1),(4,2),(5,2),(6,3),(7,3),(8,4),(9,4),(10,5),(1 1,5),(12,4),(13,5),(14,9).(15,7),(16,7),(
17,8),(18,9),(19,9),(20,9),(21,6)}

Step8: Clone and “hyper-mutate each : antibody in P. {o produce (C) cloned
antibodies and-append the antibodies C*, which have the minimum number. of
stations and the lower smoothness index, to P.

The number of cloned antibodies C which produced from each antibody in P.is 18, 8, and 3
respectively, These numbers are calculated according to the formula (8). After applying hyper-
mutation on the cloned antibodies, the evaluation for each cloned antibody has to be done. Table
4 illustrates the evaluation of the best 14 antibodies included in C sorted in ascending order:

Table 4 the evaluation of the best 14 cloned antibodies

P Antibady | 6 | 7 | 2 [ 14 |s] 4 [ 9 1o 1 f3 ] 3 12 8 1
NovofeMeis] 8 | 8 | 9 [ 9 {9l 9l 9l 99 [9o ool 9|9

v 3313381 [ 86 (919119319394 )94]95]|295] 100 | 12.1

moothne
mdex A

Afler evaluating the cloned antibodies, we select the first 7 best antibodies, C*, in Table 4
and append them to P. Table Sshows the evaluation of the current antibodies in P sorted in
ascending order:
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Step9: Remove r antibodies which are the worst antibodies in P.

The current step is to remove the worst antibodies from P. From Table 5 the best number of
stations is 8. So the antibodies which their number of stations is equal to 8 will be kept in P and
the otker will be removed. If it occasionally happened that all antibodies have the same number
of stations, the best S antibodies according to the smoothness index will be kept in P and the

other will be removed. Table 6 illustrates the evaluation of the current population after removing
the worst antibodies.

Table 6 the evaluation ofpopulatnon after removing the worst antibodies

12

33

“Step10: Select E by comparing the evaluation of E with the evaluation of the best
“antibody in P and E will be the best one of them.

In the first iteration E = ® and Accidently the current antibodies have the same number of
stations and smoothness index. So we choose the first antlbody as in.Table 6 to be the new E and
its structure is:

E=

{(10,6),(12,5),(19,8),(20,8),(14,8),(16,6),(11,5),(2,5),(1,1),(6,3),(4,2),(18,8),(15,6),(13,6),(9:4),(8
A,(21,5),(7,3),(3,1),(5,2),(17,1)}

Stepl1: Select the antibody (4;) which has the highest smcothness index to be the
seed of the remaining antibodies to complete P for reaching n antibodies by using
various swapping and shifting procedures.

The remaining antibodies of the population will be generated by using a new seed. Our
proposed seed is the antibody 4;s which has the highest smoothness index. After completing the
population to reach 10 antibodies by using various swapping and shifting procedure, a new
population will be ready for a new iteration.

Step12: If k = kmax then go to step 14.
In the first iteration k=1 and our proposed kmax= 2. So step 13 is still active.
Step13: k=k +1 and go to step 5.

Instep 13 k incremented by | and a repetition of the steps from 1 to 12 has to be done until
achieving the condition in step 12.




Stepl4: The best solution found is E.

The final best antibody which has 8 stations and its smoothness index equal 3 as in Table 7:
Table 7 the final antibody after 2 iterations

ko 1|3 ]als]7]els] 2ol in]arf2jie[1s|13]10)17]20|19]18]14
A alo|s|of8ia7) 1 s3] 73] )s 5| 111331253
el ({2 ]2]3]3]a] 4 Ja|s|[s|s|6|6]|6]|6]|7|8|8|8)|8

5. Computational Results

In this paper, we select 99 sample problems from: http://www.assembly-line-balancing.de and
Scholl and Klein (1997), ranging from small-size to large-size problems with more than 100
tasks. The selected sample problems and the related data are listed in Table 8. We apply AIS, as
well as the bidirectional CPM heuristic by Yeh and Kao (2009) and the bidirectional branch and
bound approach by Scholl and Klein, to solve the selected sample problems. The code of our

proposed AIS for solving SALBP-1 has been written by R programmirg and the population size
was 10 antibodies,

; 7] E‘fﬂ,’?}g&

Table 8 Data set and results for the tested sample problem
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Arcusl 75,707
Arcus2 150,399
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142 30 31 31
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Bowman

75

20

Buxey

324

29

27

33

36

41

54

Gunther et
al.

483

35

4]

44

49

61

81

Hahn

14,026

53

2004

2338

2806

3507

4676

Heskiaoff

1024

28

138

205

216

256

342

Jackson

46

10

14

21

Jaeschke

37

10

18
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Kilbridge
and
Wester

552

45

57
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92 6 6 7

110 6 6 6

138 5 5 5

184 3 3 3

Lutzl 14,140 32 1414 11 11 11

1768 9 9 9

2020 8 8 8

2357 7 7 7

2828 6 6 6

Lutz3 1644 89 75 23 24 24

87 20 21 21

103 17 17 17

127 14 14 14

150 12 12 12

Mansoor 185 11 48 4 4 4

62 3 3 3

94 2 2 2

Mertens 29 7 6 6 6 6

1 5 5 5

8. 5 5 5

10 3 3 3

18 2 2 2

Mitchell 105 21 14 8 8 8

21 5 5 5

26 5 5 5

35 3 3 3

39 3 3 3

Mukherjee 4208 94 176 25 25 25
and Basu

201 22 23 23

222 20 21 20

263 17 17 17

351 13 13 13

Rosenberg 125 25 14 10 10 10




and
Ziegler
16 8 9 9
18 8 8 8
21 6 6 6
25 6 6 6
Sawyer 324 30 25 14 14 14
27 13 13 13
30 12 12 12
36 10 10 10
54 7 7 7
Tonge 3510 70 176 21 21 21
364 10 10 10
410 9 9 9
468 8 8 8
527 7 7 7
Wee a.nd 1499 75 49 32 32 32
magazine
50 32 32 32
52 31 32 32
54 31 31 31
56 30 31 31

The first approach to compare with, which is the branch and bound approach which is
produced by Scholl and Klein (1999), considered one of the exact methods to solve the problem
by using an intelligent fathoming technique, but it still an enumerative approach and it requires
some higher computational complexity to solve the problem. The bidirectional based on CPM
approach, which is the other approach to compare with, is one of the heuristic approaches which
can produce a fast effective solution. The need to use one of the metaheuristic approaches helps
to improve any heuristic solution. In this paper, a bidirectional heuristic based on positional
weight used to be the seed of the population of the proposed AIS and the results are quite
efficient as will be seen in the conclusion and future research section.

6. Conclusion and Future Research

In this paper, we propose the AIS to resolve the problem of SALBP-I. Yeh and Kao
(2009) illustrated that the algorithm of Scholl and Klein (1999) aimed at finding optimal
solution, so we compare the results of our proposed AIS with Scholl and Klein (1999) results to
measure the efficiency of our algorithm. After solving 99 selected sample problems, we found
that the solutions of only 12 problems are worse than its corresponding Scholl and Klein branch




and bound algorithm’s solutions. We also found only 3 solutions worse than its corresponding
Bi-directional CPM (Yeh and Kao, 2009) and 4 solutions are better than the results of its
corresponding solutions of the same approach. Computational results of the sample problems
show that the proposed approach is quite effective in comparison with the optimal solution.
Future research may include modification of the proposed AIS to further improve the

effectiveness, and extension of AIS to solve various types of ALBP, including U-type, parallel
and resource-constrained.
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