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Tahle 2:

Summary of fest problems using RSM

Prob Domain F* Reference F*RSM Typeof
problem
01 X=[0,3] , y=(0,3] X=2.1 y=1.788 F*=0.026 X=2. y=1.606 F*=22.19 Minimization
02 Domain=[-50,50] X=---25 y=-0.036 F*=..50 | X=-2.764 y=-0.114 F*=1.76 | Minimization
03 X=(-1,1] , y=[-4,4] X=-04 y=.04 F*=-12.948 X=--.768 y=--28 F¥=.12,997 | Minimization
04 X=[0,101 , y=[0,4] =.1.01 y=1.01. F¥=-0 =-1.01  y=1.01. F¥=0 Minimization
05 X,y>0 X=0y=0 F*=0 X=-0 y=-0 F*=0 Minimization
06 "Domain=[-30,30] X=-1.515y=-303 F*=.19%4 X=--303 y=-303 F*=014 | Minimization
07 Domain=[-400,400] X=2.1 y=2.01 F*=-16471 | x=2.1 y=---2.01 F*=-17.026 | Minimization
08 Domain=[-2,2 X=-2 y=2 F*=l4 X=-2 y=2 F#=14 | Minimization
09 Domain=[-2,2] X=.85 y=7 F*=0 X=.85 y=7 F#=0 Minimization
10 Domain=[0,1] X=.815, y=.906, z=0.127 X=.965  y=.1576 z=.97 Maximiza‘tion
I F#=2.68 F#=5.23 :
11 X=[0,8] ,y=[0,2.5] X=8 - y=2.5 F*¥=2.15 X=8 y=2.5 Maximization
: EF*=1.951
12 X=[0,4] , y=[0,4] X=0 y=4 F*=4 X=0 y=4 F¥=4 Maximization
13 X=[0,11, y=[0,11,2=[0,3] X=0.092 y=.194i=l.6 X=0.168  y=.458 z=1.83 Maximization
' F*=6.874. F*=7.932
= B = . = =‘ = . =-' M ) i i t.
14 X=[0,1.5] , ¥=[0,2.5],2=[0,5] X=268 y=1.786 z=.85 X=2 y=787 z=| F¥=6.88] aximization
. F*=3.44
15 X=[0,51 , y=[{0,3] X=5y=2 F*=12 X=5 y=2 F*=|2 Maximization
16 X=[0,11, y=[0,11,z=[0,3] X=.142 y=844 z=1.83 X=.142 y=.844 z=1.8 Maximization
F*=8.028 F*=8.028
17 X=[0,800], y=[0,600], X=4672 y=32.2 z=387.5 X=4672 y=322 z=3875 Maximization
z=[0,600] F*=822586 F*=822586
18 X,y, z=[0,2] X=.885 y=913 z=.796 X=885 y=913 z=796 Maximization
| F*=4.276 F*=4.276
19 X, y, z=[0,3] X=2.602 y=.171 z=.205 X=2.602 y=171 z=205 Maximization
F*=2.602 F*=2.602
20 X={0,10], y=[0,10] X=3918 y=6F*=21.918 X=3918 y=6 F*=21.918 Maximization
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Continue
Prob
Reference Domain Optimal solution by reference
10 i : X=815 y=.906 ,z=0.127
Simon Huband (2011) Domain=[0, 1] F#=2 68
I Milan Zeleny (1982). X=[0,8] , y=[0,2.5] X=8 y=2.5  F*=0.15
12 Ralph E. Stuer X=[0,4] , y=[0,4] X=0 y=4 F#=4
13 . X=0.092 y=.194 z=1.6
ip) = = =
Milan Zeleny (1982). X=[0,1], y=[0,1],z=(0,3] F¥=6.874
14 X=[0,1.5], y=[0,2.5] X=268 y=1.786 z=.85
. , NI ,2.5], - y=1 z=
Milan Zeleny (1982). 2=0.5] F=3 44
15 Milan Zele 1982). X= =
ny (1982) X=[0.5] , y=[0,3] X=5 y=2  F¥=[2
16 Milan Zeleny (1982). _ _ _ X=142 y=.844 z=1.83
X=[0.1]. y=[0,1},z=[0,3] Fh=§ 028
17 . X=[0,800] , y=[0,600] X=467.2 y=322 7=3875
o] ? 2 ] ’ . e .
Milan Zeleny (1982), 2=[0,600] F#=822586
18 . = X=885 y=913 2=79
Milan Zeleny (1982). X, y, z=[0,2] F*=4.276
19 Ralph E. Stuer (1989) X=[0,2]y, z=[0,3] X=2.602 y=171 2=205
F*=2.602
20
Milan Zeleny (1982). X=[0,101, y=[0,10] X=3918y=6 F*=21918
5. Conclusion

After we had solved 20 problems and got the results shown in Table II, which are

considered to be good results for RSM in dealing with multi-objectives optimization , we can

conclude that the use of approximation model dealing with such problems is an effective and

successful methods and the results in table 2 prove that ;

RSM solutions are better than Original solution for problems 1, 6, 7,10, ,13 and

14, RSM solutions = Original solution for problems, 3,4,5,8,9,12,15,16,17,18,19 and

20, Original solution are better than RSM Solutions for problem number 2 and [ lonly.
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=.22.19 in w=0.0 (global optimal solution)
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4- T he Comparison to determine the priority

After we had solved last problem we get The minimum values of £ is £*qines) for (fi, )

This means that the £ is the first objective, because the weight of f; is 1.0 and weight of

fi is 0.0 and get the minimum value of f*, and the second value of f* is * minresy for (£, f3) = -

22.19 in w=1.0, This means that the f; is the first objective, because the weight of f; is 1.0 and

weight of f3 is 0.0 and get the minimum value of f* and the third value of £* is * ningresy for (f1,

f3) = 0.102 in w=1.0, This means that the f; is the first objective, because the weight of f; is 1.0

‘and weight of f3 is 0.0 and get the minimum value of f* From compeering between the results

of Fingesy for (f1, £2) , (fi, £3) and (£, £3) in this problem f, take the first priority , f) take the

second priority and f3is third priority.

Table 1: Summary of problems tested.

We have 20 Multi-objective problems with three objectives as table 1.

Prob Reference Domain Optimal solution by reference
1 : i o i X=2.1 y=1.788
R.Timothy(2003) ~X——[0.3] ,y=[0,3] E*20.026
2
Simon Huband (2011) Domain=[-50,50] X=-u25 - y=-0.036 = F*=--30
3 . v
(Carlos.A.C.andCartes,N.C. _ )
=-1,11 , y=[-4.4 =0 =, *=.12.94
(2002) X=[-1,1] , y=[-4.4] X=-04 y=.04 F*=-12.948
4 (Vira Chankong and Yacov _ _ _ _ e
Y Haimes) (1983) X=[0,10] , y=[0,4] X=-1.01 y=1.0l F*=-0
5 (Vira Chankong and Yacov 3 B e
Y Haimes (1983.) Xy>0 X=0 y=0 F*=0
6 ,
Simon Huband (2011) Domain={-30,30] X=-1.515 y=-303 F*=194
/ Simon Huband (2011) Domain={-400,400] X=2.1 y=2.01 F*=--16471
§ Simon Huband 2011 Domain=[-2,2] X=--2 y=2 F*=14
9 Simon Huband (2011) Domain=[0,1] X=85  y=7  F*=0




3- Similarly convert F2, F3

Minimize f (x) = WFy+(1 — W)F,

to single objeciive by

sevation Kesearch 23-26 Dec |

Solve 2,13
W X y fr X(res) y(res) f¥res
0.00 1.421 2.667 11.276 2.100 2.697 11.077
0.10 1.676 2.242 10.658 2.100 1.879 8.968
0.20 1.824 2.152 9.628 2.100 1.727 5.661
0.30 1.973 2.121 8.506 2.100 1.697 2.229
0.40 2.058 2.091 7341 2.100 1.667 -1.239
0.50 2.100 2.061 6.152 2.100 1.636 4715
0.60 2.100 2.000 4,949 2.100 1.636 -8.210
0.70 2.100 1.970 3.736 2.100 1.636 -11.704
0.80 2.100 1.939 2,512 2.100 1.636 -15.199
0.90 2.100 1.879 1.276 2.100 1.636 =18.694
1.00 2.100 1.788 0.026 2.100 1.606 =22:190
L ’+ ongi;ml
! 4+ RSM
Pareto frontier by RSM and original for F2 , F3
X * X(res) y(res)
1,00 2,100 1,788 0.026 2,100 1.606  -22.190
F*mn  for real case = 0.0224 T ingres) for (i, £5) =-22.19 at w=0

f'kmin(res) for (f[ s f3) =0.102 at. w= 1 f*min(res) for (fz , f3) =-22.19 .at w= 1
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2- Similarly convert FI, F3 (o single objective by
Minimize f ()= WF+(1 - W)F;
Solve f1,f3
W X Y f* X(res) y(res ) fres

0.00 1.421 2.667 11.276 2.100 2.697 11.077
0.10 1.039 2.303 12.163 1.039 2.303 12.067
0.20 0.891 2.030 11.989 0.912 2.030 11.940
0.30 0.806 1.788 11.278 0.806 1.788 11.255
0.40 0.721 1.636 10.213 0.742 1.606 10.204
0.50 0.679 1.485 8.892 0.679 1.455 8.892
0.60 0.636 1.333 7.381 0.636 1.333 7.384
0.70 0.594 1.242 5.720 0.594 1.242 5.724
0.80 0.552 1.152 3.940 0.552 1.152 3.944
0.90 0.530 1.061 2.061 0.530 1.061 2.062
1.00 0.509 1.000 0.102 0.509 1.000 0.102

+.original
+:"RSM

Pareto frontier by RSM and original for F1 , F3

W X y f* XK(res) y(res) ftres

1.06 0.509 1.000 0.102 . 0.509 1.000  0.102
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W X Y | fx X(res) y(res) fHres
0.00 2.100 1.788 0.026 | 2.100 1.606 -22.190 |
0.10 1.421 1.758 3.595 2.058 1.606 -13.427
0.20 1.209 1.758 5234 1.633 1.606 -7.058
0.30 1.061 1.727 6.088 1421 1.606 -2.774
0.40 0.955 1.697 6.429 1.252 1.606 0.259
0.50 0.870 1.667 6.371 1.103 1.576 2.309
0.60 0.785 1.636 5.967 0.976 1.545 3.544
0.70 0.700 1.606 5.247 0.848 1.545 4.011
0.80 0.636 1.515 4.186 0.742 1.485 3.730
0.90 0.573 1.394 2.681 0.615 1.394 2.632
1.00 0.509 1.000 0.102 0.509 1.000 0.102

+. griginal [’
4 RSM [

Pareto frontier by RSM and original for F1 , F2

W X y f* X(res) y(res) ftres -
0.00 2,100 1.788 0.026 2.100 1.606 -22.190

824
104
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Optimization problem
Min F (x)=(f, 3, ..., f,)
ST g (x)<0 k=12,....k
Hi (x)=10 k=12....,k
Where X{” <X, <X [=12,...,n
\
Used " method
To determent the number of bi-objectives.
\ 4
Used Response Surface Method
For every bi-objective function to get the local optimal (F*) for every bi-
objective function,

Y
Used an orthogonal array technique

To fit the (RSM) for every bi-objective function where the weight start

from zero to one;

b 4
Generate Pareto Solutions

Fa

>F

1

To find F*;, for every bi-objective function.

¥

. Global Pareto optimal response surface
l:*min (glOba[) = F*min (fl, f2, (RN 1‘:‘m)

Figure [.Pareto Optlmal Front RSM apprownatlon by an Optimization Formulation based
on a set of bi — objectives. .
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The second order model is widely used in response surface methodology for several

reasons .Among these reasons are the following:

I-the second —order model is very flexible. It can take on a wide variety of functional

forms, so it will often work well as an approximation to the true response surface.
2-It is easy to estimate the parameters (the B’s) in the second —order mode].

3- There is considerable practical experience indicating that the secondorder models work

well in solving real response surface problems. (Raymond and Montgomery, 2002).

4. Generating the Pareto front response surface approximation

The methodology used here for generating the Pareto front response surface approximation can

be illustrated with the help of Figure 1.

5-Numerical examples R.Timothy (2005)
Minimize:- (X)  F;=25( X - 0.5)2+(2y-2)*+0.1
Fo=] (X-2.5 Y+ 4 (y+ 108 )1
F3=-(X-2.)4‘+1.5( y -2872+03Xy+10
Subjectto - gi-(X - 2.1)-0.08(22-y)’< 0 g=-x< 0  g=-y< 0

g=y 30 X<0 X>0,y>0

Solution steps I~ convert F1, F2  to single objective by
Minimize f(x)=WF+(1-W)F,

Subject tol - gi-(X - 2.1)-0.08(22-y)’< 0 g=-x< 0 g=-y< 0

Z=y- 30 X<0 X20,y20

Do
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3. Methodology:

Response Surface Methodology RSM). Is not an algorithm, it is a set of statistical grouped
together to analyze a problem. RSM is a collection of statistical and mathematical techniques
useful for developing, improving and optimizing process. It also has important applications in
the design. Development and formulation of new products as well as in the improvement of

existing product designs.

Definition: Response Surface Methodology (RSM) is a collection of statistical and
mathematical techniques useful for developing, improving, and optimizing processes. It also has
important applications in the design, development, and formulation of new products, as well as

in the improvement of existing product designs. (Raymond and Montgomery, 2002).

In many cases, either the first order or the second order model is used as follows;
¥y =PFo+ Xizt Bixi 3)
y=PBo + TierBr D Bu X+ Licj Li=1 Bij X% (4)

Parameter p 0, B i, Bii, and P j i of the polynomials in Eqns.(5) and (6) are

determined through least square regression given by the following Eqn :

B =[x x]"x.f* - | ©

*

Where x is an n x p the design matrix of sample data points. X ,is its transpose , and *

is a column vector an n x 1 , containing the values of the response at each sample point. It is to

see that , X is a p X p symmetric matrix and x, y isa p x 1 column vector.
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An objective vector 2% € 7 is Pareto optimal if there does not exisi another objective vector
z € Zsuchthatz; < z/ foralli=1,. . kand z; < z; for at least one index j;or equivalently,

z* is Pareto optimal if the decision vector corresponding to it is Pareto optimal. (kaisa 1999)

Definition 2. A decision vector x* € s is a locally Pareto optimal solution if there exists y>0

such that x* is Pareto optimal in S N B (x*,y).

Let the multiobjective optimization problem be convex. Then every locally Pareto optimal

solution is also globally Pareto optimal. (kaisa 1999)

Definition 3: Search space or design space is the set of all possible combinations of the design
parameters. If all design variables are real, the design space is given as S € RV, (N is the number
of design variables). The feasible domain S is the region in design space where all constraints are

satisfied. (Tushar Goel et al 2007)

Definition 4: The function space representation of all the solutions in the Pareto optimal set is the
Pareto optimal front. When there are two objectives, the Pareto optimal front is a curve. when
there are three objectives, thePareto cptimal front is represented by a surface and if there are

more than three objectives, it is representedby a hyper-surface. (Tushax Goel et al 2007)

Weighting Method

In this way , the multidbjective functions are transformed into a single objective function
. They suppose that the weighting coefficients w; are real numbers such that w; 2 0 forall i= [,----k. It is

also usually supposed that the weight are normalized , that is , 2k wi=1. Then the

multiobjective optimization problem (1) is modified into the following problem . (kaisa 1999)

Minimize ¥, w; f; (%)
Subjectto: x€ X ’ @)

Where w; >0 for all i= 1, --=-- k, and

k
=1 Wi=1

‘w
o
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As non-convex and disconnected Pareto-optimal fronis, are also involved. In multi-criterion
decision making, no single solution can be termed as the optimum solution to the multiple
conflicting objectives, as a MOOP is amenable to a number of trade-off optimal solutions
(Deb 2001). For this purpose, multi-objective optimization generates a Pareto front, which is
a set of non-dominated solutions for problems with more than one objective. The major goal
of any MOOP algorithm is to generate a well-distributed true Pareto-optimal front or surface.
A brief description of multi-objective optimization concepts is presented in the next section.
The paper is organized as follows: Section 2 gives the Basic terminology used in the paper,
Section 3 Methodology, Section 4 presents generating the Pareto front response surface
approximation.  Section 5 numerical example Finally, Section 6 summarizes the main

conclusions of the paper.

2. Basic terminology

In this section, some terms used in this paper are defined
Problem definition (MOOP)

min(f, (), fo(x), .. . fi (X)) 1)

Subjectto: x € s,

where the integer k > 2 is the number of objectives functionsf;, R™ = R we denote the vector of
objective functions by f(x) = ( f(x), (), .. ... fi () T The decision variable vectors x

=(y, % %) ' belong to the (nonempty) feasible region (set) S, which is a subset of the

decision variable space R™. ( Kaisa 1994)
Pareto Optimality

Definition 1 . A decision vector x* € S is Pareto optimal if there does not exist another

decision vector x € S such that f;(x) <, f;(x*) forall I =1, ... , k and fi(x) < fj(x™) for at least

one index j.

[ >
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Treating Multi-Objective Problems Using
Special Approximations
'S. H..Eldeeb, * M. H. Gadallah, ® O. S. Soliman

And * H. A. Khalifa

Abstract

Multi-objective optimization is a powerful technique to show the Pareto Frontier for systems with
many objectives. Interpretation of the Pareto Front is pussible for 3 dimension problems, but the multi-
objectives problem with more than two objectives solved by the priority of the objectives from the owner
or the weight for every objectives to determent the Pareto frontier and optimal solution. This solution is
not complete because the solution depends on the priority of objectives , Accordingly, In this paper we
use one of the important methods that deal with multi-objectives which "Response Surface Methodology™
(RSM) with weighted method to transfer multi-objectives problem into a series of bi-objective
optimization problems to determine the Pareto frontier and optimal solution, and So that we can in the
end,have many of the Pareto frontier and optimal solution depending on the number of sub problems and
not depending on the priority of objectives to satisfy the following purposes:

The validity of the method to approximate the original multi-objective problem into a series of bi-
objective problems, Possibility of seeing all the Pareto optimal solution by dividing the problem into a
series of bi-objective, The computational savings related to this transformation, especially with large size
problems, The Pareto frontier resulting from the bi-objective formulation versus the original multi-
objective formulation.

- Key words: Multi-objectives optimization, Pareto optimal. Response Surface Methodology.

L Introduction

Multi-objective optimization techniques play an important role in engineering design, resources
optimizations, and many other fields. Their main purpose is to find a set of best solutions from which a
designer or a decision-maker can choose a solution to derive maximum benefit from the available
resources. Various objectives of a multi-objective optimizaﬁion problem (MOOP) often conflict and/or

compete with one another. Complex relationships in the decision space and/or function space, such

I.4- Department of Operations Research, lnstitute of Stanstlcal Studies & Research, Cairo University , Cairo, Egypt

2- Faculty of Engineering, Cairo University, 3-- Faculty of computers & information , Cairo University Cairo,
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Table 30

n] sl @fi7] 4 | [ o]

) 200 o) 5 0 9 9 5 250
16 | 18] @] | Wl @ |

52 o] 128 o s ol m of 220
21 | 24 | 3] W] Wlo]| 3

53 ' 5 61 275 o 125 o 0 400
15 | HECOIB) 18 | o]

54 o] s0 o 9 9 1 >0
21 | 23 | 19 | 15 | ol @

S5 5 5 6 s 75 o0 75

Demand 200 225 275 300 125 1125

The optimal allocation of such example is: x;;, = 200, x,» = 50, x2, =125, x5,
=175, x25= 50, x33 = 275, x3, = 125, x,, = 50 and x55= 75 with the tota] cost
= 12525.

5. Comparison between the proposed algorithm and the ZPM and the
1ZPM

We have chosen 40 transportation problems from different
references as follows: one problem from Taha [2], one problem from
Hillier -and Lieberman [7], one problem from Quddoos et al. [8], four
problems from Pandian and Natarajan [9], two problems from Sharma et al.
[4], two problems from Adlakha and Kowalski [10], four problems from
Reeb and Leavengood [11], twelve problems from Prakash [12], six
problems from Fogiel [13] and eight problems from other references.

We solved these 40 problems using the proposed algorithm and
compared the solutions with the IZPM method. The conclusion was that
using our algorithm gives the optlmal solution for the 40 problems, while
so]vmg the same problems using the ZPM and the IZPM gives optimal
solution for 34 problems only.

. 6. Conclusion

“In this paper an algorithm for solving transportation problems has been
proposed to handle the drawbacks in the ZPM and the IZPM. This
algorithm presented a modified version of both the ZPM and the IZPM.
The algorithm overcomes the arbitrary selection criterion in ZPM and
IZPM by proposing a new criterion for the selection of the zero cells
‘depending on the original transportation cost matrix. This algorithm also
adds a new condition to adjust the optimality criteria in both methods. The
proposed algorithm gets an optimal solution for the transportatlon problems
compared with the ZPM and the IZPM.
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Table 28

d; d; ds dy ds
nf @i @7 14 | i.l
S 200 0 5 0 9 9 g | 290
16 18] @[ 14 1wl @Wlo
S) | I | | —‘I : 350
Z of 128 o 1] o225 0 0
2 2 ] 4 3
53 N ENI Wiol Wl g,
5 6 215 ol 7 0of s0 o
15 | 7] W] 2| 18 | 0]
Sy o] 50 o 9 9 |2
21 | 23 | 19 | 15 | o] @
S5 5 5 6 s 0| P
Demand 200 225 275 300 o125 1125

The optimal allocation of such example is: x;; = 200, x;, =50, x,, = 125, x5,
=225, x33= 275, x34, =175, x35 = 50, x,» = 50 and x55= 75 with the total cost
=12525.

In step 8 (c) the cells (2, 5) and (3, 5) have the same transportation costs. If
we choose cell (2, 5) for allocation as presented in Table 29, instead of cell
(3, 5) in Table 18, we get an alternative solution in Table 30.

Table 29
d; d, d; dy ds
] 13 | 17 ] o
16 | i8] ]y 10 | o] ©
52 0 0 | o Tof 399
21| 24 | 138 (D o] 0|
S3 5 6 28 o 0 } o 125
15 | 7] ] is | 0
Sy 0 0 9 9 1 30
PR EIN g Y ﬂ{] B o,
Demand 200 225 0 300 0 1125
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S

§2
04
§3 58
0L
Sy B |
20 23 | | 15 | 0
S5 : o ¢ o CCD 0
Demand 200 225 0 300 0 1125

Step 9: Since there is a single zero cell (3, 4) in row s4, then allocate it as
presented in Table 27.

Table 27
d/ dz dg : d4 d5
i | {7y 14 | K )
S1 0 0 9 9 s | 220
i6 | 18 | 14j] 10 | | 0] .
2 0 0 1 0 o] 290
. , 1 3
niE g P el ol O
i5 | 7] ] 18 | 0
S4 0 0 9 9 1] 20
21| 23] 1941 15 ] 0 2
S5 5 o w— ]| O
Demand | 200 225 0 225 0 |125

Repeating step 10: Since all supplies and demands are not satisfied, we still
have Table 27.

Repeating steps from 7 to 10 until all supplies and demands are satisfied.

Step 11: Table 28 giving the optimal transportation plan:
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Table 25

d; d; Supply
s, 1| 0 13 | O 250
So 1—6' 0 ‘EJ 0 350
53 21 | 5 24 | ) 195
s, 15 | O 17 | O 50
55 21 | ] 23 | 5 0
Demand 200 225 0 300 50 1125

Step 10: Since all supplies and demands are not satisfied, we still have
Table 25.

Repeating Step 7: Selecting the largest cost (9) in Table 25, since there is
more than one cell having the same cost, we select cell (1, 4).

Repeating step 8: Since the selected cell in step 7 is the cell (1,4), then
there are two zeros in both the row sl and the column d4. Select
from the reduced matrix the next largest cost (9) to the cost of that
cell (4,4) , and then there are two zeros in both the row s4 and the
column d4. Select from the reduced matrix the next largest cost (6)
to the cost of that cell (3,2), and then there are two zeros in both
the row s3 and the column d2. Select from the reduced matrix the
next largest cost (5) to the cost of that cell (1,5), and then there
are two zeros in both the row sl and the column dl1. Select from
the reduced matrix the next largest cost (5) to the cost of that
cell (3,1) ), and then there are two zeros in both the row s3 and
the column d1. Select from the reduced matrix the next largest
cost (1) to the cost of that cell (4,5) ), and then there are two zeros
in both the row s4 and the column d5. We still have Table 25.

T
RS AN

Step 8 (c): The next largest reduced cost is zero. Choosing the unallocated
cell (3, 5) with the smallest transportation cost (0) in the original
cost matrix gives Table 26.
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Table 23

d; d; Supply
5, 1 | 0 13 | ) 250
5, 16 | 0 18 | 0 350
53 21 | 5 24 | . 195
s, 15 | O 17 | O 50
55 21 | . 23 | . 0
Demand 200 225 0 300 50 1125

Step &: Since the selected cell in step 7 is the cell (1, 3), then there is one
zero in the column d, then we allocate the cell (3, 3) as presented

in Table 24.
Table 24
d; ds d; dy ds Supply
1] 13
s M| . 3] . ;| 250
16 | 18 14} 10 | 0 '
52 0 - 0 1 0 = 0| 30
21 | 24 | sl Wlw] o]
3 5 6 235 o 0 of 125
15 17 21 18 | 0
S4 .—’ 0 ___I ,0 ___I : 50
21 | 23 | 191] 151 o
S5 5 5 6 5 - 0 0
Demand 200 225 0 300 50 1125

Step 9: Since there is a single zero cell (5, 5) in row ss, then allocate it as
presented in Table 25.
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Table 21

d; d> d; dy ds Supply
5 0 o—| 8 8 : 250
5 ] D 1,‘ 0 0 350
55 6 7 G 0 0 | 400
54 0 0 & 3 i 50
55 10 10 6 5 0 75
Demand ; : L 275 300 125

Repeating Step 6: Subtracting the smallest cost (1) in the uncovered entries
in Table 21, and adding it to the intersection of every two lines, we

get Table 22.
Table 22

d; d, ds dy ds Supply
S) 0 0 9 9 5 250
S7 0 0 1 0 0 350
S3 5 6 0 0 0 400
Sy 0 0 9 9 1 50
S5 5 5 6 5 0 75

Demand 200 225 275 300 125

Repeating step 4: Checking the first row, the zeros in that row of
destinations d,, d, and ds with total demands = 200 + 225 + 125 =
550 is greater than the supply s, (250). Also, if the same check is
repeated for all the rows and all the columns the allocation

condition will be satisfied. So, go to step 7.

Step 7: Selecting the largest cost (9) in Table 22, since there is more than
one cell having the same cost, we select cell (1, 3) as presented in
Table 23. '
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Step 6: Subtracting the smallest cost (4) in the uncovered entries in Table
18, and adding it to the intersection of every two lines, we get

Table 19.
Table 19
d, d; ds dy ds Supply
S 0 0 8 8 4 250
Sy | 1 1 0 0 350
3 6 7 0 0 0 400
Sy 0 0 8 8 0 50
S5 10 10 6 5 0 75
Demand 200 225 275 300 125

Repeating step 4: Checking the first row, we notice that the zeros in that
row of destinations d;, d; and ds with total demands = 200 + 225 +
125 = 550 is greater than the supply s, (250). Also, if the same check
is repeated for all the rows and all the columns, we conclude that d,
and d; in Table 19 are not satisfying the condition as illustrated in

Table 20. '
Table 20
d/ d2 d3 d.-/ d5 Supply

8y 0 0 8 8 4 250

S 1 1 1 0 0 350

Sy 0 0 8 8 0 50

Ss 10 10 6 5 0 75

Demand i , 275 300 125

Repeating Step 5: Coverihg all zeros in Table 20 with the minimum
number of horizontal and vertical lines and keeping the
unsatisfied columns (d, and d,) uncovered gives Table 21.
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d; d; d;s dy ds Supply
8 0 0 4 4 0 250
83 5 5 1 0 0 350
S3 10 11 0 0 0 400
Sy 4 4 8 8 0 50
85 10 10 6 5 0 75
Demand | 200 225 275 300 125

Step 4: Checking the first row, we notice that the zeros in that row of
destinations d,, d, and ds with total demands = 200 + 225 + 125 =
550 which is greater than the supply s, (250). Doing the same
check to the rest of the rows and the columns, we conclude that
d; and d, in Table 16 are not satisfying the condition as

illustrated in Table 17.

Table 17
d, d> ds dy ds Supply
) 0 0 4 4 0 250
83 5 5 1 0 0 350
S3 10 11 0 0 0 400
Sy 4 4 8 8 0 50
S5 10 10 6 5 0 75
| Demand 275 300 125

Stép 5: Covering all zeros in Table 17 with the minimum number of
horizontal and vertical lines and keeping the unsatisfied columns
(d; and d;) uncovered gives Table 18,

Table 18
d; d, d; dy ds Supply
S 0 6 ;‘ 2 250
S5 5 5 } %3 ( 350
S3 10 11 0 ) 400
s, 4 @ : g ) 50
Ss 10 10 6 5 ) 75
Demand ' 275 300 125

138
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Table 14

d3 d4 Supply
2 4
0 3
4 3
S2 700
0 0
3 2 1 0
83 @ @ 900
2 11500 of400 o
Demand | 900 800 500 | 400 2600

The optimal allocation of such example is: x; = 200, x;,= 800, x,; = 700,
x33 = 500 and x3, = 400 with total cost = 5300.

4.2.Example 2

Using the proposed algorithm to solve the problem in Table 3 in section 2
gives the following:

- Step 1: Since the problem is unbalanced, adding the dummy destination ds
with demand = 125, we get Table 15.

Table 15
d; d> d3 dy ds | Supply
8y 11 13 17 14 0 250
87 16 18 14 10 0 350
83 21 24 13 10 0 400
S4 15 17 21 18 0 50
Ss 21 23 19 15 0 75
Demand | 200 225 275 300 125

Step 2: Since the minimum cost in every row is zero, we still have Table
15.

Step 3: Subtracting the minimum cost of each column from every entry in
that column, we get Table 16.

37
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Table 11, since there are more than one cell having the same costs,
we select cell (2, 2), and allocate it as presented in Table 12.

Table 12
dl d2 d3 d4 Supply
2 2 2 4
S @ 200
ol 80G o 0 3
5 4 6 | 4 3 200
B 0 2 0 0
0
s; 4 22 LY 900
2 g 0 0
Demand 900 0 500 400 2600

Step 9: Since there is not a single zero cell in all the rows and the columns,
then go to step 7.

Repeating Step 7: The next largest reduced cost is zero in Table 11.

- Repeating Step 8 (c): Choosing the unallocated cell (3, 4) with the smallest
transportation cost (0) in the original transportation cost
matrix, and allocate it as presented in Table 13.

Table 13
dl d2 d3 dd Supply
) 2 2 4
5] @ : 200
0] 800 o 0 3 :
s, 4L SO ] 700
0 2 0 10
3 2 1 10
S3 @ 500
2 1 0] 400 o
Demand 900 0 500 0 2600

Step 9: Since all supplies and demands are not satisfied, we still have Table
13, repeat steps from 7 to 9 until all supplies and demands are
satisfied. ‘

Step 10: Table 14 giving the optimal transportation plan.

130
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d, d, d; d, Supply
S C oI oo 2 1000
’ 0

S3 3 2 1
Demand :

Step 5: Covering all zeros in Table 3 with the minimum number of
horizontal and vertical lines and keeping the unsatisfied rows (s,
and s3) and columns (d), d; and d;) uncovered gives Table 4.

Table 4
d; d, ds dy Supply
S 0 0 0 2— | 1000
S 3 1 0 00
53 3 2 1 0 900
Demand 900 R0O0 00 400 2600

Step 6: Subtracting the smallest cost (1) in the uncovered entries in Table 4,
and adding it to the intersection of every two lines, we get Table 5.

Table 5
d] dg . d3 d4 Supply
Sy 0 0 0 3 1000
52 0 2 0 0 700
3 2 1 0 0 900
Demand 900 800 500 400 2600

Repeating step 4: Checking the first row, we notice that the zeros in that
row of destinations d;, d; and d; with total demands = 900 + 800 +
500 = 2200 is greater than the supply s; =1000. Also, if the same
check is repeated for all rows and all columns the allocatlon
condition will be satisfied. So, go to step 7.

Step 7: Selecting the largest cost (3) in Table 11.

Step 8: Since the selected cell in step 7 is the cell (1,4), then there are two
zeros in both the row s; and the column d,. Select from the
reduced cost transportation matrix the next largest cost (2) in
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cost in the onginal transportation cost matrix and go
to step 9.

Step 9. If there is a single zero cell in any column or / and row, then
allocate it.

Step 10. If all supplies and demands are not satisfied, go to step 7,
otherwise go to step 11.

Step 11. The last table gives the optimal solution.

4. Illustrative examples
4.1.Example 1

Using the proposed algorithm to solve the problem in Table 1 in section 2
+ gives the following;:

The results of applying the proposed algorithm can be described as follows:
Step 1: Since the problem is balanced, we still have Table 1.

Step 2: Subtracting the minimum cost of each row from every entry in that
raw, we get Table 2,

Table 2
d; d, d; dy Supply
Sy 0 0 0 2 1000
S7 | 3 1 0 700
53 3 2 ] 0 900
Demand| 900 800 500 400 2600

Step 3: Since the minimum cost in every column is zero, we still have
Table 2. '

Step 4: Checking the first row, we notice that the zeros in that row of

destinations d;, d; and d; with total demands = 900 + 800 + 500 =

2200 is greater than the supply s; =1000. Therefore, the supply s,

cannot satisfy the demands these three demands. Doing the same

check to the rest of the rows and the columns, we conclude that d,

d, ds, s; and s3 are not satisfying the allocation condition as
illustrated in Table 3.




Step 1:
Step 2:
Step 3:

Step 4:

Step 5:

Step 6:
Step 7.

Step 8.

there are anothet zero cells in the same row supplies (column demands). If
we replace the arbitrary choice in the [ZPM by choosing the smallest cost
in the original transportation cost matrix which corresponds to one of the
zero cells in the reduced transportation matrix, we get an optimal solution.
The steps of the proposed algorithm are illustrated as follows:

If the TP is unbalanced change it into a balanced one by adding
a dummy row or column.

Subtract the minimum cost of each row from all the entries of
that row.

Subtract the minimum cost of each column resulting from step 2
from all the entries of that column.

If each row supply (column demand) is less than or equal to the
sum of the demands (supplies) whose reduced costs are zeros in
that row (column) and in the same time the sum of the row
supplies (column demand) in these rows (columns) is less than
or equal to the demand of that column (the supply of that row),
then be sure there are another zero cells in the same row
supplies (column demands), then go to step 7, otherwise, go to
step 5.

Cover all zeros of the reduced cost transportation table
resulting from step 3 with the minimum number of horizontal
and vertical lines and keep the unsatisfied rows or/and columns
from step 4 uncovered.

Subtract the smallest cost in the uncovered entries from each
uncovered entries of the reduced cost transportation matrix, add
it to the intersection of every two lines and go to step 4.

Select the largest cost from the reduced cost transportation
table . If that cost exists in more than one cell, then select any
of these cells.

If the selected cell in step 7 is the cell (i, ) then:

a)  If there is one zero in the row [ and / or the column j,
then allocate the cell (cells) corresponding to this zero
(zeros), go to step 9.

b)  If there is more than one zero in the rowi and
column jthen select from the - reduced cost
transportation matrix the next largest cost to the cost
of the that cell (i, ). Go to step 8 (a), otherwise go to
step 8 (c).

c)  If the next largest reduced cost is zero, then choose
the unallocated cell with the smallest transportation
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Demand 200 225 275 300 125 1125
; Table 6
d d; d3 dy ds
11 I 12 I 17] 14 | _(_)_l
S1 o7 o 9 9 5| 250
16 | 18] ] 10 | __o_|
52 ol 225 o0 1 0 o 120
21| 24 | B Wlw] o]
S3 5 6| s o 0 o] 125
5 | (1] 3 |2 18 | o] .
Sy 0 0 9 9! i
21 23 19 1 0
S5 ! 5 I 5 J 6 2 75 (65 0
Demand 200 0 0 300 50 1125
Table 7
d; d,
] @Y
S 200 0 0
i6 | 18] @
2 o] 225 o
21 | 24 |
S3 5 6
15 | K E
S+ 0 0
N
S5 5 5
Demand 0 0

3. The proposed Algorithm

If we add a new optimality condition in the IZPM by also check if the sum
of the row supplies (column demand) in these rows (columns) is less than
or equal to the demand of that column (the supply of that row), then be sure

4
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In order to illustrate this consider the unbalanced transportation
problem, where s; represents the supply of the source i and d; represents
the demand of the destination j as presented in Table 3.

Table 3
d d> d3 dy Supply
Sy 11 13 17 14 250
82 16 18 14 10 350
S3 21 24 13 10 400
S4 15 17 21 18 50
S5 21 23 19 15 75
Demand | 200 225 275 300

By solving the problem using the IZPM, at step 7 (d) we have to select the
candidate cell for allocation. If cell (4, 2) is selected as presented in Table
4, then this selection leads to the optimal transportation plan presented in
Table 5 with the total cost=75* 11 + 175 * 13+ 125 * 16 + 175 * 10 + 50
*0+275 %13 +50% 17 +50* 17+ 75 % 0= 12525, If cell (2, 2) is
~ selected as presented in Table 6 it is not possible to satisfy the demand
d4 (100) although we have still s; = 50 and s,=50 as shown in Table 5
and we cannot allocate them to cells (1, 4) and (4, 4) because there reduced
Ccosts are not zeros, so there is no solution in this case. Therefore, we can
conclude that the arbitrary selection criterion is not valid all the time. In the
next section the proposed method will be presented in order to avoid such

drawback.
Table 4
d d; ds dy ds | Supply
1| 13 | 174 14 | [ 0] -
51 0 0 9 9 5 250
e L] [ 10 | o |
2 0 0 1 0 of 350
21 | 24 | B Who] o]
3 s 6| 255 0 0 of 125
15 17| A 21 I8 | 0
Sy ' o 'r\l 0 0 Q _I I 0
21 ] 23 | 19]] 15 (0] @
Ss ‘& .8 b 1y 75 0 0
Demand 200 175 0 300 50 1125
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2. Drowbacks of the IZPM
Although the ZPM and the IZPM have been developed to find an
optimal solution for the TP, both methods have some drawbacks in

reaching such optimal solution. The setuations of such drawbacks can be
discribed as follows:

The first drawback exists in optimality condition of steps 4 and 4 (b) of the
ZPM and the IZPM, where in some situation the optimality condition is
satisfied but the supply (demand) cannot satisfy the sum of the demands
(supplies).

In order to illustrate such case consider the balanced transportation problem
as presented in Table 1, where s; represents the supply of the source i and
d; represents the demand of the destination j.

Table 1
d) ds ds dy | Supply
Sy 2 2 2 4 1000
2 4 6 4 3 700
S3 3 2 1 0 900
Demand | 900 800 500 400 . | 2600

By solving the problem using the [ZPM, at step 4 (b) although each column
demand is less than the supply s;, but supply s; cannot satisfy the total
columns demands d;, d> and d; (900 + 800 + 500 = 2200) is greater than the
supply s; (1000), because there is not another zero cells for allocation in the
same column demands (d;, d; and ds) as presented in Table 2.

Table 2
d, d; d; dy Supply
s; | C ool o>ITo > 2 1000
52 1 3 | 0
53 3 2 1 0
Demand

So there is no solution in this case. Therefore, we can conclude that the
- optimality condition is not valid all the time. In the next section the
proposed algorithm will be presented in order to avoid such drawback.

The second drawback exists in the arbitrary choices in steps 8 and 7 (d) of
the ZPM and the IZPM where not every choice leads to an optimal
solution.
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A Modified Version of the Improved Zero Point Methc
Solving Transportation Problems

| _—Abo Shady, A. Mona ', Ragab, M, Aly?, El-Sherbiny, M, Mahmoud *

Abstract

The Zero Point Method (ZPM) was first introduced by Pandian and
Natarajan [1] for solving the transportation problem. Samuel [2] has
proposed the Improved Zero Point Method (IZPM) to justify the optimality
condition in the ZPM. In this paper a modified version is proposed in order
to handle the drawbacks in both methods. A comparison between the
proposed algorithm and the ZPM and the IZPM is presented.

Key words: Optimal solution, Transportation problem, Zero point method.

1. Introduction

The transportation model is a special case of the linear programming
problem (see for example [3], [4], [5] and [6]). It deals with transporting
certain product from m sources to n destinations. The sources are
production facilities with respictive capacities a, a,, wiv, G and  the
destinations are warehouses with required levels of demands by, by, i by,
The penality for transporting a unit from the source i to destination J of the
given product is ¢;; and the problem is to determine the amounts to be
transported from all sources to all destinations such that the total
transportation cost is minimized. ‘ o

In 2010, the ZPM was first introduced by Pandian and Natarajan [1] as a
method for solving the transportation problem to obtain an optimal
solution.

The rest of the paper is organized as follows: in section 2, we describe the
drawbacks of the IZPM. In section 3, we present the proposed algorithm. In
section 4, illustrative examples is solved. Section 5 present a comparison
between the ZPM , the IZPM and the proposed algorithm, F inally, section
6, presents the conclusion of the work. :

I . . . .
Egyptian Petroleum Research Institute, Nasr City, Cairo, Egypt,
% Department of Operations Research, Institute of Statistical Studies and Research, Cairo University,

Giza, Egypt.
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Table 14
s np Wi @] 14 | | 0| | as0
/ 200 0] 50 0 9 9 5
6|  fus) W] o W] @ 150
52 of 125 o 1] o[ s o °°
21 | 24 | 3] o] Wlo] 3
3 5 61 275 0] 125 0 o| 900
15 | HECOIE 18 | o]
54 0] s0 o 9 9 ] >0
21 | 23 | 19 | 15 | ol @
Ss 5 5 6 s5hs o 75
Demand 200 225 275 300 125 1125

An alternative optimal allocation of suclh example is: x;; = 200, x;>= 50, x»,
= 125, Xoy = 175, X5 = 50, X33 = 275, X3y =™ 125, X = 50 and Xs5 = 75 with
the total cost = 12525.

4. Comparison between the proposed algorithm and the ZPM, the
IZPM and the ASM method

We have chosen 40 transportation problems from different
references as follows: one problem from Taha [5], one problem from
Hillier and Lieberman [11], one problem from Quddoos et al. [9], four
problems from Pandian and Natarajan [12], two problems from Sharma et
al. [13], two problems from Adlakha and Kowalski [14], four problems
from Reeb and Leavengood [15], twelve problems from Prakash [16], six
problems from Fogiel [17] and eight problems from other references.

We solved these 40 problems using the proposed algorithm and
compared the solutions with the ZPM, the IZPM and the ASM method.
The conclusion was that using our algorithm gives the optimal solution for
the 40 problems. Solving the same problems using the ASM method gives
the optimal solution for 39 problems, while solving the same problems
using the ZPM and the IZPM gives optimal solution for 34 problems only.

5. Conclusion

In this paper an algorithm for solving the transportation problem has
been proposed using two stages: the first stage depends on a modified
version of the Hungarian algorithm to create a reduced cost transportation
matrix. In the second stage, the allocation depends on the zero cells in the
reduced cost transportation matrix, with the minimum cost in the original
transportation cost matrix. The proposed algorithm gets an optimal solution
for the transportation problems compared with the ZPM, the IZPM and the
ASM method.
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Table 12

d; d | ds dy
F nl @i} @f7| 14 |
200 0f 50 0 9
£ i6 | is | (i 14} 10 |
of 125 0 1] 22
S E | 24 | 131 o]
2 5 6| 215 of 75
- K
N E [ HIECIE 18 |
0f 50 0 9
N | 23 | S RE | 15 |
5 5 6
Demand 200 225 275 300 125 1125

The optimal allocation of such example is: x;; = 200, x;, = 50, x;, = 125, x5,
=225,x33 =275, x3,= 175, x35 = 50, x,» = 50 and x;;= 75 with the total cost
=12525.

In the proposed algorithm, in step 8 the cells (2, 5) and (3, 5) have the same

transportation costs. If we choose cell (2, 5) for allocation as presented in
Table 13, instead of cell (3, 5) in Table 11, we get an alternative solution in

Table 14. v :
Table 13
d; d; d; d, ds
T ] : 13 ] . _]_7_? 250
2 13 5 ] o 1] 300 g
51 21 | 5 24 | } 132_.5 125 ;
s, 15 | 0 17 | 0 21} 50 .
55 21 | . 23 | ] 19¢] 0
Demand 200 225 0 300 0 1125
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d d, | ds dy ds
| 13 | 174 14 | | 0|
Sy 0 .0 9 9 5| 20
i6 | 18 | 144) o | ..
82 0 ol § 0 N
21 | 24 | i3 @] = .
3 5 6 205 o 0 of 123
s | 17 | 21{] 18 | 0]
Sy 0 0 9 9 | 30
3 23 1 0
LRl iy = = = )
Demand 200 225 0 300 50 1123

Step 8: Since there are two zero cells having the minimum transportation
cost (0) in the original transportation cost table (Table 1), then
choose cell (3, 5) and allocate it with 50 as presented in Table 11.

Table 11
d} dg d3 d_./ dj
11 I 13 I 17 I 14 I 0}
; : 2
1 0 0 9 9 5| 20
16 18 14 10
3 R Y i 3 -
21 ] 24 | 138 (D1 10] =
S3 5 6 2p5 0 73
15 ] 17 | 21 18 | 0
Sy 0 o] 9 9 ]9
21 23§ 191] 15 ] 0 1
S5 5 5 6 E3 e (3) 0
Demand 200 225 0 300 0 1125

Step 9: Since all supplies and demands are not satisfied, repeat steps from 7
to 9 until all supplies and demands are satisfied.

Step 10: Table 12 giving the optimal transportation plan.
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Table 8
d d; ds d, ds Supply
s 0 0 & 8 4 250
52 1 D 1 0 0 350
53 6 7 0 0 é 400
s 10 10 6 5 0 75
Demand i 275 300 12

Repeating Step 6: Subtracting the smallest cost (1) in the uncovered entries
in Table 8, and adding it to the intersection of every two lines, we
get Table 9.

_ Table 9
d d> ds dy ds Supply
S 0 0 9 9 5 250
7 0 0 1 0 0 350
S3 5 6 0 0 0 400
Sy 0 0 9 9 1 50
Ss 5 -5 6 5 0 75
Demand 200 225 275 300 125

Repeating step 4: Checking the first row, the zeros in that row of
destinations d;, d, and ds with total demands = 200 + 225 + 125 =
550 is greater than the supply s; (250). Also, if the same check is
repeated for all the rows and all the columns the allocation
condition will be satisfied, so, go to step 7.

Step 7. Since there is a single zero cell (5, 5) in row ss and a single zero
cell (3, 3) in column dj, then allocate both cells as presented in
Table 10. ‘
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Table 5

d, d; d; d, ds Supply
S 0 0 o 4 0 250
5 5 1 0 0 350
53 10 1 0 0 400
54 4 4y 8 8 0 50
55 10 10 6 5 0 75
Demand [ 280 o8 275 300 125

Step 6: Subtracting the smallest cost (4) in the uncovered entries in Table 5,
and adding it to the intersection of every two lines, we get Table 6.

Table 6
d, d, ds d, ds Supply
S 0 0 8 8 4 250
82 1 1 1 0 0 350
3 6 7 0 0 0 400
Sy 0 0 8 8 0 50
S5 10 10 6 5 0 75
Demand | 200 225 275 300 125

Repeating step 4: Checking the first row, we notice that the zeros in that
- row of destinations d), d; and ds with total demands = 200 + 225 +

125 =550 is greater than the supply s, (250). Also, if the same check

is repeated for all the rows and all the columns, we conclude that d

and d, in Table 6 are not satisfying the condition as illustrated in

Table 7.
Table 7
d d; ds dy ds Supply
51 0 0 8 8 4 250
s 1 | 1 0 0 350
S3 6 7 0 0 0 400
s 0 0 8 8 0 50
55 10 10 6 5 0 75
Demand . 275 300 125

Repeating Step 5: Covering‘ all zeros in Table 7 with the minimum number
of horizontal and vertical lines and keeping the unsatisfied
columns (d; and d5) uncovered gives Table 8.
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that column, we get Table 3.
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the minimum cost of each column from every entry in

Table 3
d, d; d; dy ds Supply
Sy 0 0 4 4 0 250
S5 5 5 1 0 0 350
53 10 11 0 0 0 400
Sy 4 4 8 8 0 50
Ss 10 10 6 5 0 75
Demand 200 225 275 300 125

Step 4: Checking the first row, we notice that the zeros in that row of
destinations d;, d> and ds with total demands =200 + 225+ 125 =
550 is greater than the supply s, (250). Doing the same check to
the rest of the rows and the columns, we conclude that d; and d,
in Table 11 are not satisfying the condition as illustrated in Table

4,
Table 4

d; d> d; dy ds Supply
) 0 0 4 | 4 0 | 250
52 5 5 1 0 0 350
53 10 11 0 0 0 400
S4 4 4 8 8 0 50
S5 10 | 10 6 5 0 75

Demand [ E800 Gl o0 ) 275 300 125

Step 5: Covering all zeros in Table 4 with the minimum number of
horizontal and vertical lines and keeping the unsatisfied columns
(d; and d;) uncovered gives Table 5.
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it 1o the intersection of every two lines and go to step 4.

Step 7:  Ifthere is a single zero in any column or / and row, then allocate
it.

Step 8:  From all the zero cells in the reduced cost tr ansportation matrix,
choose the cell with the minimum transportation cost in the

original transportation cost matrix and allocate it, if there is a
tie, then choose any one.

Step 9:  If all supplies and demands are not satisfied, go to step 7,
otherwise go to step 10,

Step 10:  The last table gives the optimal solution.

3. Example

Consider the following unbalanced transportation problem as
- presented in Table 1, where s; represents the supply of the source i and d;

represents the demand of the destination j.

Table 1
d, d> d;s d, Supply
8y 11 13 17 14 250
82 16 18 14 10 350
S3 21 24 13 10 400
Sy 15 17 | 21 18 50
S5 21 23 19 15 75
Demand | 200 225 275 300

Step 1: Since the problem is unbalanced, adding the dummy destination ds
with demand = 125, we get Table 2.

Table 2

d; d> d; dy ds Supply
s 11 13 17 14 0 250
55 16 18 | 14 10 0 350
S5 21 24 13 10 0 400
5y 15 17 21 18 0 50
85 21 23 19 15 0 75

Demand 200 225 275 300 125

Step 2: Since the minimum cost in every row is zero, we still have Table 2.
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drawbacks in the ZPM and the [ZPM due to the arbitrary selection criterion
in both methods by proposing a new criterion for the selection of the zero
cells depending on the original transportation cost matrix. This algorithm
also adds a new condition to adjust the optimality criteria in both methods.

This paper introduces an algorithm based on the Hungarian
algorithm for solving the TP. The rest of the paper is organized as follows:
in section 2, the proposed algorithm is presented. In section 3, an
illustrative example is solved. Section 4 presents the comparison between
the proposed algorithm and the ZPM, the IZPM and the ASM methods.

Finally, section 5 presents the conclusion of the work.
2. The proposed Algorithm

The proposed algorithm is applied in two stages. The first stage
consists of six steps depending on a modified version of the Hungarian
algorithm [5] to create a reduced cost transportation matrix. The second
stage consists of four steps where the allocation depends on the zero cells
in the reduced cost transportation matrix, which have the minimum cost in
the original transportation cost matrix. The steps of the algorithm are

illustrated as follows:

Step 1:  If the TP is unbalanced change it into a balanced one by adding
a dummy row or column.

Step 2:  Subtract the minimum cost of each row from all the entries of
that row.

Step 3:  Subtract the minimum cost of each column resulting from step 2
from all the entries of that column.

Step 4:  If each row supply (column demand) is less than or equal to the
sum of the demands (supplies) whose reduced costs are zeros in
that row (column) and in the same time the sum of the row

~ supplies (column demand) in these rows (columns) is less than
or equal to the demand of that column (the supply of that row),
then be sure there are another zero cells in the same row
supplies (column demands), then go to step 7, otherwise, go to
step 5.

Step 5: Cover all zeros of the reduced cost transportation table
resulting from step 3 with the minimum number of horizontal
and vertical lines and keep the unsatisfied rows or/and columns
from step 4 uncovered.

Step 6:  Subtract the smallest cost in the uncovered entries from each
uncovered entries of the reduced cost transportation matrix, add

Research 23-26 Deo 20173
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Solving the Transportation Problems Using the Hungarian
Algorithm

Abo Shady, A. Mona ', Ragab, M. Aly 2, El-Sherbiny, M. Mahmoud *

Abstract

In this paper an algorithm for solving the Transportation Problem (TP) is
proposed to obtain the optimal solution directly using the Hungarian
algorithm. The results of this algorithm are compared with the Zero Point
Method (ZPM), the Improved Zero Point Method (IZPM) and the ASM
method.

Key words: Hungarian algorithm; Optimal solution; Transportation problem; Zero
point method; Improved zero point method; ASM method.

1. Introduction

The transportation problem (TP) is considered to be a special class of
the linear programming problem. It was firstly presented by Hitchcock [1],
where sources and destinations constraints are taken into consideration. In
the real life, other constraints can be considered, such as product type
constraints or transportation mode constraints [2]. For such cases, the TP
can be turned into a Solid Transportation Problem (STP) by adding the
conveyances capacities constraints [3]. The STP degenerates into the TP as
the number of conveyance is only one [4]. ‘

Three different methods provide the initial basic feasible solution
(IBFS) for the TP; such as northwest-corner, least-cost method and Vogel's
approximation method. The IBFS is improved using the modified
distribution method [5] or the stepping stone method [6] to reach an
optimal solution,

Recently, the ZPM [7], the IZPM [8], and the ASM method [9] have
been proposed for obtaining the optimal solution directly for the TP. Such
methods require the least number of iterations to reach optimality
compared with finding IBFS and improving it. Some drawbacks exist in
these methods. Abo Shady et al. [10] proposed an algorithm to handle the

! Egyptian Petroleum Research Institute, Nasr City, Cairo, Egypt.
! Department of Operations Research, Institute of Statistical Studies and Research, Cairo University,

Giza, Egypt.
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Table 6: Configuration of Alternatives Resources from Original, DSA and SDPMO
Method.
Activity 1 Activity 2 Activity 3 | Activity 4

configuration | original 1 1 1 1
of renewable DSA 1 1 T 2
resources SDPMO 1 1 2 1

6-Conclusion
This research provides SDPMO method to solve the problems of decision-making
under uncertainty managed projects. This method is designed to minimize the average
total cost of projects by optimize utilization of available resources. In the above

- example, there was a reduction in the cost of the project to 38.19 by the DSA method
and to 25 by the SDPMO method whereas the increase happened in completion time
of project from 55.97 of the DSA. method to 58.62 by the SDPMO method, but
without lateness penalties cost.

Recommendations for Future Research

1= Supported Problems with multi objectives function.

2+ Supported non linear problem.

3¢ Find a solution to this problem by using the methods of artificial intelligence and
compare it with the current method. , .

4+ Develop the proposed method to be applied on the concurrently managed projects.

5¢ Develop the proposed method to take into account the cash flows.
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number 4 will use the resources number 2 and activity number | will use the resources

number |.

Table 4: Average Start, Duration and Completion Time for all activities.

Average Variance S.d C.I 95%

Start time 0 0 0 0-0
activit‘y Duration 15.0227 2.08769 1.44488 12.1907- 17.8547
i Complete time 15.0227 2.08769 1.44488 12.1907- 17.8547
Start time 15.0227 2.08769 1.44488 12.1907- 17.8547
activity Duration 19.5486 10.1191 3.18106 13.3138-25.7835
2 Complete time 34,5713 12.2438 3.49912 27.713-41.4296
Start time 34,5713 12.2438 3.49912 27.713-41.4296
activity Duration 7.98923 0.107429 0.327764 7.34681- 8.6316
3 Complete time 42,5605 12.2361 3.49801 35.7044-49.4166
Start time 42,5603 12.2361 3.49801 35.7044- 49.4166
acﬁ‘vii’y Duration 16,0653 2.89762 1.70224 12.7289-19.4017
4 Complete time 58.6258 12,572 3.5457 51.6762- 65.5754

Table S: Summarized Comparison between Original, DSA and SDPMO Method.

Duration Cost
Average Std. Deyv. Average Std. Deyv.
Original 70.97 5.29 631.10 473.09
DSA 55.97 4.66 38.19 26.49
SDPMO 58.62 7.09 25 14.03

The above table shows the solution for the presented example from three different
methods, the duration of project by original method is 70 units with std.dev 5.29 and
total cost of project is 631.10 units with std.dev 473.09, the duration of project by DSA
method is 55.97 units with std.dev 4.66 and total cost of project is 38.19 units with
std.dev 26.49, the duration of project by original method is 58.62 units with std.dev 4.66
and the total cost of project is 25 units with std.dev 14.03, the suggested configuration of
resources from three methods is shows in table 6.
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The following a prototype functions o generate Activity duration from above the
probability distribution (Tayfur and Belamed, 2010):
1- A prototype triangular function:
Generate random number between (0:1), If (random number < (mod- min) / (max
- min)) then Activity duration = min + sqrt ((mod - min) * (max- min) * random
number between (0:1)), otherwise Activity duration = max — sqrt ((max - mod) *
(max — min)*(1- random number between (0:1)))).
2- A prototype uniform function:
Activity duration= (mnin) + (max - min) * random number between (0:1).
3- A prototype exponential function:
Activity duration= -mean* LN random number between (0:1).
In the above table the cost for alternative number 1 is zero because the activity must be
‘completed using the current available resources (base alternative). For each one of the
activities there are 2 available resources that can be hired to complete the work for an
additional cost. In order to facilitate the application of the SDPMO optimization method
to real project, engine program, simulators are fully integrated. The following output
reports for the above example which includes the important data for project as Table 2.
Average completion time and average cost for project, in Table 3. Configuration of
minimize the average total cost, in Table 4. Start time, finish time for all activities, in
Table 5. Is summarized comparison between Original, DSA and SDPMO method, in
Table 6. Configuration of alternatives resources from original, DSA and SDPMO
method.
Table 2: Average Completion Time and Average Cost for Project.

Average Variance S.d C.I 95%
Completion 58.6258 50.2881 7.09141 44.72 - 72.52
' time ‘
completion cost 25 196.922 14.0329 -2.50447 -
52.5045

Table 3: Configuration of Minimize the Average Total Cost.

activity 1 2 3 4
resource 1 1 2 1

The above table shows the configuration of resources to implement the project activities
as follows, activity number 1 will use the resources number 1, activity number 2 will use
the resources number 1, activity number 3 will use the resources number 2, activity
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5- Kxample

The following example on SDPMO, sample project has 4 activities is described in
following Tablel. The activities that make up project may have several
alternatives each with an associated cost and stochastic duration. The alternatives
of an activity might include working over time, bringing in additional resources,
or subcontracting the work. The alternative potential of an activity is the number
of alternatives associated with the activity. The costs associated with
implementing the alternatives of an activity can be independent from each other.
For the first activity in the example, the alternative potential is assumed to be 1,
because the activity must be completed using the current available resources (this
alternative is referred to as base alternative). For each one of the remainder
activities, there are 2 contractors available that can be hired to complete the work
for an additional cost. If the project is late, a lateness penalty is assessed as a
linear function of the quantity of time by which the project is late. For example, a
project that is due at time 65 days with a lateness penalty of 100 per time unit.

Table 1: SDPMO Sample Project Specifications.

Alternative Additional cost redecessors
Activity [ 1(Base) | 2 3 2 3 1P
. | TI01s
20
| T1020 u10
> 0 U530 D ° | 10 | 30 1
3 T125520 T789 | EI13 | 25 15 2
, Ti113 | UI10
4 |uB1 T T T 0] 10 ’

The activity time can be estimated using any probability distribution in this paper
only the following probability distributions are considered uniform, triangular and
exponential distribution, i.e. the stochastic duration for any resource might be
represented by the following formats:

» Triangular distribution: T min mode max, e.g. T10 15 20;

* Uniform distribution: U min max, e. g. Ul5 30;

> Exponential: E mean, e.g. 13;

S
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4.3 - Simulation modei
The simulation model is used to evaluate the new configuration to obtain the
optimal configuration alternatives that minimize the average total cost. The
simulation model is runs multi replication to get rid of the uncertainty associated
with the activity duration. If average total cost for new configuration less than old
average total cost for old configuration replace the old configuration with new
configuration, else if number point of solution = stopping criteria then print the
outputs, else go to the engine. For each replication of the simulation model instance
-of the following steps is applied:
Stepl: Repeat from activity 1 to activity N, = j=1,...,N, N represented the
number of activity in project.
Step 2: Set the start time and completion time for activity j =0
Step 3: Set index k= 1;
Step 4: If activity j is not completed and the all previous activities of activity j is
completed go to step 5, otherwise go to step 6.
Step35: If activity k before activity j, start time for activity j = max (start time for
activity j, completion time for activity k.
Step 6: If k = the numbers of activities in project then go to step 7, otherwise set k
=k+1 and go to step 5.
Step 7: Generate sample time for activity j from probability distribution.
Step 8: Set the completion time for activity j = the start time for activity j +
sample time.
Step 9: Increment the number of actlvates is completed +1.
Step 10: If the number of activity completed = the number of activities in project,
go to step 12 otherwise j=j+1 and go to step 3.
Step11: Set the total completion time of project = max (completion time for
activates project).
Step12: Set the total cost for project = Penalty function (target time for project
total completion time for project ) + alternatives resources cost
Step13: Store the total completion time and total cost after any replication to
estimate the average after multi replication.

4.4- Qutput data
The output data includes the average total cost, average completion time for
projects, average start and finish time for all activities and average duration for all
activities. |




of evaluating the project network to obtain the configuration renewable recourses
that minimize the average cost for project. This research introduces a simulation
of dynamic project management optimization (SDPMO) method to obtain the
optimal configuration resources by interaction between the following system
components:
4.1- Input data
The input data includes information about the number of activities for project,
predecessors, and the number of alternatives recourses of each activity in
project, with their associated stochastic durations and costs, target completion
time and the penalty cost due to lateness.
4.2- Engine
The engine steps to generate the configuration from resources can be illustrated in
the following.

Step 1:
Step 2:

Step 3:

Step 4:

Step S:
Step 6:

Specify the range of alternatives renewable resources for all activities in
project,

Connect the system by time (fast variable) with random number to obtain
all configuration alternatives without redundancy.

Generate alternatives resources for all activities from the range of possible
alternatives renewable resources for all activities by using the equation
range = number of available alternatives; new configuration = (rand ()
/100 % range + min) to obtain the configurations alternatives resources.
Transform the new configuration of alternatives renewable resources to
ASCII code (American Standard Code for Information Interchange) and
concatenate t, if new configuration is first configuration save it and go to
the following step, Else compare between all saved by ASCII code for
configuration alternatives renewable resources previously stored if found
then generate the new configuration, else go to the next steps.

Set the number of points in solution + 1.

Calculate the cost for new configuration alternatives resources if sum cost
for new configuration alternatives renewable resources less than evaluated
for old configuration alternatives send the configuration alternatives
renewable resources to simulation model for evaluation, else generate the
new configuration.
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uncertainty is designed to solve the traditionally time-cost tradeoff problem. the
activities durations of this method are represented by beta distribution only.
(Michael and Radhamés, 2009) proposed A dynamic selection of activity
alternatives (DSA) method to obtain the optimal configuration of alternatives
under uncertainty, they are designed to solve the generalized stochastic time-cost
tradeoff problem. The method considers that there are different alternatives
associated with each activity, each one has its own distribution of completion time
and associated cost. DSA is a heuristic method because the optimization Industrial
Strength Compass (ISC) engine used is not designed to guarantee optimality for
these cases because the alternative is non linear cost. If an optimization engine can
be developed for these cases the solutions provided can be optimal. This research
develops optimization engine to guarantee the optimality solution. (Ammar 2011)
introduced optimization of project time-cost trade-off (TCTO) problem with
discounted cash flows (DCF). (Ammar 2011) proposed a nonlinear mathematical
optimization model for project TCTO problem which minimizes project direct
cost and takes into account discounted cash flows. Surabaya et al (2011) proposed
A Monte Carlo Simulation and Generalized Activity Network utilized method to
evaluate probability of a project whether it met its Quality-Cost-Time target under
uncertainty.

3- Problem Formulation

The problem can be illustrated by the following mathematical model.
Minimize Z=C . C = average cost from resources for all activity and the
- penalty cost for project.

Subject to:

T-Ti<t; for all i and j where j > i
t; =0 where:
T; = earliest event time for node i.
T; = earliest event time for node j.
t;; = duration for activity (1,j).
Ri<k k= the number of available resources for all activity i.

K >0 and integer.
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simulation model that evaluates ‘criticality indexes” which are the probability of

various activities being project networks to provide a histogramn of the project
completion time distribution, which can be used to perform risk analysis. (Liu, et
al.1995) introduced the time cost optimization model using integer programming /
linear programming. It is assumed that an activity can be completed in various
durations with associated cost. Duration of various activities is considered to be
discrete for a project. (Li and Love, 1997) formulated a different type of time
cost tradeoff problem that occurs when the project is running behind schedule. To
meet the deadline, the project duration should be reduced to a certain Limit. It is
assumed that not all the activities are crash. The objective is to find which
activities should be crashed and by what duration to shorten the total duration to
the targeted limit with minimum compressing cost. (Bissiri and Dunbar, 1999)
proposed a method to obtain the average time of each activity to crash a project
network by use simulation, the critical path, and the near critical paths. A near
critical path in this model is a path which length is smaller than the original
completion date but it is larger than the target completion date. (Lu and
AbouRizk, 2000) introduced the discrete event modeling approach to CPM and
PERT by simulation model to a simplified critical activity. (Hillier and
Lieberman, 2001) introduced the original versions of CPM and PERT have some
significant differences, with time they have been considered as one technique
called CPM and PERT. The PERT method considers the mean and variance of
each activity to describe its duration and to represent the uncertainty associated
with it. (Haga and Marold, 2004) proposed a simulation-based method that deals
with the time cost tradeoff involved with crashing a project. The complete
distribution of project completion time needs to be considered when crashing”.
The method that they proposed is two steps. The first step is to apply the
traditional PERT method to crash the project, and the second step consists in
testing each activity that had not been crashed to the upper crashing limit to
determine if crashing that activity further reduces the average total cost of the
project. That can increase the cost of the project, which are crashing costs and
overrun costs. (Lee, 2005) presented a software tool, SPSS, which can be used to
determine the probability associated with the completion of the project by a target
date specified. (Haga and Marold, 2005) provided a dynamic phase (throughout
the project execution) to obtain the heuristic solution. (Michael and Radhamés,
2008) proposed A dynamic crashing method for project management using
simulation based optimization to obtain the optimal crashing configurations under




4

saptie 2
che ad’” An

The tradeotf between the resources cost and the project cost (the project cost in this
research is the sum of resources cost and penalty cost) is illustrated in Figure 1. For
some combinations of resources, diminishing returns may be realized until a point where
the total cost may begin to increase. That is, some combination of activity resources,
although the combination would further reduce the completion time of the project, the
cost of using these sets of resources would cost more than the penalty cost that would
result from the project being late.

Total cost yN

3 Project Duration

Figure 1: Relationship between Reduction in Project Duration and the
Total Cost (resources cost + Penalty cost).

2- Related Work

A deterministic approach to calculate the duration of a project (CPM) and a
probabilistic approach (PERT) are methods have been used since the 1950s to
estimate the completion time of a project. (Van Slyke, 1966) introduced Monte
Carlo simulations to study PERT. Van Slyke demonstrated several advantages of
using simulation including more accurate estimates of the true project length,
flexibility in selecting any distribution for activity times, and the ability to
calculate "criticality indexes and critical path ". (Pritsker, 1986) presented the
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Abstract

This paper introduces method to evaluate the project networks under uncertainty in
activity time and determine the optimum configuration of alternatives renewable
resources that minimizes the average cost. In an effort to optimize the project time-cost
tradeoff, optimization method is presented. In particular, the method minimizes the
expected project cost due to lateness penalties and the resources cost. The method is
designed to be implemented in two cases. The first case, referred to as the static case, is
implemented prior to the start of the project. The second case, referred to as the dynamic
case, is implemented as the project progresses.

Keywords
Project management, time cost tradeoff problem, renewable resources.

1- Introduction

Project management is a tool that is used by many companies to help improve
performance and competitiveness. Projects and their execution, in general, require
resources. Project management, which is characterized by techniques, intended to
provide a better use of project resources positively impact the profitability of a
company (Kerzner, 2003). Any project has different types of risk but this paper
will focus on schedule time risk and associated costs. The Schedule time risk is
not completing projeét activities on time, resulting in a late completion of the
project. Late project completion generally has negative effects for the company
such as penalty costs and customer dissatisfaction. The goal of this paper is to
address the time cost tradeoff problem respect to minimizes in expected total cost
of project under uncertainty specifically; activities that make up a project may
have several alternatives resources each with an associated cost and stochastic
activity duration.
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it can be observed that Table 13 provides an improved solution to the problem
which meets the demand and supply constraints.

5. Conclusion

This paper has proposed a new version of SFCTP in the form of Multi Step
Fixed Charge Transportation Problem (MSFCTP). One of its special versions —
Multi Flat Step Fixed Charge Transportation Problem (MFSFCTP) considers
the problem of minimizing transportation cost in situations where an opening
cost is incurred for every route used in the solution and increases in multiples
of shipped quantity, with the opening cost to remain flat up to a certain quantity
and increase in multiples of this flat cost. The paper describes and presents the
mathematical models of MSFCTP and MFSFCTP together with a heuristic
algorithm for solving MFSFCTP. Two problems-have been solved to evaluate
and demonstrate the performance of the propos d algorithm. |
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partially loaded. As in

perturbed to obtain the desirable improved distribution as shown in Table [1.

5

step 3, the shipped quantities through these routes can be

Lesear

Table 11: Improved distribution for the second problem after first iteration

D, D, Ds D, D; Dy Dy Dyg
S, 100 50 10
S, 100 50
S; 20 70 80
Sy 140
Ss 120 40
Se 100
S, S50 70
Ss 60 140

The corresponding variable cost will be 12680, the opening cost will be 36500,
and the total cost will be 49180.

In the second iteration, it can be observed that using step 2, the shipped
quantities through the routes (3, 1),

obtain the desirable improved distrib

(3,3), (5,1) and (5,3) can be perturbed to
ution as shown in Table 12,

Table 12: Improved distribution for the second problem after second iteration

D, D, Ds Dy D Ds D, Dg
5, 100 50 10
S 100 50
S, 40 50 80
Sy 140
Ss 100 20 40
S 100
S, 50 70
S 60 140

The variable cost = 12780, the opening cost = 35500, and the total cost is

48280

In the third iteration, it can be observed that using step 2, the shipped
quantities through the routes (1, D, (1,7), (3,1) and (3, 7) can be perturbed to
obtain the desirable improved distribution as shown in Table 13.

Table 13: Improved distribution for the second problem after third iteration

D~ D, D Dy Ds D¢ Dy Dy
Si 10 100 50
S, 100 50
S5 30 50 90
Sy 140
Ss 100 20 40
Ss 100
Sy 50 70
Sy 60 140

47920

The variable cost =

12820, the opening cost = 35100, and the total cost is
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Table 8: The coefficient matrix for the first problem
b D, D, D, D, D, b D
S/ 2643 3400 5700 59.00 6400 37.00 4200 58.00
S; 3371 3700 4500 47.00 69.00 3200 37.00 47.00
S; 2614 3700 5029 5871 6267 40.00 40.00 48.29
Si 3914 4400 5029 4514 5800 40.14 3671 4557
Ss 2529 4500 5200 5600 6233 41.00 4300 46.50
S¢ 2000 4800 40.00 4800 6500 3500 3500 45.00
S; 3250 3800 6300 6250 7367 37.00 3800 55.00
Sy 3371 5200 4824 5500 3167 4000 44.50 43.56

Table 9: A local optimal distribution for the second problem based on
coefficient matrix in Table 8

D, D, Dy Dy Ds D¢ Dy Dg

Sy 100 60

S, 100 50

Ss 20 70 80

Sy 140

Ss 120 40
~S¢ 100

Sy 40 80

Sg 60 140

Number of trucks corresponding to the local optimal distribution presented in
Table 9 is presented in Table 10.

Table 10: Number of trucks corresponding to Table 9
D, D, D;, D, Ds Ds D; Ds
S| g 2 3 ’
Sy 3 3

Sy 3

Sy 2 4

The shipping cost for the local optimal distribution for the first problem can
be calculated as follows:
Ci2X12 T C16 X167 CauX2yt Cos Xa6+ C31X31F C33 X33+ C37X37 + Cyyxyyt 51 %5+
Csg Xs8t Cg3X63T Crs X756t Cr7 X777+ Cgsxgst cgg xgs= 10x100 + 9x60 + 11x100 +
8x50 +9%x20 + 15x70 + 15%80 + 13x140 + 6x120 + 9x40 + 18x100 + 7x40 +
8x80 + 5x60 + 8x140 = 12710. Also, the total opening costs based on Table 10
can be calculated as follows: ¢, f;; + 15 fis+ t24f24+ befast ts1 f3t+ t33 33+ 137
Fir + tufut tsi fsit tssfost tesfost trsfret trrfrrt tesfast tesfas= 2x1200 +
3x1400 + 3x1800 + 3x1200 + 3x800 + 4x1500 + 4x1000 + 3x1500 + 3x900 +
4x1500 +2x1000 + 3x1200 + 3x1200 + 2x800 + 4x1600 = 36500. Therefore,
the total cost is 49219.

As the first iteration, it can be observed that using step 2, there is a
rectangular closed path through the routes (1,6), (1,7), (7,6) and (7,7) where the
diagonally opposite cells (1,6) and (7,7) are not multiples of A, and hence
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be calculated as follows:

Cr3Xiz HCs X5t CosXost Cap Xzt Cap gt Cas Xast Cayxar T Cys xgs = OX50
+ IX10 + 3x10 + 7x20 + 3%10 + 5x[0 + 8x40 + 8x50 = 1430. Also, the total
opening costs based on Table 4 can be calculated as follows: Lisfis+ b5 fist tos
Jost B St s ot tis fis+ by fut tes fis=2%100 + 1x500 + 1%200 + 1x100
+1x200 + 1x300 + 2x100 + 2x100 = 1900. Therefore, the total cost is 3330.

As the first iteration, it can be observed that using step 2, there is a
rectangular closed path through the routes (1,1), (1,5), (4,1) and (4,5) where the
diagonally opposite cells (1,5) and (4,1) are not multiples of A4; and hence
partially loaded. As in step 3, the shipped quantities through these routes can be
perturbed to obtain the desirable improved distribution as shown in Table 5.

Table 5: Improved distribution for the first problem after first iteration
D, D, D, D, D

S 10 50

S, 10
S5 20 10 10
Si 30 60

The corresponding variable cost will be 1470, the opening cost will be 1700,
and the total cost will be 3170. :

In the second iteration, it can be observed that using step 2, the shipped
quantities through the routes (2, 2), (2,5), (3,2) and (3, 5) can be perturbed to
obtain the desirable improved distribution as shown in Table 6.

Table 6: Improved distribution for the ﬁrst problem after second iteration
D| D2 D] D4 DS

S 10 50

Sa 10

S, S 10 10 20
Sy 30 60

The variable cost = 1440, the opening cost = 1700, and the total cost is 3140.
It can be observed that Table 6 provides an improved solution to the problem
which meets the demand and supply constraints.

4.2.The second example
The parameters and variables of the second problem are given in Table 7.

Table 7: The parameters and variables of example 4x5

Il 2 3 4 5 6 71 8 I 2 3 4 5 6 7 8
140 100 170 240 80 150 160 180
s Variable cost ¢, Route opening cost f,
160 5 10 12 9 4 9 7 8§ 1000 1200 1800 2000 1800 1400 1400 2000
150 8 15 11 1 9 8 5 111200 1100 1700 1800 1800 1200 1600 1800
170 9 17 15 14 6 8 16 13 800 1000 1500 1900 1700 1600 1000 1500
140 7 14 16 13 8 8 11 7 1500 1500 1600 1500 1500 1500 1200 1800
160 6 17 17 16 9 5 8 9 900 1400 1400 1600 1600 1800 1400 1500
100 5 1220 18 5 9 9 5 1200 1800 1000 1500 1800 1300 1300 2000
120 5 14 18 20 7 7 8 5 1100 1200 1800 1700 2000 1200 1200 2000
200 8 18 20 15 5 8 7 8 1200 1700 1200 2000 800 1600 1500 1600

Step value 4,-50Y i, /.
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Step 3: Perturb the units in the cells of the rectangular closed path in such a way
that supply and demand constraints are not violated.

Step 4: Determine desirability of the move.

Step 5: Repeat Steps 2 through 4 until all empty cells have been evaluated.

4. Nustrative Examples

This section represents two illustrative examples used to demonstrate the
application of the proposed algorithm for solving FMSFCTP. The examples
considered are of dimension 4x5 and 8x8 with variable opening costs. In these
examples the step values are considered as a constant value for all routes.

4.1.The first emmpie

The parameters and variables of the first problem are given in Table 1.

Table |: The parameters and variables of example 4x35
1 2 3 4 5 | 2 3 4 5

d
40.-.20 5010 .80
s; - Variable cost ¢ Route opening cost fy

400 300 100 400 500
300 200 200 300 200
400 100 300 200 300
100 800 400 500 100

60 5 492
10,5299
40 5. 723
90 8 | 8 |

Step value 4-30V 4, /.

[»-JAV N VA Ry

Table 2: The coefficient matrix for the first problem
D| Dz D] D.; D5 -

ST 25.00 19.00 13.00 42.00 17.67

S2 3500 22.00 29.00 39.00 23.00

S3 2500 12,00 17.00 23.00 20.00

S4 13.00 41.00 24.00 51.00 11.75

Table 3: A local optimal distribution for the first problenﬂ based on coefficient

matrix in Table 2
D, D, D, D, D

Si 50 10
S, ‘ 10
Ss 20 10 10
S« 40 50

Number of trucks corresponding to the local optimal distribution presented in
Table 3 is presented in Table 4.

Table 4: Number of trucks corresponding to Table 3
b, D, D, D, Dj

S 2 |
S, |
S; | | |
Sa 2 2
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[ look at (17) reveals that the formulation fails to consider the cases
when A, = M, and A; > M as the values will be infinity when A4, = M, and
assumes negative value in case Ay, > My . Hence the proposed methodology

concentrates on the concepts of generating the formulae (15) and (16).

A s gy et
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A critical look at the formula (16) proposed by Kowalski and Lev, it can be
observed that the expected cost per unit for each cell Cj; is split into two parts.
The first being the expected fixed cost per unit and the second being the
variable cost per unit.

A similar concept is applied in developing a methodology for solving the
proposed model for the MFSFCTP presented in (12) to (14), the expected
number of units transported through the route (i,j) is Mj. The number of trucks

needed to transport these Mj; units through the route (i,j) will be (%1 and the

ij

expected total opening cost will be [ %”—1 7, - Further, the expected fixed cost per

i
unit, which is referred to as the expected opening cost per unit, is determined

M . : .
by [fj——l f,/M;. Thus the expected cost per unit for transporting M units
ij

through the route (i,j)can be determined as in (18)

c,,.{.j‘_jl}ﬁ,/Mﬁc,j Vi,j (18)

Y

In case of M;< 4 , the number of trucks needed for transportation will be one
truck. Hence the opening cost in such case will be equal to f; which is same as
the case denoted by (15). Thus the proposed formula (18) imbibes the concepts
of formulating the formulae (15) and (16) for constructing the coefficient
matrix as an intermediate stage for solving the SFCTP.

The basic idea of the proposed algorithm is constructing the coefficient matrix
using (18), solving the resulting traditional transportation problem, and
improving the resulting solution using the stepping stone method. The steps in
the pseudo code of the algorithm are as follows:

Step 1: Find an initial solution by translating the problem to the traditional
transportation problem based on the coefficient matrix computed using
(18)

Step 2: Pick any empty cell and identify the rectangular closed path leading to
that cell such that the diagonally opposite assigned cells are not multiples
of 4; and hence partially loaded. In the rectangular closed path there can
only be one empty cell that is being examined. The 90-degree turns must
therefore occur at those places that meet this requirement.
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Where (x| is the ceiling function that veturn the integer number greates

(32

than or equal to x.

3. The methodology of solving FMSFCTP
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Quantity shipped Ay Ayz My

. Quantity shipped
Fig. 1. Shipping costs as function of quantity

shipped along route (i, /) for SFCTP Fig. 2. Shipping costs as function of quantity

shipped along the route (i, /) for FMSFCTP

As illustrated in Fig. 1, in the case of SFCTP, for every loaded route (ij) the
cost of the fixed-charge step function formulation is greater than the
corresponding cost of the relaxed integer restriction function. The situation in
case of FMSFCTP is illustrated in Fig. 2.

As stated earlier, not much work has been done concerning solution of
SFCTPs. The existing methods for dealing with SFCTPs are based on using a
certain formula for converting the problem into a classical transportation
problem by constructing an intermediate coefficient matrix using a formula and
finding the solution thereafter. :

(Balinski, 1961) has provided a heuristic solution for FCTP by considering
the unit transportation cost of shipping through the route (i, /) by using the
formula as in (15) for constructing the intermediate coefficient matrix
mentioned above.

Cy=fit My + ¢, a9
where My=Min(S; D))
In order to improve the local solution of the classical transportation problem
found from converting SFCTP Kowalski and Lev (2008) have proposed a
heuristic technique for improving such solution. They have proposed two

heuristic algorithms. In the first algorithms, the formula considered was as in
(16) and in the second algorithm, the formula considered was as in (17).

Co= s +fy2) IMy + ¢ (16)
Cy= fo2 (M- Ap)+ ¢y (17
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2.4, Formulation of MFSFCTP

In the proposed Multi Flat Step Fixed Charge Transportation Problem, the
problem considered is a new version of SFCTP. The proposed version
considers the problem of minimizing transportation cost in a situation where
the items are transported through trucks or wagons and the capacity of the truck
determines the number of trucks engaged for transportation. The corresponding
cost fy; for route (7)) is assumed to be the opening cost for the route and remains
flat up to a certain quantity 4; to be shipped which corresponds to the capacity
of the truck and increases in multiples of this flat cost f; for each additional
truck employed for transporting through this route, in steps of 4;. The number

of trucks engaged will be %’L where . is the ceiling function. The shipping

: 'f T
cost through the route (i) can be represented as the sum of the variable cost

4

iy
number which represents whether the route (i) is used or not as represented in

(4). The mathematical model of the proposed MFSFCTP can be represented as
follows:

cyx; and the step opening cost denoted by [f-’f—] Jy¥y» Where y; is a binary

. m i ’ti
Min Z=ZZ(c,,x(.,+[-A-—']ﬁij) (12)
i=l j=1 i
s.t. x;=d, forj=1,.., n (13)
i={
X, =8, fori= 1,..,m (14)
j=l
x,20 Vi,
[l if x>0 o
= . Vi, J
IO otherwise
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Viin 2 (cpx, by J o vb, 7,50 (5
,,,

s.t. inj=d, forj=1,..n - (6)
Z X, =, fori= 1,..m (N

=t

v, 20 Vi, g

I if x,>0 o

/ I = - VI,_]
' 0 otherwise

B {l if x; >4,

T ,
0 otherwise

4,2

Vi,

"

n
"
}4 s;=2,d,
=t J=1

2.3. Irmulation of MISFCTP

In Multi Step Fixed Charge Transportation Problem (MSFCTP) the fixed
cost £, for route (i) is proportional to the transported amount through this
route. So, an additional cost is added when the transported units exceeds certain
amounts 4;;; A2, Ays,...., Ayi - The fixed cost fj can be illustrated as follows:

Assume that f;, is the fixed cost to open a route (i, j) if the transported
quantity x; is less than or equal to a certain amount A, . When the quantity
exceeds this amount 4, an additional fixed cost is added to the same route
which is f;,2 , if the quantity is less than or equal to a certain amount 4, .
Similarly, when the transported quantity x; exceeds this amount 4;,, an’
additional fixed cost is added to the same route which is fj,; until the quantity
transported is 4;; and so on. In general, we can consider k steps in the fixed
cost. Therefore the fixed cost f; can be calculated by (4).

Ji= by Lyt byafyzt o Fbyres fyers

fy= by,/ﬁj,/ Vi, j ®

b i x, >0 Vi i
o= i
10 otherwise /

b, ={1 x> Ay

k+l
=]

where

0 otherwise

P Iif x, >4, i

el T . L)
0 otherwise

A,‘j,g >AU:[ > >Ajj"k Vi

Combining Eq. (8) in the FCTP mathematical model the standard mathematical

model of the Multi-Step Fixed Charge Transportation Problem (MSFCTP) can
be represented as follows:

i
|
i
!
|
i
i3§
i
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2. Description and formulation

This section presents the steps in developing the MSFCTP and its special
version, starting from the Fixed Charge Transportation Problem (FCTP). The
mathematical models of the problems are also developed and presented.

2.1. Fixed Charge TransportationProblem

FCTP can be described as a distribution problem in which there are m
suppliers (warehouses or plants or factories) and » customers (destinations or
demand points). Each of the m suppliers can ship to any of the # customers at a
shipping cost per unit ¢; (unit cost for shipping from supplier i to customer /)
plus a fixed cost f;, assumed for opening this route. Each supplier i =1, 2, . . .,
m has s; units of supply and each customerj =1, 2, . . ., » demands d; units. x; is
the unknown quantity to be transported on the route (i, /) from plant i to
custorer j. The objective is to determine which routes are to be opened and the
size of the shipment, so that the total cost of meeting demand, given the supply
constreints, is minimized. The mathematical model of FCTP can be represented
as follows:

weesh

Min z=3">"(c,x,+f,y,) ()
i=] =l
st. > xy=d forj= l..,n @
>ox, =5, fori= l..,m (3)
i=
N, 20 Vi, j
1 if x, >0 Vi i @
;- i
%710 otherwise ‘ /

n n

x,20 and ZS,=Zdj
=

I Jj=t
2.2. Srep Fixed Charge Transportation Problem

In Liep Fixed Charge Transportation Problem (SFCTP) the cost of shipping
through route (7, ) consists of a variable cost equal to x; ¢, plus a fixed cost
fi. Tl fixed cost fj; for route (i, j) is proportional to the transported amount
through its route. This consists of a fixed cost £, for opening the route (i , /)
and ai. additional cost f;;,, when the transported units exceeds a certain amount
Aj; Ti > objective is to determine which routes are to be opened and the size of
the sl 'oment, so that the total cost of meeting demand, given the supply
constr ‘nts, is minimized. The standard mathematical model of Step Fixed
Charge Transportation Problem (SFCTP) can be represented as follows
(Altas ~netal., 2012):
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method (MciKeown, 1975), and the branch-and-bound method (Palekar et
1990) amongst others Exact methods are, however, generally not very aae{u
when a problem reaches a certain level, because they do not make the most use
of the special network structure of the FCTP.

Therefore, heuristic methods have been proposed, such as the adjacent
extreme point search method (Balinski, 1961; Sun et al, 1993), and the
Lagrangian relaxation method (Wright et al., 1939, 1991) and such other
heuristic methods (Kowalski and Lev, 2007, 2008; Adlakha et al., 2007,
Adlakha et al., 2010; Lev and Kowalski, 2011). Although these methods are

~ usually computationally efficient, the major disadvantage of heuristic methods

is the possibility of terminating at a local optimum that is far distant from the
global optimum. Recently, some meta-heuristic methods employed in the
FCTP, such as the Tabu search method for FCTPs (Sun et al., 1998), genetic
algorithms (GA) based on a spanning tree with Priifer numbers (Gen et al,
1998), and genetic algorithms based on a matrix permutation representation
(Gottlieb et al., 2001), (Raidl and Julstrom, 2003), have improved the effective
coding of the spanning tree method based on edge sets.

One of the versions of FCTP is the Step Fixed-charge transportation problem
(SFCTP) where the fixed cost is incurred for every route that is used in the
solution. In SFCTP, the fixed cost is proportional to the amount shipped. The
proposed Flat Multi Step Fixed Charge Transportation Problem (FMSFCTP) is
a new version of SFCTP which considers the problem of minimizing
transportation cost in a situation where an opening cost is incurred for every
route used in the solution and remains flat up to a certain quantity and increases
in multiples of this flat cost. This cost structure invokes the ceiling function
and causes the value of the objective function to behave like a step function,
Since problems with fixed charge are usually NP-hard (Nondeterministic
Polynomial-time), the computational time to obtain exact solutions increases in
a polynomial fashion and very quickly becomes extremely difficult and long as
the size of the problem increases. In the case of the SFCTP due to the step
function structure of the objective function, we are dealing with a “NP-super
hard” problem with much “higher degree” of the polynomial complexity
(Kowalski and Lev, 2008). Since FMSFCTP is an extended version of SFCTP,
it is also a “NP-super hard” problem. Two problems with different dimensions
have been solved to evaluate and demonstrate the performance of the proposed
algorithm.

The rest of the paper is organized as follows: in section 2, MSFCTP and one
of its special versions are described with their mathematical formulations. In
section 3, the proposed heuristic algorithm is presented.

Numerical illustrations with proposed algorithm are presented in section 4.
Finally, the conclusion and future work are reported in section 5.
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Abstract

Fixed charge transportation problem (F CTP) is considered to be an NP-hard
problem. One of its versions is the Step Fixed charge transportation problem
(SFCTP) where the fixed cost is incurred for every route that is used in the
solution. The general form of Multi Step Fixed Charge Transportation Problem
(MSFCTP) and one of its special versions — Multi Flat Step Fixed Charge
Transportation Problem (MFSFCTP) are proposed as new versions of SFCTP.
In MFSFCTP the problem of minimizing transportation cost is considered in
situations where an opening cost is incurred for every route used in the solution
and increases in multiples of shipped quantity. The special version of
MFSFCTP considers the opening cost to remain flat up to a certain quantity
and increases in multiples of this flat cost. This cost structure invokes the
ceiling function and causes the value of the objective function to behave like a
step function. This paper describes and presents the mathematical models of
MSFCTP and MFSFCTP together with a heuristic algorithm for solving
MFSFCTP. Two problems have been solved to evaluate and demonstrate the
performance of the proposed algorithm.

Keywords: Fixed charge transportation, Step fixed charge transportation, Heuristic algorithm,
Flat multi step fixed charge transportation. :

1. Introduction

The fixed-charge problem was first formulated in 1954 (Hirsch and Dantzig,
1954). During 1961 (Balinski,1961) it was shown that fixed-charge
transportation problem is a special case of fixed-charge problem and an
approximate solution was presented. Since then, considerable research has been
carried out on this topic. In 1988 Sandrock analyzed the source induced fixed-
charge transportation problem (Sandrock,1988). Generally, solving methods
can be classified as exact or heuristic methods. Exact methods for solving the
FCTP include the cutting planes method (Rousseau, 1973), the vertex ranking

1 Quantitative Analysis Dept,, College of Business Administration,King Saud University, Saudi Arabia,
ialiasser@ksu.edu.sa,

2 Operations Research Dept.,Institute of Statistical Studies & Research (ISSR), Cairo University, Egypt.
m_sherbiny@yahoo.com,

3 Quantitative Analysis Dept., College of Business Administration, King Saud University, Saudi Arabia.
bbokkasam@ksu.edu.sa ‘
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6 3 31 14.462 14.5453 16 0
6 5 8 16.805 16.888 0 5
6 4 37 19.005 19.088 I5 0
6 4 38 19.146 19.23 13 0
6 4 41 19.413 19.496 27 0
6 4 41 19.496 19.58 0 76
6 4 38 19.763 19.846 0 36
6 4 37 19.905 19.988 0 8
6 5 31 27.621 27.705 28 0
6 5 33 27.788 27.871 22 0
6 5 31 27.955 28.038 0 56
6 3 28 28.255 28.338 0 9
6 5 25 28.471 28.555 0 24
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3 ! I 15.324 15.408 J
3 4 33 15.488 15.571 0
3 5 20.255 20.338 0
3 5 20.338 20.421 120
3 6 25.121 25.205 0
3 6 25.355 25.438 0
3 6 25.438 25.521 22
3 6 25.671 25.755 98
4 | 8.09 8.173 0
4 ! 8.379 8.462 0
4 t 9.694 9.777 0
4 1 9.777 9.86 33
4 2 14.22 14.304 0
4 2 14,804 14.887 0
4 2 14.937 15.02 94
4 2 15.713 15.796 10
4 2 15.938 16.021 16
4 3 18.538 18.621 0
4 3 18.68 18.763 0
4 3 18.763 18.846 68
4 3 18.905 18.988 32
4 4 24.33 24.413 0
4 4 24.43 24.513 0
4 4 24.58 24.663 0
4 4 24.663 24.746 14
4 4 24.813 24.896 52
4 4 24.913 24.996 54
5 . 9.079 9.162 0
5 ! 9.37 9.453 0
5 1 9.453 9.536 34
5 1 10.237 10,32 45
5 2 14,179 14.262 0
5 2 14.795 14.879 120
5 3 17.421 17.505 106
S 4 21,113 21.196 0
5 4 21,196 21.28 12
5 5 28413 28.496 0
5 5 28.763 28.846 17
6 l 4 8.199 3.282 0
6 1 4 8.282 8.366 10
6 2 4 9.378. 9.461 0
6 2 4 9.461 9.545 15
6 3 22 12.07 12,154 0
6 3 37 12.462 12.545 0
6 3 38 12.604 [2.687 0
6 3 41 12.87 12,954 0
6 3 42 13.012 13.095 0
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Appendix

Table 6: Timetable of coal mining rail transport system

Result
- , . . . [Empty wagons Full
Train index|Run Index)Mine Index|Start Time|Finish Time delivered wagons
collected

| I 54 7.75 7.833 54 0
| | 53 7.858 7.945 66 0
l 1 55 7.945 8.029 . 0 60
1 2 31 10.762 10.845 82 0
1 2 32 10.862 10.945 37 0
| 2 31 10.962 11.045 0 40
| 2 28 11.262 11.345 0 6
l 2 27 11.42 11.504 0 42
1 2 25 11.562 11.645 0 32
1 3 22 15.563 15.646 67 0
1 3 22 15.73 15.813 0 51
1 3 16,446 16.53 0 69
| 4 17,946 18.03 13 0
| 4 6 18.03 18.113 0 6.
1 5 41 22.321 22.405 8 0
1 5 37 22.646 22.73 0 36
2 1 735 7.433 120 0
2 1 7.433 7.517 0 17
2 2 8 8.442 8.529 58 0
2 2 53 9.444 | - 9.528 40 0
2 2 53 9.528 9.611 0 50
2 3 16 12,295 12,379 57 0
2 3 16 12:379 12.462 0 98
2 4 10 15.455 15,538 52 0
2 4 54 16.08 16.163 33 0
2 4 55 16.188 16.271 35 0
2 4 55 16.271 16.355 0 116
2 5 55 19.146 19.23 55 0
2 5 27 20.23 20.313 44 0
2 5 28 | 20.388 20.471 12 0
2 5 33 20.771 20.855 0 120
3 | 6 7.225 7.308 99 0
3 2 10 8.191 8.274 60 0
3 2 16 8.545 | 8.629 40 0
3 3 4 10.237 10.32 7 ) 0
3 4 8 13.362 13.445 32 0
3 4 25 14.679 14,762 29 0
3 4 27 14.82 14,904 25 0
3 4 28 14.979 15.062 3 0
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applying the algorithms. A mining railway operation is very complex and
has a huge number of variabies. In the proposed model, the system
constraints can be classified into two main categories. Firstly, there are
constraints related to the rail operations system. These constraints are very
important to ensure passing of trains without accidents or delays. Secondly,
there are constraints related to mining rail operations such as the train,
siding and port capacity, empty wagon requirements, and full wagon
requirements.  The main advantage of this model is reactiveness.
Requirements for wagons are achieved without interruption to their
operations. The main outputs of the model are efficient schedules for coal
mining transport systems to optimise the performance of the system.
Theses schedules considered train passing constraints to satisfy safety
conditions in the system.
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Table 5. Collecting and detivering wagons, and visit times

: Result
Train Run Mine Start Finish Empty wagons Full wagons
index | index | index Time Time delivered collected
| 1 S16,3 7.758 | 7.842 48 0
| 1 $253 9.992 10.075 71 0
! 1 S$233 10.725 | 10.808 0 40
| 1 S163 12.767 12.85 0 10
1 1 S9.3 13.25 13.333 0 69
I 2 $233 28.758 | 28.842 33 0
2 1 58,3 9.9 9.983 8 0
2 1 S163 11.742 | 11.825 0 120
2 2 $233 22.075 | 22.158 55 0
2 2 $273 23.058 | 23.142 65 0
2 2 $273 23.142 | 23.225 0 2
2 2 253 23433 | 23.517 0 96
2 2 . S133 24,167 | 24.25 0 20
3 | $273 13.2 13.283 41 0
3 1 5233 15.825 | 15.908 0 36
4 1 9.3 10.617 10.7 20 0
4 1 SI83 12,142 | 12.225 57 0
4 1 Si83 12.225 | 12.308 : 0 98-
4 1 So3 | 14192 | 14275 | 0 21
5 1 S93 14.983 | 15.067 70 0
5 1 S16.3 15.467 | 15.55 50 0
6 1 S16,3 17.058 | 17.142 32 0
6 1 S18.3 18.142 | 18.225 33 0
6 1 s13 | 20.125 | 20.208 8 0
6 1 253 20.858 | 20.942 37 0
6 1 $273 21.15 | 21.233 4 0
6 1 $27,3 21.233 | 21.317 0 108
6 1 $25,3 21.525 | 21.608 0 12
CONCLUSION

The proposed scheduling model is very complicated and needs to be solved
in a reasonable time, because of the dynamic nature of the system and large
number of variables. The CP approach is used to solve the coal rail
transport problem. CP works well with all five search techniques under the
two search strategies, except BFS with SSS.  In addition, the DSS
positively affected the CPU time for all search techniques after and before
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the optimal solution by using DFS with SSS. Table 3 shows all solutions
and CPU time to obtain each solution.

Table 3: Solution analysis under DFS and S$S

wy

N w o g

= Gt D G £ Gt Qe on o

e Sz | 88 |S8E|°E8lSe | 2%

= = c B D = > £ u v 3

= £ b £ 5 £ =0 -0 = =8 ~ QO

o) Z & Z = Z 6 alZz & al R o £

(%! > 8 =
First solution 10063 201310 3683 0 20.6 45.45

Second solution 10063 201310 8970 554 99.8 39.66
Third solution 10063 201310 11234 1435 189.5 35.5
Fourth solution 10063 201310 15670 4565 260 32.1
Fifth solution 10063 201310 18905 9812 434.2 29.1
Final solution 10063 201310 21208 11800 600.55 29.1

Run time is the time between starting the run at the port and returning to
the port after visiting the sidings. Table 4 shows the processing run time of
each run by each train. ’

Table 4:Runs processing time

Processing run

Train index|Run index \
time(hours)

6.67499971389771

4.33399963378906

7.99200057983398

4.50800037384033

9.29199981689453

4.35799980163574

1.66699886322021

oo lwlrofole]—
[l Rl e i I B NGB DN B

8.52499961853027

Table 5 shows the start and finish times of each train run. All trains have to
deliver and collect the siding allotment for the day (deliver empty wagons
and collect full wagons). Table 5 shows the actual visit times for all trains
at each siding, the sidings visited, the number of empty wagons delivered
to and full wagons collected from each siding and run time. Run 2 was
assigned to train 1 and the makespan satisfied at time 28.842,

[n this paper a complete case study including 20 segment and 55 sections is
solved see Appendix.
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Table 2 shows the makespan and the CPU time for the fwo strategies with
different search techniques. Also, as can be seen from this table, the
number of variables and the constraints of the case study are very large. All
these constraints need a lot of memory to be executed on a PC as a software
code (see solver memory column in Table 2). The choice points column
shows the explored points which can be branched and failure points which
stop and cannot be extended in the search tree.

The Comparison between SSS and DSS in Table 2 clarifies that all search
techniques have given results in a more reasonable and shorter time under
DSS than when using SSS. DFS has achieved a good CPU time with the
two strategies, while the BFS gave shorter times with DSS, whoever when
combined with SSS, it was unable given any result (not applicable, n/a). As
a result, we can consider the DFS technique is also suitable for solving the
CP formulation.

The optimal solution for this case under the minimising the makespan
objective was 28.842 hours at the mine area and 29.1 at port s. This
solution was obtained with a CPU time 600.55s by using DFS under SSS
and 89.12s using the DSS strategy, a reasonably short time. The result
using different search techniques under SSS and DSS strategies are shown
in Table 3.

Table 2: CPU time under minimising the makespan using DSS

- . SSS DSS Solver'
N &4 = = memory in
g| 2|28 22|52 87| 8 |sid_5 | byes

S| 88 |«B3 |3 |E82|Eo 822
ﬁ'g Z§ Z g calssa 28252 =438 E
§ g 3 Z = A \2/.5 % A %,E‘ =

DFS | 10063 | 201310 | 21208 | 11800 | 29.1 600.55 | 29.1 89.12 | 323710724

SBS 21208 { 15006 | 29.1 950.12 | 29.1 |140.15 410932124

DDS 23211 | 18980 29.1 810.50 | 29.1 | 121.88 (558731012

BFS 16400 | 670 n/a n/a 29.1 80.19 | 626613513

IDFS 37123 |1 30150 | 29.1 689.34 | 29.1 |109.66 | 410423468

Selution Analysis by Search Tree

After applying the CP search techniques for the model, in this section we
try to explain how OPL has used the search tree techniques to obtain case
study test solutions and how the search tree is built by branching
techniques. For instance, we have obtained five solutions before obtaining
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Figure 1: An artificial coal mining railway network

Table 1 shows the data of each train in the system such as the train speed,
length, and capacity. 6 trains are included in the case study.

Table |: Data of coal trains

Trains
Train Index | Capacity Full wagons | Speed in km/h | Capacity Empty wagons

120 - 20 120
2 120 20 120
3 120 - 20 120
4 120 20 120
5 120 20 120
6 120 20 120




interleaved depth first search (IDFS) works through DFS where [DFS

prevents DES falling into mistakes. While DFS searches sequentially from
left to right, IDFS searches in parallel many subtrees at some tree level
which is called active. It searches in each subtree to reach each leaf. If this
leaf is the goal, the search process terminates. Otherwise, the state of the
current subtree is recorded and added to a list of active subtrees. Slice
Based Search (SBS) and Depth-bound Discrepancy Search (DDS) are

effectives for job shop problems and will be used in this study.

Standard Strategy (SSS)and Dichotomic Search Strategy(DSS) will be
integrated with the pervious search techniques inside OPL to improve the
profermance of the previous search techniques. In SSS the objective
function is evaluated at the first feasible solution point, and an upper bound
is obtained and then the constraints are added to obtain the next solution.
DSS depends on evaluating the objective function at the first feasiable
solution and at the mid value.

COMPUTATIONAL RESULTS

This paper uses a coal mining railway network to demonstrate and validate
the developed models. A small sector of the rail transport system of mining
areas was used as a case study to obtain the minimum Makespan of all train
runs, Figure 1 shows the sector of the rail network used, along with
information about the number of sections and mines. The trine capacity
(number of wagons per each train) and the number of wagons allocated to
each mine (allotments) will be shown in Table 1 and Table 2. The case
study involves 15 single track sections, 6 double track, and 6 triple track
trains (mine areas with crossing loops). There are 6 mines are for
Collecting, So, S16 S8 523, S35 and S27. Double track sections, S2 84 87, Sip 16,
and s3 work as crossing loops without storage area, OPL software was
used to obtain the solution. To satisfy both port and mines requirements
from full and empty wagons, 12 runs are made by the 6 trains. The model is
investigated using the Makespan as an objective function for this case
study. :




MODL SOLUTION TRCHNIAUR

In Constraint programming approach, the global constraint technology is
used to satisfy all the model constraints. Search techniques are used to
solve the model constraints and investigate the model objective function
value. The main advantage of the GCT is making sure all model constraints
are satisfied before applying any solution techniques (search techniques) to
investigate the feasibility of the model.

In this paper, the main solving technology of CP model in ILOG’s OPL
software is a global constraint satisfaction, which deals with problems
defined within the finite set of possible values of each variable. This set is
often called the domain of the variables. Most of all constraints of
industrial applications use a finite domain. The constraint satisfaction
problems are solved by using two main techniques: problem reduction and
search techniques. Problem reduction is often referred to as consistency
maintenance in the literature. This includes node consistency (NC), arc
consistency (AC) and path consistency. Many efficient techniques have
been developed to achieve AC and NC Constraints and are used for
~eliminating values from a variable’s domain that do not satisfy the
constraints, (Russell and Urban (2006); (Henz et al. 2004).

Many strategies are followed in ILOG’s OPL software to find the solution
through the search trees. The main advantage of these strategies is
obtaining the optimal solution for many NP-hard problems but on the other
side, using some of these techniques individually is time consuming and
needs a huge memory to solve large scale problems. Depth-First Search
Strategy (DFS) starts at the root node and proceeds by descending to its
first descendant. Continuing in this process to reach a leaf. Then we
backtrack to the parent of the leaf and descend to its next descendant, until
it exists (Her and Ramakrishna 2007).

Best-first search (BFS) is a well-known strategy for optimization problems
that consists of choosing the node with the best value of the objective
function. For each job shop scheduling problem, we set the initial upper-
bound on the Makespan to be the sum of the durations of all activities. If a
solution is found with a lower Makespan, the new bound is added at the
leaf node. Sierra and Varela (2008) used a Best First Search to reduce the
search domain in solving the job shop scheduling problem with total flow
time.
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Equations (12- 13) ensure the collecting full wagons has to be in the inbound direction
where 0 and o' are two operations at each siding in the two directions and o' precedes o.

Wagon Constraints

Equations (14) and (15) show the relation between the total allotments for
each siding and the number of empty and full wagons delivered to or
collected from each siding. These constraints will reduce the total number
of wagons used in the transport process.

In equation (14), the total number of empty wagons delivered to siding s
has to be equal to the allotment of this siding.

Koo,

22D =4 Vs

kalig=l w=l o=l Ve (14)
In equation (15), the total number of full wagons collected from siding s
has to be equal to the allotment of this siding.

Aokt O,
ZZZZ%OS=&V&

k=l g=l u=i =l ETWTw s (15)

Siding capacity:

Equation (16) ensures that the total number of empfy and full wagons at

each siding is less than the capacity of the siding.

o + B <C.
ko.s, ko, = " (16)

- In CP we cannot use the binary decision variables so, variable subscripts

are used as the binary variables. In our model, two variable subscripts are
used; s, and k..

- During implementing the CP code by using OPL software, some
commands can be used as well by the following form under constraint
programming fundamentals.

" &, variable will be defined as Duration [k, w, o, s].

- The variable t, , . can be formulated by constraint programming as task
[k, &, w, 0',s]'start :
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train k finishes it, or trains & and & are processed on section son segment
w and train & precedes train k where train £ can’t use this segment before
train &' finishes it.

Ql’ Sl’ QV Sl'
[k;d.s"- 2 t/feq.s.. +§zg/q.&v v Z‘ksq.s.. 2 Kesie +2g/«’d,x..

VK €Kk 2k seS

"W

wek g eRo 0 e

Makespan Constraint

The following equation ensures each finish each operation for all trains
during all runs has to be less than Makespan: see equation (7)

max(o in operations) (4, ., +g.,.) = C

max

Vk eK,seS,wek, 0e0,eeR, (7)

Train Constraints

- Equations (8) and (9) are train capacity constraints. In equation (8), the
number of empty wagons delivered for all sidings during run ¢ has to be
less than or equal to the capacity of train £ .-

LS,
<
Z Z. Z @, . s Cy. Vk,s. | G
In equation (9), the number of full wagons collected from all sidings during
run ¢ has to be less than or equal to the capacity of traink .

08,

IZZZBk =Gy Yk,

w=l o=l =l T8 Ww ’ (9)
Equation (10 - 11) ensures the delivering has to be in the outbound
direction where o and o' are two operations at each siding in the two
directions and o' precedes o, so:

If o’ <o then

a  sCy Ve ws

‘é‘“\r\u . (10)
B/ . =0Vk,e,0,5,w.

{e‘“u'\u‘ - (1 1)
Else
If 0" >o then
BA . SCg Vk,e,0'8,w. (12)




£

C capacity of

train k of full wagons.

& & index of runs of each train;e = 1, 2,3,., R ., &'=1, 2,3, R .
i start time of train % inrun ¢ on section s on segment w .

processing time of operation o of train k on section s on segment

w.
‘ makespan
ma x
Minimise Cy )]

Equation (2) ensures that operation (0+1) of train & cannot be processed
before finishing operation o for train 4 on section s of segment w,
t +g <t Y k,g,0,5,w. (2)

ko s ko s k (o+1) &
yowoy wow r W

Segments Order

Equation (3) ensures segment w is processed before segment w' or, segment

w' before segment w
([/‘;.()‘,.\,, +gk()",.vw) Sho vV ([kp s T80, ) Shos

it | ©)

Yk, ww,w#w, g, 0,s.
Selecting Run

‘Equation 4ensures that train % selected run & (unary resource) to be
processed.,
ActivityHasSelect Re source (k, Trip, ) ok

C)
Vkek, ¢ € R
Runs Order

Equation (5) ensures that run & is assigned for train £ before run ¢, or run
¢' assigned for train & before run «.

{ + <t vt + <
k0,8, g/«),, e ko, k0,5, J k0,8, ko,

N . * o * & I o y LR T, 5)
VkeK,s5,5'€S,0eO,weE, 6,6 eR, c2¢' ﬁ (

Passing Priorities Constrains

Equation (6) ensures trains kand ¥ are processed on section s of segment
w. train k precedes train &' where train &' can’t use this segment before
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Modelling any problem using CP depends on the CP package used because
of the differences in constructs available in various modelling languages. In
this study, ILOG’s OPL modelling language will be used. OPL has a set of
constructs to scheduling problems to develop an effect CP model on the
scheduling problems. The basic OPL modelling framework includes a set
of commands that can model the elements of scheduling problems. The
segments and sections are the resources, and they are modelled as unary
resources in OPL. Each run is a unary resource because it is assigned for
one train as well. The characteristics of the unary resources are that they
can process only one operation at the same time. Each operation is
associated  with a start time and duration. In addition,
ActivityHasSelectResource is used in OPL to decide which unary resource
will be selected for processing operation o of train k£ and using this
command to know which run r will be selected by train £ to start first. Also,
each operation requires a unary resource to be processed on it. In this
section we will provide a summary for a sugarcane transport system model
by CP in the OPL language environment.

The main model contains two main parts: the objective function and the
constraints. The model was formulated as a scheduling model using a
constraint programming approach. The main advantage of the scheduling
model is reactiveness, where the mine and port requirements for coal
wagons are met throughout the modelling period. In addition, the accuracy
of the results and train passing are considered in this model.

Notations

K number of trains.

kk'  index of trains; k=1,2,..K, k'=1,2,..K .

E maximum number of segments.

W index of the segments; w=1,2,...F

S, total number of sections at segment w.

s, number of sections of segmente; s, =1,,2,,..5, .

8~ number of full wagons collected from siding s by train & during
operation o andrun s on segment w.

a number of empty wagons delivered for siding s by train & during

operation o and run ¢ on segment w.
A total allotment of siding s per day.

C capacity of train k£ of empty wagons.

ot
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problems. A constraint programiming approach was proposed for solvin g
railway scheduling problems and obtaining solutions for many cases.
(Rodriguez ,2007& Guel et al. 2009& Su Yun et al. 2002).

Masoud et al. (2010) developed a new mathematical model for sugarcane
rail transport systems. In the sugarcane rail transport system, trains supply
empty wagons to harvesters in the field and collect the filled wagons and
return them to the mill for processing. The model considered many issues
like trains scheduling, satisfying the mill and the harvester’s requirements
for empty and full wagons, satisfying the safety conditions by applying
section blocking constraints and taking into account the capacities of trains,
mill, and sidings which are usually limited. This model is generic and
flexible and can be applied with minor alterations to other applications such
as coal mining rail transport systems. Many features of sugarcane rail
transport systems and coal mining rail transport systems are similar.

[n this paper, the constraint programming (CP) approach is used to obtain
optimal solutions for research problems. CP has many advantages such as:
CP has the ability to model many different types of combinatorial
optimisation problems while mathematical programming techniques
individually have restrictive modelling power. It can produce global
optimal solutions. Many problems in real life need multiple solutions; CP
techniques have the capabilities to generate many solutions. CP techniques
have the ability to solve all the feasibility problems and can deal with
conflicting objectives,(Janiak et al. 2013).

THE MODEL

In this model, the constraint programming approach is used to formulate
the coal rail transport system as an adapted job shop scheduling problem.
The model defines the track sections as machines and the train activities as
jobs. Each train activity (job) contains a number of operations defined by
the start time and the processing time in a particular track section
(machine). Some sections contain several parallel track sections, including
sidings. The train trip from the port to the sidings and back to the port is
called a run; see figurel.Each train typically completes several runs per
day. The total time for all operations during a run is equal to the run time.
The total run time per day is the total completion time. The main objective
of this model has been minimising the completion times of the last
operation in the system for all trains or Makespan.
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Sidings have a finite capacity where the empties and fulls are delivered
and collected that cannot be exceeded. Each siding has a daily allotment of
wagons that often exceeds the capacity of the siding where the total
delivers, or total collections, have to equal the siding allotment. Each train
can haul a limited number of empty wagons and full wagons; this number
depends on the capacity of each train. For safety conditions, the train is not
allowed to have a mix of empties and fulls. As a result, all empties must
take place before fulls.

The transport sector has a big impact on the overall costs of a coal mining
production system. The total cost of the coal mining transport operations is
very high; most of the total cost of coal mining production in Australia is
incurred in coal transport. Some of the potential effects of mining transport
on the production system are delaying the arrival of coal to the port;
delaying the arrival of empty coal wagons to mines causing the mines to
wait for empty wagons and increasing their costs; and increasing costs
through inefficiencies in the coal mining transport system itself through the
need for higher levels of labour and larger numbers of trains and coal
wagons.

The coal rail transport system is very complex. Producing efficient
schedules for coal mining transport can reduce the cost and limit the
negative effects that this system can have on the raw mining production
system. A railway system is very complicated, especially where there is
only a single track. There are many studies and researchers have discussed
and solved many problems in this sector to improve the efficiency of the
system’s performance. Most of studies consider that single track rail is an
NP-hard problem and so needs special techniques to find a solution,
(Burdett and Kozan(2010)) and (Kozan and Liu(2012))

Burdett and Kozan (2009, 2014) developed a new constructive technique to
solve train scheduling problems using a job shop approach. The solution
was obtained from a disjunctive graph model and constructive solution
methods. This technique achieved better results than meta-heuristics
techniques for different criteria such as minimizing a makespan objective.

Liu and Kozan (2009) represented ‘the train scheduling problem as a
blocking parallel machine job shop scheduling problem. In this model,
they solved blocking problems in single and multiple railway tracks. They
extended the classical disjunctive techniques and proposed a new heuristic
method named the feasibility satisfaction procedure to solve this problem.
The new technique treated many complex real situations in train crossing

TH
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A Constraint Program ming Approach to Optimize

Coal Mining Rail Operations

Mahmoud Masoud”

ABSTRACT

This paper presents a new model applied to produce efficient schedules by
solving the coal transport scheduling problem. A coal rail system is very
complicated, especially where it consists of g single track. Most studies
consider single track rail to be an NP-hard problem, and so needs special
techniques to find solutions. A job shop scheduling problem is adapted and
formulated using a constraint programming approach to produce global
optimal solutions. The new model includes the requirements of all major
elements of the coal transport system to reduce the overall cost and
optimise the performance of the system. Optimization Programming
- Language (OPL) was used to search for possible solutions to problems and
for the best (optimal) solution based on specific criteria. The case study

demonstrates that high quality solutions are obtainable for industry-scale
applications.

Key Words: scheduling; rail transportation, mining,.

INTRODUCTION

The coal mining transport system is an important element in the coal
production system. Railways play a vital role for many countries such as
Australia in transporting the coal from mines to ports, where the majority
of the coal is transported by rail. A coal railway network uses a single track
and includes many branch lines or segments and a lot of sidings. The coal
mining railway system performs two main tasks: delivering empty wagons
from the port to the mines at sidings; and collecting the full wagons of coal
from mines and transporting them to the port.

*Assistant Prof. at Institute of Statistical Studies and Research — Cairo University
EMAIL: mailmasod@yahoo.com
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S(x")={weR? 2w w20, W +5w, 20, w,w, 20, w +w, =1},

9. Conclusion

The main objective of this paper is to present a solution procedure for
multiobjective solid transportation problem with possibilistic variables (Poss
MOSTP). A multi-objective solid transportation problem with possibilistic objective
functions coefficients, possibilistic supplies, possibilistic demands and possibilistic
conveyances has been introduced. The relation between the « -possibly for « -
PMOSTP problem has been given. A parametric analysis to characterize the set of all
o -parametric efficient solution for o -PMOSTP problem has been given. An
algorithm to determine the stability set of the first kind corresponding to one of the
parametric efficient solution of o -PMOSTP problem has been presented. A
numerical example has been included in the sake of the paper for illustration.

However, WINQSB computer package has been used to obtain the results.
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veG={xeR " x,, +x,

Yo T Xy X g3 FX g1 FX g + X3 =16+ 46,

Xy +Xgp X +x,y, =16-46,

Flar H X FX 15 +X 59 =7+46,

X3 +X 5 +X 35 +X 03 =11+40,

Yl t X X0+ + X3 +X =22+46,

Yz FXap F X1 + X095 +X 35 + X5, =14-40,

Y20, 0=12 j=1,2,3% k=12 0<0<1)

minz, (0) = (14=460)x ., +(5+40) x5y, +(7-40)x, +(7+48)x,

H2H40)x 13 +(6+40)x 3 +(6-40)x,, +(14+40)x,,
H(10=40)x 15 +(5+40)% 33 +(7=40)x 3, +(7+460)x

subject to
xeqG.

Forw ' =(w{,w;)=(0.4,0.6) and 6 =0.5.
(STP () min (1163, +9% 5y, + 142y, +8.25, +11.6x 5, +5.6x,,

subject to

i T X + X3 +X 1 +X 5 +X13, =18,
Xarn t X + X3 +X 15 + X990 +X 93, =18,
Y HXop Xy x5, =14,

Y T ¥ +X 15y +X5p =9,

X131 T X3 + X35 +X 53 =13,

Vit X1 X HX g + X3y +x 3, =24,
T2 F g1 T X9 FX 59 +X 3y t Xy, =12,
X 20, 0i=1,2; j=1,2,3; k =1,2.

The solution is

(xlll’x211’lel’x22l’x131’x23l’x112’x212>x1229x222’x132’x232)=

(0,2,0,9,6,7,12,0,0,0,0,0,),
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Table 2. Continue. - o

sup(6},)=6-40

sup(é7,) =14+40 | 7y (14)=m, (18)=0

sup(52222)=5+49 ”52222(5):”52222 (9)=0

sup(G,)=7-40 | 7n (1) =7, (3)=0

‘ sup(€2232)=7+4<9 7[52232(7):”62232 (11)=0 l

Table (3). The supports of &, b; and ¢, and the corresponding possibly

distributions.

7, (16) =7, (20) =0

| sup(5,)=16-48

lsup(5,)=7+46 | 7, (1) =7 (11)=0

7, (1D =75 (15)=0

.

S

AR SRS ES

S

[ sup(¢,)=14—40

TR

At « =0, the corresponding 0-PMOSTP problem is ‘ 7

R RSN EIEERE

+(11+46)x 55,

subject to
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sup(é}y,) =9+46

LR % aa . -~ 4l . Yy v v vy ba b (v eviges b vdon o vm pn e
Yable 1. The supporis of ¢ s« and the corresponding possibly distributions:

S i

sup (63, ) =14-46

7, (14)=x, (10)=0
Can S

sup(c’l‘Zl): 18+46

., (18)=z, (22)=0
€21 €12y

sup(€yy ) =9-40

ﬂ-@iu (9) = ﬂc‘?izx (3)=0

sup(éy ) =13+46

7, (13)=7x, (17)=0
€131 i

sup(6yy, ) =7+46

ﬁ—l (7)=7Z-._1 (11)=0
€231 €231

sup(éj,) =10-46

T (10)=7r.Ill (6)=0
112 Cha

| sup(cly)=7-48

7y (M=nm, (3)=0
212 212

| sup(ely) =11+46

et (1) = o (15)=0

sup (63, ) =18-46

e (18) = e (14)=0

[ sup(ely)=5+40

g (15)=7z, (9)=0
€132 €132

Sup (63, ) =2+40

| sup(cZ,) =14-40

7, (D=7, (6)=0
232 232

Table 2. The supports of ¢ ,zj « and the corresponding possibly distributions:

7. (14)=7, (10)=0
1 i

sup(é3,)=5+46

7o (5)=m, (9)=0
Cant ¢

sup(éh)=7-46

”C"l?ﬂ (7) = ﬂé.l?:” (3) =O

sup(ép ) =7+46

7w, (7)= 7 (11)=0
] 221

sup(é’lz31 )=2+46

7 (2)=7s (6)=0
€13 °i31

| sup(ch)=6+46

7. (6)=m, (10)=0
€33 €231
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8. Mumericai example

Consider the following

2 .3 2
(Poss MOSTP) min 7, =" > > &, x, .

i=l j=1 k=l
: 23,2,
min £, =3 3 X 6 %1y
i=l j=l k=l
subject to
b & 302
x€G=9x, R D xy =@, DD % =y,
j=l k=l j=l k=l
2 2 . 2 2 . 2 2 -
sztlk =by, ZExlzk =b,, 2«“;3/« =03,
i=l k=l i=l k=l i=l k=1
2 3
Zme—eu Xjj2=¢,
i=lj=l i=l"j=1

X020 i=L2 j=1,23 k=12

In this example, two objective are simultaneously satisfied: the first and second are

the minimization of possibilistic transportation costs.

Also, the possibilistic variables ¢! ik é? ks G s b ;> and €, are characterized by
possibility  distributions ( ), 7 ( ), g (), 7, (1) and m (),

respectively.

The supports of the possibilistic variables ¢} Iy 5,214 s G, b, ;» and €, are
[9,13], [10,14], [20, 24], [15,19] and [22, 29], respectively. it is appropriate to
characterize these supports by parametric functions beginning by the points of
maximum possibility of ¢! ;& and ¢t & - Hence, the parametric functions of & to the

supports for 0 <6 <1 are:
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ty conditions (7)—(16), and solve the

Kuhn-Tucker necessary optimali

resulted system.

Step 6: Determine the stability set of the first kind S (x ) according to the values of

the Lagrange multipliers &, , y, and &, .

Step 7: Set 6= (8" +¢&)e[0,1] and go to step 2.

Repeat the above procedure until the interval [0, 1] is fully exhausted. Then stop.
The flow chart of the proposed algorithm can be characterized as in the
fbllowing figure:

Start

<
q

Y

Select the initial value of @ =0

A
Elicit supports for possibilistic variables
firjk,d,.,l;j,and e, (r=1..q; i=1..,m
F=L.,nk=1.,40).

v

Construct the STP (w) problem

A4 ji
Choose w " and solve (STP (v "))’ problem using é
WINQSB computer package ;

NN

<

S

Is a solution satisfactory?

Determine S (x )

l

Fig. 1. Flowchart for proposed algorithm.
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:/\21 'Z}:; ‘Cr Sk m é’{:z < (}} ER OLZ,U {G; [ o= i e, “}}
j=l k=t
m ¢ B u

infk =bj (0)+9bj (0), j=1,...,}’l (10)
i=l k=l
m n

xl./.k =e/f (0)4—98/(;/ (O), k:l’ ’g (11)

i=l j=1

m n ¢
> (af +6d” ), = > (b} +9bj.’ daco =0 (ef +6¢] )y (12)
i =1 j=l

k=1
0,8 (x,q,)=0, i=1.,m (13)
7y by (x,b0,)=0, Jj=L.,n (14)
Se i (x,e,)=0, k=1..,¢ (15)
6, y; and & 20 ' (16)

where &, (i =1,..., m), v, (J=L.,n), and & (k =1,..,¢) are the Lagrange
multipliers and the above expressions are evaluated at x, Jks € ; 0 s b; and e, .
According to whether any of the variables o, (i =1, o M ), 7, (/j=L.,n), and

sk (k=1,..,28) are zero or positive, the stability of the first kind S (x") of

(STP(w ))" problem can be determined.

6. Proposed algorithm
The steps of the proposed algorithm to determine the stability set of the first
kind S (x ") can be summarized as in the following steps:
Step 1: Start with an initial degree of & = 0.
Step 2: Constrict (STP (w ))’ problem.
Step 3: Ask the DM to specify the initial value of (06 <1).

Step 4: Choose a certain w * € B and solve (STP(w ))" problem using any available

computer package (say, WINQSB vPackage). Let x* be 0- parametric optimal
solution of (STP())" problem with the corresponding parameters

L# * * # * * %
(Cr ot C!L ,CZU ,bL ,bU ’eL

k4 b

U*
,e ).

. . . k o £ * * ;R * * B w* o,
Step 5: Substituting with x*, ¢"%7, ¢™*, 4", V", bL7, BU", oL , ¢”" into the

=N

BRERRNA B

QT

AR N T

T

i RN

R R S RN TR B S e S
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Definition 9. Suppose that w ¢ B with a cortesponding ¢ - parametric optimal

solution x € £ (w ), then the stability set of the first kind of « -PMOSTP problem

corresponding to x *, denoted by S (x ") and is defined by:
S(x)Y={weB:x"ekE (w') is an « -parametric optimal solution of

STP(w ) problem }.

For the sake of parametric analysis and for « =0, STP(w ) problem can be written
as in the following form (Bazara et al., (1990) and Steuer (1986))
(STP(w ))" min
g m n ¢
XW z,(x,c¢")=min ; § 2 I;Z;lw (c‘jk (0)+8¢/}, (0)x, ;4
subject to

i ¢ :
g (x,a)=> > x,;, —(af (0)+8a’ (0))=0,i=1,..,m

J=lk=l

m e
By ok ) =20 > %5 = (b (0)+60b] (0)=0, j=1,..,n

i=l k=l

mn 14
Fe(xoe)=2 D %, —(ef (0)+8ef (0))=0, k =1,..., £

i=l j=l

m

Z<a +6a' ), .-Z(bL +6b1 ) 4 —Z(ek +0e} ) oo

X020, 0= .,m; j=1,.,n k=1.,4
w el and 6€[0,1].

Letw " eB with x" is an « -parametric efficient solution of & -PMOSTP problem,

then the Kuhn-Rucker necessary optimality conditions corresponding to (STPw ))’

problem will take the form:

Z 9 0 | e, 0
2w 5 (25 - Zn kagf“Jw, 0
. k 04

o

k=l

8 ¢
S, ———(Zsag' o35, z:k@fe'j=, ®
r=l i=l J=1
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From (4) and (6) we arrive (o the contradiction of the efficiency of x (¢} for -
PMOSTP at certain x €0, 1].
Problem (o -PMOSTP) will be treated using the weighting approach (see,
Chanas et al., (1984), i.e., defining the following problem (STP (w))
q
(STP(w )) minZw,.z,, (x,¢c")
=l

subject to
x(c)eG(ab,e)c/ iy €(€l;4 )gs ¥ =L q; i =1, ., m;

J=bhsn k=1 .,06a (), i=1.,mb, e(l;j Ve

J=lone €€ )y k=1 n b, D (a), = (b;), =
i=1 j=l

¢ q

Z(ek)a,vv eW =<w eR: zw,=1,w,.20 ,

k=l r=l ‘

i=1.,m;, j=L.,mk=1..,4
It is clear that problem STP(w ) is a single objective solid transportation problem

which is considered as a parametric nonlinear programming problem since the

possibilistic parameters will be treated as decision variables.
Definition 7. The set of ¢ -parametric optimal solutions of STP (w ) is defined as:

g q
Ew)={x" eRq(”’x"x"’):Zw, z, (x*,c*’)SZwrz, (x,c"), for each

r=l r=l

x(c")eG(a',b",e"), " e(é),, a" e(d),, b e(b),, " (¢),
q

andw, >0, r=1,..,q, Zw, =1}.
r=l

Remark 1. A point x " is said to be a proper « -parametric efficient solution of « -

PMOSTP problem if and only if there exists w * > 0 such that x " € E w").

5. Parametric analysis.

Definition 8. The solvability set of o -PMOSTP problem is defined by:

B ={w eR7: there exists «-parametric efficient solution x  of «-

PMOSTP problem, x € E (w )}.




ey fle
Phie d8™ Annus

I~ E g ~ ) Fopa]
Z,(x " )<z, (x ¢ )z, (x ey <z, (27,6, L,
I ~q Eomg oy
Z,(x,¢ )Sz,(x ,¢")2za, xel0,1].

This contradicts the « -possibly efficient of x“(c)eG (a, b,e) for Poss MOSTP

and the necessity part is established.

Sufficiency: Let x “(¢)eG (a,b,e) be o -parametric efficient solution for « -
PMOSTP and x“(¢)eG (a,b,e) be not an « -possibly efficient solution for Poss
MOSTP. Then there are x* € G (a, b, e)and r =1,..., ¢ such that

r-i

2 0~ %~ 2 ~pe #
Poss (z,(x%,¢) <z, (x",6"), vz, (2,6 ) <2, (x7, 7Y,

2 ~r+l

~ & ~p 2 ~.1 *
z2, (x5, )<z, (x ,¢" )z, (x%, 6"y <z, (x", ¢, ...,
20 oo
z,(x%,¢")<z, (x ,¢")2a,
ie.,

: 1 1y 1
. sup _min (7, (), oy Ta (¢7), 7, (), T (€77), sy
(c'y o eTeC

T ()2 a, )
where
Poss C ={(c!, ..., c?) e RI1(mnD) . zi(x% ey <z (x7, ¢, z,(x% ¢ Hx,
Z, (x*, ¢ »z, (x% )< z,(x",¢"), 7, (x% g,
z,(x" e, ., z, (x?%,¢7) <z, (x",c7)}.
For the sup remum to be existed, there is (P!, P2, .., P9 yeC with
min (75 (P'), 75 (P?), 75 (P7)) <, then

Sup —Inin(ﬂ'/s] (Pl>, ﬂ'P-z (Pz)y 7[15(] (Pq))<a
(P, P2, ., P1YC

This contradicts (8). Then there is (P!, P2, ..., P9 yeC satisfying

min (75 (P'), 75 (P?), 75 (P1)) 2 (%)
1e.,
P’ e (c"fjk das =L qsi=lL.,m; j=1.,n; k=1.,¢ (6)
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rel g a ela =1, m; b, e {\/,J/ Jos J =1

m

4 ~
e € (€ )gs k=18, ) (a,), = Z( Z (5, )y
i=l J k=l
e o~
:Z (e
k=1

Y0200 =L ,myj =1 ., n k=114, (6)
where (6], 4 )y» (G, )y (b~j ). and (&, ), denote the «-cut of the possibilistic

variables ¢}, ,d,,b;, and &, respectively. By the convexity assumption,

T (i v =L 2 gy i=lymy j=l,mk=1.,¢ 7 (), i=1.,m

Cj/(

s, (b;), j=1..,n; 7z, (ex ), k =1,..., £ are real intervals that will be denoted as

[eiju (@) ef i ()], [a]™ (@), af* ()], [B] (@), b)* (@), [ef” (), e} ()]

Definition 7. A point x"(¢)eG (a,b,e) is said to be « -parametric efficient
solution for a -PMOSTP found only if there x € G (a,b,e) and c,.’jk €(¢/ 4 )a

such that z, (x,c¢")<z,(x",c") forall »=1,..,q and strict inequality holds for

at least one r.

Theorem 1. A point x “(¢) e G (a, b, e ) is an « -possibly efficient solution for Poss

MOSTP if and only if x*(c)eG (a, b, e) is an o -parametric efficient solution for
a -PMOSTP.

Proof: (Necessity). Let x " (¢)eG (a, b, e) be an « -possibly efficient solution for
Poss MOSTP and x " (¢)eG (a, b, e ) be not an « -parametric efficient solution for
o -PMOSTP. Then there are x'(c)eG(a,b,e), t e(¢ Uk)a, r=l ., q;
i=L.,m;j=L1..,n; k=1, .., ¢ such that

z, (xl,t“‘)SZs (x*.,ts ),forall se{l,..,q}and re{l,.,q},
such that

z,(x" t"y<z, (x",1").

As t'elé” . r=1,..,q,we have

ik lax




Mesegvreh 2326 13

and

n it n n
Poss (sz,.jk =g, ]=sup(7re~k (ex )2 By szijk =€,

i=l j=l i=l j=1
k=12,.,¢,

where Poss denotes possibility.

Definition 6. (a-possibly efficient): A point x " (6)eG(a,b,é ) is said to be «-
possibly efficient to Poss MOSTP if there is no x (6)eG(4,b,¢é ) such that:
Poss (z, (x,c”')Szl (x",éh, s 2y (x,é""'l)Sz,_l(x*,c"’"l),
2, (x,6") <z, (x",6"), 2, (%, 6™ )<z, (x", 6™,
z,(x,67)<z,(x",é"))2a, (1)
On account of the extension principle,
Poss (z; (x,¢' )<z, (x",¢"), vz, (x, 6 sz, (7, &Y,

- L oyl * o apg] ~
2, (2,¢" )<z, (x ,¢" )z, (x,6™)<2,, (x €M)z, (x,67)

w L . 1 2 -
Sz, (x ,¢%))= sup min(7z, (¢ ), 7, (€), ey 7, ("),
(ceteyec o C ‘ ¢

T (€™ ), T (™), ., 7y (c?)), ()
where,
C ={(c',¢c% .., c‘])GR"(’""”"”:zl(x,cl)Sz,(x*,cl),...,zr_l (x,c™™
Sz (e Yz, (k0 <z, (x o sz (x, ¢y <z, (x7, e,
v Zg (x,¢") <2, (x*,c7)} 3)

For characterizing the « -possibly efficient solution for Poss MOSTP, let us consider

the following « -parametric multiobjective solid transportation problem (-
PMOSTP)

m n 0
(@-PMOSTP) minz, (x,c")=3 > > ¢/ %, ;6,7 =l.ng (4

i=l j=l k=l

subject to

s it s ; . . _ .
xeG(a,,e), ik e(cijk)a, i=L.,m;j=1.,nk=1.,¢
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snees and

3. Problem formulation.

Consider the general possibilistic multiobjective solid transportation problem
with possibilistic coefficients in the objective functions, possibilistic supplies,
possibilistic demands, and possibiliétic conveyances (Poss MOSTP)

n £
Zzéﬂk%,‘k; r=1.,q9 (1)

i=l j=1 k=t

m

(Poss MOSTP) min Z, (x,¢")

subject to

~ n [4
x €G(d,b,é)=9x e R™M¢ :szijk =d;;i=1,..,m;

J=t k=l

m_ £ m_n

Exifk :Ef’ J=hown Zixuk =€
i=l j=l

—~
LR
=
F

k=1,..,2¢;, : 2)

~

5 5 : D oy =
where, Ciplr=14.,9) a,i=1.,m, b;y j=l.,n;é,k=1.,0 are

7T =

[ s

possibilistic variables on R characterized by possibility distributions 7T 5,
i

>
k

and 7, , respectively. For all outcomes it is assumed that all possibility distributions

involved in Poss MOSTP are convex ones with compact (i.e., bounded and closed)

supports and y, =sup(y ) (see, Definitions 2-4).

4, Efficiency aspects.

Definition 5. (o-possibly feasible actions): Let 3 =(8(, Ba, - Bim )> B’U e[0,1],
i=12,,m;  By=(for, Bases Bon)» By €l0,1],  j=12,.,n; and
By =By, Baas s Bye)s By €10,11, k =1,2, .., ¢. Then x €G(4,5,8)={x e R"™™ .
X020, i=L2,.,m;j=12,.,n k=12 .,¢} is said to be « -possibly

feasibly actions for problem (Poss MOSTP) if:

m

¢ . m{
Poss ( qu/« =b, =sup(7rb—j(bj))2,82j,ZZxU.k:bj,
i=l

\i=l k=l k=1
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Poss MOSTP is presented. A numerical example is given to illustrate and clarify the

obtained results.

2. Preliminaries,

In this section, we recall some definitions and lemma needed through the

paper (Zadeh (1970)).

Definition 1. A possibilistic variable y on 7 < R" is a variable characterixed by a

possibility distribution on 7, (1).

This means that, if y is a variable taking values in T, then a possibility

distribution 7, associated with y may be viewed as a fuzzy constraint on the values

that may be assigned to y. such a distribution is characterized by a possibility

distribution function 7, :T —[0,1] which associated with each ¢ €T the degree of

compatibility of the variable y with the realization ¢ €T .

If T'is a Cartesian product of 1,7,,..,T

x> then 7, (¢, ¢,, .., ¢, ) is an n-ary

possibility distribution, i.e., 7wy (1) =(7, (1) 7, (13), s 7, (2,)).
Definition 2. The & -cut of a possibilistic variable y is y « =t el im, (t)2za}.

Definition 3. A possibility distribution 7, on T'is said to be convex if

7y (At +(1=2)t%) 2 min (7, ('), 7, (t%)), Vi tteT, 2e[0,1].
It is appropriate to define the support of a possibilistic variable y in the case of
T <R".

Definition 4. The support of a possibilistic variable y is

sup(y)={teT: sup (ﬂy(u))>0forall€>0},
ueN (1)
where, )Vg(t);—-{zz €T flu-t]<e}.

Lemma 1. Sup(y ) is a closed set in 7.

Proof. See, Hussein (1998).
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existing solution methodologies, recently it is receiving the attention and the interest

of the researchers in this field (Ido et al., 1995; and Brt et al., 1993). Haley (1962)

|
|
|

introduced the solution procedure of STP which is an extension of the modified
distribution method. Patel and Tripéthy (1989)developed a computationally superior -
method for a STP with mixed constraints. Vajda (1988) proposed an algorithm for a
multi-index transportation problem which is an extension of the modified distribution
method. Basu et al. (1994) provided an algorithm for finding the optimum solution of
solid fixed charge linear transportation problem. Li et al., (1997) designed a neural
network approach for multicriteria STP. Jimenez and Verdegay (1996) developed a
parametric approach for solving fuzzy STPs by an evolutionary algorithm (EA).
Pandian and Natarajan (2010) are introduced the zeropoint method for finding an
optimal solution to a classical TP. Pandian and Auradha (2010) proposed a new
method using the principle of zero point method introduced by Pandian and Natarajan
(2010) for finding an optimal solution of STP. Ojha et al,, (2010) formulated a STP
with discounted costs, fixed charges and vechicle costs as a linear programming
| problem. Qualitative analysis of some basic notions such as the set of feasible
parameters, the solvability set and the stability set of the first kind and the stability set
of the second kind are introduced by Osman (1977). Luhandjula (1987) deals with
multi-objectii/e programming problems with possibilistic coefficients. Hussein (1998)
introduced the complete solutions of mﬁlti-objective transportation problems with

possibilistic coefficients. Sakawa and Yano (1989) provided the concept of o -Pareto

optimality of fuzzy parametric programs. Kassem (1998) introduced the multi-

objective nonlinear programming problems with possibilistic variables and without

ST IO S A

differentiability for the considered objective functions. Ammar and Youness (2005)
introduced the solution of multi-objective TP with fuzzy objectives, fuzzy sources,

and fuzzy destinations.

T T e

In this paper, we deal with a multi-objective solid transportation problem
(Poss MOSTP) with possibilistic coefficients, possibilistic supply values, possibilistic
demand values, and possibilistic conveyances. The concept of « -possibly efficient
and « -parametric efficient solution are introduced. The relation between the above

two concept of solutions is established. A parametric analysis is introduced to

BERPSRPS TS

characterize the set of all « -parametric efficient solutions. An algorithm to determine

the stability set of the first kind corresponding to one parametric efficient solution of
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Study on Possibislitic Multiobjective Solid Transportation Problems

E. E. Ammar', M. L. Hussein?, and H. A. Khalifa®

Abstract.

The solid transportation problem (STP) arises when bounds are given on three
item properties. Usually, these properties are supply, demand, and type of product or
mode of transport (conveyance). In this paper, the efficient solutions and stability of

multiobjective solid transportation problem (Poss MOSTP) with possibilitic

coefficients ¢/;, and / or possibilistic supply quantities @, and / or possibilistic

demand quantities b ; and / or possibilistic conveyances €, are investigated. We

consider the problem by incorporating possibilistic data into the objective functions
coefficients, supplies, demands and conveyances. The concept of « -possibly efficient
is épeciﬁed in which the ordinary efficient solution is extended based on the ¢ -cut of
a possibilistic variébles. A solution of the weighting problem of Poss MOSTP is
deduced. A necessary and sufficient condition for such a solution is established. The
basic notions like the solvability set and the stability set of the first kind are defined -
and characterized that's to characterize the parametric optimal solution for the
auxiliary problem. An algorithm for the determination of the stability set is proposed.

Finally, a numerical example is given to illustrate the aspects of the developed results.

KeyWords: Multi-objective solid transportation problems; Possibilistic variables; « -

possibly efficient solution; « -possibly optimal solution; Stability notions.

1. Introduction

The solid transportation problem (STP) is a generalization of the well-known
transportation problem (TP) in which three jtem properties (supply,, demand and
conveyance) are taken into account in the constraint set instead of two (supply and
demand), and its of great use in public distribution systems. The STP was first stated

by Shell (1955). Although STP was forgotten for long time, because of the new

1- Department of Mathematics, F aculty of Science, Tanta University, Tanta, Egypt.
2- Department of Mathematics, F aculty of Science, Kafrelsheikh University, Kafrelsheikh, Egypt.
3- Department of Operations Research, Institute of Statistical Studies and Research, Cairo University,

Cairo, Egypt.
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S, (1.8401,05.3,6)={d, 0" d, =3, dy, =6}

For J; = {1}, =0, f, >0, then

S, (1.8401,0.5,3,6) ={d, €0* :d, 23, dy, =6}.
For J, ={1,2}, , >0, B, =0, then

S, (1.8401,0.5, 3, 6) ={d,el0%:dy, =3, dyy =6}.

Hence

5 (1.8401,05,3,6) = S, (1.8401, 0.5, 3, 6)
g=!

S. Concluding remarks

In this paper, a combined interactive approach introduced by Megahed et al.,
(2011) has used for solving MONLP problem with fuzzy parameters in the objective
functions. The proposed approach was based on the ARP method introduced by Wang
et al., (2001) and the RD method introduced by Narula et al., (1994) and adopted the
Lexicographic weighed Techebycheff program. The stability set of the first kind
corresponding to the ¢ -pareto optinial solution has been determined. However

WINQSB compute package have been used to obtain the results.
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~2x +x, <0,

a, €[l4, 4.6], a,<[3.8, 9.6],

0<e 0.
Hence
lex min {6;, | x; +a —5.0019 | +|xy+a, -82668|}, i =12
subject to

lxl +a; ~5.0019 | <6y,
| x5 +a, ~82668|<6,,
(x1=3)% +(x,-2)% <4,
-2x;+x, <0,
a €[l4, 4.6], a, €[3.8, 9.6],
0<5; eR.

The obtained solution is (x*, o” )=(1.8401, 0.5, 3, 6),

f(xh, aty=(4.8401, 6.5)
- The first iteration: :
(x*, a")=(1.8401, 05, 3, 6),
/= (4.8401, 6.5), % =(8, 10) and F Y =(5, 8.2668).
Is the solution satisfactory Y/N? Yes. Stop with f (x h, a Y=Ff (x h , a” )

and (x", o" y=(x", a" ) as the final solution.

In order to reduce the computational effort through the determination of S (1.8401,

0.5, 3, 6), we conform the left hand side of the following two intervals;

14<a <46 and 3.8 <a, £9.6, HencéS (1.8401,0.5,3,6) is determined by
applying the following condition: 4, (3-d,,) =0, By (6=dy)=0; B B 20
we have J; < {1, 2}. For J, = ¢; By, B, =0, then

Sy, (1.8401,0.5,3,6) = {d, €07 :d,, 23, d,, 26}.

For J, ={1}, £,>0, 8, =0, then
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Oy Sxy+a,

0y Sxy+a,,

(x1-3)% +(x,-2)% <0,
=2x,+x, <0,

a €14, 46], ay €[3.8, 9.6],
0<g; 0.

Denote the corresponding criterion vector by /Y, the solution become

(x¥, a”)=(3.0019, 7.2668), f ¥ =f (x", a”)=(5.0019, 8.2668).
Step 3 : Ask DM to specify an initial « -attainable reference point f (ao, x%) such
that
fi(x% al)>f (xY, o) forevery i =1, 2;
15,0019 <fi(x° a?)<82 3,
8.2668 <15 (x°, a9)<10? 10.

Then £ (x°, a°)=(8, 10 .

Step 4 : Calculate the weighting vector from the following relation

= 1
A= forevery i =1, 2.
5 =1
Then
7 =e 1 1 1 1

O T2oss 2T v Timm

LetJ={1, 2, .., k}, J =JO, set the iteration counter 4 =0 and go to step 5.

Step S5: Solve the following lexicographic weighted Tchebycheff programming

problem with the calculating weights and /¥ as

lex min {3, , | f,(x, a)=f" | +|fs(x, a)=f" |},

subject to
Alfi(xs a)=f | <6,
/Tzlfz(x’ a) = <6,

T e T T T e e
AR A R OIS R AR

-t

;

i
.t;
j
°
i
b
i
]
=
¥ J.



4. Numerical example

Consider the following problem
min ((x+a), (x,+ d))
subject to
(% =3)%+(;=2)2 <4, —2x,+x, <0, x|, x,20,

with membership functions

1
O: 4q; E(—-OO, a; ]5
1
&G —ay 12
——7 aela, a ],
ai —a
2 3
Hg, (ai)=J15 ale[al’ai I;
4
a, —da; 3 4
! !
3 aela, o ],
4
\O, a; €la;, ).
Let, ¢a =1, a =2, al =4, @ =35,
and @l =3, a? =5, a =9, a3 =10

Step 1: Let the DM specify the initial value of & = 0.4. Then from definition 3, we
get g € [(012 —all)cH-all , —(df‘ -—af’ )a+a14]
Hence, ¢ €[14, 46].  Similaly, o e[(a? —cé)a+cé, —(a5 —ag)a+a§]
Hence, a, €[3.8, 9.6]. According to problem (3), we get
min (4 + @), (%, a3))7,
subject to
(x1=3)% +(x,-2)% <4,
-2x+x,5 <0,

a €14, 4.6], a, €[3.8, 9.6],

Step 2: Calculate starting point (x V', a”) by solving the following problem

max o,
i=1,2

subject to
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@:@s function to each «,

Assume a membership |

i =1,.., m,satisfying (1)

Ask the DM to specify the E
, - initial valueof ¢ (O <a <1)
and formulate (¢ -PMONLP)

v

Solve problem (3) to get x

4

Is x”

There is no
— satisfactory
solution

Give e Solve problem |
FO h=0J%=J (2)to get £
Yes

|Yes

Set & =h +1, choose Se, (), Jht =gt /{e, }, and separate J"*!

into J!" andJJ

A4

Provide V¥, i e J]' and modify 7!

Separate J"*! again
or increase V! for

some f;,i eJ}!

Is

FI = (2 forall 17

~ Solve (4) to get x '

Proved th ,and
modify f:f’

v

Return
to (ii)

Set h=h+1
return to step (3)

There is no efficient solution

Set h = h +1 return to (iii), other-
wise let x "™ =x"" h=h+1, return
to (iv), if x " is unique optimal
solution of (4) or let it to be optimal
for (5), let ~A=h+1. return to (iii)

Determine
S ( x h , ah

(" f(x")y)is

a final solution

%
Stop




min o, P=1,2,..,m

subject to
I’iIfl'(x’al')_fivlsgj)izl:-n;m
’XEA/‘[; aELa(di), 0‘<"§l el

let /=4 +1 and return to (iii). If /,7*' 2, (x"", "), let =} +1 and

return to step (4).

Step 7: Determine S (x fa ) by applying the following conditions conditions:
B (af -dy;)=0, i=1..,m,
771 (dh —Lll-*)=0, i =1, o m,
n, B =20, i=1..,m.

Consider the following three cases:

Casel: 3 >0,i el c{],.., m}, B =0,1¢el.
n>0,iel,c{l,.,m}, 7, =0,i¢l,.
Let N c{l,..., m} be the set of all proper subsets. Then

ok 2 ko, Ry
SI,,[Z(x » d )={(d1,d2)ER m:dzi =a,-,ze]1,d2,- >ai,l€[1;
& #®. .
dli = ,1 GIZ’dli <G, @]2},

Hence, S;(x*,a")= U S[l,lz(xh,ah).
I, LeN

Case2: f;, 7, =0, then

S, (x",a")={(dy, dy) €R¥™ idyy >af,i =1, mydy; <d i =1, ).

Case3: 5,1, >0, then
S3(x*,a*)={(d1,d2)eR2m :d2f =a;'k,i =1’ ey m;dli =Cl;,i =1"“am};
Thus,

® #* 3 £ *
S(x ,a )=USq(x ,a ).
g=l

The following figure illustrates flowchart of the previous interactive approach.
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(i) ForieJ!, DM provides Ve (o, f—f (x cal )]
Let f,"* = 7, (x*, al 1+v!. For i ey, let £ =f (x", a") and
for i € J" 1JHH et £ =
(iii) In the case that f_,hJrl =f; (x h, a,.h ) forall i eJ” /{e,, }, return to (i) to
separate J"*! 2 gain or return to (ii) to increase the amount to be relaxed
for some f,, i eJ" at F (x",a") if DM wished to do so. Otherwise,
stop and there is no satisfactory « -pareto optimal solution. In the case
that f,"*1 =f; (x*, ") for some i e J” /{ey }, go to (iv).
(iv) Let e =e,, f/'=f"" i=1, .., m, i+#e,, and solve the following
auxiliary problem
min f, (x,qa,)
subject to 4
filx,a)Sf/, i=1.,m;i+#e,
xeM,ael,(4),
to get a & -pareto optimal solution (x ', a’” ). When
Se, (x h ae’f ) =/e, (x", ae’;) or f,, (x 'k a,_f/lj) for Je, is not satis-
factory to the DM, return to (ii) to increase the amount to be relaxed for
some f; (i € th ) at f(x hoat ) if the DM wishes to do so, otherwise

stop and there s no satisfactory « -pareto optimal solution. When

h h h _ih . .
Je, (x", "e/,, ) # fe/, (x", ae/:’ ) and fe,, (x", ae’h ) for Je, is satisfactory

to the DM, (he/she) prqvides V:’ , the largest amount to be improved for
fe, at f(x",a"), such that V! <(0,f, (x", ap )=, (2" @),
Let f,**! =f,, (x",d! )-V2 .

W It £+ < fo, (x' @), let h=h+1 and return to step (iii). Otherwise
let (x h“,ah*l):(x’h, ay, let h=h+1 and return to (iv) when

(x"", a ) is a unique optimal solution of (4) or let (x", a" ) be an

optimal solution of the following problem:




o
:
Wiy oth o ’

P ooy oo
SR

max o,

subject to

ff(x9a[)25l': i—l,...

(2)

xeM,ael,(4), i=1.,m;o6 €.

Step 3: DM provides an initial attainable reference point ];;0 such that ];;0 >f,
i=l.,m. letJ={l.,m}, J° =J, and the interaction counter 4 =0 .

Step 4: Calculate the weighting vector from the following relation:
A= ﬁ%—_——;,i =1,..,m, and then Solve the following Lexicographic
i ~Ji

weighed Tchebycheff programming problem

m

Let min (5,-, D Ufi (x,a )‘fivlj
i=l

subject to

AV (aa ) =fV1<8, i=1 ., m 3)

xeM,ael,(d),i=1,.,m;

to obtain an « -optimal solution (x kg ) and the corresponding criterion
hoh
vector f (x",a").

Step 5: When f (x b ot ) is satisfactory to the DM, let (¥, a)=(x kg ) be the

& -pareto optimal solution and go to step (7).
When 1 (x h, a” ) is not satisfactory and f (xh, a" ) =fh or h=m there

is no satisfactory « -pareto optimal solution of & -PMONLP problem.
Otherwise go to step 6.

Step 6: Modify the reference point

(i) The DM Chooses any e in J" such that fe, is an unsatisfacto
h ey ry

objective in {f; :i eJ"} at £ (x",d"). Let J** = 4 /{e, }. Separate
J* into the following two parts: J!' = {i e J"*! f (x " aly < f

and DM wishes to realize f; at £ (x”,a" )}, and J2 ="+ g7
i 2 1
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such that f, (x,a)y</f (x~ om o with strict inequality holding for

at least one i, where the corresponding values of the parameters @ are called « -level

optimal parameters.

Definition 3. (Kaufman and Gupta (1991)). A trapezoidal fuzzy number (Tr.F.N.),
A can be represented completely by a quadruplet 4 = (a, ay, a5, a,).
We can characterize a Tr. F.N. by the interval of confidence at level o :
4, =[(q,-a)a+a, —(a,~a,) a+a,]; ¥ ae[0, 1]. The membership function

of a Tr. F.N. is characterized as

0, x <a,
X —-a

|
—— a sx <a,,
a, —a

M (x)=41, a, £x <a,,
a, =x
4

—, a, $£x <aq,,
a, —a
L0, xza,,

My (x)

A

a,

Fig. 1. A trapezoidal fuzzy number 4 = (a, @y, a;, a,).

3. A combined interactive approach

The steps of the approach to determine the o -pareto optimal solution
(x " a? ) and their corresponding criterion vector f; (x*, a;‘), i=1,..,m can be

summarized as in the following steps:

Step 1: Ask the decision maker (DM) to specify the initial value of a(0<a<l) to
formulate the (o -PMONLP) problem

Step 2: Find £, by solving the following problem




E3 RS 4

it
e AT A

(FMONLP)  min /, (¥, d )

subject to
xeM ={xeR" 18, (x)=0, j=1,..,4¢},
where f :R"™ SR, i=1,.., m; g (x):R" >R, j=1,..,f are convex

differentiable functions and d; is a vector of fuzzy parameters. These fuzzy

parameters are assumed to be characterized as the fuzzy numbers (Dubois and Prade
(1980)). It is assumed that the feasible set of decision variables is nonempty compact

(i.e., bounded and closed) and all the objectives are continuous.

It is appropriate to recall that the real fuzzy number & from a convex

continuous fuzzy subset of the real line whose membership function z; (@) is

defined by:

1- A continuous mapping from R to the closed interval [0,17;

2- Wzi(a)=0forall ae (=0, a' 1;

3- strict increase on [al, a* 1; (1)
4- pz(a)=1foral ae[d?, a’ 1;

strict decrease on [a3, at 15

N
]

6- 41;(a)=0 forall a e[a®, w].

Definition 1. (Dubois and Prade (1980)). The « -level set of the fuzzy number 4 is
defined as the ordinary set L, (a) for which the degree of their membership
functions exceeds the level « :

L,(a)={a: He (qp)za, i=1, ., m}.

For a certain degree of ¢, the FMONLP problem can be written as in the following
nonfuzzy (Rockafellar, (1967)).

(o -PMONLP) min f; (x,a,)
subject to
xeM, ael,(a)

Definition 2. x " e M » @€ L, (d) is said to be an « -pareto optimal solution to the

problem « -PMONLP, if and only if there does not exist another x & M,ael,(d)
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function exists, there is no a single optimal solution, but rather a set of non dominated
or non inferior solutions from which a best compromise solution must be detected
(Cohon et al., (1995)). In his earlier work, Osman (1977) introduced the notations of
the solvability set, stability set of the first kind and stability set of the second kind,
and analyzed these concepts for parametric convex nonlinear programming problems.
Tanaka and Asai (1984) formulated multi-objective linear programming problems
with fuzzy parameters. Orlovski (1984) formulated a general MONLP problem with
fuzzy parameters. Sakawa and Yano (1989) introduced the concept of « -pareto
optimality of MONLP problem with fuzzy parameters. Osman and El-banna (1993)
introduced the stability of MONLP problems with fuzzy parameters. Kassem and
Ammar (1996) introduced a parametric study of MONLP problems with fuzzy

parameters in the objective functions.

Veeramani et al .,(2011), studied fuzzy multi-objective linear programming
problem un which both technological coefficient and resources are fuzzy with linear
membership function. Some' et al.,(2011) proposed a new method called multi-
objective A linear Metaheuristec (MOMA) method for solving nonlinear multi-
objective optimization problem. Pandian (2013) proposed a method to compute the
solution for multi-objective fully fuzzy linear programming problem involving
parameters represented by triangular fuzzy humbers. Pandian (2013) proposed a new
method namely , level — sum method based on the multi-objective linear -
programming and the simplex method for computing an optimal fuzzy solution to a

fuzzy linear programming problem in which fuzzy ranking functions are not used.

In this paper, a combined interactive approach introduced by Megahed et al.,
(2011) is used for solving MONLP problem with fuzzy parameters in the objective
function. The proposed approach is based on the ARP method introduced by Wang et
al., (2001) the RD method introduced by Narule et al, (1994) adopts the
Lexicographic weighed Techebycheff program and the stability set of the first kind

corresponding to the « -pareto optimal solution is determined.

2. Problem formulation
Consider the following multi-objective nonlinear programming problem

(FMONLP) with fuzzy parameters in the objective functions :
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Am Interactive Approach for Solving Mulii-objective Nonlinear

Programming Problems with Fuzzy Parameters
E. E. Ammar!, M. L. Hussein?, and H. A. Khalifa®

Abstract

In general other is no single optimal solution in multi-objective problems, but
rather a set of noninferior (pareto optimal) solutions from which the decision maker
(DM) must select the most preferred or best compromise solution as the one to
implement. In this paper, a combined interactive approach introduced by Megahed et
al., (2011) is used for solving a multi-objective nonlinear programming problem
(FMONLP) with fuzzy parameters in the objective functions. This approach is based
on the attainable reference point (ARP) method introduced by Wang et al., (2001), the
reference direction (RD) method introduced by Narula et al., (1994) and adopts the
lexicographic weighted Techebyceff program. The fuzzy parameters are characterized
by trapezoidal in the objective functions are characterized by trapezoidal fuzzy
numbers. The concept of « -fuzzy efficient solution is specified in which the ordinary
efficient solution is extended based on the « -level of fuzzy numbers. The stability set
of the first kind without differentiability corresponding to ¢ -efficient solution of « -
PMONLP problem is determined. A numerical example is given in the sake of this

paper to clarify the obtained results.

Keywords: Multi-objective nonlinear programming problems; Fuzzy parameters;
Fuzzy numbers; « -pareto optimality; Attainable reference point method; Reference

direction method; stability notions.

1. Introduction
Multi-objective analysis assumes that the objectives are generally in conflict.

Therefore, unless a well defined utility function exists, there is no a defined utility

1- Department of Mathematics, Faculty of Science, Tanta University, Tanta, Egypt.
2- Department of Mathematics, Faculty of Science, Kafrelsheikh University, Kafrelsheikh, Egypt.
3- Department of Operations Research, Institute of Statistical Studies and Research, Cairo University,

Cairo, Egypt.
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Secondly: It D) = @, solve the following problem

K K m
Max ) wifu(D) + ) wil(£u(0) = (D) + ) rgr(2)
i=1 i=1 r=1

k k m
subject toZ w; Vi (%) + Z ’WiV(f*i(x) - ff(x)) + Zu,‘v‘gr(f) =0
i=1 i=1 r=1

e =0,r=12,...,m

[f the set D, is the optimal solution set and &, is the optimal value.

The set D U D, is a possibly optimal solution set.

4, Conclusion

In this paper we discuss the duality of the multiobjective rough convex programming

problem when the multiobjective function is deterministic and roughness is in feasible region

which does not discussed before, Also it presented the duality when roughness in

multiobjective function and the feasible region is deterministic. The duality the multiobjective

rough nonlinear convex programming problem is defined and its optimal solution sets are

characterized. The duality study is important for these kinds of problems because it helps us for

obtaining the surely optimal solution of the lower approximation function and the upper

approximation function.
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Delinition (The possibly Pareto optimal solution set):

Aset CUl, =@, is called the possibly Pareto optimal solution set of the problem (7)

J

which contains possibly Pareto optimal solutions.

Then the Pareto optimal set of the objective function F(x) is between Pareto optimal set
of the lower approximation functions vector F, and Pareto optimal set of the upper
approximation functions vector F*, F, € miney F(x) S F*.

The dual problem of the second class of MRCPP is formulated as problem (5). So the
optimal value of the dual problem of the second class is between

6, < maxd(u) < 6

where
( 14 k m
max ) wify(®) + ) w400 = f700) + ) g, (D)
i=1 i=1 r=1
g, =< ok Ie m
subject toz w Vi (%) + Z 'WiV(fi(x) = f7(x) + Zergr(f) =0
i=1 i=1 r=1
\ Uy =20,r=12,...,m
( k K m
max > wify (0 + ) wi(£u () = 7 (D) + Y 1,00
. i=1 =1 ” r=1
g =

k i R (I

subject to Z wiVfi (%) + Z 'wV(fu(x) = f7 (%)) + Z U Vg.(%) = 0
i=1 i=1 ‘ r=1

\ Ur20,r=12,..,m

The dual problem can be solved in the following manner:

Firstly: Solve the following problem

k k m
maxZ wfi (%) + z "W, (f*i(x) - ﬁ-*(x)) + Z frGr (%)
k

subject toz w V(%) + Z wV( f«((x) £ (x) + zurVgr(XJ =0

i=1

#r 2 0,r=12,.
If D is the optimal solution set and 8" is the optimal value.

Find the set D; = {

= §*} which is a surely optimal solution set if D, # 9.




3.2 Dual Problem of Second Class of MIROPP:

The second class of MRCPP is formulated as follows:

min F(x)
subjectto x € X )

where X is the feasible region such that X = {x € R"| g;(x) < 0i=1,2,...,m},F(x) is
vector of functions which is vector rough convex functions such that F,(x) < F(x) <
F*(x), F.(x) and F*(x) are the lower and upper approximation deterministic vectors functions

of F(x) respectively, ,
F;(X) = (f*l(x)lf*Z(x): ...,f*k<X)>t,F*(x) = (ff(x);fz*(x), lfl:(x))t

The problem (7) can be solved in the following manner:

Firstly: Solve the following problem by using any suitable method:

min F,(x)

subjectto x € X

If € is the Pareto optimal solution set and £, = {F.(x)|x € C} is the Pareto optimal set.
Find C; = {x € C|F*(%) € £},

Definition (The surely optimafsolution set):

If , # @, then (| is called the surely optimal solution set of the problem (7) which contains all

surely optimal solutions.
If ¢, = C. the problem has only a surely Pareto optimal solution set.
Secondly: If ('}, = @ . solve the following problem

min F*(x)

subjectto x € X

If €, is Pareto optimal solution set and F* = {F*(x)|x € €,} is the Pareto optimal set.
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/ {/: ” “Cl‘ o ' Ma " \ \E
max | fi(x) Z; W (), o fi(x) + Z Hrr (ﬁf}/}
\ r=1 r=1
k a
9% = subject toZ wiVfi(x)+ ) w,Vg,.(x) =0
=1 r=1

k
W, >O,ZVT/L~ =1,u4-20,r= 12,..,mwe S (%) nS*(x)

Where ¥ and ¥ are Pareto optimal solutions of primal problem on lower approximation set and
on upper approximation set, respectively. S, (%) and S$*(X) are stability sets of first kind

problem on lower approximation set and on upper approximation set, respectively.

The dual problem can be solved in the following manner:

Firstly: Solve the following problem:

A A
max <f1 (4 D iy Gr) s ) + Y u@(x))
r=1 r=1
k a
subject to \ wVfi(x) + > 1, VG.(x) =0
A

k
W, > O,Z W=1,020,r=12..,mweS,&)nS'®E)
i=1

If D is Pareto optimal solution set and 8, is Pareto optimal set.

Find D, = {1 €D

0.(f) € 6"} which is a surely Pareto optimal solution set if D, # @.

Secondly: If D; = @, solve the following problem

max <f1 )+ D e Ge ), fil) + > urgr<x>>
r=1 r=1

k a
subject toz WiV + > 1,Yg9,.(x) =0.
[ 1

=1 r=

k
W > O,Z W= 1,0, 20,r =12, .., mweS,(8)nS'(F)
i=1

If D, is Pareto optimal solution set and @, is Pareto optimal set. The set D U I, is a possibly

Pareto optimal solution set,

L ¥e
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Definition (The surely Pareto optimal solution set):
If C, # @, then C, is called surely Pareto optimal solution set of problem (6) which contains all
surely Pareto optimal solutions.

If ¢, = C;C S X,; then problem (6) has only surely Pareto optimal solutions.

Secondly: IF C, = @, C € Xpy, solve the following problem:
min F(x)
subjectto x € X,

If C, is the Pareto optimal solution set of the above problem and F* = {F(x)|x € C,} is the
Pareto

optimal set of multiobjective functions.

Definition (The possibly Pareto optimal solution set):
IfC;, = @, the set € UC, is called the possibly Pareto optimal solution set of problem (6)
which contains all possibly Pareto optimal solutions.

The Pareto optimal set of the multiobjective functions F(x)is between Pareto optimal set £,
of F(x) on the upper approximation set and Pareto optimal set F*of F(x)on the lower
approximation set, F, S min,ey F(x) S F*.

The dual problem of the first class of MRCPP is formulated as problem (3). So the Pareto
optimal set of the dual problem of the first class is between
6, € maxd(u) < 6*

where

A
maX<f1(x) Z Gr(), fk<x>+zurc <x>>

: T
9, = subject to Z (x) + Z VG (x) =0

W > O,ZW‘- =1, 20,r =12, .., m,W € 5.(%) N S (%)

(=1

]
o
,;3
a
|

|

|
]
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m

i
max z wy () - E g (X)
i=1

r=1

subject to (5)

k m
Z leﬁ(x—) +Z/~‘rvlgr(f) = OJILLT‘ 2 Olr = 112; “')m
(=] r=1

Theorem:

If % is a unique optimal solution of problem (2) then there is 7. > 0 optimal solution to
problem (5).

Proof:

[t can be proved as the same steps as theorem 4.6 [4].

3. Duality of MRCPP
The duality of MRCPP for the two classes can be obtained by using any type of duality
forms in the previous section depending on the properties of MRCPP,
3.1 Dual Problem of First Class of MRCPP:
As known the first class of MRCPP can be defined as:

min F(x) = (f(x), f2(x), ..., fi ()"
subject to x € X (6)

where F: R™ — R¥ is a vector of convex deterministic functions; X is the feasible region which
is a convex rough set such that X, S X C X *
X*={x€eR"G(x)<0,i=1,2, DAL = {x e X gi(x) <0,i=1.2, o al.

The problem (6) can be solved in the following manner:
Firstly: Solve the following problem by using any suitable method:
min F(x)
subjectto x € X*

If C is the Pareto optimal solution set and £, = F(C) is the Pareto optimal set.

Find the set ¢, = ¢ n X..
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The duality of multiobjective optimization problen has been studied by many authors see

vefs [6, 15, 18] But the cone optimization is used to get the duality in many studies. Only some
researchers study the duality in general form [18]. In this paper, a simple method is presented

to get the duality.

The first dual form is used when #W; > 0 ,Z{‘:l w; = 1 which it defined as follows:

max (fl () + ) kGG )+ ) g ), ) + Yty <x>>
r=1 i r=1 r=1

subject to ' 3)
k m
Z wVfi(x) + z 1rVgr(x) =0
i=1 r=1
I
w; > O,Z wi=1,u.20,r=12,..,mweSX)
i=1

Theorem:

[f there is a Pareto optimal solution X such that w; > 0, Y5, W; = 1,W € S(X) where

S(%) the stability set of the first kind, then there is f = 0 Pareto optimal solution to problem
(3). | |

Proof:

It can be proved as the same steps as theorem 4.6 [4].

If problem (1) is transformed into problem (2) by using the weighted method. Then there
are two dual form of problem (3), firstly by using Lagrange method. The theorems and
concepts of convex programming problem are valid it MRCPP is transformed to convex
programming problem [3] under the suitable conditions. The Lagrange function can be defined
as follows:

max 6 (i)
subjectto p =0 (4)

where (1) = inf(ZA, w,Vf(x) + Y%, 1,9, (8) = 0,1, 2 0 x € X)

Secondly: The other dual form of problem (3) can be defined by differentiable properties when
its Pareto optimal solution ¥ is a unique optimal solution as follow:
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The multiobjective convex programming problem (MCPP) is defined as follows [4].

min( fi(x), f2(x), ., fiel(x))
subject to (h
X={x€RMg (x) S0 ,r=12..,m)

where the functions f: R® > Rfori = 1,..., k and griR™ = R forr =1,..,m are assumed to

be differentiable and convex.

If problem (1) is transformed into problem (2) by using the weighted method [4).

K
minz wifi(x)
i=1
subject to )
X={x€RYg,(x)<0,r=12,..,m
I
w; =0, ZWL' =1
i=1

The whole Pareto optimal solution set is gotten if convexity assumption is presented but

it fail to get the whole Pareto optimal solution set in of non-convex problems.

Theorem [4]:
Assume convexity if x* € X*(X* is Pareto optimal solution set of (1)) then there exists wew

such that x* solve problem (2).

Theorem [4]:
x" a Pareto optimal solution of MCPP if there exists w € W such that x* solves problem (2)
and if either one of the following two conditions holds: |

Lwy >0 foralli=1,2,..,k.

2. x" is a unique solution of problem (.

From above relations. the stability set of the first kind of problem (1) according to w can be

defined as S(¥) = {w € W|#% is a Pareto optimal solution to problem (1)}
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multiobjective convex programming problem in rough environment when the multiobjective
function is rough functions and the feasible region is deterministic. Also it discussed the
duality when roughness is in feasible region and multiobjective is deterministic. Section 4

includes the conclusions.

2. Basic Concepts

RST is a new mathematical theory introduced by Pawlak in the early 1980s to deal with
vagueness or uncertainty, [10,11,12,13,14]. It is. a very rich area for research, [1,16, 17]. RST
expresses vagueness by employing a boundary region of a set and not by means of membership
function, [2.7,12,19]. The basic concept of RST is the approximation of indefinable sets via
definable sets or ordinary sets, [1,2,10,12]. The rough function is a new concept based on the

RST [7,12.19].

Definition (Convex Rough Set) [19]:

A rough set is convex if its lower and upper approximation sets are convex.

A rough function f is a tunction without explicit formula but bounded by several explicit
functions because it is not known precisely. It is given as result of modelling the problem due
to imperfect data, For simplification on our study the rough function will be defined by two

functions.

Definition (Rough Function):

A function f(x) is a rough function if it is not known precisely but it is only known that the
function values of f(x) are bounded by two deterministic functions fo(x),f*(x) such that
filx) < f(x) < f*(x) at any x € X where f.(x),f"(x) are lower and upper approximation
function respectively. The surely values of f(x) are the values of f,(x), f*(x) at x € X such

that £.(x) = f*(x).

Definition (Convex Rough Function):
A rough function f(x) is called convex rough function on the set X if its lower and upper

approximation functions are convex.
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Abstract:

Duality assertions are very important in optimization trom the theoretical as well as from
the numerical point of view. So this paper presents duality of multiobjective rough convex
programming problems in rough environment when the multiobjective function is deterministic
and roughness is in feasible region. Also it discussed the duality when roughness in
multiobjective function and the feasible region is deterministic. The concepts and some
theorems of duality in the rough environment are discussed. Also, the procedure of solution of

these kind of problems described.

Key words: Rough set; rough function: multiobjective rough convex programming problem:

duality.

I Introduction

The mathematical programming in rough environment was introduced in [2,5,7,19]. The
multiobjective rough convex programming problem (MRCPP) can be classified according to
existence of roughness is in multiobjective function or constraints. The mathematical problems
can be classified into three classes, [7]. First class: MRCPP with rough feasible set and
deterministic multiobjective function. Second class: problems with deterministic feasible set
and rough multiobjective function. Third Class: problems with rough feasible set and rough
multiobjective function, There are two solution sets of the MRCPP; surely Pareto optimal
solution set and possibly Pareto optimal solution set. The aim of this paper is to present the
concepts of duality of MRCPP when roughhess is in the multiobjective function and the
feasible region is deterministic. Also it discussed the duality when roughness is in feasible
region and multiobjective is deterministic,

This paper consists of four sections. Section 2 introduces the mathematical formulation
of MRCPP and presents basic concepts of rough set theory. Section 3 presents duality theorems
of

lAR Asher University, Al Asher of Ramadan, Egypt.
" Shoubra Faculty of Engineering, Benha University, Benha, Egypt.
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At the point (2,2)we get ¢y = 0.3, a, = 0.4.

At the point (0,0)we get &; = 0.58, a, = 0.7

» a; €[0.3,0.58], a,¢€[0.4,0.7]

T = {(ay,a;): oy € [0.3,0.58], a, € [0.4,0.7]}
Remark:

The previous example is treated graphically science the problem is
represent in two dimension for the variables x,y however the simplex
method can be used to handle this problem in general case due to the use

of the iterative approach for treating such problems.

5. Conclusion

In this article the achievement stability set for parametric linear goal
programming problem when Parameters exist in the objective function is
introduced by using the iterative approach and an illustrative example is

introduced.

References:
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X+ y <4,
6

2x +y <
x,y,d;,df >0 , a; €[0,1] (7)

Let @ = 0.3, then the optimum of the problem is x = 2 Y =2,

dy = 15,d{ =0, Z;=10.5.

Second we will solve:

MinZ, = a,dy + (1 — a,)d;

Subject to

3x +2y +di —df =25,
Sx+3y+d; —df =32,

x+y =4,

2x +y <6,

a;df + (1 — ay)d7 = 10.5,

x, ¥, d7,df,d5,d¥ >0 , a,a, €[0,1] (9)
Lete =0.3, @ = 0.4 .Thenwegetx =2, y=2, df = 15,df =0,
d; =16,d3 =0 And Z3 = 9.6 .And to make Z} be stable we will solve:
MinZ, = a,dy + (1 — ay)d; |

Subject to

3x + 2y +di —df =25,

5x+3y+d; —df =32,

x+y <4

2x +y <6,

aydf + (1 —a;)d7 =105,

aydy + (1 —ay)d; = 9.6,

32




b3

Where Z; is the achievement value of the goal j , G;(X) are linear

functions

Definition (4): The achievement stability set:
T ={(a,,a2,...,a",)eR’" MinZ, =ad +(1-a, )d =Z,,Z is constant, i ={1,2,...,m}}

is the achievement stability set where it is the values of ; which make
the achievement value of all goals to be constant.

4-Solution algorithm:
stepl: Solve the problem P; at a certain value of a4 € [0,1] and find Z;
step2: Seti = 2

Step3: Solve the attainment problem P; at a certain value of «; € [0,1]

and find Z;.
Step4: Set i = i + 1 and go to step3.
Step5: If i = m, go to stepb.

Step6:vﬁnd the values of a; which make Z ; be constant.

Step7: stop.

Example (1): Consider the following problem PGPP: MinZ =
Pilaydf + (1 — a)di] + Pylapdy + (1 — a;)d;]

Subject to

3x + 2y +di —df =25,

5x+3y+d; —df =32,

x+ y <4,
2x +y <6,
x’y’di_ld;.’?—o 1i=1!2> “1,5325[0,1] (6)

First we will solve:

MinZ, = a;df + (1 — a)d]
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di,df, X =0 a, € [0,1]
If Z; denotes the optimum value of this problem, then we say that Z{is
the degree of the attainment for goal 1. :

Now the attainment problem for goal 2 is equivalent to problem P, :
P, minimize Z, = a,d3 + (1 — ay)d;
Subject to:
G (X) +df —df =b,,
G,(X)+d; —df =b,, (4.a)
a;df + (1 —a,)d] = 73 (4.5)
X SR ‘
di,di,X=0 , a,€[01] 4

Notice that the constraints (4.a), (4.b) imply that in trying to attain goal 2
we are not sacrifice our previously determined the degree of attainment of
goal l.Letting Z; denote the solution of this problem. We can then
proceed to goal 3 and so on. We can now write the general attainment
problem as follows:

Definition (3): The general attainment problem P; for goal :

The general attainment problem P; for goal i can be defined as[3]:

P;: minimize Z; = a;df + (1 — a;)d] [ €{2,..,m}
Subject to:

GO +dr —df =b, , j=1,.

crjd}’+(1-—aj)dj“=Z;‘, j=1,..,i-1

X eScR”
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denoted by d7) or over achievement (positive deviation and denoted by
di yofgoal i. S, G(X)i=1,..,m are the system constraints and goal
constraints of the problem respectively, w;", w;"are the weights.
Notice that listing of goals in (1) corresponds to the order in which we
wish to achieve these goals. In other words our main objective is to attain
the first goal G;(X) if possible subject to the system constraints X € S
and the goal constraint corresponding to this goal. If this not possible we
wish to have G, (X) be as close to satisfying this goal as it possible. We
then get the values of corresponding parameter which make the first goal
stable we then satisfy the second goal G,(X) as close as possible subject
to the system constraints X € S and its goal constraint and subject to the
additional constraint that we preserve our previous degree of attainment |
of goal 1.we then get the values of the corresponding parameter which
‘make G,(X) is stable. Repeat the previous steps until [ = m.A key
element of GP model is the achievement function that represents a

mathematical expression of the unwanted deviation variables [9].
Definition (1): The achievement function:

The goal programming achievement function is an ordered vector of a
dimension equal to the number (i) of preemptive priorities within the
problem and expresses the level of achievement of each objective set

within a given priority [8].

3- Parametric goal programming problem when parameters exist in

the objective function.

Definition (2): The attainment problem for goal 1:

The attainment problem for goal 1 to be the optimization problem P;:

Py: minimize Z; = a;df + (1 — a;)d]

Subject to:
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O ncorporate uncerfainty and impr

fuzzy set theory, initially proposed by Zadeh in 1965 [6] is introduced in

the field of conventional MODM problems, where aspiration level of
objectives are assigned in an imprecise manner. Introducing fuzzy
uncertainty and imprecision into the goal programming problems,
Narasimhan [10] initially presented fuzzy goal programming (FGP) by
using membership functions, and some relative work was done [11-13].
- Gang Li [14] introduced a model that deals with the sum of weighted
negative deviations between the desirable achievement degree and the
common target. E. Dopazo, M. Ruiz-—Tagle[lS] have been established an
optimization problem in which a similarity function and a parametric
compromise function are defined Associated to this problem, a
logarithmic goal programming formulation is considered to provide an
effective procedure to compute the solution. Ching-Ter Chang[16]
proposed a new idea of how to program the binary fuzzy goal
programming model. The binary fuzzy goal programming modei can then

be solved using the integer programming method.

Assume that, the goal programming in problem consists of m goals and S
system constraints, X decision variables; the problem formulation can be

defined as follows:

minZ(d~,d*) = X, P, (w7 d[ +w;d]).
Subject to
G(X)+d —df =b;, i=1..,m (1)
X€eS
d;,df, X = 0,w,wt =0
The objective function seeks to minimize the deviations from the
preferred aspiration levels. X = (xy, x5, ..., X,) is the decision vector. A

deviation variable reflects the under achievement (negative deviation and

|
|
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50 that GP 1s a good tool to enable the decision maker to realize the

balance between the available resources and the desired goals. The
objective function of GPP focused on minimizing the deviation
between the available resources and the required goals. GP is one of the
main approaches for solving multicriteria decision making problems.
This paper is organized as follows: Section2, the basic concepts of goal

programming problems was introduced.

Section3, parametric goal programming (PGPP) when parameters in the
objective function are presented. In Section 4, solution algorithm and
- example are given. Section 5, includes conclusion and recommendations
for further studies. |

2. The Goal Programming Problem:

Goal programming is considered as one of the three main
| approaches for solving multicriteria decision making problem, the other
two approaches are vector optimization problem (VOP) and the
Interactive approach. In GP decision makers must initiallly give priorities
for their goals .The GP gives an optimal solution. To solve the goal
programming problem we can use the modified simplex method which is
an algebraic procedure. It was developed by Charnes and Cooper [1].
And we can use ’the iterative approach method which is a very powerful
method for solving the linear, nonlinear, integer and other goal
programming problems using the corresponding optimization algorithm
in an Iterative analysis equivalent to that available for the corresponding
optimization technique[3]. The GP approach of multi-criteria problems
has received increasing interest due to its modeling flexibility and
conceptual simplicity [4]. In GP problem, it is practical to consider that
there are different importance and priorities of the goals, and a lot of
research is done with this problem. The priority structure is assigned by

using different methods, such as fuzzy analyticel hierarchy process [5].

.
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Abstract:
Goal Programming (GP) has many significant advances in recent years,

particularly in the area of intelligent modeling and solution analysis as it
is powerful and effective methodology for the modeling, solution, and
analysis of problems having multiple and conflicting objectives. In this
paper, the achievement stability set for parametric linear goal
programming problem will be investigated when parameters exist in the

objective function, finally an illustrative example will be introduced.

Keywords: Goal programming, iterative approach, achievement function, parametric analysis.
1. Introduction:

Goal programming (GP) is a tool that has been proposed as a model
and appréach for the analysis of problems invdlving multiple, conflicting
objectives with different measures u’nifcs. Goal programming (GP), firstly
introduced by Charnes and Cooper in the early 1960’s [1].This technique
has been applied in different areas to support the decision maker such as
multiobjective decision making (MODM) problem [2].The GP approach
of multi-criteria problems has received increasing interest due to its
modeling flexibility and conceptual simplicity[7].For solving goal
programming problem (GPP), it is necessary to establish a hierarchy of
importance among these goals so that lower priority goals are
considered only after higher priority ones are satisfied. Since it is not
always possible to achieve every goal accordirig to the decision maker

desires, GP attempts to reach a satisfactory solution.
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2,3 Higher technological institute 10" of Ramadan city

26







FEE gttt § o

[24] De Castro, L.N. and J. Timmis. An artificial immune network for multimodal function
optimization. in Proc. of IEEE congress on evoluiionary computation 2002;1:699-674.
125] Orhan Engin, Alper Déyen. A new approach to solve hybrid flow shop scheduling
problems by artificial immune system, Future Generation Computer Systems

2004;20:1083-95.

(26] Tsai, J. T., Ho, W. H,, Liu, T. K., & Chou, J. H. Improved immune algorithm for
global numerical optimization and job shop scheduling problems. Applied Mathematics
and Computation 2007;194:406-424.

[27] El-Sherbiny, Mahmoud M, Ibrahim Yasser M. An artificial immune algorithm with
alternative mutation methods: applied to the student project assignment problem,
International Conference on Innovation and Information Management (ICTIM2012),
Chengdu, China, January 7-8, 2012,

[28] Altassan, Khaled. M, El-Sherbiny, Mahmoud M, Abid, Ahmed D. Solving fixed
charge transportation problems using improved artificial immune system, 1%
International Conference on Decision Modeling (ICDeM2012), Sintok, Kedah,
Malaysia, March 13-16, 2012;101-108.

[29] Ada, G.L. & Nossal, G. The clonal selection theory, Sci. Am. 1987;2:50-57.

[30] Chien-Wei Chu, Min-Der Lin, Gee-Fon Liu, Yung-Hsing Sung. Application of
immune algorithms on solving minimum-cost problem of water distribution network.
Mathematical and Computer Modeling, 2008;48:1888-1900.

[31] Chen, T. & You, P.S. Immune algorithms-based approach for redundant reliability
problems with multiple component choices, Comput. Ind. Eng 2005;56(2):195-205.

[32] Jerne, N. K. Towards a network theory of the immune system. Annu
Immunol,1974;125:373-89.

(33] Taguchi, G. Introduction to quality engineering. White Plains: Asian Productivity
Organization/ UNIPUB. 1986.

[34] Phadke, M.S. Quality engineering using robust design. Prentice-Hall, NJ, 1989, ‘

[35] Yunus, M., Rahman, F. Optimization of usage parameters of ceramic coatings in high

temperatures applications using Taguchi design, Int. Journal of Engineering Science and
Technology (ITEST) 2011;8: 6364-71.

[36] Zalinda Othman, Mohammad-Reza Rostamian Delavar, Sarah Behnam, Sina
Lessanibahri. Adaptive genetic algorithm for fixed-charge transportation problem,
International Multi Conference of Engineers & Computer Sciences (IMECS) March 16-
18,2011,




:
:
|
.

Phe 487 Anaua

\:22 foromne 5 ¥ @Q:“a Ay S £ e vrn wa s e E g G po B v ox T B e P o
onference on statisties , Computer Sciences and Operation Researeh 23-26 Dec 2013

'6] Balinski, M.L. Fixed cost transportation problem. Naval Research Logistics Guarterly
1961:8: 41-54.

[7] Sun, M., Aronson, J.E. Mckeown, P.G. A tabu search heuristic procedure for the fixed
charge transportation problem, FEuropean Journal of Operational Research,
1998;106:441-456.

[8] Gen, M., K. Ida, and Y.Z. Li. Bicriteria transportation problem by hybrid genetic
algorithm. Computers and Industrial Engineering, 1998;35(12):363-3€6.

[9] Hajiaghaei, M. Keshteli, S. Molla-Alizadeh-Zavardehi, R. Tavakkoli-Moghaddam.
Addressing a nonlinear fixed-charge transportation problem using a spanning tree-based
genetic algorithm, Computers & Industrial Engineering 2010;59:259-271.

[10] Kannan, G., Sasi Kumar, P., & Vinay, V. P. Comments on ““Nonlinear fixed charge
transportation problem by spanning tree-based genetic algorithm” by Jung-Bok Jo,
Yinzhen Li, Mitsuo Gen, Computers & Industrial Engineering (2007). Comput Ind Eng
2008;55:533-34.

[11] Gottlieb, J., B.A. Julstrom, F.Rothlauf, and Raidl, G.R.: Priifer numbers: A poor
representation of spanning trees for evolutionary search. In: Spector L, et al., eds. Proc.
of the 2001 Genetic and Evolutionary Computation Conf. San Francisco: Morgan
Kaufmann Publishers 2001:343-50.

[12] Raidl, B. A., Julstrom, G.R. Edge-sets: An effective evolutionary coding of spanning
trees. IEEE Transactions on Evolutionary Computation 2003;7(3):225-239.

[13]Suy, S., Zhan, D.C. New genetic algorithm for the fixed charge transportation problem,
Proceedings of the 6™ World Congress on Intelligent Control and Automation
2006:7039-43.

[14] El-Sherbiny, M. Mahmoud., Alhamali, M. Rachid. A hybrid particle swarm method
with artificial immune learning for solving the fixed charge transportation problem.
Comput Ind Eng 2012 submitted for publication.

[15] Altassan, Khaled M, El-Sherbiny M. M., Ibrahim Yasser M, Abid Ahmed D. A novel
artificial immune algorithm for solving fixed charge transportation problems,
International Conference on Innovation and Information Management (ICIIM2012),
Chengdu, China, January 7-8, 2012. _

[16] Molla-Alizadeh-Zavardehi, S., Hajiaghaei-Keshteli, M., & Tavakkoli-Moghaddam, R.
Solving a capacitated fixed-charge transportation problem by artificial immune and
genetic algorithms with a Priifer number representation. Expert Systems with
‘Applications 2011;38:10462-74.

[17] El-Sherbiny, M. M., (2012). Comments on "Solving a capacitated fixed-charge
transportation problem by artificial immune and genetic algorithms with a Priifer
number representation. Expert Systems with Applications, 38, (2011)10462-10474."
Expert Systems with Applications 2012;39:11321-22.

[18] Kowalski, K and Lev, Benjamin. On step fixed-charge transportation problem,
OMEGA, The International Journal of Management SCI. 2008; 36(5):913-917.

[19] El-Sherbiny, M. M. Alternate mutation based artificial immune algorithm for step
fixed charge transportation problem Egyptian Informatics Journal. 2012;13,123-134.
[20] Altassan, Khaled. M., El-Sherbiny, M. M., Sasidhar, Bokkasam. Handling the step
fixed charge transportation problem, 1 International Conference on Decision Modeling

(ICDeM2012), Sintok, Kedah, Malaysia, March 13-16,2012:109-116.

[21] Timmis, J., T Knight, L. N. Catro and Hart. An overview of artificial immune systems.
Computation in cells and tissues: perspectives and tools thought. Natural Computation
Series, Springer-Verlag, 2004:51-86.

[22] De Castro, L. N., & Timmis, J. Artificial immune system: A new computational
intelligence approach. New York: Springer; 2002.

[23] De Castro, L.N. & Timmis, J. Artificial immune systems as a novel soft computing
paradigm, Soft Computing. J. 2003;7 (8):526-544. ‘




Fhe 487 A nputer Sciences and Uperation Research 237

Table 10: Levels that give the best values
Factor| B | € | D | B | Best
- G b [ Level!
3,103,133
4,1 [(4,13)| 4
(2,1)1(2,13)] 2
(4,13)] 1

4. Conclusion

This paper has proposed a new version of FCTP in a form of step capacitated
two stage supply chain network (SC2SCN) in which a given number of
intermediate distribution centers (DCs) are located between the supply plant
and the customer locations. In this problem the DCs are considered to be
capacitated in order to supply demands of each customer and also the opening
cost for each potential DC and each route are considered. In addition, that
opening cost for each DC and each rout are considered to be dependent on the
amount shipped. Thus the cost structure causes the value of the objective
function to behave like a step function. The description and the mathematical
model of such super NP-hard problem are presented. In order to solve such
problem, this paper proposes an artificial immune algorithm referred to as
AI2SCN. The proposed AI2SCN algorithm, guarantees the feasibility of all the
generated antibodies. Due to the significant role of AI2SCN’s factors on the
performance quality, relative percentage deviation (RPD) and signal noise ratio
(/N ratio) methods are applied in order to emphasize the factors with the
highest impact, calibrate and fined the best setup for the AI2SCN algorithm.

Future work includes Investigating using other metaheuristic techniques
combined with the proposed decoding and shipping algorithms for solving
other problems such as capacitated FCTP, Multi-Step FCTP. In addition, it is
proposed to carry out further experimentation with parameters of the AI2SCN
algorithm and testing it on other real life problems.
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Tabie 8: Response Table for Mean RPD

Level | A B C D E

1 6.8217.3115.97|5.78 | 8.61
7.20(7.49|6.83|7.65| 6.80
7.58|7.21|7.48|7.00 | 11.87
6.61|6.20|7.93|7.79| 8.26
6.93
3.75
6.63
6.64
6.59
8.72
8.96

12 8.53

13 1.63

14 5.36

15 8.08

16 5.48
Delta | 0.96 | 1.28 | 1.96 | 2.01 | 10.24
Rank| § 4 3 2 1

OIRIIIAAN D S| W

[y
=]

[y
[

Table 9: Response Table for Mean S/N ratio
Level A B C D E
1 -88.72 | -88.76 | -88.65 | -88.63 | -88.9
2 -88.75 | -88.78 | -88.72 | -88.79 | -88.7
3 -88.78 | -88.75 | -88.78 | -88.74 | -89.1
4 -88.71 | -88.67 | -88.81 | -88.8 | -88.8
5 : -88.7
6
7
8

-88.5
-88.7
-88.7
9 -88.7
10 -88.9
11 -88.9
12 -88.9
13 -88.3
14 -88.6
15 -88.8
16 -88.6
Delta | 0.08 0.1 0.16 0.17 | 0.83
Rank S 4 3 2 1




provides the optimal interaction combinations for each pair of factors, based on
the levels which provide the best performance (minimum values) of mean RPD.
It can be observed that the best combination of levels for the factor A and C
which provide the minimum mean RPD is 3, 2. Further, it is observed that the
optimal levels for the other three factors B, D and E remain the same (4,1, and
I3 respectively) as those obtained through the analysis based on the mean
effects. Thus, by considering the interaction effects as well, the optimal levels
for the factors A to E for the proposed AI2SCN algorithm will be 3,4,2,1 and
13 respectively.

Therefore, two different setup for the proposed AI2SCN algorithm are
extracted based the mean affect which is 4,4,1,1 and 13 and the other based on
the interaction effects which are 3,4,2,1 and 13 respectively. In order to further
confirm which setup is the best, either the setup based on main effects alone
which is 4,4,1,1,13 or the setup considering the interaction effects, which is
3,4,2,1,13. Therefore optimum setting based on the main effect is 50 antibodies
as a population size, 30 as the number of clones, threshold ratio at 5%,
applying the first affinity function (16) and applying the Non-uniformity Swap
MF. Alternatively, the optimum setting based on the interaction effect is 45
antibodies as a population size, 30 as the number of clones, threshold ratio at
10%, applying the first affinity function (16) and applying the Non-uniformity
Swap MF.

The results for the test problems in Table 6 using both the setups are
evaluated and compared using paired t-tests in order to confirm the best setup
for the proposed AI2SCN algorithm. The results of t-tests are presented in
Table 10. It was found that the t-value is -1.46 and the corresponding p-value is
0.156. Therefore, it can be observed that there is no significant difference
between the two setups. Hence, both setups can be used alternatively for the
AI2SCN proposed algorithm. Also, it can be concluded that both main effect
and interaction effect can be used to extract the best setup of any algorithm.
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ncrease in the threshold ratio. Regarding the clone number ( B), the fourth level
with 30 particles provides the best performance compared to other levels.
Further, the level of the best performing population size (A) is 50, which is
assigned level 4. As can be seen, the S/N ratios illustrate the best parameters
for the factors, which confirm the same results as the RPD values.

Therefore, based on the mean effects depicted in Figs. 7 and 8, as mentioned
above, the rank of the factors based on their impact are the mutation function
(E), the affinity function (D), removable threshold ratio (C), the clone number
(B), and the population size (A), respectively. Tradltlonally the optimal setting
is defined by taking the best level of each factor for any newly proposed
algorithm [16, 35, 36]. Thus the best levels for the factors A to E for the
proposed AI2SCN algorithm will be 4,4,1,1 and 13 respectively.
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Fig. 7. Mean RPD plot for each level of the factors in AI2SCN.
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Fig. 8. Mean S/N ratio plot for each level of the factors in AI2SCN.

However, such an approach will ignore the effect of interaction among the
factors. The best settings based on the mean effects alone may not always
provide the optimal setting globally. Hence, the proposed optimal setting
considers the effect of interactions between the factors as well. Table 8




b

columns indicate the actual levels of these factors. The factorial experiements

are designed and analysed using MINITAB 14.1 statistical software.

Table 7: The modified orthogonal array L64 for the proposed AI2SCN algorithm

Tiial A B C D E Tdal A B C D E Trial A B C D E Tral A B C D E
1 I 1 1 1 1 7t 1 1 135 33 11 1 1 9 49 1 1 1 1 13
2 12 2 2 2 18 1 2 2 2 6 34 1 2 2 2 10 5 1 2 2 2 14
3 I3 33 3 19 1 3 3 3 7 3 1 3 3 3 1l 51 1 3 3 3 15
4 I 4 4 4 4 20 1 4 4 4 8 36 1 4 4 4 12 2.1 4 4 4 16
5 2 12 3 4 20 2 1 2 3 8 37 2 1 2 3 12 5 2 1 2 3 16
6 2.2 1 4 3 22 2 2 1 4 7 38 2 2 1 4 11 54 3 2 I 4 15
7 2.3 4 1 2 23 2 3 4 1 6 39 2 3 4 1 10 5 2 3 4 I 14
8 2 4 3 2 1 24 2 4 3 2 5 40 2 4 3 2 9 56 2 4 3 2 13
9 301 3 4 2 25 3 1 3 4 6 41 3 1 3 4 10 57 3 1 3 4 14
103 2.4 3 1 26 3 2 4 3 5 42 3 2 4 3 9 38 3 2 4 3 13
o3 3 1 2 4 27 3 3 1 2 8 43 3 3 1 2 12 59 3 3 1 2 16
123 4 2 1 3 28 3 4 2 1 7 4 3 4 2 1 11 60 3 4 2 1 15
134 1 4 2 3 29 4 1 4 2 7 45 4 1 4 2 11 61 4 1 4 2 15
4 4 2 3 1 4 30 4 2 3 | 8 46 4 2 3 1 12 62 4 2 3 1 16
154 3 2 4 1 31 4 3 2 4 5 47 4 3 2 4 9 63 4 3 2 4 13
16 4 4 1 3 2 32 4 4 1 3 6 48 4 4 1 3 10 64 4 4 1 3 14

3.2. Analysis of the Factorial Experiments

The orthogonal array for the factorial experiment using 64 trials is presented .

in Table 7. The mean RPD values of the trials are averaged at each level, as
presented in Table 8. Similarly the S/N ratios are averaged at each level and are
presented in Table 9. These values are plotted in Figs.7 and 8 respectively. The
response tables show the average of each response characteristic (mean RPD)
for each level of each factor. The table includes ranks based on Delta statistics,
which compare the relative magnitude of effects. The ranks based on Delta
values; rank 1 to the highest Delta value, rank 2 to the second highest, and so
on are presented in Table 9. The ranks indicate the relative importance of each
factor to the response. It can be observed that the order of the relative impact
rankings on the performance of the proposed AI2SCN algorithm are the
mutation function (E), the affinity function (D), removable threshold ratio (©),
the clone number (B), and the population size (A), respectively. This means the
mutation function has the highest impact on the performance of the proposed
AI2SCN algorithm followed by the other factors.

Regarding the mutation function (E), the thirteenth mutation function
followed by the sixth mutation function provide the best performance than the
other mutation functions. Regarding the affinity function (D), the first affinity
function (17) followed by the third affinity function (19) considered at levels 1
and 3 provide the best performance than the other two affinity functions,
considered as levels 2 and 4 respectively. Similarly, for the removable
threshold ratio (C), the ratio at level 1 (5%) provides the best performance
among the other ratios. It is noted that the performance deteriorates with

19
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the best calibration of the proposed algorithm. The characteristics of these
problems are presented in Table 6.
Table 6: Characteristics of SC2SCN test problems

Problem Range of Rang of Rang of fixed Rang of fixed
size supply and variable costs costs(fj,) costs(f2)
demand

Lower Upper Lower Upper Lower Upper Lower Upper
Limit Limit Limit Limit Limit Limit Limit Limit
5x10 200 500 1 9 10 50 30 90
10x10 300 500 1 100 200 200 400
10x15 500 1000 1 100 500 200 600
1
1
1

15x15 500 2000 100 500 200 600
15x20 1000 3000 100 500 200 700
20x20 1000 3000 100 500 200 700

O O O O O

5.1. Factorial Design o
A full factorial design, which tests all the possible combinations of the

factors, is the widely-used method especially when the number of combinations
(instances) of the factors is relatively small [11, 12]. In our case, the total
number of instances of the five factors considered is 4x4x4x4x16 = 16384
instances. Considering that each experiment, instance in this context, is run for
5 times and we have 6 problems to consider, the total number of runs required
for a full factorial design is 16384x5x6 = 491520 runs. This number of runs
considers being extremely large. When the required number of experiments to
find an optimal combination of parameters is very large, several experimental
designs have been suggested to reduce the number of experiments that are
needed [32]. Among several experimental design techniques, the Taguchi
method has been successfully applied for a systematic approach for
optimization problems [33, 34]. The performance on different combinations of
parameters values is tested according to the Taguchi design of experiments
(DOE). Accordingly, a cost-efficient approach, popularized by Taguchi in the
mid-1980s, is applied [33]. The Taguchi method uses an orthogonal array to
reduce the total number of runs required. In AI2ZSCN, three degrees of freedom
for each factor with four levels (3 x 4 = 12) and 15 degrees of freedom for the
only factor with 16 levels. Thus, the sum of the required degrees of freedom is
1 +3 x4+ 15 = 28. Therefore, the appropriate array must have at least 28
rows, L64 (474, 16”1) is an appropriate array that satisfies these conditions and
factor with 16 levels is adjusted and includes 64 trials instead of 16384, Table 7
-shows the modified orthogonal array 164, where control factors are assigned to
the columns of the orthogonal array and the corresponding integers in these
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D@3)= A ETAD)
‘ v(P, (1))
D(4) = 5 AW -AAO)
v(Pg(1))
Mutation E | E(1) =2PointSwap
function E(2) = Inverse-Swap

E(3) = Neighbor-Swap

E(4) = Uniform-2PointSwap

E(5) = Random-2PointSwap

E(6) = RangUniformSwap

E(7) = Time-2PointSwap

E(8) = Rand-Inverse Swap

E(9) = Time-Inverse Swap

E(10) = Rand-Neighbor Swap

E(11) = Time-Neighbor Swap

E(12) = Normalized-Fitness-Swap

E(13) = Non-uniformity Swap

E(14) = Time-Normalized-Fitness-Swap
E(15) = Random-Normalized-Fitness-Swap
E(16) = Random-Time-Non Uniform Swap

Because the scale of the objective functions in each problem is different, they

could not be compared directly. In order to determine the relative importance

of each factor, two criteria are used in the literature: the Signal-to-Noise ratio

(5/N) [13], and the Relative Percentage Deviation (RPD) [9, 14]. In the case of
S/N ratio, the term ‘signal’ denotes the desirable value (response variable) and

‘noise’ denotes the undesirable value (standard deviation). Therefore, the aim is ,
to maximize the S/N ratio. In the case of a minimization objective, the S/N ratio

is calculated as in (20) [16].

S/ N ratio =-10log,, (objectivefunction ) (20)

The second criterion, RPD, is used when the scale of the values of the
objective functions are different from one problem to another and hence cannot
be used directly in the analysis. the RPD is then calculated for each instance.
The RPD is calculated as in (21)."

Alg,y - Ming,
in

RPD = x100 (20

sol

Where 4lg, and Min,, are the obtained objective values for each replication
of trial in a given combination and the obtained best solution, respectively.
After converting the objective values to RPDs, the mean RPD is calculated for
each trial. Six problems with different size are generated and used to discover

17
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observed that the optimal solution of SC25CIN may contain more than phm-]
loads and also, it may go up to nn loads. This conclusion complies with the
conclusion arrived by Kowalski and Lev; (2008) [18] for the SFCTP.

3. Factorial Experiments

Due to the important affect of the factor levels in the performance of the
AIS, in this section a calibration of the proposed AI2SCN algorithm through
discovering the best level of each factor are presented. Also, In robust
parameter design, the primary goal is to find factor settings that minimize
response variation, while adjusting (or keeping) the process on target. After
determining which factors affect variation, the settings for controllable factors
are found that will either reduce the variation, make the AI2SCN algorithm
insensitive to changes in uncontrollable (noise) factors, or both. Any algorithm
designed with this goal will produce output that is more consistent. It can be
observed that a number of factors affect the performance of the AI2SCN
algorithm. The factors include the population size (A), the clone number (B),
removable threshold ratio (C), the affinity function (D), and the mutation
function (E) respectively. These factors and their levels are listed in Table 5.
The levels considered for each factors are based on the empirical study using
various combinations that observed to provide a good performance and the
levels adapted in [16, 27] are also considered.

Table 5: Different Factors of the AI2SCN.and Their Different Levels

Factor Sym |Levels
bol
Population A |A(1)=35
size A(2)=40
A(3)=45
A(4)=50
Number of] B |B(1)=10
Clones B(2)=20
B(3)=25
B(4)=30
Remove C [C(H)=5%
Threshold C2)=10%
() C(3)=20%
C(4)=30%
Affinity D ID(1) = 4reg. £y-2y,
function ’

i



Fig. 6. Transported allocation for the illustrative example

Based on the local solution presented in Table 3 and Fig. 6 it can observed that
while DC1 is not selected to serve any customer, DCs 2, 3 and 4 are selected to
serve all customers. The DC, serves customers 1, 2, 3 and 5, the DC; serves the
customers 2 and 5, and the DC, serves customers 1, 2, 3 and 4. The total cost
for this allocation, as presented in Table 3, is calculated as follows:
The shipping cost from the plant to DCs (c¢; %x;) is 4x0 + 2x400 + 5x150 +
3x300 =0 + 800+ 750 + 900 = 2450
The opening cost of DCs is f5; + /5, + /17 =300+ 190 + 200 = 690
The additional opening cost for DCs is 3, + f32+ f12 = 400 + 0 + 200 = 600
The opening cost of the route (i, /) — the opening cost from DCs to customers -
i8 210+ faz0 + f23,0 H fasa F oo T fasa T far t i+ fasg t fan =50+ 70 + 50
+50+ 50+ 60+ 50+ 60+ 50+70 =560 '
The additional opening cost of the route (i, /) /2 is =0
The shipping cost from DCs to customers is ¢y;Xxz; + ¢22%X2; + €23%x53 +
C25%X2s T €32%X32 T C35%x35 + cypXxy + CppXxpp + Cp3X xy3 + cypxxgy = 220+
700+ 270+ 240+ 440+ 120+ 90+ 500+ 120+ 150 = 2850
The total cost is 2450+ 690+ 600+ 560+ 0+ 2850 = 7150.

Table 4: The cost items for the illustrative example

DC Ci*X; ﬁ.l j;_? ;, oty f;/‘/ f,jl"_a
DC, 0 0 O 0 0 0
DC, 800 300 400 1430 220 0
DC; 750 190 0 560 110 0
DCy 900 200 200 860 230 0

2450 690 600 2850 560 0

As illustrated in Table 3 and Fig. 6, while optimal solution of classical
transportation problem has nt+m-1 or less loads, the solution of the above
illustrated example has ten loads that equal to n + m + 2. Therefore, it can be
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Ci G C G Csls |75
DC, 600 | 600
DC, 400 | 400
DC; 500 | 500
DC, 50 300 | 250
d, 200 350 150 50 100 1750
TD;, 200 350 150 100 | 800

C1 Cz C3 C4 Cs A} TS,
DC, 600 | 600
DG, 400 | 400
DC; 500 | 500
DCy 90 50 300|160
d; 200 350 150 50 100 1660
TD; 110 350 150 100 | 710

C1 Cz C3 C4 Cs §i TS,

DC, 600 | 600
DC, 110 400 | 290
DC; 500 | 500
DCy 90 50 300|160
d; 200 350 150 50 100 1550
TD; 350 150 100 | 600

Continue as the same until reaching the total allocation as represented in the following table:

AC| C2 C3 C4 C5 S; TS,'

DC, 600 | 600
DC, 110 140 90 60 | 400
DC5 110 40 | 500|350
DC, 90 100 60 50 300

d;, 200 350 150 50 100 950
D,

Output: The final allocation is:

Clajt{1]2]2]213]3]5]s
DC{4|4)2 4|23 4]2]2]3
x;7150(90]110/100(140{110|60/90|60]40

Fig. 5. The result of applying the shipping procedure on the resulted S and D

The capacities/supplies s; and the demands d; are illustrated by the network
graph presented in Fig. 6. The local solution found by the proposed algorithm
and the corresponding cost items are given in Table 3 and Table 4 respectively.
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The population restored back to its original size through replacing the similar

solutions with the new solutions that created randomly.

4. [Hlustrative example

In order to explain the characteristics of the proposed SC2SCN problem, an
illustrative example with one plant, four DCs, and five customers is considered.
The plant has no capacity limitation in production and each potential DC has
distinct capacity in order to support the customers. The opening cost for using
the route from the plant to each DC | is considered as /i, and the additional cost
is fi2 if the transported quantity through the same route exceeds the step load 4,
. The opening cost for using the route from the DC; to the customer j is
considered as £ and the additional opening cost Jy2 if the transported units x;
exceeds the step load 4 for such route. These costs, the capacities and the step
loads are given in Table 2. The objective is to minimize the total cost by
selecting the DCs which fulfill demands of all the customers and the
corresponding transported units x;. Also, in order to illustrate the solution of
such problem, the main steps of the proposed algorithm are demonstrated as
follows:

Table 2: The problem data of example 4x5

12345123451234512345’
g,
200350 15050100
fr S fa e A s, Variable cost'c; Fixed cost f; ;| Fixed cost £ Step load 4,

90 6080 60 70100 150 180 140 160]100 80 120 70 110

5006004300600 5 3 2 4 6

4 150705030 50/120 110200 180 220|140 140 120 150 110
3

4

3004002 150400{2 5 3 5
(90500 5250500/ 3 4 6 5
2002003200300 1 5 2 3

80 50 70 90 60/200 100 100 130 150[120 120 130 140 120
50 60 50 70 80{150 100 220 80 100{90 100 120 90 100

First, the generated antibodies are decoded by applying the splitting
procedure. The input of such procedure is the generated antibody and its
outputs are the order of DCs S and the order of customers D, Fig. 4 exhibits the
orders S and D resulted from applying the decoding procedure on the proposed
antibody illustrated in Fig. 3.

D l_4 ' 1 I 2 l 3 I 5 ] The customers' order

S n The DCs' order

Fig. 4. The result of applying the decoding procedure

Second, the shipping procedure is applied on the result of splitting procedure
in order to allocate the transported units xy that represent the feasible solution
for SC2SCN problem. Thus the inputs of such procedure are the order of DCs
S and the order of customers D and the output are the values of x; i and .
The result of applying the shipping procedure on the resulted S and D is
presented Fig. 5.
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solutions with high evaluation from being copied to the next generation and
hence dominating the search [29]. This is technically applied to reduce the
chance of a premature convergence to local optima. Many affinity
measurements are used in the literature such as [30, 31]. Four different affinity
functions are tailored to the AI2SCN algorithm to.check the similarity between
every two antibodies in a population. These affinity functions are illustrated in
the following.

The first affinity function [27, 28] is based on counting the number of similar
digits in the two solutions. The basic idea is that the more the number of similar
digits in the two solutions is, the higher the similarity between them is. Based
on a specific parameter, predefined parameter represents the number of
similarities; the algorithm eliminates those solutions that have more similar
digits than this parameter. This affinity function of two antibodies A; and 4, is
represented as in (16).

AF(P, P)=Zy;
i

(16)

where y; = 1ot thei’h geneof F, = theim gene of A,
L olo Otherwise

The other two techniques are based on the fitness of the two solutions.
Although it is absolutely true for the SC2SCN problem that far different
solutions might have the same fitness, these two techniques are applied and
tested against the number of similarities technique for their simple calculations.
The two functions evaluate the difference between the fitness of the two
solutions. However, the second affinity function divides the difference by the
minimum fitness of the two solutions as represented by (17) while the third
affinity function divides the difference by the maximum fitness of the two
solutions as represented by (18) and the fourth affinity function is calculated
based on the 1 divides its fitness as represented by (19). Similar to the
technique based on the number of similarities, the elimination of similar
solutions is applied if the value calculated by any of these two functions is less
than a specific threshold.

AF? = MaxFitness  ~ MinFitness ‘ ( l 7)
MinFitness

AF'3 = MaxFitness - MinFitness (1 8)
MaxFitness

AF4= _1__ (19)

Fitness

o
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NE = {LowesiFitnesy - Fitness y /( LowestFitness - HighestFitness ) {()F |
NS = pavs UV (10)

13 | Non- This function is designed to be inversely related with the
uniformity | ratio (7) of the current iteration number (CIN) and the total
Swap number of iterations (7N/). The NS for this MF is

calculated by (11) where u is the degree of non-uniformity.
N = Mvs™™T) where 7 = CIN/TNI (11)

14 | Time This MF is based on both the time and the normalized
Normalized | fitness of the solution. The NS for this MF is calculated by
Fitness (12) where T is the average of time and normalized fitness
swap is calculated by (13).

NS = ansI=(=TFYY) (12)
TF:%(NF+(I«T)). (13)

15 | Random A random factor R [0, 1] is included so that the number of
Normalized | swaps is based on the non-uniform factor fitness but with
Fitness some randomization. The NS for this MF is adopted as in
swap (14) [13, 25].

NS = wvs x RNV (14)

16 | Random - |'A random factor R [0, 1] is included so that the number of
Time -Non | swaps is based on the non-uniform factor and time fitness
Uniform but with some randomization. The NS for this mutation is
Swap adopted as in (15) [13, 25].

k NS = avs xR (15)

3.4. Selection and Affinity Functions

The selection of the antibodies from one generation to the next one depends
on some measurement of the affinity (similarity) among all the antibodies of
the current generation [21, 22]. Affinity is the degree of binding between an
antibody receptor and antigen. As affinity increases, binding increases, and
thus, the immune recognition and response increase. [27]. Therefore, when
solving SC2SCN problem using an immune algorithm, antibodies and antigen

- can be regarded as trial solutions and an optimal solution, respectively. The
immune algorithm achieves an optimal solution by iteratively searching for the
antibody with the highest affinity. For a detailed review of immunology and the
artificial immune system see De Castro and Timmis [23, 24]. The calculations
of the affinity between each two antibodies are applied to prevent similar
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Table 1: Mutation Functions
# | Mutation Description of MI
ME . Function '
1 2PointSwap | Generate two random numbers j and k where /, ke [1, n +
m], i.e. j and k& = Rand (1, n + m) and swap its
corresponding genome [15, 27].

2 Inverse Generate two random numbers j, k£ where / = Rand (1, n)

Swap and k = Rand (1, » + m) and inverse the order of the
antibody’s digits between j and k [14, 18].

3 | Neighbor | Generate a random number je [1, # + m] and swapping the
swap positions j and j+1. i.e. Generate j = Rand (1, n + m) and

swap the positions j and j+1.

4 Uniform- Perform the 2PointSwap for a pre-defined number of times
2Point for each antibody during all iterations.

Swap

5 | Random- | Generate a random number NS e [1, n + m] and performing
2Point the 2PointSwap NS times [15, 27].

Swap .

6 Range Perform a uniform random number located in the range of
Uniform 10% to 30% of the sum of problem dimensions (m +n). The
Swap number of swaps ¥s = Rand(1,r(m +m)) Where € [0.1, 0.3].

7 Time- Perform random-2PointSwap till a pre-defined ratio of time
2Point is elapsed followed by the 2PointSwap MF for the

‘Swap remaining time

8 Rand- Generate a random number » €[0, 1]. If » > pre-defined
Inverse value v, then the non uniform swap time will be applied;
Swap else Inverse Swap MF will be applied.

9 Time- A random number of swaps is applied till the time passes a
Inverse pre-defined ratio and apply the Inverse Swap MF for the
Swap remaining time.

10 | Rand- Generate a random numbers » € [I, (n + m)/2] and
Neighbor | repeating Neighbor Swap r times for each antibody 4.
Swap

11 | Time- A random number of Neighbor Swap MF is applied till a
Neighbor | pre-defined ratio of time elapsed and the Non Uniform
Swap Swap MF is applied for the remaining time [19].

12 | Normalized | This MF is designed to be directly related with the
Fitness Normalized Fitness (VF) of the solution as the SC2SCN is
swap a minimization problem [25]. The normalized fitness of

each antibody is calculated using (9) and the NS for this MF
is adopted by (10).

Lomputer Sciences and Operation Research 23-26 Dee 2013




PTG N AP PRI I P S I AP SRR S D D, -

PR

cadbd =s ands <Ay setx; =g, s.=0, =0, TD=TD -5, remove
S(L),L=0,TDT=TD, and remove D(1y,
25. 1 dj=s, and s;> 4, setj =D(1), set i = S(L) , Xy =Ay,s=8-4y,
di=di-A4; ,TD=TD - 4;,and TDT=TD - s,.
2.6.1f d;>s; and s;> 4; and (TDT - )2 (dj- Ay), sets;=s;- Ay, di=d -
Ay, x;=4;, TD=TD-A4;, andTDT=TD -5,
2.7. 1t d> s, and s; <Ay, setd; - di-s;,x;=5,TD=TD-s;,, TDT =
TD -s;, remove S(L), and L =1 -1,
2.8. Update L=L +1
Step 3. Repeat steps 2.1 to 2.8 until | S| <L or |D| < 1.
Step 4. If L =|S] or [D| = 1), set j = D(1) and i = S(L). One of the following
states will occur:
ILIfd <s;, set Si=8i~d,x;=d, TD=TD-d; ,remove D(1),and L
= (,
1I1. Ifa}>s,-,setdj=a}-s,-,x,j =s;, TD=TD -s;, remove S(L), and L
=L+1.
IV.Itdj=s;,setx; =5, 5,=0, 4=0,TD=TD -5, remove S(L),
remove D(1),and L =0}
Step 5. Update TDT =TD
Step 6. Repeat steps 2 to 5 until [S|+|D| < 1.
Step 7. Return x; V i=1,2, ..., mand i=12,...,n.

Where |Q)] is the function that returns the length of queue Q.

The third phase is calculating the fitness of each antibody through evaluating
the solution resulted from the shipping procedure by using the objective
function Z (6). The resulted objective function value is considered as the total
cost of shipping the units to the customers. This value is assigned to the
corresponding antibody as its fitness.

3.3. Cloning and mutation

In the generated population, each antibody is cloned CN number of times,
where CN denotes the Cloning Number. The clones are then mutated to
rearrange the structure for generating new antibodies that are different from
their parents. In the proposed AI2SCN algorithm, sixteen Mutation Functions
(MFs) are used [16]. The first three basic Mutation Functions (MFs) are
namely: two point swap (2PointSwap) [13, 25], inverse swap (InvSwap) [12,
15], and neighbor swap (NeibSwap) [36]. In addition, the other thirteen are
hybrid MFs. These MFs are illustrated in Table 1.

9
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The details of the main steps are elaborated in the following subsections.
3.1. Antibody Structure and initialization

The solution (antibody) representation is an important issue in designing the
AIA. In the proposed AI2SCN algorithm, the length of each antibody Py is
considered equal to the sum of the problem dimensions, viz., the DC numbers
represented by the integer numbers from 1 to m and the customers by integers
from m+1 to m + n. Hence, the proposed coding scheme (antibody structure)
consists of the set of random unrepeated integers in the interval [1, m + n] in
any sequence; where the length of the scheme is equal to m + n. Fig. 3 depicts a
sample antibody which is used to code a 4x5 FCTP. As shown in Fig. 3, the
cells contain unrepeated integers between 1 and 4+5. The population is
initialized randomly by creating / antibodies Py (4=1 to [) where [ represents the
population size.

18]3[s5]6[a]7]2]1]9

Fig. 3. An example of proposed antibody structure

3.2. Evaluation of the Solutions

Evaluate each of each antibody as illustrated in Fig. 2 can be done through
three phases as follows:

The first phase is applying the decoding procedure [20]. This procedure is
used to split each generated antibody P; into two antibodies, one representing
the order of DCs referred by S and the other representing the customers’. order
D. The inputs of this procedure are the generated antibody P, the number of
suppliers m, and the number of customers » while the results are the sequences
of DCs S and customers’ D.

The second phase is applying the Shipping procedure. This procedure finds a
feasible solution for SC2SCN problem based on the outputs of the splitting
procedure. Thus the inputs are the order of DCs S and the order of customers D
(the output of splitting procedure). Based on these orders, the shipping
procedure allocates units x; (feasible solution) of the SC2SCN. This procedure
guarantees the validity of both the first and the second constraints, denoted by
(7) and (8) respectively. The Pseudo code for the shipping procedure is as
follows:

Step 1. Set 0= 3 d and TDT = TD. i.e. TD and TDT are set to equal the
j=1
total demand.
Step 2. Set L = 1. _
2.1.Setj=D(1) and i = S(L).
22.1fdi<s;and d; <4y, sets;=s, - dj, x;=d, TD=TD-d;, TDT =TD
-s; , remove D(1),and L =0,
23.1fd <s; and d;> 4, sets;=s;-Ay,d -dj-A;,x;=4;, TD=TD -
Aj,and TDT=TD -, .

Lok
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adding two main procedures; the first being the procedure for splitting the
antibody into two orders, one of them to represent the customers' order and the
other to represent the suppliers' order and the second being the allocating
procedure that is used for finding the corresponding feasible solution of these
orders. The proposed AI2SCN algorithm preserves the essential principles of
Opt-aiNet [23, 24] algorithm including the cloning, mutation, and clone
selection. The proposed AI2SCN algorithm for solving SC2SCN is adjusted
and adopted the Altassan [20] and El-Sherbiny algorithms [19] by replacing the
allocation procedure with the proposed shipping procedure which will be used
for defining the units x; shipped through each route (i , ;) and by backward
calculates the quantity x; shipped from the plant to each DC;. The main steps of
the proposed AI2SCN algorithm for solving SFCTPs are presented in Fig. 2.

oy ]

Create initial population of / antibodies P,

¥
——>| k=1 ,
4
—bl Clone 4" Antibody Py inthe population CV times ’
v

Mutate each of the CV clones
Y

(i)

Evaluate each of the CN clones

I : Apply decoding procedure ’
:

' Apply shipping procedure for SC2SCN problem 1
v

[ Calculate the fitness of each antibody P, l

A 4
I Get the mutated clone with the best fitness BF l

BF
BF ﬁmes‘s better‘ replaces
than the fitness of P
—-L k= k+1: Repeat until >/ ‘Q'
v
Calculate the aftinity using (18), (19), (20), or (21) of
each Py
Y
Select the antibodies for the new mutation based on the
affinity
Y
Create new antibodies to substitute the removed
antibodies

v
~L g =g+ L. Repeat until g > number of iterations (G)

Fig. 2. Main architecture of the AI2SCN Algorithm
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[0 otherwise

it > x, > 4, ‘
%54

!

0 otherwise

Therefore, the stander mathematical model of the proposed SC2SCN problem %
can be constructed by substituting (4) and (5) in the CFCTP mathematical
model as follows:

Min Z= Z Z (c,x, + YorToa ¥ Vialya) + Z(cz : xij] + Z (yi,l.f;,l + yl,zfi,:') (6)
S\ =

1=l =] i=l
S.t. ny =d, forj=1..,n ()
i=l
D%, S5, fori= L.,m : ®
J=t

x,20 \‘77’?, J

1 if x, >0

= Vi, j
i 0. otherwise J
Loif x> 4
Yya = s % e N

0 -otherwise .

1af > x, >0 :
)’mz( ,Z=|: v Vi

0 otherwise

s ={1 if > x,>4 Vi

0 ot/l:;:rwise . #
The following relationships can be observed among the Step FCTP zi
(SFCTP), the Capacitated FCTP (CFCTP), and Step Capacitated FCTP

(SCFCTP) - SC2SCN:

n

If the > 4, 2svi andiA,j 2d v/, the optimal solution of SC2SCN is an
J=! =l

optimal solution of SC2SCN.

If the plant capacity is greater than or equal to thern(iS,,idj); the

i=l 4=l

optimal solution of SC2SCN is an optimal solution of SFCTP.
If the plant capacity is greater than or equal to theN[in(is,,znl:d/), the

i=l 1=l

* optimal solution of SFCTP is an optimal solution of SC2SCN.

R e
T e e R il

3. The Proposed AI2SCN Algorithm

In this section, an algorithm has been developed for solving SC2SCN
problem using artificial immune algorithm (AIA). Altassan at el. [20] and El-
Sherbiny [19] applied AIA for solving FCTPs and SFCTPs respectively by

f
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2. The SCZSCN description and formulation

CFCTP can be described as a distribution problem in which there are m
suppliers (warehouses or factories) and » customers (destinations or demand
points). Each of the m suppliers can ship to any of the » customers at a shipping .
cost per unit ¢; (unit cost for shipping from supplier i to custemer ;) plus a
fixed cost f;, assumed for opening this route. Each supplier i =1, 2, ..., m has s,
units of supply and each customer j =1, 2, . . ., » demands d; units. x; is the
quantity to be transported from plant i to customer j through the route (i, J)- The
objective is to determine which routes are to be opened and the size of the
shipment, so that the total cost of meeting demand, given the supply
constraints, is minimized. The stander mathematical model of CFCTP can be
represented as follows [16]:

m i n

Min Z=73 % (e, + [0+ (e, Y %)+ £, (1
=t =t i=l J=l i=l
st. > x,=d, forj=l..,n 2
1= '
>ox,ss, fori=l..,m 0
=l
X, 2 0:vi,j

I if x, >0
S 4 i,
i {0 otherwise by
i£ >y |
) = {l i ,Z; 5 >0

0. - otherwise

In SFCTP the fixed cost fj, for route (i, /) is proportional to the transported
amount through this route [18]. So, an additional cost is added when the
transported units exceeds a certain amount 4; Assume that £}, is the fixed
cost to open a route (i, /) if the shipped units is less than or equal to A4, and
when it exceeds 4; an additional fixed cost to open the same route is Jin2.
These costs can be calculated by (4).

Ji= Y1 L1 T Y2 fyz (4)
where

B I if x,; >0
Yur = 0 otherwise

1if X, >4,
< 0 otherwise

Also, assume that f;, is the fixed cost to open a DC; if the shipped units is
less than or equal to 4, and when it exceeds 4, an additional fixed cost to
open the same DC s £, is add. These costs can be calculated by (5).

ﬁ:yl,l il +yi,2ﬁ,2 ‘ (5)
where
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production and each potential DC has distinct (different) capacity in order fo
support the customers. A shipping cost from the plant to DCs and an opening
cost for each potential DC are considered. Also, the opening cost is considered
to be proportional to the amount shipped from each DC to each costumer.
These opening costs' structure cause the value of the objective function to
behave like a step function. (i.e. An additional cost is added when the
transported units exceeds a certain amount). This rule applied on both shipped
units; the shipped units from the plant to each DC and the shipped units from
the DCs to each customer. The proposed model minimizes the total cost of
shipping by selecting the DCs through which the products are supplied in order
to fulfill the demands of all the customers. The total cost considers shipping
cost from plant to DCs, openmg cost for each DC, shipping cost from DCs to
the customers, and the opening cost for shipping from DCs to customers where
the opening cost is depending on the amount shipped.

Since problems with fixed charge are usually NP-hard (Nondeterministic
Polynomial-time) [6], the computational time to obtain exact solutions
increases in a polynomial fashion and very quickly becomes extremely
difficult and long as the size of the problem increases. In the case of the
SC2SCN due to the step function structure of the objective function Z, we are
dealing with a “NP-hard” problem with much “hlgher degree” of the
polynomial complexity.

This paper aims to introduce the description, the mathematical formulation
and the solution algorithm for the proposed SC2SCN problem. An artificial
immune algorithm for handling such NP-hard problem (AI2SCN) has been
proposed to provide an optimal or near optimal solution. In order to calibrate
the proposed AI2SCN algorithm, six problems with different sizes have been
solved to select its best setup.

The rest of the paper is organized as follows: in section 2, SC2SCN problem
description and its mathematical model are presented. In section 3, an
illustrative example of the proposed SC2SCN problem is presented. In section
4, the proposed AI2SCN algorithm is described, and parametric analysis for the
AI2SCN algorithm is carried out in section 5. Finally, the conclusion and future
work are reported in section 6.
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Fig. 1. Step capacitated two-stage supply chain network (SC2SCN)
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Notations and symbols

A; The step ioad i; the limit of the transported units from the plant to DC; to
apply the additional opening (fixed) cost f;, for using the route from the
plant to DC; ‘

Ay The step load jj, the limit of the transported units through the route (i, /) to
apply the additional opening (fixed) cost Jij.2 for using the route (i, /) from
DC,;to customer j

o Shipping (variable) cost from the plant to DC,

¢y Shipping (variable) cost per unit from DC; to customer

C; Customer;j

DC; Distribution Center 7

@; Demand of customer j

fi Fixed cost for opening DC; if x; > 0; it will take values Sfirand f;;

depending on the value of x;

Ji1 Opening (fixed) cost for using DC; if x; > 0

fi2 Additional opening (fixed) cost for using DC; if x; > 4,

Jy Fixed cost for opening route (7, /) if x; > 0; it will take values Jirand £
depending on the value of x;

Ji.1 Opening (fixed) cost of using the route (7, j) if x;>0

Jin2 Additional opening (fixed) cost of using route (i, /) if Xy > Ay

g Generation number identifier (¢=1 to G)

G The number of generations ‘

i Distribution center identifier (i =1 to m)

J Customer identifier (j =1 to n)

k Antibody identifier (k=1 to /)

[ Antibody population size

m  Number of distribution centers

n - Number of customers :

P, The antibody & ,

RPD Relative percentage deviation

S/N  Signal noise ratio

s; Capacity of DC;

TD The total demand

x; The quantity to be transported from the plant to DC

xy The quantity to be transported from distributer i to costumer J through the
route (i, j) ‘

Z The total cost of distribution

In this paper, a new version of the FCTP is proposed in the form of Step
Capacitated FCTP. This problem will be denoted as Step Capacitated Two-
stage Supply Chain Network (SC2SCN) and is presented in Fig. 1. In this
problem, the situations considered represent presence of potential distribution
centers (DCs) prior to distribution of product units to the customers from the
plant. Each of the potential DC is served from the plant and can ship items to
any of the customers. It is assumed that the plant has no capacity limitation in
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Insuch problem, one of the strategic decisions is the allocation of
transported quantities from production plant to distribution centers (DCs) and
from the DCs to the custorners in a cost effective way.

Usually, unit cost of transportation is used to find the optimal distribution
schedule. A basic assumption in any transportation problem is that the cost of
transportation is directly dependent on the number of units transported [3].
Many practical transportation and distribution problems can be modeled as
fixed cost transportation problems FCTPs [4, 5, 6]. Considerable work has been
done in solving FCTP, such as, Tabu search method [7], genetic algorithms
(GA) based on a spanning tree with Priifer numbers [8, 9, 10], and genetic
algorithms based on a matrix permutation representation [11] and [12] have
improved the effective coding of the spanning tree method based on edge sets.
The genetic algorithm creates a sorted set of edges to encode the spanning tree,
which is efficient compared with evolution strategies at a certain level [13].
Moreover, to improve solution quality, Hajiaghaei et al. [9, 10] addressed a
nonlinear FCTP using a spanning tree based genetic algorithm. Nevertheless,
the quality of solutions attained largely depends on the randomness. Also, a
hybrid particle swarm method with artificial immune learning used for solving
FCTP [14], a novel artificial immune algorithm for solving FCTP [15].

Many versions of FCTPs have been proposed; such as, Capacitated FCTP
(CFCTP) [16, 17] and Step FCTP (SFCTP) [18]. In CFCTP each potential
distribution center DC has distinct capacity in order to support the customers
and also transportation cost from the plant to DCs and an opening cost for each
potential DC are considered. CFCTP has been solved by using artificial
immune and genetic algorithms [16, 17].  The other version is the SFCTP
where the fixed cost is incurred for every route that is used in the solution and it
is dependent on the amount shipped. This cost structure causes the value of the

objective function to behave like a step function. :

SFCTP is considered to be “NP-super hard” problem with much “higher
degree” of the polynomial complexity [18]. However, not much research has
been carried out in the area of SFCTP. The SFCTP been solved by using
artificial immune [19] and heuristic method [20]. '

On the other hand, some special Artificial Immune Systems (AIS) are
developed to solve complex optimization problems. One of them is aiNet [21,
22] that is inspired by biological immune system. Opt-aiNet [21] is an
application of aiNet in function optimization. Opt-aiNet [23, 24] considers the
optimized objective function as antigen, and the candidate solutions as
antibodies. The candidate antibodies evolve according to the matching degree
between antibodies and antigen that is fitness. The better the matching between
the antibodies is the less the mutation degree of candidate antibody, and vice

verse. AIS has been used in many applications such as job shop scheduling
problems [25, 26].
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Step Capacitated Two-Stage Supply Chain Network:
Application of Artificial Immune Algorithm

Mahmoud M. El-Sherbiny‘ Khalid M. Altassan:

Abstract

In this paper a new version of the fixed charge transportation problem
(FCTP) is proposed in the form of Step Capacitated Two-Stage Supply Chain
Network in which a given number of intermediate distribution centers (DCs)
are located between the supply plant and the customer locations. The DCs are
considered to be capacitated in order to fulfill the demand of each customer. In
addition, the opening cost for each potential DC and each route are considered.
While the previous studies for capacitated FCTP considered that opening cost
for each DC and each route to be fixed, the problem considered is the one
where the opening costs depend on the amount shipped. This cost dependency
structure causes the value of the objective function to behave like a step
function. This problem will be denoted as Step Capacitated Two-stage Supply
Chain Network (SC2SCN). The description and the mathematical model of
such super NP-hard problem are presented. In order to solve such problem, this
paper proposes an artificial immune algorithm referred to as AI2SCN. The
proposed AI2SCN algorithm, guarantees the feasibility of all the generated
antibodies. Due to the significant role of AI2SCN’s factors on the performance
quality, relative percentage deviation (RPD) and signal noise ratio (S/N ratio)
methods are applied in order to emphasize the factors with the highest impact,
calibrate and fine tune the best setup for the AI2SCN algorithm,

Keywords: Step capacitated two-stage supply chain network; Fixed-charge transportation;
Convergence;  Artificial immune; Mutation Junction; Affinity function.

1. Introduction

The cost of a product distribution plays a crucial role in the determination of
its price and it accounts for about 30% of its cost. Hence, the problem of
product distribution (transportation) is an important concern for industrial firms
that have supply chain networks [1]. The transportation network design is one
of the most important fields of supply chain management that offers a great
potential to reduce costs. The transportation problem (TP) is a well-known
basic network problem that was originally proposed by Hitchcock [2].
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