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Modified Goodness of Fit Tests for the Weibull Distribution Based on
Moving Extreme Ranl

o ted Set Sampling

Amal S. Hassan, A.M. Abd-Elfattah, and Heba F. Nagy'

Abstract

Moving extreme ranked set sampling is a very useful modified version of
the usual ranked set sampling that allows for increasing the set size without
introducing too much ranking error. This article deals with modified empirical
distribution function goodness of fit tests for Weibull distribution based on moving
extreme ranked set sampling. Tables of critical values for the modified
Kolmogrov-Smirnov, Cramer-von-Mises, Anderson-Darling, Watson and Kuiper
goodness of fit tests for Weibull distribution with unknown parameters are created.
Functional relationship between the critical values of these test statistics are
examined for each set size, number of cycles and significance level. Powers of test
statistics for a number of alternative distributions are given through a simulation.
Furthermore, power efficiencies of these test statistics based on moving extreme
ranked set sampling relative to simple random sampling are created for the same
sample size. The resulting of power efficiencies showed that the modified tests
under moving extreme ranked set sampling are more efficient than their
corresponding in simple random sampling. In addition the Watson test statistics
has the highest efficiency for all alternative hypotheses.

Keywords: Moving extreme Ranked Set Sampling; Simple Random Sample;
Anderson-Darling test statistic; Cramer-von Mises test statistic; Critical values;
Pow_er test; Kolmogrov-Smirnov statistic, Watson statistic.

1. Introduction

Ranked set sampling (RSS) is a development that enables one to provide
more structure to the collected sample items. RSS was introduced by Mclntyre
(1952) for estimating pasture yields. This technique is useful for cases when the
variable of interest can be more easily ranked than quantified. RSS has many
applications in different fields such as agricultural, medical and biological areas.

There are two factors that affect the efficiency of RSS, the set size and the
ranking errors. The larger the set size, the more the efficiency of RSS. Thus the
larger the set size, the more troublesome in visual ranking and ranking errors for
this reason several authors modified RSS to reduce the error in ranking and to
make visual ranking tractable by an experimenter. Samawi er al. (1996)
investigated extreme ranked set sample (ERSS), i.e., they quantify the smallest and
the largest order statistics instead of detailed ranking. Al-Odat and Al-Saleh
(2001) introduced moving extreme ranked set sampling (MERSS).

! Department of Mathematical Statistics in Institute of Statistical Studies and Research (ISSR).Cairo
University, Egypt .




EE

ﬁ Bownown e es i 4 o £y tn o w0 s Gd e B 2D s F VN P " P 2.5 . I 3 B WA &Y I
Phe 487 Annual Conference on Statistics , Computer Sciences and Operation Research 23-26 Dec

This method uses only extremes with varied set size o reduce error in
ranking. MERSS does not need a complete ranking bui RSS needs the ranking of
all elements of each set. Samawi and  Al-Saleh (2013) introduced two types of
MERSS which are based on the maximum and minimum order observations and
denoted by MERSS . and MERSS,;, respectively. They provided estimation of
the odds ratio between two independent groups using two types of MERSS.
Theoretical properties of the suggested estimator are derived and compared with
its counterpart estimator using simple random sampling (SRS). They found that
the estimator based on MERSS is always valid and has some advantages over that
based on SRS. The MERSS procedure as described by Samawi and Al-Saleh
(2013) can be summarized as follows:

Step 1: Select m random samples of size 1, 2, 3... m, respectively.

Step 2: Identify the maximum of each set, visually or by any cost free method
without actual measurement of the variable of interest.

Step 3: Measure accurately the selected judgment identified maxima.

Step 4: Repeat the above steps » times in order to obtain a sample of large size
n =rm . This sample will be denoted by MERSS nax.

Step 5: Repeat the above steps through identifying the minimum of each set
instead of the maximum to have a moving extreme ranked set sample as
MERSSmin.

Goodness-of-fit (GOF) tests are designed to measure how well the observed
sample data fits some proposed model. One class of GOF tests can be used
consists of tests based on the distance between the empirical and hypothesized
distribution functions. Five of the known tests in this class are Kolmogrov-
Smirnoy, Cramer-von-Mises, Anderson-Darling, Watson and Kuiper tests. These
tests are valid when there are no unknown parameters in the hypothesized
distribution. These tests become extremely conservative if they are used in case
where unknown parameters must be estimated from the sample data.

Through the last two decades, the goodness of fit tests based on data
collected via RSS technique and its modifications have not taken the attention of
authors. Stockes and Sager (1988) showed that the empirical distribution function
of RSS is an unbiased estimator for the population distribution function and has
greater precision even if the ranking is imperfect. Then, they proposed a
Kolmogrov-Smirnov GOF test based on the empirical distribution function (EDF).
Al-Subh ef al. (2009) gave a comparison study for the power of a set of empirical
distribution function goodness of fit tests for the logistic distribution under SRS
and RSS. Ibrahim et al. (2009) proposed ERSS method to improve the power of
empirical distribution function GOF tests for logistic distribution through a
simulation study. Shahabuddin ez al. (2009) investigated the performance of
several GOF tests under SRS and RSS. Hassan (2012) established tables of critical
values for the exponentiated Pareto distribution under ERSS. She investigated the
power of the modified test statistics under ERSS and SRS for a number of
alternative distributions and showed that the modified tests under ERSS are more
efficient than their corresponding in SRS. "
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In the lLiterature, there were no studies that had been performed about the
GOF tests based on MERSS. Therefore, the main objective in this article is to
create Tables of critical values for the Weibull distribution under MERSS,,;, and
MERSSax. The power comparisons and the efficiency of a set of modified EDF
tests are investigated for a number of alternative distributions based on MERSS in,s
MERSS ,.x and SRS. .

This article is organized as follows. In section 2, maximum likelihood
estimator of the unknown parameters from Weibull distribution based on
MERSS iy and MERSS,,, is obtained. Section 3 deals with the set of modified
EDF goodness of fit tests under SRS and two types of MERSS. Section 4
generates the percentage points for the modified test statistics through simulation
technique. In the same section response functions that give the percentage points
for the modified test statistics are obtained to avoid using a large number of tables
of critical values. Section 5 deals with the power efficiency for the modified test
statistics under MERSS,;, and MERSS,., relative to SRS. Finally concluding
remarks are presented in Section 6.

2. Maximum Likelihood Estimation

In this Section the maximum likelihood estimators (MLEs) of the unknown
parameters for the Weibull distribution will be obtained based on MERSS,,... and
MERSS iy

The Weibull distribution is an important distribution for modeling and
lifetime data analysis in biological, medical and engineering sciences. It can
therefore model a great variety of data and life characteristics. It is used
extensively in reliability applications to model failure times. The cumulative
distribution function (CDF) and probability density function (PDF) of the Weibull
distribution are given, respectively, by

X e

Fx A2 =1-¢"T x50a50450, @2.1)
and,
e ;ﬂ,a)=%x g™y 50,650,450, 2.2)

2.1 MLE Based on MERSS,,,,
Let X Gy X (motimatyy s X gy, 3 5 fOr j =1,..,7, be a MERSS,,,, of size
n =rm , where m is the set size with » number of cycles. If judgement ranking
error are accurate then x , , for i =1,...,m , has the same distribution as the largest
order statistic of a SRS of size / from PDF (2.1), therefore

, X a TuD ya
_ta g —(-T) 7
f(x(i:l)j)_ ¢ x(fif)f € [1*

The likelihood function of the sample {x (mims 3K (metin-tyy 3+ X ;) 1S given by

7,
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The log likelihood function ¢ =ln/(a,)is given by

(= ZZ{lnz-s—lna alnA+(a-Dlnx,,,, —(—LL ‘””) 2.4)

J=li=l

_("w ) ya

+(~Dinfl-e " * 1.

The first partial derivatives of the logarithm of the likelihood function with
respect to & and A, and the following normal equations, are obtained as follows

aa Zzln( (li)J) ZZ( (il)J)al( (II)J)

o J=li= =V
r 2.5)
JC(i:i)j o (i:i)j _ ’ (
-+ ZIZ; x(,“,)a ( 1 ) h”l( P )__0’
J = _1)
o4 ne &l X8
YR 2D SRl
o4 A J=17=1 /1 !
' 26
—_ rom { (l "‘1) ( (li)j )} ( )
Jj=1i=1 (f—‘-’i’.f_.)ﬂ qetl
e * =1

Obviously, it is difficult to obtain é closed form solution to the non linear
equations (2.5) and (2.6). Therefore, an iterative procedure is applied to solve
these equations numerically using MathCAD (14) program.

2.2 MLE Based on MERSS, i,

Let £ oy oY ety ¥ qanzyy ore? uy; } D€ MERSS iy of size 7 = rm. If judgement
ranking error are accurate then, for i =1,...,m, y,, has the same distribution as the
I order statistics of a SRS of size i from PDF (2.1), therefore

Lo gy iRy

f (y(l:i)j)z_/i—a— Yy €

The likelihood function of the sample {¥,,,,.¥ aim=tys ¥ em-2y;ss¥ y; } 18 given by

. Y
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Furthermore, the normal equations from maximum likelihood for

MERSS,i, are as follows
y(U)J yum y(lm
—_— In i In 0,
(M ” ZZ (L - ZZ (L)% In(—2) = o
ag rooom y(“)J
= - =0. ,
or &l “ e )T | 2.8)

An iterative procedure is applied to solve equations (2.7) and (2.8),
numerically using MathCAD (14) program.

3. Modified EDF Goodness of Fit Tests

In this Section modified EDF goodness of fit tests based on SRS, MERSS i
and MERSS.., will be discussed -

3.1 Tests Based on SRS

A goodness of fit test based on the EDF, where the parameters are estimated is
called modified goodness of fit test. The objective is to test the statistical
hypothesis

Hy F(x)=Fy(x) Vx, vs H :F(x)#Fy(x) forsomex, (3.1)

where Fy(x) is a hypothesized distribution function based on a random sample
X,.X,,..X, from the distribution function for Weibull distribution with two
unknown parameters defined in (2.2).

The following set of the modified EDF goodness of fit tests defined as follows

a) The Kolmogrov smirnov (KS) test statistic D is

~ ~ =~ i-1
D= Il?la;i{{?sl'agﬁ[;"F(x(1)>aa/’{')]’m,aX[F0(x(i)’aa/’l')_T]} (3'2)
b) The Kuiper test statistic ¥ is a modification of (KS) and takes the following
form
i ~ 7 ~ o i1
Vo= {rlga;gg[;—F(x(,),a,/l)]fIlggic[Fo(x(,),a,ﬂ)—7—1} (33)
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¢) The Cramer-von Mises (CvM) statistic W ° is presenied by the following
formaula

NPV BNIE Lo 20 -1 ,
4 m<12n>+2m<x(,.),a,ﬂ> (=, (3.4)

d) The Watson statistic U *is a modification of (CvM) statistic and takes the
following form

> Fy(x ), @.4)

U? =W * - p(L 1

Y
2)
e) The Anderson-Darling (AD) statistic A *takes the following form

(3.5)

A2 =on = 2300 =Dlin (s BN H IO For B (3.

Let us denote the test statistics (3.2)-(3.6) by T, under SRS.

3.2 Tests Based on MERSS,.x

To test the hypothesis based on MERSS oy, Let{X ... +X o iwinyj oo X any }

be a random sample selected via the largest order statistic. According to Al-Subh et
al. (2009), testing the hypotheses

Hy:F(x)=Fy(x)Vx, vs H:F(x)#F/(x) forsome x, is équivalent to
testing the hypotheses,

H :G (x)=G,(x) Vx, vs H :G (x)#G,(x) for some x, (3.7)
where, G (x) and G,(x ) are the CDF's of the MERSS,,,x of random samples
chosen from F' (x ) and Fy(x ) respectively, i =1,...,n.

3.2 Tests Based on MERSS,y;,
To  test  the  hypothesis based on  MERSS;;,  Let
& wmys ¥ -ty ¥ @mezyy ¥ any; 3 b€ @ random sample selected via the first order
statistic. According to Al-Subh et al. (2009), testing the hypotheses

H, F(y)=F,(y) Vy, vs H F(y)=F/(y) forsome y, is- equivalent to
testing the hypotheses,

H™:K (»)=K,(y) YV, vs H":K (y)#K,(y) forsomey, (3.8)
where, K (y)and K,(y) are the CDF's of the MERSS,;, of random samples
chosen from F (y ) and Fy(y) respectively, i =1,...,n .

Thus the goodness of fit tests for the hypothesis (3.7) and (3.8), denoted by
T, for MERSS,,.x and T, for MERSS,;in, can be performed using the test statistic

6
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Tas  defined  in the beginning sSection,

g

X G0 Gmtan o1y e X (kyyf al)d {Y{ilm)j (L =137 Y [EHCEY 'V”"'/"Yt'1,5},f' g IC‘"SpG(“’Lve‘J ‘

4. Percentage Points of the Modified Test Statistics

The aim in this Section is to obtain percentage points of T, i =1,2, for the

Weibull distribution based on MERSS i, and MERSS,,,... Monte Carlo simulation
is used to create critical values for the proposed test statistics mentioned in Section
3 for the Weibull distribution with unknown parameters using the following steps:

Step 1: Generate a sample from the Weibull distribution with =05 and A=1,
for set sizes m =2,3,4,5, and cycles r=3,7,9 using the i" order statistic, then
X s X ooy oo X ;3 be a random sample generated based on MERSS x
and .Y (s, Y m-2 0¥ qqy;} e a random sample generated based on
MERSS ..

Step 2: This random sample is used to estimate the unknown parameters «, A

using maximum likelihood method of estimation by solving the non linear
equations (2.5) and (2.6) based on MERSS,ox and equations (2.7) and (2.8) based
on MERSS ;...

- Step 3: The resulting MLEs of the unknown parameters are used to determine the
hypothesized CDF of the Weibull distribution.

Step 4: Obtain the EDF for MERSS ,.ax, a8

A 1. & 1 X, ... <x
E .. = IX . <x), IX,. )= ) .
MERSS, . (x) B ;; ( ), x) ( (1‘/),,) {O otherwise “4.1)
Similarly, obtain the EDF for MERSSin, as
A 1L 1 Y . <y
E =— I@u, <y)  I@..)= W :
MERSS,;, () n JZ=1 1Z=1: (Y(u ) y) (Y(u )j) {0 otherwise (4.2)

Step 5: Use steps 3 and 4 to calculate the modified KS, V, CvM, AD and U test
statistics. '

Step 6: This procedure is repeated 5000 times, thus generating 5000 independent
values of the appropriate test statistics, These 5000 values are then arranged in an
ascending order and the values of these test statistics are calculated at various
significance levels, i.e., y=0.01, 0.025, 0.05, 0.10, 0.15, 0.20 and 0.25. The
obtained values are the critical values for that particular test under each sample
size used. (Tables of critical values under needed).

To avoid using a large number of tables of critical values, response
functions are estimated which give the predicted critical values for each
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combination of the set size, number of cycles and significance levels. The
response function for the critical values are obtained using the following equation
Critical Value, oy, =Dy +b,(set size ) +b,(number of cycles) +b,(significance level )
(4.3)
. . . . e . 2
The estimated coefficients of the response functions, t-statistics and their R

values are given in the following tables under MERSS;, and MERSS,.,
respectively using (4.3).

Table (1): Response function for different test statistics under MERS Smin

Test Estimated coefficients

statistic by by b, b R2
D 0.412(64.9)  -0.025(-19.6) -0.161(-25.2) -0.284(-16.8) 0.923
\Y 0.690(68.3)  -0.039(-19.2) -0.025(-24.9) -0.501(-18.7) 0.925
w2 0.129(20.6) 0.007(5.3) 0.002(3.02)  -0.403(-24.1) 0.851
A? 0.745(21.8) 0.041(6.01) 0.013(3.8)  -2.203(-24.2) 0.855
U? 0.123(20.3) 0.016'(5 2) 0.002(2.9)  -0.381(-23.6) 0.846

The number in parentheses is the value of the t-statistic used to test the hypothesis
that the true value of the coefficient is different from zero.

Table (2): Response function for different test statistics under MERSS, ..« |

Test Estimated coefficients

statistic by b, by bs R?
D 0.439(59.6) -0.020(-13.4) -0.015(-19.9) -0.369(-18.9) 0.896
v 0.716(57.9) -0.026(-10.4) -0.021(-16.6) -0.688(-20.9) 0.884
W 0.080(5.7) 0.038(13.6) ~ 0.015(10.8) -0.753(-20.4) 0.869
A? 0.026(0.16) 0.295(8.9) 0.210(12.6) -6.094(-13.9) 0.800
U 0.062(5.4) 0.035(15.2)  0.014(11.7) -0.653(-21.2) 0.883

The number in parentheses is the value of the t-statistic used to test the hypothesis
that the true value of the coefficient is different from zero.

~

N

S. Power efficiency

In this Section a power study is carried out to investigate the power of the
modified test statistics to the null hypothesis under SRS, MERSS,;, and
MERSS . The power of a test is useful in assessing the goodness of a test or in
comparing competing tests. Power comparisons are made among KS, Kuiper,
CvM, AD and Watson test statistics for the Weibull distribution with unknown
parameters. In this study the null hypothesis H, is that the random sample comes

from the Weibull distribution and the alternative hypothesis H,is that the sample
follows some other distributions.




g

Phe 48" Annual Conference on Statistics , Computer Sciences and Operation Research 23-26 Dec 2013

The power is determined by generating 5000 random sample for each of the
four ai‘i:m“nat;i,vcs,

L. Normal distribution, dencted by N (3, 1).

2. Lognormal distribution, denoted by LN (3, 1).

3. Uniform distribution, denoted by U (0, 1).
4. Exponential distribution, denoted by Exp (2).

For each test, all test statistics are calculated and comparéd to its respective
critical values and counted the number of rejections of the null hypothesis. The
power results for the tests at the significance level ¥ =0.01 and 0.05.

The procedure for calculating the power of T,°, i =1,2, under the alternative
distributions are as follows

Step (1): Let {X(m:m ) ’X(m—l:m—l)j7”"X(I:l)j} and {Y(l.:m)j ’Y(l:nt—l)j ’Y(l:m—Z)j’ (ll)j} be
a random sample from the alternative distributions for largest and smallest order
statistics respectively.

Step (2): Obtain the EDF as defined in (4.1) and (4.2).

Step (3): Calculate the value of 7., i =1,2 , as defined in tests from (3.2)-(3.6)
but using data {X .., X motmoyy oK yy b A0 Y 0 Y ) ey e s s I
the critical values of the test statistics for the alternative distribution exceed the
corresponding critical values, then the null hypothesis H,will be rejected at the
significance level (0.05 and 0.01).

Step (4): Repeat the above steps from (1 3) 5000 times to generate 5000
independent sets of the test statistics.

Step (5): The power of each test is obtained by counting the number of rejections
of the null hypothesis divided by 5000. Figures 1 and 2 represent the power of
each test statistics for each of four alternative distributions based on MERSS i,
and MERSS .« :

Step (6): By the similar way the power of each test statistics is obtained under
SRS but using the data X, X,,...X .

Step (7): The efficiency of test statistics, T,’, i =1,2, under MERSS,,x and

MERSS,;, relative to test statistics ,T', under SRS is calculated, where the relative
efficiency is defined as the ratio of the powers ,

eff T',T)= powerof I,
powerof T’

The efficiency values of tests at the significance level » =0.01 and 0.05 are
presented in Table (3) for MERSS i, and in Table (4) for MERSS ax.
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From the simulation results given in Tables (1-4), the {ollowing remarks may be
observed.

1. For different significance levels.and the same sample sizes, the change of
critical values for all test statistics for MERSS, ., are greater than that the.
corresponding for MERSS ;.. As the set size increases, the critical values for
test statistics decrease monotonically, for Kolmogrov-Smirnov and Kuiper test
statistics.

2. Based on MERSS,,,, and MERSS, i, the efficiency of the all modified tests is
greater than one which indicated that the power for test statistics under
MERSS,..x and MERSS ., is larger than the corresponding under SRS.

3. As the number of cycles increases, the efficiencies for each test statistics
increase. :

4. Anderson-Darling test statistics has the highest power and Watson test has the
smallest power for all alternative hypotheses based on MERSS;, and
MERSS i

5. The power for MERSS.x and MERSS;;, are the same as the number of cycles
increase, which leads to their equality in their efficiencies. ( See Figures (1) and

(2)

6. Powers efficiency of modified EDF tests are broadly in the following order of
Ascending power U? >V —D—>W?—> 4*

6. Conclusion

For different significance levels and sample sizes, the modified EDF tests of
fit for Weibull distribution under MERSSin, MERSS 12« and SRS are investigated.
A power study is made using four alternative families of distributions based on-
SRS, MERSS iy and MERSS, .. This study shows that the efficiency of GOF
tests can be much improved if the sample is collected via the MERSS,;, or
MERSS - ‘

Furthermore, the modified EDF tests under MERSS,;, and MERSS,,.x are
more efficient than their corresponding in SRS. The efficiency for all tests varies
for different values of set sizes and number of cycles. The critical values for the
Anderson-Darling test statistic are greater than the other GOF tests in case of
MERSS oy and MERSS in. ’

In general, the Watson statistic, Kolmogrov-Smirnov, and Kuiper tests appear
to be the best EDF test statistics. The Anderson-Darling test statistic tends to be
least powerful among the five EDF considered here. On the other hand, the
Watson test statistic is the most powerful goodness-of-fit test among the
competitors. The efficiency of the modified EDF tests increases as the sample size
increases in most cases for both sampling schemes; MERSS,;;, and MERSS ...

presiazh
s
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Efficiency of test statistics for Weibull disiribution with estimated parameters based on

Table

MERSS hin
Significance level
Mumber cff Set Size Test 0.01 0.05 | 0.01 0.05 | 001 0.05 | 001 0.05
Cycles (r) {rm) Statistics Alternatives
exp (2) v LN (3, 1) N (3, 1) U (0,1)
D 3.125 2,095 | 2,994 2.071 3,128 2.075 3163 2,109
v 3432  2.424 3205  2.339 3.462  2.391 3.485  2.442
2 W 2.499 1.904 | 2.444 1,848 | 2.479 1,840 2.514 1.908
Al 2.427 1,832 | 2442 1.807 | 2.38% 1,784 2,432 1,830
U 5,692 3.322 5.505 3.184 5664  3.333 5.701 3,330
D 3525 2316 3,529 2269 3468  2.259 3.543 2277
% 3,621 2513 | 3,612 2.448 3,601 2.468 3,644 2473
3 W 2,706 1.957 | 2.701 1,930 2.664 1.910 2.743 1,928
A 2.657 1,866 | 2.622 1.848 | 2622 1.826 2,643 1,838
3 U 8010 4348 | 7.396  4.182 7.546 4,178 7.923 4,300
D 3734 2268 | 3.864 2291 3,857 2288 3,809 2291
v 3777 - 2.431 3,805 2452 3.857 2500 | 3.824 2437
4 W 2775 2000 | 2.879 2.022 | 2.846 2.016 2.806 2,002
A 2.571 1,876 | 2625 1.894 2.584 1.883 2,632 1,901
U 10609 4793 | 10.644 4.866 | 9.809  4.771 9.840  4.660
D 3968 2463 | 3876 2410 | 3.906  2.370 3.968 2463
1% 3,937 2577 | 3846 2525 | 3.857  2.494 3,937 2577
5 W 3,021 2,041 2924 2033 | 2956 2,045 3.021 2,041
A 2.747 1.946 |  2.688 1,927 2.717 1.912 2.747 1,946
U 11,805 5161 | 11435 4892 | 11.926 5151 | 11.866 5,172
D 3,831 2227 | 3774 2.262 3.876 2,237 | 3.831 2,309
v 3922 2320 | 3.831 2370 | 3906 2353 | 3937 2433
2 W 2,695 1.916 | 2710 1.957 | 2725 1.916 | 2.747 1,976
A 2,653 1.808 | 2674 1.842 2.667 1,869 2.695 1.862
v 9,881 4.464 | 9080 4464 | 0.784 4566 | 10.396 = 4.566
D 3,891 2433 | 3906 2.404 3,774 - 2.364 3.891 2433
Z 3968 2445 1 '4.000 2415 | 3.861 2.387 3.068 - 2.445
3 W 3.058 ~ 2.037 ] 2985 2020 | 2.941 1.996 3.058 - 2.037
A 2.959 1.916 |- 2.890 1,898 |- 2,874 1,845 ] 2.950 1.916
g v 10.989 = 5.025 | 11.494 4.950 | 11.236 - 5.000 | 10.9890  5.025
: D 4.237 2525 | 4,008 2.481 4,049 2469 | 4237 . 2525
v 4310 - 2564 | 4967 - 2506 | 4008 - 2488 | 4310 = 2584
4 W 2,985 - 2110 | 2933 2088 | 2907 2045 | 2085 2110
A 2.770 1.972 | 2717 1.938 | 2674 1.908 2.770 - 1972
v 12.987 - 5435 | 12,500 = 5348 | 12.346  5.076 | 12.987 - 5.435
D 3984 2519 | 4115 2532 | 4219 2513 | 3984 2519
v 4,049 2564 | 4167 2604 | 4274 ' 2584 | 4.049 2564
5 W 3268 2.045 | 3279  2.041 3,322 2,058 | 3.268 - 2.045
A 2.994 1.046 | 3.058 1957 | 3,106 1.953 2.994 1,946
v 13,158 ~ 4.525 | 14.085 - 4.975 | 14.286  4.926 | 13.158 ~ 4.525
D 3.745 2347 | 3,937 2421 3.906 2375 3.745 U 2.347
v 3759 2404 | 3984 2519 | 3.891 2457 3.759  2.404
2 W 2.849 2020 | 2950 - 2079 | 2907 2037 | 2.849  2.020
A 2770 1.916 | 2.841 1.046 | 2.717 1.912 2.770 1.916
v 11.494  4.950 | 11905 5051 | 11111 4785 | 11.494  4.950
D 4167 2532 | 4.008 2457 | 4202 2500 | 4.167  2.532
v 4219 2.591 4,115 2.506 4.237  2.564 4219 2.591
3 | 3.021 2,006 | 2.985  2.088 3.077  2.096 3,021 2.096
A 2.976 1.934 | 2976 1,927 3,030 1.938 2.976 1,934
9 v 13.333 5051 | 12.821 5464 | 12.346 5128 | 13.333  5.051
D 4,255 2439 | 4.274 2.410 4,484 2451 4255 2439
% 4292  2.451 4,274 2421 4505 2457 4.292  2.451
4 W 3.003 2037 | 2994 2.033 3115 2,058 3.003  2.037
A? 2.857 1.934 | 2.882 1.938 3.003  1.957] 2.857 1.934
v 11364  4.878 | 11.628  4.831 12,346 5102} 11.364  4.878
D 3,922 2.273 | 4.049 2.381 3.953 2,326 3.922  2.273
v 3,953 2309 | 4.115 2.427 3.984 2370 3.953  2.309
5 W 3,067 1965 | 3215  2.070 3175 2,024 3.067 1,965
A 2.825 1,802 3,040 1.905 2,915  1.862] 2825 1,802
v 13,889 4651 | 14.085  4.878 12.821  4.630] 13.889  4.651
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Table (4} Eff
MERSS .

oy of test statistics for Weibull distribution with estimaied parameters based

‘ Significance level ¥
Mumber of] Set Size | Test 0.01 0.05 | ol 0.05 | 0.01 005 | 0.1 0.05
Cycles (1) {m) Statistics Alternatives
exp (2) LN 3, 1) N(3,1) U (0,1)
D 3.034 2.059 2.909 2.028 | 2987 2.013 2.983 2.037
|4 3.367 2.419 3216  2.332 3.316 2.356 3.314 2.395
2 W 2.436 1.886 2.379 1.835 2.399 1.819 2.420 1.885
A? 2.402 1.826 2.424 1.803 | 2.342 1.772 2.398 1.821
v 4.860 3.101 4.703 2,929 | 4.745 3.048 4.879 3.066
D 3.421 2,307 3.407 2.253 3.359 2,250 3.432 2.268
|4 3.518 2,503 3.491 2.433 3.495 2.460 3.533 2.463
3 w: 2.670 1.957 2.658 1.923 2.632 1.906 2.704 1.923
A? 2.644 1.864 2.612 1.847 2.609 1.826 2,630 1.836
3 v 6.324 4.029 5730  3.818 6.028 3.863 6.154 3.944
D 3.715 2.261 3.845 2.284 | 3.834 2.284 3.790 2.289
4 3.754 2.426 3.871 2.447 1} -3.830 2.495 3.801 2.434
4 W 2.769 1.996 2.873 2.020 | -2.840 2.014 2.801 2.002
A? 2.571 1.876 2.625 1.894 | 2.584 1.883 2.632 1,901
v 9,230 4.502 9.149 4,537 8.436 4,439 8.457 4,344
D 3.960 2.461 3.864 2407 3.898 2,367 3.960 2.461
|4 3.929 2.575 3.835 2,523 3,853 2.491 3.929 2,575
5 W 3.018 2.041 2924 2,033 | 2.956 2,045 3.018 2.041
A® 2.747 1.946 2.688 1.927 2,717 1.912 2.747 1.946
v 10.402 4,953 8.965 4,655 1 10.506 4,927 10.256 4.938
D 3.831 2.227 3.774. 2,262 3.876 2.237 3.831 2.309
v 3.922 2.320 3.831 2.370. ] 3,906 2.353 3.937 2.433
2 W 2.695 1.916 2.710 1,957} 2,725 1.916 2.747 1.976
A* 2.653 1.808 2.674 1.842° | 2,667 1.869 2.695 1.862
U 9.782 4,460 9.910 - 4.460. 1 9,696 4.557 10.323 4,557
D 3.891 2.433 3.906 - 2.404 3.774 2.364 3.891 2.433
vV 3.968 2.445 4,000 - 2415 | 3.861 2.387 3.968 2.445
3 W 3.058 2,037 2,985 22,0201 2,941 " :1.096 3.058 2,037
A? 2.959 1.916 2.890 1,898 | 2.874 1.845 2.959 1.916
7 v 10.989 5.025 11.483.:4.950 | 11.236 5,000 10.989 5.025
: D 4.237 2525 4.098 2481 4.049 2.469 4.237 2.525
V. 4.310 2.564 4,167 - 2.506 ] 4.098 2.488 4.310 2.564
4 w: 2,985 2110 2.933 2,088 | 2,907 2,045 2.985 2.110
4* 2.770 1.972 2.747 1.938:] 2,674 1.908 2.770 1.972
v 12.987 5.435 12.500 5.348 | 12.346 5,076 12.987 5.435
D 3.984 2.519 4115 2,532 4.219 2.513 3.984 -2.519
vV 4.049 2.564 4167 2604 | 4.274 2.584 4.049 2.564
5 W 3.268 2.045 3.279 - :2.041 3.322 2.058 3.268 2.045
A 2.994 1.946 3.058 1.957 |+ 3.106 1.953 2,994 1.946
v 13,158 4.525 14.085 4.975] 14.286 4,926 13,158 4,525
D 3.745 2.347 3.937 2421 3.906 2,375 3.745 2.347
|4 3.759 2.404 3.984 2519 3.891 2.457 3.769 2.404
2 W 2.849 2.020 2,950 2,079 { 2,907 2.037 2.849 2.020
A* 2.770 1.916 2,841 1.946 2.717 1.912 2.770 1.916
v 11.494 4.950 11.905 5.051 | 11.111 4.785 11.494 4,950
D 4.167 2.532 4.098 2457 | 4.202 2.500 4.167 2.532
v 4.219 2,591 41156 2,506 | 4.237 2.564 4.219 2.591
3 W 3.021 2.096 2.985 2.088 3.077 2.096 3.021 2.096
A* 2.976 1.934 2976 1927 3.030 1.938 2.976 1.934
9 v 13.333 5.051 12,821 5464 | 12.346 5.128 13.333 5.051
D 4.255 2.439 4.274 2410 | 4.484 2.451 4.255 2.439
|4 4.292 2.451 4274 2421 4.505 2.457 4.292 2.451
4 W2 3.003 2.037 2,994 2.033 3.115 2,058 3.003 2.037
A? 2.857 1.934 2.882 1.938 3.003 1.957 2.857 1.934
U 11.364 4.878 11.628 4.831 | 12.346 5.102 11.364 4.878
D 3.922 2.273 4.049  2.381 3.953 2,326 3.922 2.273
|14 3.953 2.309 4115 2427 3.984 2.370 3.953 2.309
5 W 3,067 1.965 3.215  2.070 3.175 2.024 3.067 1.965
A? 2.825 1,802 3.040 1.905 2.915 1.862 2.825 1.802
v 13.889 4.651 14.085 4.878 | 12.821 4.630 13.889 4.651
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Kstimation of the Parameters of Bur Eyrpw I Distribution in
Presence of Outlie

A.M.Abd-Elfattah !, E.A. Elsherpieny ¥ and S.E.Hemeda "'

Abstract: In this paper, the unknown parameters for Burr type III distribution in the
presence of k outliers are estimated. The problem discussed using the moment estimation
method to estimate the shape and scale parameters. Some properties are obtained. A
numerical study is used to study the properties of estimators.

Keywords: Outliers, Burr family distributions, Burr type III distribution, pdf, c.d.f,
moment estimation, rth moment, mean variance, median, mode, Hazard function,
Reliability function, numerical study and conclusion.

1. Introduction

In the last few years there has been an increasing interest in the problem of
detecting possible outliers in some distributions of a sequence of random variables. When
outliers occur in the data, the assumption of normally distributed errors is violated and
reduces the Performance of the linear regression models. Outliers can occur for a variety
of reasons including data entry errors, scoring error or sample which is a typical. Outliers
can be described in terms of their location and impact. See Grubbs (1969). The proper
treatment of outlying obseryation had long been a subject of study. Traditionally, the
main emphasis has been to detect outliers by some test of significance. Outlier detection
is a primary step in many data-mining applications. In presence of outliers, special
attention should be taken to assure the robustness of the used estimators.

Outlier detection for data mining is often based on distance measures, clustering
and spatial methods. Outlier mining is an important issue in knowledge discovery and
data mining and has attracted increasing interests in recent years. Class outlier is
promising research direction. Outliers can have deleterious effects on statistical analyses.
First, they generally serve to increase error variance and reduce the power of statistical
tests. Second, if non-randomly distributed they can decrease normality (and in
multivariate analyses, violate assumptions of sphericity and multivariate normality),
altering the odds of making both Type I and Type II errors. Third, they can seriously bias
or influence estimates that may be of substantive interest, see Rasmussen and Vicente
(1988).

Burr (1942) obtained twelve distribution functions (Burr family of distributions)
includes twelve types of cumulative distribution functions, which yield a variety of
density shapes.Dixit, Moore and Barnett (1996), studied a set of random variables
distributed according to exponentiated gamma distribution in the presence of k outliers.

[1] Professor in Mathematical Statistics department, 1.8.S.R., Cairo University,
[2] Professor in Mathematical Statistics department, 1.S.S.R., Cairo Universiiy.
[3] Researcher and student in Master degree.
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Hossain and Nath (1997) discussed the estimation of parameiers in the presence of
outliers for a Burr XII distribution.

Recently Dixit and Nasiri (2001) considered estimation of parameters of the
exponential distribution in the presence of outliers generated from uniform
distribution.Nooghabi and Nasiri (2009) estimated the parameters of gamma distribution
in the presence of outliers generated from uniform distribution. Nooghabi (2010) studied
the efficient estimation of pdf, CDF and rth moment for the exponentiated Pareto
distribution in the presence of outliers. Deiri (2011) studied the estimation of P(Y<X) for
exponential distribution in the presence of two outliers. Ghanizadeh (2011) studied the
estimation of P(Y<X) in the Rayleigh distribution in the presence of k
outliers.Makhdoom and Nasiri (2011) discussed the estimation parameters of weighted
exponential distribution in the presence of outliers generated from exponential
distribution.Abd-Elfattah and Alharbey(2012) discussed the Bayesian estimation for Burr
type III based on trimmed samples.

The objective of this paper is to study the parameters estimation of the unknown
parameters of the Burr type 1II in the presence of k outliers .The problem discussed using
the moment method to estimate the shape and scale parameters of the Burr type 11
distribution in the presence of k outliers,

2. Burr type III distribution

The Burr family distributions have an important position in the field of life testing
because of its uses to fit business failure data; also it includes the well-known exponential
and Weibull distributions as special cases. Burr (1942) has suggested this family of-
distributions by solving the following differential equation:

%—w(l—-y)g(x,y) , y=F(x) ()

Where g(x, y) > 0, 0 <y < |, x in the range over which the solution is being satisfied.

By using different forms of g(x, y) and Pearson systems, Burr obtained twelve
distribution functions which listed in Burr family distributions which yield a variety of
density shapes. Many standard theoretical distributions, including the Weibull,
exponential logistic, generalized logistic, Gompertz, normal, extreme value, and uniform
distributions are special cases or limiting cases of Burr family of distributions. The
simple closed form of these distributions has been applied to studies in simulation. Burr
(1942) developed the family of Burr distributions as an outgrowth into methods for fitting
cumulative frequency functions rather than probability density functions to frequency
data.

Some of the forms of Burr distributions are related by simple transformation like
the Burr type 111 distribution can be obtained from Burr type II distribution by replacing
X with In(X), see Johnson et al. (1995) Similarly, Burr type XII distribution can be
derived from Burr type Il distribution by replacing X with 12X, see Burr and Cislak
(1968). The Burr type I family is more commonly known as the uniform distribution. The
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Bure HLIV, V) IX, and X1 families have a variety ol density shapes. Burr Types [11 and
XL are the simplc,a functionaily and therefore, the two distributions are the most
desirable for statistical modeling. The Burr type III distribution is much richer than Bupr
type XII distribution. The probability density function (p.d.f) of Burr type I distribution
is given by

Fxso,A)=adx " H0(14x ) e, x >0,4>0,a>0 )

And its cumulative distribution function (c.d.f) is given by

Fx;Aa)y=1+x1)"? | x>0 3)
Where A and & are the scale and shape parameters, according to Dixit and Nasiri

(2001), and Nasiri and Pazira (2010).
Abd-Elfattah and Alharbey (2012) obtained the r® moment of Burr (1,68) type 111

distribution as

E(X’)=u;=oyox’”f(x;z,a>
0

4
°J9 vrr_(/“'l) a’, A r P (
- A R X = ._._’a e e , r <
0 (1 +x —/1)@ +1 A
Where fB(a,b)is the standard beta function and
‘ _T(@)I®)
The expectation of the distribution will be-
‘ , TU-DPIa+d)
The variance
C(a)A,-A? '
Var(x):%i, A2 ©)
Where,
— ) i ;—
A =T(1-1/) L@+14), i=12,.,r
The mode
Ala+l) T
a
x,,,.—( Y ) 3 /10521,/1>0,a>0 )
and the median
x,,,ed=———1————‘ A>0,a>0 (8)

[2% _1}% ’ | | .
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3. Estimation of parameters for Burr type III distribution in the
presence of k outliers _
Nasiri (2001), and Nasiri and Pazira (2010) assumed that X |, X ,,...,.X, is a set of

random variables such that k outliers of them are distributed with (p.d.D), g(x;6,3)
where

g(x;0,8)=00x PO(Ll+x YOV x 50,650, 50 )
Where fand [ are the scale and the shape parameters of Burr type III distribution and
p

the remaining (n-k) random variables are distributed with (p.d.f) where, f(x; «, 1,6, 8)
given in(2).

The joint distribution of (Xy,X,,...,X,) with presence of k outliers can be
expressed as

f g, i, ) = ! Hf(v,,ﬂa>ZHg§f"§§§ (10)

(n—=k)k!
n!
k :8 9 xA,. =(B+1) (1+xA,. —ﬂ)—(9+1)

Lisl @ x, O (L+x, Ayt

fxpxy,.,x,4,0,6,8)= H Aax, M (1+xi—/1)—(a+l)

- ! ! n=k nek E i
_ (n :').k R IB/f 9 .H[x,"('m)(l+x,_'l)_(“+[)]
; i=l
k . 1+x =B N=(8+1)
SR B EP R (S P b e e )_( 7
e ’ (L+x, 7y
n—k)k Pravne ~(is Ar(ax
f(xl’xza'":xn;l:aag’ﬂ)=(_—n_'2__ IB Qk ]._I[x “ l)(1+x A)( I)]
' ~B\~(8+1) (11)
Z Ik-[x /1*,5(1+x —-/7.)9-a.(1+x'41 )
. A A “An-(atl) .
4 | 7=l (I+x,™)
Where,
Z ;1i+l NfZ : Zn:
A - A A’=A,+lmA‘ =+

See Dixit (1996), Dixit and Nasiri (2001), and Nasiri and Pazira (2010).
From (11) the marginal distribution of X is

‘omputer Sciences and Operation Research 23-26 Dee 2013




o
3
17
o
as
s
=
i
=
B
Lot

Computer Sclences and Operation Resear

[N
. -
SRAS S SRR

+«{£=0,Bx B U(an M/)’)W(Q‘H} , x>0
n

The hazard function is

o _ fxe,4,6,8)
H(x,a,/l,H,/J’)“I«F(x;a,/l,é’,ﬂ) -

The Reliability function is
R(x;a,ﬂ,é‘,ﬁ)=1—F(x;a,/l,9,,8) (14)

Fig 1: The probability density function distribution
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Fig 2:The Cumulative density function distribution
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Fig4: the Reliability function
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3.1 Method of Moment

The ™ moment of Burr (4, 6) type III distribution in the presence of k outliers can
be obtained from the equations (4),(5)and (6) as

ra- ﬁ—).l"(a + %)
I'(a)

E(xr)=y;=a,6(1—f-,a+f/1—)= <A (15)

A
When r=1 in (13), we obtain
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pe i (x = o (e ;” (0) L AL (16)
The variance will be

(), -2  T(6)A,—1,2
Var(x) =25k, 274 + 4 24 . A>2,0>2 (17)

I2(a) k' T2(9)
Where, ,

A =F(l—%) r(a+%), A>land Ay =T(1-2)T(@+2), A>2

Therefore,
‘ 2
2 2/ 1 (1=2 2
Var(x):”;,;k,r(a)r(l 2) D(a+ /ﬂé) RCANCEA]
['“(a)
o) (18)
O 1-2) I(6+2 YT A-2) T(6+2/)
+i]:~. /’B /'B { /’B /’B} , A>2,60>2
I2(9)
The mode will be
Rk (Mat) T n(Bo+) \b
mod(x)-————-—-n (—————-Ml 1) +k(———~—ﬂ+l 1) , 6021,6>0, 5>0 (19)
and the median will be : '
1 Ey I "1"
- = 4 2
med (x) = 2 k.(za—l) +§C’—.(29-—1Jﬁ , 6>0, >0 (20)
n ;

4. Numerical study

In this paper, we have discussed the problem of estimating parameters of burr
type III in the presence of k outliers. In order to have some idea about Bias and Mean
Square Error (MSE) of method of moment. We generate random numbers from burr type
II (with and without outliers) performing sampling experiments using MathCAD, then
we obtain the estimators forA,«, 3,6 .the values of biases and MSE; of these estimates

are presented in Tablel,2 and k=1,2,fora =02, 1=28,60=03,=29. We report the

average estimates and the MSE; based on 1000 replications with sample sizes (n =25, 50,
75 and 100) in Table I and 2.
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Tabledl: k=1 a=02 A=28 0=03 =29
i Mean Bias MSE SE Skewness |Kurtosis
a 1{0.08024 10.11976 |0.01919 |0.00278 {1.888 5.174
95 A (1.3867 {1.4133 |2.01191 {0.015 2.240876 6.463
g 10.09411 |0.20589 ]0.04800 [0.003 2.15034  |6.246
B |1.6113 [1.2887 |1.79416 [0.01461 (2.276 6.569
a [0.1063 10.0937 10.01632 [0.00174 |1.078 2.361
50 A |1.42264 11.37736 11.93840 |0.011 2.252478 16.499
6 (0.13686 [0.16314 10.04474 ]0.00269 |[1.51592 (3.654
B |1.67114 |1.22886 |1.69514 |0.0086 |1.835 4,97
a [0.09239 10.10761 [0.01371 [0.00062 [0.351 1.365
75 A 11.53694 |1.26306 |1.84672 {0.00279 |2.26295 6.529
6 10.30357 |-0.00357 j0.55431 ]0.00993 |2.27488 6.564
B 1.56065 [1.33935 {2.15072 |0.00796 |0.811 4,233
a (0.14797 10.05203 {0.01948 [0.0013 |{1.357 3.882
100 A |1.42195 |1.37805 {1.92004 |0.00012 |(2.13737 6.12
g ]0.46549 |-0.16549 |1.33230 |0.01142 [2.21657 6.378
B 1.52318 |1.37682 [2.23275 |0.00581 |1.235 3.629
Table2 k=2 a=02 1=28 60=0.3, =29
n Mean Bias MSE SE Skewness |Kurtosis
a [0.05404 10.14596 {0.02314 [0.00171 {1.969 5.719
25 A |1.3697  11.4303  |2.04632 [0.01521 }0.206903 |1.633
6 10.09152 [0.20848 [0.04923 10.00304 |2.06611 6.053
B 11.50803 |1.39197 |1.96406 {0.00651 |2.042 5.912
a 10.05921 10.14079 {0.02078 |0.00062 (2.202 6.371
50 A [1.36235 [1.43765 12.06714 {0.01231 |0.398964 [2.635
g |0.08135 [0.21865 [0.04822 ]0.0002 [2.27449 |6.563
B |1.4846 |1.4154 ]2.00618 {0.00106 |-0.758 3.912
a {0.20176 |-0.00176 {0.03462 10.00248 {1.267 3.566
75 A [1.35892 |1.44108 |2.07732 [0.00312 ]0.97926 |2.75
6 10.22994 10.07006 10.05021 |0.00284 [0.34484  ]0.963
B [1.69355 (1.20645 |1.52541 0.00352 |0.127 1.087
a 0.14645 (0.05355 [0.01512 |0.00111 }0.986 2.795
100 A 11.33933 11.46067 |2.13604 ]0.0004 {-1.993007 |5.734
6 10.19059 ]0.10941 }0.04337 (0.00177 |0.7271 1.705 -
g 11.70267 |1.19733 {1.49619 |0.0025 |0.33 0.952

5. Conclusion:

In this paper,' we obtained the classical estimators for shape and scale parameters
of Burr type III distribution in the presence of k outliers. The estimators for A, «, 5,0 of

Burr type IIT distribution in the presence of k outliers and the values of biases and MSE,
of these estimates are presented in Tablel and 2, when k=12 for
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=02 4=28 0=03 =29 We report the average estimates, the MSE, the Bias,
the Skewness and kurtosis based on 10 replications with sample sizes (n =25, 50, 75 and
100) in table I and 2.

We report the average estimates and the MSE; based on 10 replications. We
observed from Table 1 (k=1) and Table 2(k=2).The moment estimators 0fA,a, 3,6 are
unbiased for some cases especially when the sample size increases. In Table 1(k=1) the
MSE for estimators less than in Table 2 (k=2).Table 1 and 2 show that, the MSE; for
estimators decrease with increasing the sample size n.
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2.2 .

On the Lomax-Poisson Distribution
Abd-Elfattah, A. M1, Amal S. Hassan? and Asmaa M. Hussein?

Abstract

In this paper, a new three-parameters lifetime distribution, called Lomax-Poisson,
distribution ~ with decreasing failure rate is introduced. This distribution is obtained by mixing
Lomax distribution and zero truncated Poisson distribution. Closed-form expressions for the
density, cumulative distribution, survival and failure rate are provided. The rth raw moment of the
new distribution, and moment generating function are obtained. Estimations of the unknown
parameters using different methods is obtained. Based on a Monte Carlo simulation study,
comparisons are made through the different estimators by through their biases and mean squared
errors.

Keywords: Lomax distribution; Zero truncated distribution; Lifetime distribution; Decreasing
Failure rate. :

i-Introduction

The study of the lifetime (length) of organisms, devices, structures, materials, etc., is very
important in the biological and engineering sciences. A substantial part of such study is devoted
to modeling the lifetime data by a failure distribution. Sometimes physical considerations of the
failure mechanism may lead to a specific distribution but more often, the choice is made on the
basis of how well the actual observations of times to failure appear to be fitted by the
distribution.

In recent years, new classes of distributions have been proposed based on modifications of
the exponential and Weibull distributions. Adamidis and Loukas (1998), introduced a
distribution with decreasing failure rate. This distribution is known as exponential-geometric
distribution and is obtained by compounding an exponential distribution with a geometric
distribution. Adamidis et al. (2005) proposed a distribution with monotone decreasing,
increasing, or constant. This distribution is known as extended exponential-geometric
distribution. Kus (2007) introduced a two-parameter distribution known as exponential-Poisson,
with decreasing failure rate, by compounding an exponential with Poisson distributions.

1, 2- Institute of Statistical Studies and Research, Cairo University

3- phd, student in Institute of Statistical Studies and Research, Cairo University
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in the same fashion, Tahmasbi and Rezaei (2008) introduced an exponential-logarithmic
distribution, which has decreasing failure rate. A two-parameter distribution family with
decreasing failure rate arising by mixing power-series distribution has been introduced by
Chahkandi and Ganjali (2009). The Weibull-Poisson distribution with decreasing failure rate
which generalizes the exponential-Poisson was introduced by Hemmati et al. (2011). They
studied various properties of this distribution and discussed the estimation of the parameters by
considering the expectation maximization algorithm. Also, the asymptotic variance-covariance
matrices of these estimates are obtained. Silva et al. (2010) introduced the so-called generalized
exponential geometric distribution, having a decreasing, increasing, and upside-down bathtub
failure rates depending on its parameters. Such failure rate curves can be observed, for example,
in the course of a disease, whose mortality reaches a peak after some finite period, then declines
gradually. Louzada et al. (2011) proposed a new lifetime distribution with increasing failure rate,
called the complementary exponential geometric distribution. The exponential truncated Poisson
with increasing failure rate introduced by Rezaei and Tahmasbi (2012).

T

The main aim of this article is to create a new decreasing failure rate distribution namely
the Lomax-Poisson (LP) distribution. Various properties of the new mixed distribution are
discussed. Different estimation procedures are discussed for different parameter values and
sample sizes. Numerical results are illustrated.

N T,

RS

SO e

The remainder of the article is devoted to a comprehensive study of this new distribution.
In Section 2, the density and cumulative distribution functions of the LP distribution are derived.
Additionally, forms for the median, reliability and decreasing failure rate functions are derived.
Expressions for the moment generating function, and hence the mean and variance, are
calculated in Section 3. In the same Section forms of the rth raw moments are derived. The
estimation methods and procedures are covered in Section 4. Using simulation technique, the
biases and mean square errors (MSEs) in the estimation methods are analyzed and the guideline
of the best estimation method is laid down in Section 5. Finally, conclusion is presented in
Section 6. :

2-The Lomax-Poisson Distribution

Let W,,W,, -, Wz be arandom sample from Lomax distribution with scale parameter
(8> 0) and shape parameter(a > 0) has the following probability density (PDF) and
cumulative distribution functions (CDF), respectively,

fwia,p) = 5(1+ %)_(a“), wa,f> 0, ENCR)
and Fwa,B)= 1~ (1+ -;i)"“, wa,B>0 2.2)

Now suppose Z is a zero truncated Poisson variables with probability mass function

-A A%
f(zA) = -(-i—_-;-:;r)l"“l(z +1), A> 0,ze@ = {1,23,..} (2.3)
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where ['(L) is gamma function . Assuming that the random variables Z and W are independent,

define X = min(W,, W,, -, W,)  then,

flalz)= (14 %)_azml (2.4)

From (2.3) and (2.4) the marginal probability density function of X is given by

2\ —(at1) -
atli+= a X
G a,B,2) =—-—£—(ef21)—e (2 x50 4 B, A> 0, (2.5)

where a , A are the shape parameters and f is the scale parameter of the Lomax Poisson
distribution.

The Lomax Poisson has the following distribution function

X

Fx;a,B,2) = Tef—_g[e‘— 43 } x> 0,0,8,1> 0 (2.6)

The probability density function and cumulative distribution function of the Lomax
Poisson distribution are displayed in Figures (1) and (2) for selected values of the

parameters a, § and A.

1 T T T
o : E: 08 ettt -
é 21 ; 5
ol £(x,07,0.5,09) 021 £ F(x,07,05,0.9 o
'(7) — M :e O |
5 £(%,0.4,06,0.3) & F(x,04,06,0.3)
o L s~ JEFOUOU "
£ £(x,02,0,0.1) o1k 2 F(x,02,08,0.1) 04 .
E . % AN :
g 02 .
(3]
0 L 1 ]
0 % 5 10 15 20
X X
time time

Figure (1): pdf of Lomax- Poisson distribution Figure (2): cdf of the Lomax- Poisson distribution
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The median of a Lomax-Poisson random variable occurs at S8 2 Ji 1] -1 and clearly is

A

decreasing function.

Now let’s look at the reliability and hazard rate functions of the Lomax-Poisson distribution

e/l(ﬁ%)—a_l

R(x; a,ﬁ,/l) = '—m— , (27)
o (1-«% ~(a+1) ea(m%)_
A(x; 0,B,4) = , x>0, (2.8)

-
ﬁ 1—g _A(H- %)

The reliability and hazard rate functions of the Lomax-Poisson distribution are displayed in
Figures (3) and (4) for selected values of the parameters a, 8 and 1.

Lr T T T 3u T : . T
N
© 08k . . s =
w2 A ¥ ;,’ N ]
5 5(x;,0.7,0.5,0.9) os g h(x,07,05,09) 20
= 3 -1 g A
£ 5{x,0.4,06,03) : .l.n‘(fi_,.l,o‘e ,03)
= s
& 3l @ : E
3 5(x;,02,08,0.1) 04 7 g th(x,_,.z,o.s o1) 10 |- .
g . K ,
«© 02 "
e ] 0 Sty ) L .
0 i i 1 0 2 4 ] 8 10
0 5 10 5 20 %
i time
time
Figure (3): the reliability function of the . Figure (4): the hazard function of the
Lomax-Poisson distribution Lomax-Poisson distribution
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It is clear from Figure (47, that the hazard rate function of the Lomax Poisson distribution has
decreasing fai_iura rate.
3- Distributional Properties

In this Section some properties of Lomax-Poisson distribution will be obtained such as the
rth moment and the moment generating function, in particular the mean, and variance will be

obtained.

(3.1) The rth Moment

The rth moment of the Lomax-Poisson distribution about the origin is given by

- ( LA
E(Xr)=-—“5——f (1+ ) a+1) ez(1+p) d

B(e?-1)

E(X") = (‘ef)l) IX <1— (5)_3) e?dz

By using binomial expression E(X") can be expressed as,

Jeebos

ry o CBY s (T 28 e ATE
E(X") = (e-1) Yj=o(- 1) (_I) Az Y=o (k—§+1)ki

r=123,.. 3.1)

In particular, the mean of the Lomax Poisson distribution will be obtained by substitute r = 1
in (3.1), then

B 1 o _lk—%"'l /’lk+1
EX) = ) Az Zk=0(—k:§;;)‘,; Y=o Germ (3.2)

For the more, the second moment of Lomax-Poisson distribution is given by substitute r = 2

in (3.1), then
) Jk-341 Jea pyen
E(X*) = &) 1 -y [/1 « D= o"—""‘( EreyY Zk 0“——(k T Zie=0 gzt | B3

Therefore, the variance of Lomax-Poisson takes the following form

2
© 2 o ® 1 ©
ﬁz 2 pLir-at 1 k1 1 Ak-att FLaa)
V)= Aa - 2A - Az -
W= @D Z(k_ Z ) : Z Z(IH DK! (e"- D kZ) T a &G D

M(k-.—u
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{32y Moment Generating Function
£y J &

The moment generating function of the Lomax-Poisson distribution is given by the following
=yt
My (6) = 3= .

From (3.1), the moment generating function takes the following form

- 1 o (=B g (T L Qe Ak-{;“
O S T () s o

4- Different Methods of Estimation

In this Section different methods of estimation of the unknown parameters for Lomax
Poisson distribution will be studied. Four method of estimation will be considered namely,
maximum likelihood, moments, least square and weighted least squares.

(4.1) Maximum Likelihood Method (ML)

‘ Maximum likelihood method of estimation is one of the most popular methods for
estimating the unknown parameters of continuous distributions because of its attractive
properties, such as consistency, asymptotic- unbiased, -asymptotic-efficiency; -and—asymptotic
normality. ‘ : o

Let x,x,,..,%x, be observed random sample of size n from a Lomax—Poisson distribution
with parameters @, 8, and 4, the likelihood function based on observed sample is given by

-(a+1) no(145)7%
L(o:, B, A; x) = " )" 'B—n = (e’l Z 1)71 H?=1 (1 + % eAZ.=1(1+p)
For simplicity write L(a, 8, 4;x) to be L, taking the natural logarithm of L then,
InL = nina + nind - ning - nin(e? - 1) - (@+ 1)I%, In (1 + %) +AYN, (1 + %)—a (4.1)

The maximum likelihood estimates (MLEs) of «, B,2, say &,8,1, are obtained by setting the
first partial derivatives of (4.1) to zero with respective to @, and A, respectively. These
simultaneous equations are

e ain(105)- 258 (14 3) T (14 D) = 0 (42)
a;’;L = -2+ (@+ D) Zz‘:laf%T) (gi) s @AY, (14 %)_(a“)% =0 (4.3)
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o3 =0 4.4

/s

It may be noted that this is an implicit equations in &,/ and A, so it can not be solved
analytically. Numerical iteration method will be proposed to solve these nonlinear equations.

(4.2) Moments Method (MM)

Let X;,X,, ...,X, be an independent and identically distributed random variables, each
has the Lomax- Poisson distribution with parameters «, and A, then their first, second and
third population moments are given respectively from (3.1) as

k-—+1 A"“

E@X) = (" 1) [A Zi= O(k +1)k' Lic= =0 (k+ 1)kt |’

E(x2 /1 A"'E“ k——+1 Ak+1
+
(x) = (A 1) * D= =0 (k-Zea)kr Z" O(k B ie= =0 Qe+ 1)kt |’
and
A.k'?l k--lz;+1 1 Ak_?l 1k+1

£ |

ERTE e R e |

Let xl, , e X, be a random sample each has LP distribution, then the rth sample moment is
= Zl 1% . In particular, the first, the second and the third sample moments are given
respectlvely

2lsgm co 0 beom o2 ;o lem 3
17 ;Zi=1xi: mp = gZi=1xi ;and 7hy = ;Zi=1xi'

The moment estimators (MEs) of @, 8 and A denoted by @& , B and 1, are obtained by equating
the sample moments with the corresponding population moment as

B | sa 2w Sl B
P S 1 o Iym . .
(efi-1) Ay Zic=o (k—-é;+1)k! Zic=o (k+1)k' o Li=1 X (4.5)
o 2 J S oY 1 R S 2,k
Blz Ay oo 2.1 @y _ Aﬁz P Ay 23} _ i n 2
(321_1) [ 1 Zk:O (k"r-+1)k! 2 1 Zk—o (k +1)k' Zk =0 e 1y0t (k+1)k' T L 4i=1 Xi (4.6)

o k=1 k+t
1

1
381 veo = _1_ n 3
3 /111 Zk:O (k = +1)k! Zk =0 (k+1)k!] n Zf=1 Xj (4'7)
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The moment estimators of the parameters «, f and 4 of the Lomax Poisson disiribution can be

obtained by solving equations (4.5), (4.6) and (4.7) numerically.
(4.3)Least Squares and Weighted least Squares Methods

For the estimation of probability distribution parameters, the least square (LS) method is
extensively used in reliability engineering and mathematics problems. The method can be described as
follows: Suppose x;, X3, ..., X, is a random sample of size n from distribution function (2.6) and

X(1) < Xz < v < X(n) denotes the corresponding ordered sample. According to Johnson et al.
(1995) '

(F(X(,'))) 'l' 1,2,..n and V(F(Y(l))) = _’.("_“‘i_l.)._

(n+1)%(n+2)

The least squares estimators (LSEs) of the unknown parameters can be obtained by minimizing the
following quantity with respect to the unknown parameter

Yis [F(X(i) - "i—‘]z

n+l

Therefore, the least square estimates of the unknown parameters ¢, §, and A denoted by; @&, , 5,
and 1, respectively, can be obtained by minimizing

- 2
(1420
Z?ﬂ[@{—l)[e‘— ) ]— ﬁ] (8

with respect to ¢, f and A

The weighted least squares estimators (WLSES) of the unknown parameters can be obtained by
minimizing

2
Zl 1 Wi [F(X(z T

n+l1

with respect to the unknown parameters. Therefore, in the case of LP distribution the weighted
least squares estimators can be obtained by minimizing

SEwi [FX) = E(Fx)]

1 _ (n+1)*(n+2)
var(F(Xg) | i(n-i+1) . Therefore, the

weighted least squares estimators &; , f; and /13 of @, f and A of Lomax-Poisson distribution
can be obtained by minimizing,

with respect to the unknown parameters where w; =
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(4.9)

with respect to @, 8 and A.

5- Simulation Study

It is very difficult to compare the theoretical performance of the different estimators
proposed in the previous Sections. Therefore, an extensive simulation study will be carried out to
compare the performances of the different estimators, mainly, with respect to their biases and
MSE’s, for different sample sizes and for different parametric values. The simulation procedures
are described through the following algorithm

Step (1): A random sample x,x,,...,x, of sizes n= 10 (10) 50 are sélected, these random
samples are generated from the Lomax- Poisson distribution by using the following

1
transformation x;; = [% Infe? - u;; (e* - 1)] 7@ - 1], i=12,.,n, j=12.,nand u

are random sample from uniform (0,1).

Step (2): Different values of the parameters will be selected as, & = 0.5(0.5)2, B =1, and
A =0.5(0.5)2.

Step (3): The maximum likelihood estimators @ , 8 and A will be obtained by solving the
nonlinear equations (4.2), (4.3) and (4.4). The moment estimators &, ,f; and 11 can be obtained
by solving.the non-linear equations (4.5), (4.6).and.(4.7). ). Also, The LSE’s.and WLSE’s of a,p,
~and A can be obtained by minimizing equations (4.8) and (4.9) with respect.to o, §, and A
respectively. :
Step (4): Steps from 1 to 4 will be repeated 1000 times for each sample size and for the selected
sets of parameters. Then, the biases and MSEs of different estimators of unknown parameters are
computed.

- Simulation results are reported in Tables 1 to 4. From these Tables, the following
conclusions can be observed on the properties of estimated parameters from the Lomax Poisson
distribution : ‘ '

1- The MSEs for the MLEs of both parameters a and A are smaller than the MSEs for the other
methods of a and A in almost all the cases.

2 - The MSEs for the MEs of f is smaller than the MSEs for the other methods in almost all the
cases.

3- For all methods of estimation, it is clear that biases and MSEs decrease as sample sizes
increase.

4- For fixed value of A and as the value of shape parameter  increase, the biases and MSEs for
estimators based on maximum likelihood method are increase.
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5- For fixed value of & and as the value of shape parameter 1. increase, the MSEs for moment
estimaiors are approximately constant.

6- The biases and MSEs for the LSEs and WLSEs are approximately constant, when A is
increasing, for all the values of « in almost all the cases. :

7- The MSEs for MLEs, for all parameters values, are the smallest among the other estimators.

6-Conclusions

In this paper, a new distribution called the Lomax Poisson distribution with three
parameters will be introduced. The plots of PDF, CDF, reliability and hazard functions are
presented to show the flexibility of the new distribution. Some mathematical properties such as
the rth moment and moment generating function are derived. Estimation problem of unknown
parameters for Lomax Poisson distribution based on different methods will be provided.
Maximum likelihood, moments, least squares and weighted least squares methods of estimation
are considered. The biases and MSEs will be calculated, to compare different estimators, via
simulation.

In general it is observed that the biases and MSEs of all parameters decrease as
sample size increases. Furthermore the MLEs & and f are better than the other
estimators relative to their biases -and MSEs. While—the—moment—estimates—f-are—better
than the other estimators relative to their ‘biases and MSEs. This study revealed that the
estimators based on maximum likelihood method perform the best among - rest
estimators, in approximately, most situations.
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Table (1}: Resulis of simulation study of Biases and MSEs of estimates for different values of
parameters {a, f#, A} for the Lomax- Poisson distribution.

Set of parameters

Sample Size|Methad] Properties|l@ =0.5 , f =1, 1=05)| @ =05, =1, A=1)|{a=0.5, f=1,A=15)| (=05, 8=1,41=2)
ML Bias 0,013 0.166 0.054 | 0.049 0075 0.041 | 0.077 0,016 0023 | 0.122 - -0074 0,017
MSE | 0012 © 0.181 0012 ] 0.017 ' 0127 0.009 | 0.024 0088 0004 | 0037 0072 0.003
n=10 | MM Bias |-0.180 0.026 -0.052}-0.200 -0.017: -0.082 | -0.308 -0.016 -0.018] -0.197 -0.001 -0.027
MSE | 0.034 0008 0033 004 0533 0714 | 0163 0022 0.032] 0039 0001 0.068
LS Bias 0.083 0131 -0490{ 0108 -0.015 -0.200 | 0.168 0.117 -0.496f 0.187 0.102 -0.497
MSE | 0.039 0.40 0.243 ] 0.027 0.015 0.040 | 0.065 - 0098 0247] 0076 0.053 0.248
WIS | Bias 0.134 - 0037 - 0.004 { 0.124 0,013, -0.499 § 0113 0004 0004] 0111 - 0.005 -0.500
MSE | 0.029 0050 0.24710.028 0061 0249 | 0.027 ‘0.020 00251 0.032 0.016 -0.250
ML Bias. | -0.022 ~-0.001 . 0.007 { 0.011 -0.081 -0.006 | 0.033 -0.141 -0.014{ 0.061 0195 -0.019
MSE | 0.004 0049 0003 | 0005 0040 0001 | 0008 0043 0001 0012 0058 0.001
n=20 | MM Bias |-0.190 0.012 -0.018|-0.192 0.009 ' -0.130 | -0.195 0.005 -0.086] -0.196 0.004 -0.077
‘ MSE | 0.038 0.002 0296|0038 0001 0234 | 0039 0001 0160} 0039 0.008 0.147
LS Bias 0.085 - 0.139 -0.486] 0.011 .-0.057. -0.020 | 0.715 ~ 0338 0.011] 0.232 0105 -0.494
MSE | 0.036 0.084 0.241770.021 0012 0.040 | 0.083 0.090 0.243] 0097 0.054 0.246
WLS | Bias | 0.144 ' -0.015 -0.100} 0.132 -0.037.°-0.100 | -0.126 - -0.035 -0.100{ 0.115 -0.029 -0.100
, MSE | 0,027 0.034 0.009 |0030 0023 0010 | 0031 0019 0010] 0030 0013 0010
ML Bias: | -0,031 -0.066 -0.015 -,0.’005"-0.122 -0.024 1.0.016 -0.189 -0.034} 0044 -0.222 -0.035
MSE | 0003 0027 0.001]0003 0.033! 0.001 | 0,001 0.050 :0.001} 0.006 0.060 0.001
n=30 | MM | Bias |-0185 0014 -0.192(-0.188 0009 -0.142 | -0.192 0,009 -0,132 -0.194 -0.007. -0.106
1 “MISE=|70:037-+°0:002 - 0:3017}-0:038 - 0:001 - 0.207{°0.038 - 0.001".-0;214"| 0.039 0001 0,187
LS Bias. | 0,123~ -0.064 -0.200| 0.038 -0.074  -0.200 | 0.105 - -0.052 -0.200] 0.088 -0.032 -0.200
MSE | 0.022 0015 0.040 | 0.066 0012 0.040 | 0028 0009 0040] 0022 0007 0.040
| WIS | Bias '} 0.146 -0,054 -0,100 | 0.137-0,055 :-0,100 | 0.132 - -0.046 -0.100{ 0.121 - -0,038 -0.100
: MSE- | 00270079 :0.009| 0.028 0,034 - 0.010 | 0033 - 0.015-0010{ 00330013 0.010
ML | Bias |-0.040 -0.081 -0.024(-0015 -0.143 -0.035 | 0.007 -0.200 -0.043| 0.034 -0.242 -0.046
MSE 10,003 0,023 -~ 0,001] 0.002 ' 0.033~ 0.002 | 0.003 - 0.050 0,002 0.004  0.066.0.002
n=40 | MM | Bias |-0.184 0015 -0.206}-0.188 0012 -0.170 | -0.191 0012 -0.144}-0.193 0,007 -0.102
MSE | 0.037-:0.002--0.342:1°:0.037° '0.001 0,271 | 0.038 - 0.001 - '0.237:}-0.039 - 0.001 0.166
LS Bias 0.121 --0,080 ~ -0.200 | 0.114 -0.079 -0,200 | 0.111 -0.057 -0.200 0.095 ~-0.034 --0.200
MSE - { 0.020 - 0.015 0.040] 0,025 0.014 0,040 | 0.031 0.010 0.040] 0.028 0.007 0.040
WLS | Bias.:} 0124 -0201 -0300]0.105 -0.229 -0.300 | 0.096  -0.240 -0,300] 0.080 -0.249 -0.300
MSE ] 0.023 012 0.090 )0.020 0062 0.080 | 0.024 . 0.067 0090 0.028 0072 0,090
ML Bias | -0.040 -0.094 -0.0311-0.015 -0.143 -0.035 ] -0.008 -0.208 -0.050| 0.025 -0.249 -0.054
MSE | 0.003 0.020 0.002 70002 0033 0.002 | 0002 0.050 0.003] 0.003 0.068 0.003
n=50 | MM | Bias |-0.182 0.019 -0.262-0.182 0.014 -0.201 | -0.191 -0.011 -0.153] -0.191 -0.013 -0.132
: MSE | 0036 0.002 0.455 0.037 0002 0304 | 0039 0533 0394] 0039 0513 0427
LS Bias 0.121 -0.085 -0.200) 0.038 -0.08 -0.200 | 0.105 -0.064 -0.200{ 0.096 -0.037 -0.200
MSE | 0021 0015 0040 | 0066 0.014 0040 | 0027 0010 0040 0.029 0.006 0.040
WLS | Bias 0.102 -0.226 -0.300} 0.084 -0.255 -0.300 | 0.068 -0.269 -0.300} 0.046 -0.280 -0.300
MSE | 0021 0.075 0.0901]0.019 0079 0.09 | 0020 0084 00901 0020 0089 0.090
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Table (2): Resulis of simulation study of Biases and MSEs of estimates for different values of
parameters («, 3, A) for the Lomax- Poisson distribution.

_ Set of parameters

Sample Size|method| propertiesjla =1, f=1, 4=0.5)|{a=1,8=1, 1=1) la=1,f=1,4=15)|{a=1,f=1, A=2)
ML Bias | 0.216 -0.066 0026 0.241 -0.121.  0.019 | 0.268 -0.178 0.011 | 0.300 -0.224 0.003
MSE ] 0.065 0.057 0.003 ] 0.077  0.062. 0,002 ] 0.094 0.068 0.002 | 0.114 0.076 0.002
n=10 | MM Bias |[-0.199 -0.006 0.016{-0.199 -0.007 0.022|-0.199 0.007 0.028 | -0.199 0.008 0.033
MSE | 0.040 0.001° 0.023 | 0.040 0.001 0.180 | 0.040 0.001 0.019 | 0.040 0.001 0.014
LS Bias | 0.006 0.004  -0.200{ 0.570 0.038.-0.200{ 0.049 0.071 -0.200 | 0.047 0.106 -0.200
MSE | 0.020 0.009 0.040 0.023 0.009 0.040] 0.036 0.013 0.040 | 0.047 0.019 0.040
WLS | ‘Bias | 0.104 -0.013 -0.500| 0,098 0.010: -0.500 0.090 ~0.035 -0.500 | 0.089 . 0.060 -0.500
MSE ]0.039 0.013 '0.250 | 0.054 .:0.012 0,250 ] 0.063 '0.011 0.250 } 0.100 0.013 0.250
ML Bias ‘| 0.145 --0.173. -0.005 0.163. -0.228 -0.013} 0.185 -0.271 --0.019 | 0.211 -0.302 -0.025
MSE 10.026 0.046 . 0.001} 0.033 0.064 0.001]0.042 0.082 0.001 | 0.054 0.097 0.001
n=20 | MM Bias |-0.199 -0.005 0.022 ] -0.199 -0.006 0.025}-0.199 -0.006 0.029 | -0.199 -0.007 0.036
MSE 10.040 0.001 0.008 ] 0.040 0.001  0.120§ 0.040 0.001 0.016 | 0.040 - 0.001 0.011
LS Bias | 0.065 -0.019:-0.200| 0.056 : 0.018 -0.200} 0,054 0.057 . -0.200 | -0.053 0.090 -0.200
MSE ] 0.020 0.006 - 0,040 | 0.024 - 0.006 0.040 | 0.039 -0.009 0.040 | 0.043 0.013 0.040
WLS | . Bias ] 0.094 .-0.052 -0.1004 0,098 --0.021 -0.100} 0.077. -0.001 --0.100.| 0.063 0,021 -0.100
MSE 10,032 0.012°0.010.] 0.041 : 0.009 0.010] 0.036 - 0.007 ~0.010 ) 0.035 .0.005 0.010
ML Blas ] 0.012: -0.205 -0.0211:0.133 -0.258 -0.025] 0.146 --0.299 -0.027 { 0.165 -0.329-0.029
MSE - 0.017 ’ 0,051 -0.001 | 0.021  0.073 - 0.001 0,026 0,094 0.001 | 0.034  0.112 10.001
n=30 1 MM Bias. | -0.199 --0.004 0,012 -0.199. -0.004. 0.018 |-0.199 . 0.006- 0.025 | -0.199 -0.006 0.029
| MSE | 0.040 0.001 0.023 0.040.-:0.001 0,018 ] 0.040. 0,001 0.050 | 0.040 :0.001 0.020
LS Bias | 0.072 --0.024 -0.200{ 0.038 0.015 -0.200] 0.038 . 0.052 -0.200 | 0.058 - 0.087 -0.200
MSE | 0.024 0.005 0.040 | 0.066 0.004 0.040 0.066 :0.006 0,040 ].0.045 - 0.011 -0.040
WLS |- Bias ].0.113 -0.061 --0.1001 0,112 ‘-O.QSZ -0.1001.0,078 - -0.018 -0.100.] 0.068  0.040 -0.100
MSE 1"0.044.:0.013 . 0.010| 0,051 0.0100.010 | 0.029 0.005 - 0,010 | 0,030. 0.009. 0.010
ML Bias | 0.107-:-0.220 -0.032| 0.117  -0.271 -0.035]0.125 -0.312 -0.034 | 0.136 -0.343 -0.033
: MSE ) 0.013..0.054 .-.0.001 | 0.016 ::0.078 : 0.001{-0,018 - 0.101  0.001. | 0.022 0,120 0,001
n=40 | MM Bias~ {-0,199 -0.004 0.012(-0.199 -0.004.0,0131-0.199. -4,830 0,021 | -0.199 0.006 :0,036
MSE -} 0.040 - 0.0010.017:§ -0.040.:0.001 ~0.024 {0.040  0.001 = 0.018 ].0.039 '0.001 : 0.003
LS Bias - 10.012 -0.028 -0,200-0.038 . 0,006 -0.2001 0.038 .0.046 - -0.200 | 0.053 0.086 -0,200
MSE { 0.016 - 0.004 - -0.040 | 0.066 - 0,003 - 0,040 | 0.066 0.005 0.040 | 0.036 0.010 0.040
WLS | Bias | 0.050 -0.269 -0.300 0.046 --0.264 -0.300| 0.044 -0.248 -0.300 | 0.062 -0.217 -0.300
MSE | 0.026 0.079  0.090 | 0.039 0.077 0.090] 0.056 0.070 0.090 | 0.091 0.056 0.090
ML Bias 0101 -0.233 -0.039} 0.111 -0.281 -0.042| 0.115 -0.321 -0.042 | 0.120 --0.353 -0.038
MSE ] 0011 0.059 0.002] 0.014 0.083 0.002]0.015 0.106 0.001 | 0.017 0.126 0.002
n=50 MM Bias |[-0.199 -0.003 0.005 | -0.199 -0.004 0.013 {-0.199 -0.006 0.028 | -0.199 -0.005 0.032
MSE | 0.040 0.001 0.024| 0.040 0.001 0.019] 0.040 0.002 0.005 | 0.039 0.001 0.001
LS Bias ] 0.038 -0.029 -0.200 0.038 - 0.007 -0.200{ 0.049 0.044 -0.200 | 0.038 0.085 -0.200
MSE ] 0.066 0,004 0.040] 0.066 0.002 0.040] 0.024 0.005 0.040 | 0.066 0.009 0.040
WLs | Bias ] 0.027 -0.285 -0.300| 0.006 -0.292 -0.300| 0.013 -0.271 -0.300 { 0.007 -0.247 -0.300
MSE 10.016 0.087 0.090| 0.029 0.093 0.090 | 0.044 0.082 0.090 | 0.038 0.068 0.050
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Tabie (3): Results of simuiation study of Biases and MSEs of estimates for different values of
parameters («, B, A) for the Lomax- Poisson distribution
I

Set of parameters _
SmpleSize |Method | Properties[{a =1.5 , f =1, A=0.5)f{a=15,f=1, A=1) fa=15,8=1, =15 |{a=15,p=1, 1=2)
ML Blas | 0315 -0.168 0017|0347 -0.229 0005| 0367 -0.264 -0.004| 0414 = -0.296 -0.014
MSE | 0117 0058 0002) 0142 0071 0003] 0159 0085 © 0.003 | 0.198 0.098 0.004
n=l0 [ MM Bias |-0.202 -0.012 0040} -0.199 -0.009 0028 -0.200 -0.010 . 0.062 | -0.199 -0.009 - 0.028
MSE | 0046 0.006 0030|0040 0001 0026] 0042 0001 0657 | 0.040 0.001 0.032
LS Blas | 0078 0.033 -0500} 0039 0.113 -0.200{ 0006 0026 -0.500 | -0.014 © 0,028 -0.500
MSE | 0.064 0007 0250|0043 0020 0040{ 0042 0.003 0250 | 0033 0003 0250
WLS Blas | 0.085 0.037 -0.500] 0076 0061 -0.500] 0080 0.088 : -0.500 | 0.066 - 0.107 '-0.500
MSE | 0072 0011 0250008 0012 "0250| 0107 0.017 - 0250 | 0.122 0,020 0.250
ML Bias | 0225 -0.254 -0013]0.254 -0.294 -0.023] 0271 -0.323 -0,033 [. 0309 -0.348 --0.043
MSE 10057 0074 0.00L] 0072 0092 0001 0083 0109 0002 | 0107 0124 0.002
n=20 | MM Bias |-0.199 -0.008 0039{-0.199 -0.008 0038] -0.199 -0.008 0.047 | -0.203 -0.011  0.538
MSE | 0040 0001 0.012] 0040 0001 0018} 0040 0001 0.009 | 0.050 - 0.002 .0.028
LS gias | 0071 0030 -0.500] 0.037 0.097 -0.200] -0006 0025 -0.500| -0.032 0.024 -0.500
MSE |0.058 0004 0250} 0029 0014 0040} 0038 0.003 0250 | 0.035 ' 0.003 10,250
Wis | Bias ] 0063 . -0.006 . -0.100] 0.056 ~ 0.024 -0.100| 0.042 - 0.052 :-0,100 | 0.055 - 0.085 -0.100
MSE | 0.028 0,005 - 00104 0.0330.005 0.019_ 0,031 00070010 | 0075 0012 0.010
ML Bias | 0187 -0291 -0.023] 0.206 - -0.321 -0.029] 0228 -0.350 -0.041| 0264 ® -0.364 -0.050
MSE ] 0,039 0.089 0,001} 0048 0106 0115} 0.059 0,124 0,002 | 0076 0134 0,003
n=§0 1-MM Bias | -0.199 -0,006 . 0.040.] -0.199 - -0,008 ~ 0.047:-0,199 = -0.006  0.047.].-0,199 . 0.006.--0.047.
- MSE .}.0.040 0,001 0,008 ] 0.039.0.001 - 0.008] 0.040 0,001 0009} 0,040 0001 0,015
LS Bias ] 0.046 0,057 - -0,200) :0.038 0100 -0.200} 0050 0132 -0.200 | 0.038 0,165 ~-0,200
MSE | 0.026 -0.007 0,040 0066 0014 0.040{ 0.054 = 0021 0,040 { 0048 0030 0.040
WI.S Bias '} 0.081- -0.019. -0.100] 0.057 0.0Q4 -0,100] '0.054.0.034-- -0,100.| 0.064 . 0.065 -0.100
MSE 1| 0042 0,006 0010} 0031 . 0004 0010 0,035 0.005  0.010 ] 0076 0008 ~0.010
ML Bias | 0163 -0303 -0028{ 0173 0337 -0,031] 0195 -0.361 :0.040| 0.228 ~-0378 -0.051
MSE | 0.029 - '0.095 0.001]0033 0116 ~0.001}:0043 0132 0002 | 0058 " 0,144 -0.003
n=40 | MM Blas {-0.199.:-0.007 - 0.037 | -0.199 ~ 0.008 0048 -0,199 - -0.009 0.049 ] -0.199 .-0.009 - 0.049
: mMsE 10039 0001 0013|0039 0001 0004] 0040 0001 0012 [ 0,040 0000 0.015
LS Bias | 0.035 = '0.053 +-0.200] 0,038 - 0.093 -0,200] -0.040 = 0.129 - --0.200| 0.038 - 0.163 . -0.200
MSE 10,018 - 0005 0.040] 0.066 0012 0040} 0043 0019 0.040 | 0054 ~0.029 0.040
wLs | Bias ‘| 0026 -0253 -0300]0.056 -0.216 -0300f{ 0.066 -0.182 -0.300| 0.061 -0.153 -0.300
MSE | 0061 0072 0090) 0099 0053 0090] 0.111 0040 0080 | 0107 0.029 0.090
ML Bias | 0151 --0.312 -0.033] 0.150 -0.349 -0.034| 0.165 - -0.373 -0.037| 0184 0,391 -0.044
MSE ]0024 0100 0001} 0025 0124 0001} 0031 0141 0002 | 0040 0153 -0.002
n=50 | MM Bias |[-0.199 -0.006 0.041-0.198 -0.007 0040 -0.198 -0.008 0.044 | -0.198 -0.008 0.049
' MSE | 0039 0001 00070039 0001 0011f 0039 0.001 0009 [ 0.039 0001 0.008
LS Bias | 0045 0.052 -0.200] 0.043 0,091 -0.200| 0043 0128 -0200| 0.037 0.162 -0.200
MSE {0025 0005 0040) 0027 0011 0040 0037 0019 00401 0057 0028 0.040
-WLS Blas |-0.008 -0.276 -0.300] 0.009 -0.242 -0.300] 0.007 -0.210 -0.300| 0004 -0.181 -0300
MSE | 0.048 008 0090|0067 0066 0090} 0054 0049 0.090 | 0.053 0.037 0.090
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Table (4}: Results of simulation study of Biases and MSEs of estimates for different values of
parameters (a, f, A) for the Lomax- Poisson disiribution.

. Set of parameters

SampleSize|Method | Propertiesf (¢ =2 , =1, 1=0.5)] (a=2, =1, A=1) [la=2,8=1, A=15) | (a=2,f=1, 1=2)
ML Bias | 0.401 : -0.234 0.008] 0.213 - -0.374 -0.045] 0.464 -0.306 0.018{ 0.505 -0.331 -0.030
MSE | 0.178 . 0.071 ' 0.003) 0.050 - 0.141 - 0.002] 0.240 0.102 0.004] 0.284 0.115 - 0.003
n=10 | MM Bias | -0.200 -0.009 0.038]-0.200 -0.009 0.028] -0.202  -0.009 0.036] -0.200 -0,009 0.021
MSE | 0.040 0.001 - 0.019] 0.040 0003 .034 | 0.045 0001 0.029] 0.040 0.001 0.041
LS Bias | 0.017 0.029 -0.500] 0.016 0.169 -0.200{ -0.039 0.025 -0.500| -0.064 0.023 -0.500
MSE | 0.040 0.003 :0.250] 0.037 ~ 0.034 0.040] 0.033 0.003 0.250| 0.034 0,003 0.250
WLS | Bias | 0.063 0.076 ;-0.500{ 0.066 = 0.102 '-0.500{ 0.030 0107 -0.500{ 0.022 0.108 -0.500
MSE | 0.070 : 0.014 ' 0.250| 0.098 ° 0.018 0.250] 0.063 0.021 0.250| 0.092 0.026 0.250
ML Bias | 0.297 -0.302 -0.024 0.327. -0.329 -0.036] 0.356 ~-0.354 '-0.049{ 0.403 - -0.369 -0.062
MSE | 0.094 0.096 0.001 0.115 0.111 0.002| 0138 0127 0.003] 0.178 °0.138 0.005
n=20 | MM Bias | -0.201 -0.009 0.041}-0.199 -0.009 0.036} -0.199 -0.979 0.037{ -0.205 -0.012 0.027
MSE | 0.044 0001 0023] 0040 0.001 0.021] 0040 0001 0.026 0.079 0.008 0.033
LS Bias | -0.001 0.026 -0.500] 0.038 0.162 -0.200 -0.047 0,240 -0.500 -0.068 0.023 -0.500
MSE | 0.039 0003 0.250} 0.066 0.030 0.040| 0032 0003 0.250| 0.032 0.003 --0.250
WLS | Bias | 0.045 - 0.043 -0.100| 0.042 0.075 -0.100| 0.040  0.106 -0.100 0.035 0.136 . -0.100
MSE | 0.038  0.006 0.010] 0.043 0.009 0.010] 0.063  0.016 0010 0.079  0.023 0.010
ML Bias = {0,257 ‘-0.322;'-,0.034 0.279 = -0.348 -0.045( 0.307 - -0.368  -0.055] 0.344  -0.383 -0.066
MSE | 0.070.0.106 ' 0.001] 0082 0123 0.002] 0099 0137 0003] 0126 0.148 0.004
n=30{ MM Bias | -0.199 -0.009. 0.0431-0,201  -0.012 ~ 0.052] -0.199 . -0.009-0.046} -0.200 -0.009 - 0.055
MSE | 0,040 0.002 0.024] 0.044 0013 0.082] 0.040 ~0.001 0014} 0.042 0.001 0.382
LS Bias |- 0.036 ~~0.120 -0,200{ 0.034 -~ 0.155 -0.200| 0.015 - 0,187 - -0.200].-0.001. 0.217-0.200
MSE: ] 0.043 ~0.017- 0,040 0.059  -0.027 - 0.040] 0.037 " 0.0370.040] -0.036 -~ 0.049 /0,040
WLS | Blas | 0.051..0.023 -0.100} 0.050 . 0.054 -0,1001 0.056  0.086 -0.100} 0.050.. 0.117 -0.100
o MSE: -] 0.041 0,004 0010} 0,057 0,006 0,010 0,111 0,012 ~0.010{ 0.077: 0.017 0.010
ML Bias | 0.222  -0.341 -0.037{ 0.244 - -0.361 -0.047{ 0.272 ~ -0.381 -0.059] 0.303 - -0.394: -0.069
MSE -] 0.053 0.118°0.002§ 0.063 - '0.131 -0.003] 0.079 - 0.146 -0.004]| 0.096 0.157 0.005
n=40. | MM Bias .| -0.199 --0.009 0.041]-0,199. -0.009 .-0.0351-0.199 - -0.009 ::0,042] -0.199. -0,009 0.029
MSE | 0.040 0.0010.018} 0.039: -0.001 = 0.025] 0.040°0.001 :0.022] 0.039.  0.001 0.020
LS Bias -] 0.047 - 0.119 -0,200{ 0.238 --0.152 -0.200] 0,009 - 0.183 -0.200] -0.010 0.213 -0.200
MSE | 0.052 0.017 0.040{ 0.066 0.025 ~0.040| 0.037 = :0.036 0.040] 0.025 -~0.047 ~0.040
WLS | Bias | 0.041 -0.197 -0.300] 0.046 -0.165 -0.300| 0.044 0.134 -0.300] 0.038 -0.106 -0.300
MSE | 0.087 0.045 0.090] 0.088 0.032 0.090} 0.093 0.023 0.090| 0.084 0.016 0.090
ML Bias | 0.187 -0.353 -0.035} 0.207 -0.349 -0.044} 0.234 -0.390 -0.055{ 0.269 -0,402 .-0.067
MSE | 0.038 0.126 0.001] 0048 0.123 0.002] 0.060 0,153 0.003] 0.076 0.162 0.005
n=50 | MM Bias | -0.199 -0.009 0.546{ -0.203 -0.014 0.049] -0.210 -0.020 0.053f -0.205 -0.013 0.034
MSE | 0.040 0.001 0.014] 0.057 0.017 0.026] 0.169 0.122 0.017] 0.079 0.016 0.023
LS Bias | 0.041 0.116 -0.200{ 0.038 0.153 -0.200| 0.017 0.184 -0.200f -0.009 0.213 -0.200
MSE | 0,041 0.016 -0.040| 0.066 0.025 0.040| 0038 0.035 0.040| 0.018 0.047 0.040
WLS | Bias | 0.008 -0.220 -0.300| 0.016 -0.185 -0.300{ 0.004 -0.160 -0.300{ 0.005 -0.132 -0.300
MSE | 0.045 0.053 0.090f 0.087 0.039 0.090{ 0.076 0.030 0.090| 0.091 0.022 0.090
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Maximum Likelihood Estimation of the Parameters for

@

lxponentiated Weibull Poisson Distribution Based on Generalized
Order Statistics
Abd-Elfattah, A. M.,' Amal S. Hassan' and Said, G. Nasst”

Abstract

This article, discusses maximum likelihood estimators of the unknown parameters for the
exponentiated Weibull Poisson distribution based on generalized order statistics. Asymptotic
variance and covariance matrix of the estimators are given. In addition, confidence interval for
parameters of GOS is obtained. Progressively type-lI censored as a special case of generalized
order statistics are considered. Furthermore, a simulation study is included for illustrating the
precision and variations of maximum likelihood estimators for different sample sizes via
Mathcad (14) statistical package.

Key words: Generalized order statistics; Exponentiated Weibull Poisson distribﬁtion; Maximum
likelihood method; Fisher information matrix; Progressively type-II censored.

1. Introduction

Order statistics and record values play an important role in statistics and its applications,
reliability theory and life testing. Their distributional and stochastic properties have been studied
extensively in the literature. However, they can be considered as special cases of generalized
order statistics (GOS) that have been introduced and extensively studied by Kamps (1995). It
represented can be considered as enable a unified approach to several models of ordered random
variables such as ordinary order statistics, record values, sequential order statistics and
progressively type Il censored order statistics.

The statistical properties and the estimation problems based on GOS for some life time
distribution are studied by several researchers, Ahsanallah (1996) studied the distribution
properties of GOS for a uniform distribution. Habibullah and Ahsanullah (2000) obtained the
estimates of the parameters of Pareto II distribution based on GOS. Their estimators based on
order statistics and record values are shown to be special cases of their estimators. Ahsanallah
(2000), studied some distributional properties of GOS for the two parameters exponential
distribution. Jaheen (2002), considered the prediction of future for a general class of distribution.
Jaheen (2005) estimating the parameters of the Burr type XII distribution based on GOS and
upper record using maximum likelihood estimate (MLE), Bayesian and approximate Bayes.’

Mailinowska et. al. (2006) derived the minimum variance linear unbiased estimators
(MVLUE) and MLE based on n-selected GOS. Aboeleneen (2010) discussed Bayesian and non-
Bayesian estimation based on GOS for Weibull distribution. He obtained the estimators of the

! Institute of Statistical Studies & Research, Cairo University, EGYPT. .
% PhD. student of Mathematical Statistics, Institute of Statistical Studies & Research, Cairo University, EGYPT.
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parameters and confidence intervals for progressively censoring fype I and record values.
Burkschat (2010) derived the best linear unbiased estimators (BLUESs) and best equivariant
estimators in location and scale families of GOS for generalized Pareto distribution.

Recently, Abo-Elfotoul, ef. al. (2011) obtained the estimators of the unknown parameters
of the Weibull extension model based on GOS using maximum likelihood and Bayesian
methods. Ateya et. al. (2011) used the maximum likelihood and Bayes methods to obtain the
estimators of a truncated type I generalized logistic distribution. They compared these methods
by computing the mean squared errors of the estimates in both cases considering order statistics
and upper record values cases. Also, they used Bayesian prediction intervals for the future GOS
based on one sample scheme. Abd-Ellah (2012) obtained the estimators of the unknown
parameters of the inverse Weibull distribution based on GOS using maximum likelihood and
Bayesian methods. He examined Bayes estimates under various losses such as the balance
squared error and balance LINEX loss functions.

This article can be organized as follows. In Section 2 the exponentiated Weibull Poisson
(EWP) distribution is introduced as a lifetime model and the test method is also described,
Section 3 presents point and interval estimates of parameters for the EWP based on generalized
order statistics using maximum likelihood method. In section 4 the approximate asymptotic
variances and covariances matrix are investigated. Section 5 explains the simulation study for
illustrating the theoretical results. Finally, conclusions are included in Section 6. Tables are
displayed in the appendix.

2, The Model and Concept of GOS

The exponentiated Weibull Poisson is a new distribution with four parameters presented
by Mahmoudi et. al. (2012). This distribution obtained by compounding exponentiated Weibull
and Poisson distributions. This distribution contains several lifetime sub-models such as:
generalized  exponentiated Poisson, complementary Weibull Poisson, complementary
exponential Poisson, exponential Rayleigh Poisson and Raleigh Poisson distributions.

If failure time X follows EWP distribution, then its probability density function (pdf) -
is given by

A A=l ? oyl g
f(x;a,l,&,ﬂ):——————aﬂea’gf e #1) (l—e'(”") ) exp[@(l—e #x) ) ];
( 27

x>0, 0,4,6,>0

@.1)

The distribution function is given by

exp[@(l—e'(p"))' )a}-—l

T 0 x>0, a,4,0,8>0 (2.2)
e —

F(x;a,1,0,06)=

Mahmoudi et. al. (2012) obtained several properties of the new distribution such as
reliability and failure rate functions, quantiles and moments. They used the maximum likelihood
method for estimating the parameters of the new model.
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The concept of GOS has been introduced by Kamps (1995). Iis enable a unified approach
to several models of ordered random variables as ordinary order staiistics, sequential order
statistics, order statistics with non integral sample size, record values and progressively type il
censored order statistics.

The random variable X(l,n,m,/c),X(Z,n,m,k),...,X(n,n,m,/c) are called GOS if their joint
probability density function is given by )

f,\’(l,n,m,k),“.,,\’(n.n,m,k)(x(l) ’x{Z) "“’x(n))

_C . [H (Flx)]" s (x(,))) Fleo)] 7 () 23

i=]

F0)<x gy Sx g S.nSX(, <F (D)

2SS
1=l n-l

where, C,_, =kH}/j sV, =k+n—j +Hm, and F(x)=1-F(x)
=l I=) '

In general, it is not easy to find a natural interpretation of generalized order statistics in
terms of observed random samples. So, an interesting special case such as the progressive type II
censored have been used. This model is the most application general models of ordered random
values and is useful in reliability and life time studies.

3. Maximum Likelihood Estimation

The maximum likelihood is one of the most important and widely methods, used in
statistics. The idea behind maximum likelihood parameter estimation is to determine the
parameters that maximize the probability (likelihood) of the sample data. Furthermore,
maximum likelihood estimators are consistent and asymptotically normally distributed. In this
section point and interval estimation for the parameters of EWP distribution based on GOS are
evaluated using maximum likelihood method.

Suppose that X(l,n,m,lc),X(Z,n,m,k),;..,X(n,n,m,k) are 7 _random sample of GOS
drawn from EWP distribution whose pdf is given by (2.1), based on this set of GOS the
likelihood function is

L(x30,1,0,8)=C,., () (A) (6) (8" (=) [ﬁx(ﬁ'}[exp (92 (2. ﬂ

i=l
‘ n _ 3'1
n A n el -1 eg(Ei)a -1 i eg(E")a—l (&-1) ( )
28 E; [T1-——— -
exp( = (ﬂx‘(’)) ) [g( ) ] i<l e’ -1 | e? -1
A A
Bxcq Bx
where, E, = 1‘“9—( ) and E, = l—e'( )
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It is usually easier o maximize the natural logarithim of the likelihood function
than the %ikeiihood iunctlon itself. Therefore, the logarithm of the likelihood function is

lnLrlnC’n_l+nlna+nlnﬂ+nln@+n/%ln,_8-=nln(e”—=1)+(/1—-1)ilnx(,) i(ﬁvm)
=1 =1
" " -1 B(L‘, )id -1 0{E, ) _1 (32)
+(a-1)) In(E,)+8> (E,) +Zm In 1——-—1—- +(k -Dln 1———i-——
f=1 i=t e -

MLEs of «,4,0 and B are solutions to the system of equations obtained by letting the first
partial derivatives of the total log likelihood be zero with respect to @, 4,6 and f, respectively.
Therefore, the system of equations is as follows:

+6’Zn1e (i) (E )aln(E,)(El,)—l

£ e (3.3)
+ew-4k““”<agxnuaXEmf',

a;;f':—n—+ lnﬂ+ZlnA Z 0! I)Ze (ﬂ\(’)J () )E)
n { - pl ’ (s )"
+8a) (E,) e “0) (T)+ a0y me®@F (£,) e\ (1)(E,) (3.4
i=l ‘(ﬂ I);‘l
+(Z9(k —1)86(E”)a (E" )a-le .\’(n) (T”)(,Eln )—l
dlnL n
Y =5+ne‘9( —e ) +Z
.4-"—l n, [e —e %) (£) —ef% /1) 1 o0 001" (E,)"'][(e”-—l)(E“):l~l (3.5)
i=]

(e [e” e (5, ) e 40 ot (£, (0?1, )]

and
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dinl  nAa

i
+9a/12x(”(ﬁx(,.))i—len(ﬂ'\‘(i)) &)
i =l

el " : el ‘
« ) IR % { 4y i X { \"/; Fpr W
B W} ~if~/1{04 »»E;ZJA 0 %ﬂ,\,””ﬁ e )
i=l

S
=
———

(3.6)

A
n=| A=l , S o= -
+a9/1‘§=_}m, (x(i))(ﬂx(i)) 39(51)0!@"(/’ ( )) (E,) I(E”) 1
T A
+a b Alk -1)(,\‘ (n))(ﬂx("))A“lea(ﬁn)“e’(”x(n)) (E,, )"'-l (E.,, )"l ,

N e )% g
where, E“ =[80(Er) _60]’ Eln :_[eﬁ(fn) _eﬂ}’ T’ =(,Bx(i)) ln(ﬂx(i)), and

T, =(ﬂx("))1 ln(,Bx (")).

The estimators &, ,[A? , A and 6 for a, A, and8 can be obtained by setting (3.3) to (3.6) equal
zero. Consequently, the system equations are reduced into four nonlinear equations as follows:

n n . W=l A
a3 (E,)+0D(E,) In(E,)+6Y,m W, In(E)+6(k ~) W, In(E,)=0 3.7)
G el 1=l i=1

%+nlnﬂ“+flnx(,)-i(r,)+(&—1)ﬁ:(A,)+é&i(A,)(E,)
= = /=l S =1 :

=1 (3.8)
+a92(m YW 1) +&8 (k1) (W 1,)=0 :
-5+ne (1 e ) +Z(E) +§(m YW 2)+(k=) (W2,)=0 (3.9)
and

AZ(A1)+;L Z(A2) +081> D2

= (3.10)

o?éﬂzlm (A2,)(W,)+& 0 Ak -1)(42,)(W,)=0

where, I’V =eé(51 )a (E )d (Ell )-l ? Wn :eé([in )& (En )0‘( (Eln )'l ’ w 11 = (pVi )(AI ) ’ |

A N
a =08 e = @ ), = ()
-1 3

W, =[ b _, o (E) bt ‘5,) L oledE? (E,)d][(eé—l)(E|,):] ,Al"=x(”)(ﬁx("))1_l
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Az[ :(A 1/)6 ’\(i) (E‘)—l’ and Azn =(A ln)e‘(px(“)) (E")—l'
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Since the closed form solution to nonlinear equations (3.7), (3.8), (3.9) and (3.10) are very hard
to obtain. Therefore, an iterative procedure is applied to solve these equations numerically using
Mathcad (14) statistical package.

In the following subsection, the progressively type 11 censored sample will be considered
3.1 Maximum Likelihood Estimation Based on Progressively Type IT Censored Data

A progressively type II censored sample is observed as follows: 7 units are placed on a
life testing experiment and only m <r are completely observed until failure. The censoring
occurs progressively in m stages. The m stages are failure times of m completely observed
units. At the time of the first failure (the first stage), R, on (n ——1) surviving units are randomly

withdrawn from the experiment, R, on (n~—R,—2) surviving units are withdrawn at the time
of the second failure (the second stage) and so on. Finally, at the time of the m™ failure (the m™
stage), all the remaining (R n—m=R, —..— _,) surviving units are withdrawn,

Burkschat et al (2007) referred this to as progressively type II censored scheme (Rl,Rz,...,R,,,)

then, the m completely observed failure times denoted by X ,('f,f';;”R”'), i=1,2,...,m. The
progressively type II censored sample X l(’,f'NR’) X ,S'f};;,"'“”'), with censormg scheme
R= (RI,RZ,...,R,,), and R, eN,1<i<n is speéial case of the generalized order statistics with

the parameter m, =R,,i =1,2,..,n~1 and k =y, =R, +1. Therefore, the log likelihood of
progressively type II censored data in equation (3.2), is given by

InL=InC+nlna+n lnﬂ.+nln9+nﬂ,ln,8—(n)ln(e9 —l)+(ﬂ—l)ilnx(,)
=1

G G.11).

iy n i M- é —
_Z(ﬂx(,))*+(a_1)2m(g,)+92(a,)“-E;R,, In| “———
I= I= i= =

Maximum likelihood estimators of «, 1,6 and f are solutions to the system of equations
obtained by letting the first partial derivatives of the total log likelihood be equal zero with
respect to &, 4,8 and B, respectively. Therefore, the system of equations is as follows:

Ol _»n, Z E)+HZE)“‘ n(E)+BZ(R)(W)ln( ,)=0 (3.12)

oo o

2
L
E




iputer Seiences and Cip

Jin i S R L PR o ar PO
a; - in /3, 4 } nx,, =0 (1) +{6 = 1) ) (A) 0, 3 (A)(E )" +é,6 DRV 1) =0
v 1 il

P=| z;| T i =}

| (3.13)
oL n ai G\, < i\ -
TR AL (1 e ) +i=l(E,) ;(R,)(WZ,)—O (3.14)
and
e ”;1 (6 =)342)+6,8 43 (42)(E)" +6,6,4, 32 4207, =0
(i i=l i=l

(3.15)

Since the closed form solution to nonlinear equations (3.12) to (3.15) is very hard to obtain.
Newton-Raphson method is applied for solving this nonlinear equations simultaneously to obtain

A

&, 4,6, and B
3.2. Interval Estimates of GOS

; I L,=L,(ypey,) and Uy=Uy(y,,.,»,) are function of the sample data x,,...,x,
then a confidence interval for a population parameter ¢ is given by

pPlLysp<sU,]=y

where, L 4 and U, are the lower and upper confidence limits which enclose ¢ with probability
7. The interval [L,,U,] is called a 100y % confidence interval for ¢ .

For large sample size, the maximum likelihood estimates, under appropriate regularity
conditions, are consistent and asymptotically normally distributed. Therefore, the approximate

100y % confidence limits for the maximum likelihood estimate ¢ of a population parameter ¢
can be constructed, such that

o, 94
-z < <z]=
pl-z o) z]=y

where, z is the [ (1 ] standard normal percentile. Therefore, the approximate 100y %
confidence limits for a populatlon parameter ¢ can be obtained, such that
plp-z0(@)<¢sd+zo@l=zy (3.16)

Then, the approximate confidence limits for &, 1,8 and £ will be constructed using (3.16) with
confidence levels 95 % and 99 % (see Table 3).
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4. Asymptotic Variances and Covariance's of Kstimates

The asymptotic variances and covariance matrix of maximum likelihood estimates are
given by the elements of the inverse of Fisher information matrix 7, (Q) =) {m@z In L/@H, 99, }
Unfortunately, the exact mathematical expressions for the above expectation are very difficult to
obtain. Therefore, Fisher information matrix is given by/ y (g)s{—az lnL/aé’,aé?j}, which is
obtained by dropping the expectation on operation £ and replaced &, 4,6 and B with &, 1,8

and ,f;' respectively [Cohen (1965)]. The asymptotic variance covariance matrix F for the
maximum likelihood estimates can be written as follows

F=[1,(#)l, i,j=1234 and (¢)=(x,1,0,5)

The second partial derivatives of the maximum likelihood function are given as the following:

—Him,{ o ) [ln ] ( ? e +€e€(Ei)a)}(Ell)—2 1)
~6(k _1){63(511)"‘ (E,) [ln(E" )]2 (e" %) +0e’(E, )“)}(E,,,)—z

2 n {ovg ) ~2
ConE =23 )in (s )=o) S m(zfx(,))w[e o J
=}

a, =e e T

.—90423 {70) )( lll(ﬂv(,))(E){(A?S,)-—ae'(/’x(i))" (ﬂx(I))’l:'(e_(ﬂ.\-(i))’t_IJ @2)

n=1

“6’0‘2”7i A4)]a ~a, +a, +a,~a;~a,~a, +a; +a, |

-8a (k "‘1)(A 4,.)[‘710 —G Ty T3 a8, s —a +a, "‘ans]
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e o)’ « o)’ 1 o o)’
26(8;)% , AP (0) , a4y =e % (i , 4, =a, (,Bx(,-)) a, =e% e

where, q, =e

A
a, =eeee(5i)ae—z(”"'(")) , g =aal(,8x(,))4, a, =a4(ﬂx(i))l, a, =aa5(ﬂx(,))l, a,=0a,(E,)",

A A A
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a(k “1)([’2)[1715 ~hg =My +hg—hg+hy,—hy +_hzz]

where, L, =e_(ﬂx(”)A THE) {(e" —l)(e'(p"'(" ) -1)(E,, )2} and

L, =e'(/1<"(n)),l (T,, ) (E“ )a [(60 _1) (e '(/f.\-(n))/l - 1) (E,,, )2]

e | ey YT
0% InL _—_};1___ [/1111(,8\:(,))+1](,Bv(,)) (ﬂ)-l _(a__l)ze‘(ﬂ.\(”) (/Bx(/)) (LJ){IB(E (ﬂ(:)) _1)}

o408 f = , o

__eaie‘(ﬂ.\-(i))d (ﬂx(,))l (E,)" (L4){ﬂ[e-(ﬂv('))/1 _1) }

n-i

+af) m,[S, =S, +8,+8,+8; =S|+ ab(k =1)[S; =S +S;+8,, +5,, =S|
(4.9)
where, L, =00’ —Mn(ﬂx(,))+,1e“(”““’f In(x )+ AT, ) -1, L, =L, —ate OV (1,
8, =aBA(E, ) (T,)(Bx,,)e Ve &) [BENE]
S, =" (1) (Bx,, ) o)’ E)T[BENT S =8, (Bre,) "
5y =" (e Ve O (£ [ (&
$,= 20" (1) (8x,.)' P (5, [a(e) (8T
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oL _ - At b

5535 " A;( X )e o) E)™ (Bry,)" vorym [Ls (hy =hy = by +hg=hy + iy = by + 1) ]

+0‘/1(k _I)I:Lé (hls “hm "hn +h18 "hw +hzo "hzl +h22 ):I

(4.10)

: A B
where, L, =e L)’ (£, ) (,B\:(,)) {ﬁ(ea__l)(e'(ﬂf(i)) KIJ(E" )2} , and

L, =e_(m("))/1 (E,) (ﬂxm))A {ﬂ(ea _1)({(/]"'("))4 _1] (B )2]

Consequently, the maximum likelihood estimators of &, 1,8 and [ have an asymptotic variance
covariance matrix defined by mvertmg the Flsher information matrix F and by substituting &
foree, A for 4, 6 for 0 and ,B for .

5. S{imulation Studies

In any estimation problems, it is required to study the properties of the derived estimators.
The derived expressions for the estimators are too complicated to study  analytically.
Consequently, a simulation study will be set up, treating separately the sampling distribution of
the estimators. Simulation studies have been performed using Mathcad (14) statistical package
for illustrating the theoretical results. The performance of the resulting estimators of the
unknown parameters has been considered in terms of their absolute relative bias (RABias), mean
square error (MSE), and relative error (RE). Furthermore, the asymptotic variance and
covariance matrix and two-sided confidence intervals of the unknown parameters are obtained.
The Simulation procedures will described below:
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Step 12 1000 random samples of sizes 30, 40, 50, 80, 100 are generated from EWP distribution.
The frue parameters sefecied values are ( =L A=1,0=150=075k=1.05m =005 and
(=025 A=1,0=145,=0.6,k =1.025,m =0.04) .

Step 2: For each sample and for the two sets of parameters of distribution are estimated based on
generalized order statistics.

Step 3: Newton-Raphson method was used for solving the four nonlinear likelihood for o, 1,6
and £ given in (3.3), (3.4), (3.5) and (3.6), respectively to obtain MLEs based on GOS.

Step 4: Newton-Raphson method was used for solving the four nonlinear likelihood for o, A,0
and B given in (3.12) to (3.15), respectively to obtain MLEs based on progressive type Il
censored.

Step 5: The RABias, MSE, and RE of the estimators for the unknown parameters for all sample
sizes and for two sets of parameters are tabulated (see Table 1).

Step 6: The two sided confidence limit with confidence level 7=0.95 and »=0.99 of the
parameters are constructed based on GOS (see Tables 3).

Simulation results are summarized in Tables 1, 2 and 3. Table 1 gives the RABias, MSE,
and RE of the estimators based on generalized order statistics. Also, Table 2 gives the RABias,
MSE, and RE of the estimators under progressive type 1 censored, Table 3 gives the
approximated confidence limits at 95 % and 99 % for the estimated parameters based on GOS.

From these Tables, the following observations can be made on the performance of estimated
parameters of EWP lifetime distribution based on GOS and progressive type II censored
samples: ‘

1. The second case of parameters (=025, A=1,8=145, ﬁ='0.6) when
(k =1.025, m =0.04), the maximum likelihood estimators under generalized order
statistics have good statistical properties than the first set of parameters
(x=045,1=1,6=2, f=1) when (k=1.05m =0.05) for all sample sizes (see
Tablel).

2. The maximum likelihood ' estimators  of  first case  of parameters
(@=045,4=1,0=2, B=1) when (k=105 m=005 have good statistical
properties than the second set of parameters (o =0.25, A=1,8=1.45, f=0.6) when
(k =1.025, m = 0.04) under progressive type II censored (see Table 2).

3. The interval of the estimators decreases when the sample size is increasing. Also, the
interval of the estimator at y = 0.95 is shorter than the interval of estimator at 7 =0.99

(see Table3). -
6. Conclusion

This study deals with the GOS from EWP distribution. The maximum likelihood
estimators of unknown parameters of EWP will be obtained. In addition, the interval estimates of
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the unknown parameter will be obtained for large sample. In particular, the maximum likelihood
estimators will be obtained based on progressive type 1l censored samples. Monte Carlo
simulation will be performed to illustrate theoretical results. Accordingly, the second set of
parameters have good statistical properties than the first set of parameters for all sample sizes
under GOS. While the first set of parameters have good statistical properties than the second set
of parameters for all sample sizes under progressive type II censored. Maximum likelihood
estimators are consistent and asymptotically normally distributed. Regarding the interval of
estimators, it can be noted that the interval of the estimators at » =0.95 is shorter than the

interval of estimator at y = 0.99. Also, as the sample size increases the interval of the estimators
decreases for the two confidence level.

1)

2)

3)

4)

3)
6)

7

8)

9)
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Appendix

Tabie 1: The RABias, MSE and RE of the Estimators of the Parameters (a,A,0,0) for
different sample sizes Based on Generalized Order Statistics.

Parameters Casel k£ =1.05, m =0.05 Case2 k£ =1.025, m =0.04
n (@, 1,0, 5) (045,1,2,D (0.25,1,1.45,0.6)
RABias MSE RE RABias MSE RE
o 0.259 0.015 0.274 0.058 0.002 0.165
A 0.232 0.055 0.234 0.165 0.030 0.173
30 g 0.198 0.227 0.238 0.512 L7 -1 0729
Jij 0.45] 0.214 0.463 0.578 0.206 0.756
o 0.007 0.002 0.075 0.033 0.001 0.137
A 0.196 0.039 0.198 0.107 0.0130 0.116
40 0 0.280 0.365 0.302 0.624 1.238 0.767
B 0.212 0.053 | 0230 0.579 0.184 0.716
o 0.061 0.002 0.090 0.050 0.001 0.142
A 0.187 0.036 0.189 0.131 0.019 0.138
50 12 0.328 0.469 0.343 0.539 1.030 0.700
5 0.152 0.029 | 0.171 0.432 0.130 0.601
o 0,115 0.003 0.125 0.020 0.001 0.111
A 0.079 0.007 0.081 0.050 0.004 0.062
80 g 0.383 0.607 0.390 0.580 0.983 0.684
JZ] 0.105 0.014 0.119 0.409 0.101 0.530
o 0.097 0.002 0.104 0.028 0.001 0.093
A 0.016 0.001 .0.022 0.010 0.001 0.031
100 ) 0.357 0.522 0.361 0.528 0.768 0.604
B 0.113 0.015 0.122 0.308 0.0620 0.414
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Table 2: The RABias, MSE and RE of the Estimators of the Parameters (e, 4,0, [ for
different sample sizes Based on Progressive Type I Censored.

Parameters Casel k= 1..05, m =0.05 Case2 k =1.025, m =0.04
n (@, 1,0, ) 045,1,2,) - (0.25,1,1.45,0.6)
RABias MSE RE RABias MSE RE
o 0.564 0.023 0.611 0.437 0.035 0.750
A 0.803 1.051 1.025 1.509 2.606 l.6l4
30 1 0.014 0.071 0.184 0.976 2.024 0.981
yai 0.965 0.33 0.966 | 0.369 0.117 0.569
14 0.538 0.020 0.568 0.419 0.020 0.570
A 0.854 0.977 0.999 1.562 2.835 1.684
40 é 0.051 0.055 0.161 0.878 1.648 0.885
Y2 0.965 0.335 0.965 0.511 0.082 0.478
o 0.520 0.018 0.544 0.428 0.026 0.642
A 0.800 0.855 0.925 1.469 2.492 1.579
- 50 0 0.112 0.065 0.176 0.954 1.943 0.961
Vel 0.965 0.336 0,966 0.425 0.116 0.567
o 0.507 0.017 0.529 0.388 0.021 0.583
A 0.848 0911 0,204 1.074 1.967 1.403
80 a 0.132 0.070 | 0.183 0.692 , 1'0“ 0.704
B 0.968 0.339 0.970 0.308 0.057 0.398
o4 0.490 0.017 0.515 0.133 0.007 0.358
A 0.816 0.858 | 0.926 0.929 1.160 1.077
100 (2] 0.165 0.087 0.204 0.141 0.074 0.187
5 0.965 0.337 0.968 0.037 0.034 0.308

LN
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Tabie 3: Confidence Bounds of the Parameters af ¢
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onfidence level 0.95 and .99

Case | k£ =1.05,m =0.05 Case 2 k =1.025,m =0.04
n Parameters (0.45,1,2,D (0.25,1,1.45,0.6)
(,4,6,) .
Standard | Lower | Upper | Standard | Lower | Upper
deviation | Bound | Bound | deviation'| Bound | Bound
194 0.039 0.490 0.643 0.039 0.189 0.340
0.466 0.667 0.165 0.364
A 0.034 1.166 1.298 0.051 1.065 1.266
1.145 1.318 1.033 1.298
30 1% 0.265 1.878 2915 0.752 0.719 3.666
1.714 3.079 0.253 4.133
Ji) 0.102 1.252 1.651 0.292 0.374 1.519
1.189 1.714 0.193 1.700
(04 0.034 0.387 0519 | 0.033 0.193 0.323
0.366 0.540 0.172 0.344
A 0.029 1.139 1.253 0.044 1.020 1.194
1.121 1.271 0.992 1.222
40 6 0.227 2.116 3.005 0.647 1.086 3.624
1.975 3.145 0.685 4,025
B 0.088 1.040 1.384 0.252 0.453 1.442
0.985 1.439 0.297 1.598
[o4 0.030 0.364 0.482 0.033 0.172 0.303
0.345 0.500 0.152 0.324
A 0.026 11136 1.238 0.044 1.044 1.218
1.120 1.254 1.016 1.246
50 o 0.201 22611 :3.049 0.647 0.963 3.500
2.137 3.173 ~0.562 3.902
ye) 0.079 0.997 1.307 0.251 0.367 1.351
0.948 1.356 0.211 1.506
o 0.021 0.356 0.440 0.027 0.192 0.298
0343|0453 0.175 0315
A 0.018 | 1.043 1.115 0.036 0.979 1,121
1.032 1.126 0.956 1.144
80 4 0.141 2,490 1 3,043 0.526 1.259 3.322
2.403 3.130 0.933 3.648
yz) 0.056 0.996 1.215 0.202 0.450 1.242
0.961 1.249 0.324 1.367
o 0.017 0.374 0.439 0.022 0.199 0.286
0.363 0.450 0.186 0.300
A 0.015 0.988 1.044 0.030 0.952 1.069
0.979 1.053 0.934 1.087
100 G 0.110 2.497 2.930 0.427 1.378 3.052
: 2.429 2.998 1.113 3.317
Y] 0.044 1.028 1.199 0.166 0.459 1111
1.001 1.226 0.356 1.214
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Multiple Step Stress Accelerated Life for Weibull Poisson
Distribution with Type I Censoring

Amal S. Hassan? Assar, S. M2 Shelbaia, A3

Abstract

This article presents multiple step stress accelerated life tests based on type I censoring. It
is assumed that the lifetime at design stress has Weibull Poisson distribution. The scale
parameter of the Weibull Poisson failure time at constant levels is assumed to be inverse power
law of the stress levels. Under the assumption of a cumulative exposure model, the maximum
likelihood method is used to obtain the estimators of the model parameters. The optimal design
of the accelerated life tests is considered according to A-optimality criterion to specify the
optimal time of changing stress levels. Finally, the numerical studies are introduced to illustrate
the proposed procedures.

Keywords: Cumulative Exposure Model; Lifetime distribution; Step Stress ALT ;
Optimal Test Plan.

1. Introduction

Accelerated life tests (ALTs) are used to estimate the lifetime of highly reliable
products within a reasonable testing time. The test products are run at higher than usual
levels of stress (which includes temperature, voltage, pressure, etc.) to obtain early
failures. In ALT experiments, the researcher is often interested in the effects of varying
stress levels on the lifetimes of experimental units.

One important way in ALT is step-stress accelerated life test (SSALT). There
are mainly two types of SSALTs, a simple SSALT and a multiple-step SSALT. In the
simple SSALT there is a single change of stress during the test. Nelson (1980)
originally proposed the simple step stress ALT, in which only one change of stress
occurs with a cumulative exposure (CE) model for Type-I and Type-II censored data.
Miller and Nelson (1983) obtained the optimal simple step-stress ALT plans for the
case where test products are assumed to have exponentially  distribution. Xiong (1999)
has studied an exponential CE model with a threshold parameter in the simple SSALT.
Lu and Rudy (2002) have dealt with the Weibull CE model with the inverse power law
in the simple SSALT. For more researches on step-stress ALTs, see for example, Xu
and Fei (2007), Nelson (2008), and Wu et al. (2008).

1, 2- Institute of Statistical Studies and Research, Cairo University.
3- phd, student in Institute of Statistical Studies and Research, Cairo University,
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On the other hand, in the multiple-siep SSALT there are changes of stress level
more than once. Khamis and Higgins (1996) considered the optimum three step
SSALT for the exponentially disiributed Type I censored data. Khamis (1997)
proposed an optimal m-step SSALT design with multiple stress variables for three-step
SSALT data . Abdel Ghaly, et al. (1998) addressed the situation where the time to
failure was assumed to have a three parameter Pareto distribution. Yeo and Tang
(1999) have investigated a three-step SSALT in an exponential CE model. McSorley,
et al (2002) have shown the properties of the maximum likelihood (ML) estimators of
parameters in the Weibull CE model with a log-linear function of stress on three-step
SSALT data. Saxena, et al. (2013) dealt with the problem of designing an optimum
step stress accelerated life test for Rayleigh distribution.

The modeling and analysis of lifetimes is an important aspect of statistical work
in a wide variety of scientific and technological fields. Several distributions have been
proposed in the literature to model lifetime data by compounding some useful life
distributions.  Lu and Shi (2012) introduced a new compounding distribution named
the Weibull Poisson (WP) distribution. The failure rate function of WP distribution has
various shapes; it can be increasing, decreasing and upside down bathtub shaped or
unimodal. The property of various shapes of the failure rate function encourages
practitioners to adopt the Weibull Poisson distribution (WP) for the inferences of life
information and biological study. The probability density function (PDF) of Weibull
Poisson distribution takes the following form

afAx®?

ey eTABxtAexp(-px%) o o (1.1)

flx) =

where @ > 0 is the shape parameter, £ > 0 is scale parameter. The corresponding
cumulative distribution function (CDF) is as follows:

F(x) = (erown™ e!)(1-eh) x> 0. (1.2).

Note that when & = 1, the Weibull Poisson distribution reduces to an exponential Poisson and as
A — 0 the Weibull Poisson distribution reduces to a two parameter Weibull distribution.

This article deals with the problem of designing an optimum multi-step stress
accelerated life test for Weibull Poisson distribution based on type I censoring, The
scale parameter of the distribution is assumed to be an inverse power law function of
stress level. Also the optimum time of changing stress levels will be obtained using A-
optimality criterion which is based on the trace of the Fisher information matrix. -

The layout of the article is as follows. The model and assumptions are
described in details in Section 2. In Section 3 the ML method is introduced to estimate
the point estimate of the model parameters under type 1 censoring data. In Section 4 the
optimum time of changing stress levels will be presented. Finally the simulation
technique will be presented in Section 5. »
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2. Assumptions and Test Procedure

During the multiple-step SSALT, specimens are subjecied to successively
higher levels of siress as follows. After a specimen is used at a normal level of stress, it
is subjected to an initial level of stress for a predetermined time interval at the first
stage in the test. If it does not fail, it is subjected to a higher level of stress for ‘a
predetermined time interval at the next stage. In analogy, it is repeatedly subjected to
higher levels of stress until it fails. The other specimens are tested similarly. The

pattern of stress levels and time intervals is the same for all specimens.
The model assumptions for multi-step stress ALT will be described as follows:

i. There are multiple (k) levels of high stress,V;,j= 1,2,...,k in the experiment,
and V, is the design stress that is the stress level under normal use conditions,
where, V, < V; < - < V. ‘

ii. The failure times x;;,i= 1,2,...,n; at stress levels V;,j=12,...,k are
assumed to be WP distribution at any stress; with probability density functions
(pdf) defined in (1.1).

iii. A random sample of N identical units is placed on test under the first stress V;
and run until time 7, and then stress is changed to V,and run until time 7, and
so on, the test is continued until all units are failed or it reached the censored
time T (predetermined time).

iv.  The number of failures in the sample is Zﬁlnj where n; is the number of

failures from first step under the first stress level V; , n,is the number of
failures from second step under-the -second--stress level- -V, -and--ny - is-the—number
of failures from last step under the last stress level V,, , N are the total number
of units run on the test. :

v.  The lifetimes of the units at each stress level are identically independent
distributed (i.i.d). '

vi. The WP scale parameter f;, j=12,...,k of the underlying lifetime
distribution in (2.1) is assumed to have an inverse power function of stress levels

. , AN b n .
ieB;= CSPj=12...,k,Cp>0,8= V= MoV g=L C is the

constant of proportionality and p is the power of the applied stress.
vii. ~ The WP parameters A and « are constant, i.e. independent of stress.

To analyze the data from multi-step stress ALT, a model is needed to relate the
distribution under step stress to the distribution under constant stress. The most
commonly used model is cumulative exposure (CE) model proposed by Nelson (1980).
The basic idea of the CE model starts from the fact that a step stress ALT model must
explain the cumulative effect of the applied stresses; the CE model assumes ‘that the
remaining test units are failed according to the cumulative density function of current
stress level regardless of the history on previous stress levels. According to the
cumulative exposure model in Nelson (1990), the cumulative distribution function of X
is given by
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Fx) = { Pz((x Ty) + ul), TS x< %2

Fie(( = Trm1) + Wem 1) TS x<T

where

(mcsf((xij—rj_l)-kui_l)a) _

(1-eh™,

F ((xi_f - T+ u,-_l) = | et

and 1w, is determined by solving the equation Fj(uj_q;f;) = Fjoy(Tjoy - Tjog +
Uj_z; [)’j_l) by substituting the CDF of WP in the equation (1.1), then the general form
of u;_y will be as follows:

S\
= (ﬁf?i:l) . (Tj - Tj_1 + uj_l)

note that uo= 0 and 5= 0 where 7; is the time of changing stress level, then the

special cases of u; will be as follows:
1/a

ym (2

1/
Uj=p = (%) (T2 - T+ W)

and the associated pdf will be as follows:

. fi(x) 0sx<1y
f(xj _ ) (- 7))+ uy) TS X< T,

fk((x" Tp-1) + uk—l) Tg-1 S x<T

In the following subsection the likelihood function is formulated.
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3. Likelihood Function for Multiple Step Stress ALT with Type I Censoring
Data
According to type-I censoring, the test applied to N identical sample which will
terminate when all units fail or censoring time T is reached. Let x;y,i= 1,...,Nbe
independent and identically distributed Weibull Poisson random variable, then the

likelihood function for ALT (multiple stresses) type I censored data is considered to
have the following form (see Aly and Bleed (2013))

KM
l= l—[ Hf] (xij = Tjo1 + Ujoq) (1 ~ F(T - g + uk_i))a

where B = N - Zﬁlnj is the number of surviving units. Then the likelihood function

for three parameter WP distribution for multiple step stress ALT with type 1 censored
is as follows:

—rsPana
aCS,.pA(x*)“'le'A'CSJI"("')“”“’CP( esj ) B

L= ﬁ e |1- (eﬂexv(‘c“z"“) (e

J=100=1
—~csP ()& B
k- 21 =A-CSP(x")2+ ( sy ) -csPpa
l 3 H acsjpa(x*)a 1e A 'CSI (X) +Aexp . 1 eﬂexp( k )—]_ = 1
- i=1 i=1 1 - e-/‘l o e"A_. 1
j=1 i=

where X" = x; - g+ Uy D= T=- Ty + wyy,

S\Va
and Ujp_y = (Eﬁk—l) c(Tpan = Tz + Ugp),

The (maximum likelihood) ML estimators of the parameters are obtained by
maximizing the logarithm of the likelihood function expressed in the following form:

Inl= Nin(da) + pN X In(S;) + NInC + (a - 1) )y Z;Lln(x') +
1_ea.e("CSZDa)}

1=t

AT T e OO ey S SP(x*) - Nin(et - 1)+ Bln
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The first partial dertvatives of the liketihood equation with respect to the parameiers
C,p, A and a jespectively ,will be as the follows:

kY :
al L B
. ZZ(AHG + H)+ [M .ASPDeL), (3.1)
= i=1
dlnl £ &
- NZln(S) ZZ(ACHCIn(S)+ cHn(s)))
J=1i=
B.Acs,’;D“L In(S,)
+ [ 7 ) (3.2)
alnl N b Ne? B 1- e’l‘e(—cszDa)
A+;;G—el—1+ M ~Lw e~t-1 (3.3)
and,
kT
dlnl N
BZ ZZ[ln(x )= ACG HIn(x*) = CH In(x*)]
j=11i=1
. B.ACSYD®LInD H
i .
1;ea.e('CS£Da) Moo 2.e(-cskp®)

o CP (& *
where G= e TSR AR TR Sjp(x )%, A —

-CspDa
and L = e/le( k )—CS,fDa'

After equating the equations (3.1) to (3.4) with zero and solving it together,
the likelihood estimates C’,ﬁ,i and & will be obtained. Notice that the first derivative
of equations (3.1) to (3.4) are nonlinear equations and their solutions will be obtained
numerically. In addition, an estimates values ﬁj for each stress will be obtained by

- substituting the estimates values of ¢ and p in the inverse power law relationship
,B Ji = CS]p
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4. Optimum Test Plan

The purpose of this section is to explore the probiem of determining the optimal
test plan for multiple SSALT under type I censoring data assuming Weibull Poisson as
a lifetime model. In general, the SSALT planning problem concerns of the
determination of the type of stresses to be applied, number and magnitude of stress
levels, the switch time, the total number of test units, optimum test duration and other
measures.

An optimal test plan allows maximum. possible information to be obtained from
the tests by using the same number of test items. It provides certain objective, such as
providing the most precise estimates to improve the quality of the statistical inference.
In addition, this test reduces the total required time on test. A useful criterion for
optimum plans is A optimality criterion which was mentioned in Hung, et al.(2013). A
optimality criterion is based on Minimize the trace of the variance-covariance matrix of
the MLE’s of model parameters, then the optimal time of changing stress levels 7j_;
can be obtained by solving the following equation:

otr F _
aT]'__]_ -

J= 20k (4.1)

where F is the Fisher information matrix for the MLE which can be obtained as

follows:
92in1 0%l 3211 92Inl]
aC? aCap acox 9Coa
4%Inl 0%lnl  9%Ilnl  9%Inl
A aCap dp?  9pdl pda |, ra a4 4
B V(65,4
92Inl  9%Inl  @%lnl  o%Inl ¢p1a)
3CoL  0poA 912 210a
82lnl  9%Inl  0%Inl  9%Inl
| 9C0a opda 00 da? |
and
tF_aﬂm+aHm+aHm+aﬂm )
TPETcr T Tapr T a2 T 9a? ‘

To obtain equation (4.1), it's important to apply the following steps:

Step (1): Obtaining the second partial derivatives of the log likelihood function with
respect to parameters C,p, A and @, which is presented as follows:
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Ty s €
0?Inl =N o (/‘»5 f” ,1
=t ] z H(G)? — ——

Y0 2 g2
ac C e M
BAS”D Lo (-csPD%) (P, b
lnl S . , 2 B(LACS®D%In(S,))"
o = > > (an(can(s))* + aHca(in(s))* - €6(in(s)?) - -
J=1i=1
BACSPD*LIn(S , ,
- k T n( ")(cs,fpam(sk)e(-“ﬁ')“>+ cs,fm_ln(sk))
, BLACSED*(In(5,))?
M
2 —cSEpt
9%1nl _ -N (Ne’l(e"‘— 1))- N(el) B.L Ly 1 - e)"e( cs,b )
azz =~ oz (et - 1)2 NYEN esdA-1
B (e"1 - 1) (1 - et CSI’:D&))&"’1
— (= Le(-cskp®)
+ m ( Le »k ) T
n n
a2 1n1 k J : ko
o ZZG(CHlnx ZZCGH(lnx*) =€) Y Hnx")?
g j=1i= Jeli=1 Sg=1i=1
. B(ACSPD4L1n D)’ . BLACS,fD“(lnD)Z
M? M
B.CSEDALInD{- CSED%AIn D e(-65k2%) - cSPDeInD }
+
M

Step (2): Getting the first derivative with respect to 7;_; for equation (4.2) to obtain
equation (4.1), which are as follows: :

kY kY
at J N '
j 1 =1 {=1 =1 i=1
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- PRy ke i
- g 3 ) 2 ‘ gy 3 . J BT/
{fgL} ,5'!?’{9(:"‘}““’1{in{».ﬁ‘;}jj - 20 C? S/TJ{X } 20 6ing/() ))p (,S;’ (x°)
=1 = j=1i=1
kT
—CSP (x*
1) e e (n(s)) e T
j=1i=1
kY
gy 2 ~csP(xn)®
2T acs? (et (in(s)) e e
j=1i=1
ko T
—coP
- AZZaCZSZ”(x 221 (In(s))"e 75 ¢°,
J=1i=
9f33 -
aTj_1 !

af kT
H Z z a(x ) 167 5 () 2e” T "
=11

aTj_l
kony
. AZ = 202 Lac? S;Zp(ln(x*))ze'csf("')a
=1 =1
ko L2
+ /12 2—C Sj'w(’x*)z" InGx*)e™ &5 &
=] m3 :
koM
2D @S (x) G e T
=11
kon .
P2y Y 208 ()G e ST
j=1.i=1 * :
P
- AZZ a,CZ S?P(x*)m-l(ln(x*))ze— Csf(x‘)“
721 i=1
koM 1 k
N cz — PG InGe) + CZZaSp(x )% 1(In(x"))?
j=1 i=1 x j=1i=1
?Ini i a2t a?Int 0fin 8f22 0f33

where fll = _a-Ez—lfzz = —E.,;z—’f33 = ET
m

Tj-1
obtained by equating the equation by zero and solving it, notice that the resulting
equation is nonlinear equation and its solution will be obtained numerically.

and  fy, = — After adding 351" 951" 35

and to get equation (4.1), the optimum time of changing stress level 7;_; will be

|
.
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5. Simulation Study
To evaluate the performance of the ML, method,  two sample sizes IN=30,50

are generated from three parameter WP distribution, the mean square error (MSE) and
the biases for the ML estimates are calculated for three step stress ALT, also optimum
change time for each stress are calculated. The simulation procedures are described
through the following steps:

i. For given values of the parameters ¢ = 05A41=1, p= (1.25152) and
a = (1.251.5,2) and given values of the stress V; = 0.75,V, =1 and V3= 2,
calculate g; = C Sjp for each stress level where j = 1,2,3 (k = 3)

ii. Generate random samples of size N = (30,50) from uniform (0,1) distribution
and obtain the order statistics (Uy.y ..., Un.n)-
ili. For a given value of the first stress change time 7, = 0.5, find n, such that

Un1:N < (elexp(‘ﬂlha) _ e,l) (1 - e/l)“l < Un1+1:N

iv.  For a given value of the second stress change time 7, = 1, find n, such that

. P 1/

P €Sy a
(=CS3 ((tz-T1)+ 5P ) -1
a TeY2 A o
UnzzN"'nl s (e ol —e )(1 -€ ) < Un2+1:N-n1

v.  For a given value of the censoring time T = 5, find n5 such that
1/a 1/a
("ng(("'-fz)i'(%g‘) ! (Q‘H"'(%S‘) : 0% -1
Un3:N—n1—.n2 s (exlexp E : R el)(l - eA) < Un3+1:N-nl—.n2

vi. Then the order  observations Xy < 'S Xq,v S Xp NS ST are
calculated from equation (1.2).

vii. Based on ny,n,;mns 74, 72, T and the observed observations, MLE for the
Parameters C,p,Aand a can be obtained by solving the nonlinear equations
from (3.1) to (3.4) numerically.

viii. ~ Repeat the pervious steps 100 times.

ix. = Compute the "biases and the mean square error (MSE) for the ML estimates
values.

X. After getting the estimates values, the optimum time of changing stress will be
obtained by solving -equation (4.1) numerically. Simulation results are

summarized in Tables from (1) to (3).
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0.0680 -0.0330 -0.1120 -0.1060 0.2060 0.3360 -0.0300

MSE 0.0390 0.5170 0.0130 0.0790 0.4040 0.1320 0.0031

N=30C=05p=151=1La=2

Bias 0.1330 0.4530 -0.0160 -0.0510 0.5000 0.3840 -0.0790

MSE 0.0430 0.5110 0.0003 0.0530 0.505 0.1640 0.0070

N=30,C=05p=24i=1a= 125

MSE 0.0350 0.4100 0.0098 0.0100 0.2500 0.1840 0.0087

N=30C=05p=2A4=1a=15

Bias +0.0970 -0.3100 0.000} 202460 0.5410 0.5700 0.6890

MSE 0413 04730 0.0001 0.0950 0.5620 0.6100 06700

N=30,=05p=1251=1La=2

Bias 0.0220 0:1120 -0.0190 0160° 0:4590 0:0430

MSE 0.0180 0.1660 00043 0,0340 0449 0.2860 0.0031

N=30,C=05p=15A1=1a= 125

Bias -0.0150 -0.3060 40,0057 -0,0680 0.3960 04390 0.0340

MSE 0.0190 0.3700 0.0001 0.0170 0.3560 0,2150 0.0050

N=30,C=05p=15A= La=15

0.196 -0.349 -0,004 0,207 0.534 0.547 0.545

MSE 0.2 0.585 0,0001 0.092 0.609 0.575 0,545

N=130C=05p=125A= 1,a= 15

Biag -0.0640 -0.259 -0.0990 -0,0053 0.6660 0.5890 200050

MSE 0.0140 0.2240 0.0001 0.0150 0.6130 0.6000 0.0024

N=30,C=05p=1254= 1,a= 125

MSE 0.0300 04220 0.0002 0.0330 0.3480 0.1310 0.0080
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Table (23: The Bias and MSE for the ML Estimates of (C,p, L, a3 N =

50

N=350,=0S5p=2A=1la=2

Bias 0.0540 0.0640 -0.1110 -0.0860 0.3400 0.2750 -0.0370
MSE 0.0230 0.4680 0.0120 0.0620 0425 0.1320 0.0029
N=250,C=05p=151=1la=2

Bias

0.1700

0.1300

-0.0170

-0.0160

0.4290

MSE

0.053

0.143

0.0003

0.0260

0.2020

N=250,=05p=22=1a=125

0.3840

-0.1510 -0.4260 -0.0080 0.0330 02770 0.0610
MSE 0.0330 0.3330 0.0097 0.0076 0.2170 0.165 0.0054
N=50C=05p=21=1a=15

-0.0400

-0.1690

-0.2270

0.5100

0,5400

0.3960

0.1820

0.1910

0.00007

0,066

0.5230

0.4000

0.4530

N=50,0=05p=1251=1a=2

01280

~=0,0190

0,0330

0.3430

0.5300

-0,0420

MSE

0.0840

0.0003

0.0190

0.555

0.2940

0,0027

-0.0049

=50,=05p=15A=1a=125

MSE

0.0099

0.2180

0,00005

0.0130

0.3290

0.2160

0.0033

N=.50,0=05p=1521=1a=15

Bias

-0,0640

-0.2040

-0.0068

-0.1430

0.5100

0.4200

MSE

0.2570

0.2370

0.00005

0.0400

0.6000

0.5760

=50, =05p=1254=1a=15

Bias

0.046

-0.196

<0011

-0.029

0416

0.425

-0.004

MSE

0.009

0.191

0.0001

0.011

0421

0.594

0.002

N=50,C=05p=

125,4= 1,a = 1.25

0.0680

<0.1640

-0.0120

-0.0410

0.1430

0.3100

0.0570

MSE

0.0220

0.2880

0.0001

0.0200

0.1720

0.1110

0,0080
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Table (3} The Values of the Optimum Time (
1.599

1.404

16
l,a=
1.305

17
C=05p=151=
1

30
50
9

14 16
C=05p=2A= La= 125

1.862

30
50

1.743
1.721

24
C=05p=21=
-

50

11
1,a

2
C=05p=1254=
1.126

30
50

1%
C=05p=154=la= 125
1.675
1.656

13

50
5

10

70
C=05p=154= La=15
T 1609
1593

30
50

& -
19 12

C=05p=1254=1a=15

T

1.581
1.581

30
50
7

10
i3
1.585
7388

‘.30
50
6
16

30
50
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Conclusion

In this paper, the Maximum Likelihood (ML) method of estimation with type-!
censoring are obtained and the data failure times at each stress level are assumed to
follow the three parameter Weibull Poisson distribution, the parameters estimates
values are compared using the biases and the mean square error criteria. In general,
from table (1) to (2), notice that as N increases, the biases and the mean square error
decrease especially for A, ¢ and B3 estimates. For fixed value of the parameter C and 2,
The biases and MSE of P are decreased when the value of the parameter p increase,
also the biases and the MSE for & is decreased as the value of the parameter «
decrease, on the other hand, the biases and MSE for the parameter A is the smallest in
all cases.

In additional, from table (3), the corresponding optimum time of changing
stress levels are obtained numerically by the A-optimality which is based on the trace
of the Fisher information matrix, notice that as N increases the values of 7, are similar
for the same values of the parameters. Also numbers of failures for each step stress
level nq, n, and nj are obtained.
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On The ( mm, Behaviour Of Nonlinear Time »:%@ 1es Models
i
i

A. Blhassanein' and A. Sh. Al-henawy™

Abstract

In this paper, the dynamical behaviour of the forced process feedback nonlinear
autoregressive (FPFNAR) model is considered for different levels of noise intensity. The
existence and stability of the equilibria of the deterministic system are studied. Numerical
simulations are employed to show the model's complex dynamics by means of the largest
Lyapunov exponents, bifurcations, fractal dimension, time series diagrams and phase
portraits. The phenomenon of noise-induced intermittency near tangent blfurcatlon is
discussed,

Keywords

Forced PFNAR model; Bifurcations; Neimark-Sacker bifurcation; Noise-induced chaos
2010 MSC : 34K60; 34K23; 37M10

1. Introduction

The study of non-linear time series has attracted the attention of several researchers in
recent years, and many classes of models have been proposed. A considerable number of
studies have been conducted regarding nonlinear autoregressive models: bilinear
autoregressive (AR) model [1], exponential AR (EXPAR) [2], threshold AR [3],
nonlinear autoregressive moving average (ARMA) [4], autoregressive heteroscedastic
(ARCH) [5] and extended approaches related to these models. The autoregressive
coefficients are important for indicating the characteristics of the time series and this part
of some nonlinear autoregressive models is often regarded as a function of the past data.
Chen and Tsay [6] organized such models as a family in the functional-coefficient
autoregressive (FCAR) model.
Specifically, x, is said to follow a nonlinear autoregressive model of order » with general
noise if there exist a function £ :R""' — R , such that

. x/ =f (xl—l’xl—Z""’xl-n’gl )’t € Z
where {g,} is a sequence of independent identically distributed random variables
(g, =iid(0,02)).
In this paper we discuss the dynamics of process feedback nonlinear autoregressive
model for different levels of noise intensity. The model introduced in section 2. The
stability of the free noise nonlinear system is analyzed in section 3. Numerical

simulations are given in section 4, to discuss our analytical results and to show the effects
of noise intensity on the dynamics of the model.

! Math. Dept., Faculty of Science, Damanhour University, Damanhour, Egypt.
E-mail: el_hassanein@yahoo.com; Tel.: +201064941983; Fax: +20453368757
? Math. Dept,, Faculty of Science, Damietta University, New Damietta Egypt.
E-mail: a_henawy@yahoo.com.
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specifically, ; is said to follow a nonlinear autoregressive model of order »
with general noise if there exist a function f : "' — R, such that

Ty = (@41, Tpp, o, Tpon, €0), L € 7

where {e;} is a sequence of independent identically distributed random vari-
ables (g; ~ 1.1.d(0, 02)).

In this paper we discuss the dynamics of process feedback nonlinear autore-
gressive model for different levels of noise intensity. The model introduced in
section 2. The stability of the free noise nonlinear system is analyzed in sec-
tion 3. Numerical simulations are given in section 4, to discuss our analytical
results and to show the effects of noise intensity on the dynamics of the model.

2 Forced Process Feedback Nonlinear Autoregressive (FPFNAR)
Model

The PFNAR model was proposed by Katoa and Ozaki [7]. Let z(t = 1,2, ..., N )
indicate the observed data. The PFNAR model is assumed to be the function
of the past data that affect the current data point. For example, when k;
and k3 set two different delay parameters of the model, the PENAR model is
defined as

M
Ty = Z ft(xt-—/cx 3 xt-/cz)xt—-m + &

: m=1
where m and M are positive integers and indicate regressive orders, and &, is
a sequence of 1.1.d(0,02) random variables and independent of {x,_;,i > 0}.
The k; and k; time points do not need to be neighbors.

In this paper, we consider the FPFNAR model where k; = 1,k = 2, M = 2,
and fi(:-1, T1-2) = m + B, exp(—az?_,), which has the form

Ty = 0Ti—1 + QaTyg + %41 exp(—-:v?_z) + BaTi-2 exp(-—xf_g) +key (1)

where k is a scalar parameter of the noise intensity.

3 The Skeleton

The notion of equilibrium points (fixed points) is central in the study of the
dynamics of any physical system. In many applications in economics, biology,
physics, engineering, etc., it is desirable that all solutions of a given system
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ihs equilibrium state. This is the subject of study of stability theory,

8-20].

tend to i
a topic of great importance to scientists; engineers and economists

The free noise system, where k = 0, is given by

Ty = 1Ty + CoTgg + BTy GXP(“W?~2) + Bo%i—2 eXP(—$?—2)> (2)
[t is convenient to convert the nonlinear delayed system (2) to an equivalent
first order system:

Y = 2z (3)
Bt = Q121 + QoY1 -+ (;61zt—1 + ,62%—-1) exp(«yf*l)

Proposition o’ 1. The fixed points of the system (3) are Ey = (0,0), E1 =
wn BitB, \/ln (1= C:f 22 and, By = \/ln LitB \/l LitBs ),where

1 -]~ (o %) 1 al-az 1 oq—-cw

(1) oz1+a2>1andﬂ1+ﬂ2<00r (i7) a1+a2<1andﬁ1+[3r,>0

Proof. The fixed points of the system (3) are obtained as the solution of the
algebraic system:

Y=z
Z = Q2 + QoY1 + (:51Zt~1 + Bayi-1) eXP(‘“ytz-l)~

Which is obtained by setting y; = ;-1 =y and 2z, = 2z,_; = z in (3). Then we
get the fixed point Ey = (0,0). Let z # 0 we get the equation

l—o =«
) =g,

Assuming that (i) or (i) is satisfied, we get E;,j = 1,2.

The local stability analysis of the system (3) can be studied by computing the
variation matrix corresponding to each fixed point. The variation matrix of
the system at state variable is given by

0 1
J(Ys-1, Zt~1) = , (4)
§em1 M1

where :
§emy = g — (2B1Y-12-1 + 2B2y2_ 1 — By) exp(—yi,),
and

My = a1+ 54 exp(-—yf_l).
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3.2, The fixed point Iy is locally asymiptotically stable if

(a) al;ﬁlﬂ/(a‘;ﬂl)?wwﬂg <1,
and
aq + ap +

(b) | = 2 o \/( 1 9 ﬁ1>2+a2+ﬁ2 <1
otherwise it is unstable fixed point. |
o
Proof. In order to prove this result, we estimate the eigenvalues of Jacobian Ei
matrix at Ey. The Jacobian matrix for Fj is ‘3
0o 1

J(Ey) = ,
g + By 1 + 5

Hence the eigenvalues of J(E}) are

+ oy + E
A2 = it 5 by i\/( - 5 ﬂ1)2+02+52; .

T

AR

the proof is completed.

The Jacobian matrix (4) at E;,j = 1,2, is

01
J(Er2) = :
£€n
where
o o = 1*&1—062 1"6\!1—0!2
el e e () + A ),
_ 1—&1—'&2
77-——C¥1+,61( /51_*_/32 ))

The characteristic equations are

PA) =M —ph—¢=0.
If the eigenvalues of the Jacobian matrix of a fixed point are inside the unit
circle of the complex plan, interior fixed point is local stable. Using Jury’s
conditions [12,21], we have necessary and sufficient condition for local stability

of interior fixed point which are the necessary and sufficient condition for
|A] < 1.
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(f) P(=1)=1+4+n—-£>0,

(9) IP(0)] = J¢] < 1.

The inequality (e) is equivalent to %‘E}% > 1, whenever (1) is satisfied and

equivalent to 0 < %—Eoﬂ < 1, whenever (41) is satisfied, inequality (f) is

equivalent to cg — vy + (2 In( 1;;’1{;;’2 )+ gz;g: )(1—a; —ag) < 1, and inequality
(9) is equivalent to laz +2(1 —a; — ay) ln(lg—fﬁ;&) +;62(1—;-‘114’_—5;°‘2)' < 1, that
determine the domains of the values of parameters for which Fy 5 are stable.
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4 Numerical Simulation |
i
4.1 Deterministic System ;g

et
I

%

The main purpose of this subsection is to investigate the qualitative behavior
of the solution of the nonlinear system (3). To provide some numerical evidence
 for its chaotic behavior, we present various numerical results here to show the
chaoticity including its bifurcation diagrams, Lyapunov exponents, sensitive
dependence on initial conditions and fractal dimension. In Fig. 1(a) bifurcation
diagram of the system (3) is plotted on the interval 1.1 < 8, < 3.5 for initial
point (yo, 20) = (0.1,0.2) and other fixes parameters (o, as, B:) =(0.1,-2,1),
In Fig. 1(b), a plot of the Lyapunov exponent for attractors of the system (3)
is presented. A positiveness of this exponent for 8, > 35 ~ 2.48 confirms
the chaotic character of attractors in this parametrical zone (here, the value
B2 = 2.48 is a tangent bifurcation point). To show the sensitive dependence on
initial conditions 400 observations of the system (3) are generated for initial
points (0.1,0.2) and (0.1,0.2 + 0.00008) with parameters (cy, s, 8y, 8,) =
(0.1,-2,1,3.5001) see Fig. 2. In Fig. 3 attractors are plotted for different
values of f; to show that the system (3) undergoes a Neimark-Sacker (discrete
Hopf) bifurcation [14]. One of the commonly used characteristics for classifying
and quantifying the chaoticity of a dynamical system is fractal dimensions, [21,
25]. Via simulation we get two Lyapunov exponents \; = 0.2496 > 0 > Ag =
—1.3316 for parameters (ay, o, B1,8,) = (0.1, -2, 1,3.5), which means that
dr =1+ ?:gﬁg = 1.1874. Therefor the system (3) exhibits a fractal structure
and its attractor has a fractal dimension which is chaotic behaviour. Strange
attractor for (ay, oz, 8y, B,) = (0.1, -2,1,3.5001) is plotted in Fig. 4.
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Fig. 2. Time series of the system (3) for: (a) (40, 20) = (0.1,0.2); (b) (yo, 20) =
(0.1,0.2 + 0.00008).

Z () 2, (b)
0.50 " .53
.
. .
ot 8. 0.59
LA 2 "' .
KLY v 045
L]
040 .t § e
. : . 040 N
0.35 ' . .
. 2.5 -
030 *
0.304.
.
0.25 anl_’
220 n.23 2.20 .33 240 045 230 ¥, .20 0.2 030 035 M0 05050 g, 035

Fig. 3. Attractors of the system (3) with (a1, 00, 8) = (0.1, -2, 1) for: (a)
By = 2.46; (b) B8, = 2.4899.
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Fig. 4. Strange attractors of (y;, ;) for (a1, a2, 81, 85) = (0.1, =2, 1, 3.5001).

4.2 Stochastic Model

In this subsection, we consider a stochastic system forced by additive noise (1),
where ¢; is uncorrelated Gaussian random process with parameters Fe; = 0,
Ee? = 1, and k is a scalar parameter of the noise intensity. We study a be-
havior of this stochastic model for different sets of parameters 3, and k. In
Figs. 6 and 7, stochastic attractors and Lyapunov exponents of the system
(1) are plotted on the interval 1.8 < By < 3.5 for three values of the noise in-
tensity k£ = 0.002,0.005,0.007. As we can see, noise deforms the deterministic
attractor (compare Figs. 1(a) and 6). As noise intensity increases, a border
between order and chaos moves to the left. The changes of the arrangement of
attractors are accompanied by the changes in dynamical characteristics (com-
pare Lyapunov exponents in Figs. 1(b) and 8). The most essential difference
between stochastic and deterministic attractors is observed near the bifurca-
tion point 83 =~ 2.48. The underlying reason is that in the vicinity of this
bifurcation point attractors are highly sensitive to random disturbances. Con-
sider in detail a behavior of stochastic system (1) near 8, = 2.48. Compare
the stochastic response of this system for two fixed values B, = 2.471 and
Bg = 2.4799. In Figs. 8 and 9, time series are presented for different values of
noise intensity. Consider 8, = 2.471. For low noise k = 0.002, random states
are concentrated near the stable deterministic equilibrium F; (see Fig. 7(a)).
For k = 0.007 one can see stochastic oscillations of large amplitude. Indeed,
as the noise intensity increases, the dispersion of random states near F; grows
and iterations with high probability jump over the unstable equilibrium Ej.
After these oscillations, iterations come to the vicinity of the point E; again
and so on (see Fig. 10(h)). In this case, the stochastic model (1) exhibits a co-
existence of two different dynamical regimes even if the system (3) has a stable
equilibrium only. This type of dynamics of the system (1) can be determined
as a noise-induced intermittency [26]. In Fig. 9, time series of the stochastic
system (1) with 8, = 2.4799 for k = 0.002 and & = 0.007 are plotted. As
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can be seen, noise-induced intermittency for this 3., -
the lower noise intensity. For stochastic attractors and their dynamic char-
acteristics, a dependence on noise level is illustrated in Figs. 10 and 11 for
By = 2471 and B, = 2.471. In Fig. 10, one can see a sharp growth of the
size of the attractor as noise intensity exceeds some critical value. A change
of the sign of Lyapunov exponent from minus to plus can be interpreted as a.
transition from regular to noise-induced chaotic regime (see Fig. 11).

Thus, the results presented here give us a qualitative description of noise-
induced transitions from the regular regime to intermittency.
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-3

20 24 2.3 3.2 /; P

Fig. 6. Bifurcation diagrams of the stochastic model (1) with 8, € [1.8,3.5}:
(a) k = 0.002; (b) k = 0.005; (c) k = .007.
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5 Conclusion

The real life systems rarely can be isolated from the surroundings even dur-
ing strict experimental conditions. Consequently, the output represents the
combined action of the intrinsic dynamics of the system and the input to the
system from surroundings. Any variability in the output can therefore arise
from the system input, from the intrinsic deterministic dynamics of the system,
or from both. The current paper studies dynamics of the FPFNAR model for
different levels of noise intensity. We discuss the noise-induced intermittency
and chaotization observed near tangent bifurcation. The remarkable feature
of the dynamics of the model considered here is that small noises generate
large-amplitude chaotic oscillation. We show that this phenomenon can be
explained by the high stochastic sensitivity of the equilibrium.
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Stress-Strength Parameter for Rayleigh

)

Distribution Based on Progressive Type-11 Censoring

A. M.Abd-Elfattah !, M. H. Abu-Moussa, 2. M. M. El-Fahham 3

Abstract.

In this paper,the estimation of stress-strength parameter R = P(Y < X)
is considered When X, Y the strength and stress respectively are two in-
dependent random variables of Rayleigh distribution. The samples taken
for X and Y are progressively censoring of type II. Maximum likelihood
estimator (MLE) and uniformly minimum variance unbiased estimator
(UMVUE)of R = P(Y < X) are obtained. The exact confidence inter-
val of R based on MLE is obtained. The performance of the proposed

estimators is compared using the computer simulation.

Keywords: Rayleigh distribution; progressive type-II censoring; stress-
strength model; unbiased estimator; maximum-likelihood estimator; uni-

formly minimum variance unbiased estimator; confidence intervals.

1 AIntroduction

Rayleigh distribution was first considered by Lord Rayleigh[12]. It
used in modeling lifetime data and reliability. The Rayleigh distribution

has the following distribution function for X > 0:

Fz)=1-e/%" 550,1>0 (1.1)
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And the density function of Rayleigh for X > 0 denoted by Ray(o) is

flz; o) = %6“3’2/2‘72; o>0 (1.2)

Rayleigh distribution related to other distributions such as Weibull
distribution Rayleigh(c) =Weibull(2, 01/2), In life-testing experiments,
one often encounters situations where it takes a substantial amount of
time to obtain a reasonable number of failures necessary to carry out
reliable inference, so censored samples are used for analyzing lifetime
data. Among various censoring schemes, the Type IT progressive censor-
ing scheme has become very popular one in the last decade. It can be
described as follows: let n units be placed on test at time zero with m
failures to be observed. At the first failure a number 7 of the surviving
units (n — 1) are randomly selected and removed from the experiment.

At the second observed failure, 7y of the surviving units (n — r; — 2)
are randomly selected and removed from the experiment, and so on
until the m-th failure is observed. The all remaining surviving units
Tm =M —M—7] —T9 — ... — ', are removed.We denote to progres-
sively Type II censoring with scheme (n,m, 71,79, ...,7,). Traditional
Type II censoring scheme is included when (r; =710 = ... = 7.1 = 0)
and (1, = n —m) and complete sampling scheme when (n = m) and
(i = ... = rm-1 = my = 0). Balakrishnan and Aggarwala[7] and
Balakrishnan[G] present a study on different features of progressive cen-

soring schemes.

In stress-strength model, the stress (Y) and the strength (X) are
treated as random variables and the reliability of a component during a
given period is taken to be the probability that its strength exceeds the
stress during the entire interval, i.e. the reliability R of a component is

R=P(Y < X). For a particular situation, if we consider Y as the pres-
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sure of a chamber generated by ignition of a solid propellant and X as the
strength of the chamber. Then R represents the probability of success-
ful firing of the engine. Stress-strength model can be used as a general
measure of the difference between two populations and has applications
in many area. For example comparing two treatments X and Y, then
R = P(Y < X) is the measure of the response of treatment X. For other
applications see Kotz et al.[11]. Many authors considered the problem
of estimating thé stress-strength parameter based on complete samples,
it first considered by Birnbaum(8]. Johnson[10]} present a good review
on stress-strength model in reliability. Awad and Charraf [5] studied the
case when X and Y are independent Burr random variables of type XII,
they obtained maximum likelihood, uniformly minimum variance unbi-
ased estimator (UMVUE) and Bayesian estimates of R. Fathipour et al.
[9] obtained the estimation of R in the Generalized Rayleigh Distribution
with Different Scale Parameters. Ahmed et al. [3] consider this problem
when X and Y are two independent random variables have Burr Type
X distribution. Based on censored samples Saragoglu et al.[14] obtained
the estimation for R based on exponential distribution with type II pro-
gressive censoring. Abd-Elfattah et al.[1] get the estimation of R based
on Burr type XII distribution with type II progressive censoring. Re-
cently, Asgharzadeh et al.[4] discussed inference for the stress-strength
reliability R when X and Y are two independent Weibull distributions
with ditfereut seale paraineters hased on progressively censored samples,
they obtained the MLE of R audl d.‘i tferent confidence intervals as Asyip-
totic conflidence interval (CLI) and Bootstrap CLs. The Baves estinwalor
of R and the corresponding credible interval.For some of the recent ref-

erences, the readers may refer to [2, 13].

In the present paper, the study the estimation of B = P(Y < X)




“H

i st o A

ference on 5t

when X and Y are two independent but not ident ically random variables
belonging to Rayleigh distribution with parameters o and 09 respec-
tively. In Section (2), maximum likelihood estimator of reliability R and
exact confidence interval is obtained. Also UMVUE of R is obtained
in sections (3). Simulation based on progressive censored of type-II are
presented in Section(4) and the tables of results are founded in the ap-

pendix. Finally the concluding remarks given in section (5),

2 MLE of R

In this section the MLE of R is obtained. Let X,Y are two independent
random variables such that X ~ Ray(oy) and Y ~ Ray(oy) then R is:

R=PY <X)= /U . /0 P (@) f(v)dyda

00 px
Loy oY e 2
:/ / "72'8 a’/"'oll.__J_‘z.e y/"a2dydx
0 Jo O3 03
2 .
o2

. - 012 + a%
Now to get MLE of R we first get the MLE of parameters o; and 0.

(2.1)

Let Xianymys ooy Xmygimym, De & progressive censored sample from Ray(oy) -
with 'progressive censoring scheme (11, my,71, ..., "'m, ), and let Yign,iny, o) )
be a progressive censored sample from Ray(os) with progressive cen-
soring scheme (ng2,mg, sy, ..., Sm,), then the jointly likelihood function

L(O‘l} 0'2) is

my my

L(oy,02) = [k ] F@lL = Flwa))") k2 [ £ (53)[1 — Fwy))*
i1 i
QTﬁik%m; ]:i: xl) ]:2[ QJ
Zz 1+ s; yj> (2.2)

X

)

8

3
TN
B
e §

=

+

~3
N—

@

=

3
A
l\')l\J
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Where ki and ky are:

ky=nini—1=r)(nmi—=2—r1—m)..(ni—my+1—r —. .. — Tong—1)

ke =mna(ne —1—=51)(ng —2—8, —82)...(ne —mo+ 1 -8 — ... —542.3)

Now the jointly log-likelihood function ¢ is:

my my
¢ = In(kiks) — 2mylnoy — 2malnag + Z Inz; + Z Iny;
i=1 j=1
1 my mg
- 1 2.4
20121':1( o 20221+8J (24)

By differentiation on equation (2.4) with respect to oy and oy. Then we

get:
3£ my
8o, o o3 Z(l +ri)e; (2:)
ot 2
—'——:-——@+ 321+53 2 (2.6)

80'2

by putting equations (2.5) and (2.6)equa,1 to zero then we get:

-
™y 705

&= |— }: (14 TL)w (2.7)

A o m 40.5
2=_%,1(1+3j) | (2.8)
Then MLE of R is ,
k= 1",‘ == L (2.9)
I+or 1+
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the following transformations:
Zl = 'n,leZ
Zy = (ny —r —1)[X; - X}]

Zml = (nl =TT = o T -1 — Y + 1)[X311 - X37,1~1] (210)

Balakrishnan & Aggarwala [7] show that 7" are independent & identi-

cally distributed exponential random variables with mean o1, moreover

my my my ;
T = Z Z; = Z(l +r)T; = Z(l + 1) X7 ~ Gamma(mi, 07). (2.11)
i=1 i=1 i=1

Similarly E has a gamma distribution with the shape parameter m;
and scale parameter ;. Hence, A follow F-distribution with degrees of

freedom 2mq and 2my. Using the fact That:

A

R 1—-R

1-R X é ™~ F2m2,2'm.1 (2-12)

Then the 100(1 — &)% exact confidence interval of R is:

1 1
<R< - =1l-a
I+ F27nl,2mg,a/2(';§ - 1) 1+ F2ml,2mg,l—a/2(‘]% - 1)

: (2.13)
Where « is the level of signiﬁcaﬁce and 2my, 2mq are the degree of free-

dom of F.

3 UMVUE of R

In this section the uniformly minimum variance unbiased estimator (UMVUE)

is obtained for stress-strength parameter R. Let Kimimgy oo Xmpmyon,
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be a progressive censored sample from Ray(o)) with progressive ceri-
soring scheme (ny, my, 7y, ... 7y, ), and the progressive censored sample
Yiomgmagr o Ymgimgme from Ray(oq) with progressive censoring scheme

(ng,ma, 51, ..., Sm,), then from the jointly log-likelihood function of XY

my

that given in equation (2.4), we obtained that 7= > "L (1 +r)2? is a

sufficient statistics for o) and £ = 3"

so (14 sj)y% is a sufficient statistics

for oy. From equation (2.11)

1 —t.
)= —— Ml 0<t 3.1
fr(t) ST () exp( p ) <t< oo (3.1)

Lemma 3.1. The conditional pdf. of Ty = X? given T is:

. mi—2
fT.lT(fC) = %(*g)- =ni(m; — 1) T fzi’i;lziz:ll) , 0<Ty <T/m
(3.2)

Proof. Let W = "™, Z; then clearly W & Z; are independent. Then
the joint pdf. of T1&T, fr, r(x) can be easily obtained from the jointly
distribution of W&Z; using the transformations Z; = ni7y & W =
T -7y =T -1 then

1 1y —2 |74 + Zl
’ — T = - - my e, ettt |
fwz = fu fZl. ST T (i 1)W exp( = ) (3.3)
And ,
‘ i 3! i my—2 ____11
Inr= Py m— (T — )™ “exp( 01) (3.4)
From equations (3.4),(3.1), we get the result. O

Similarly if £ = 377" (1 + s;) E; where E; = Y} Then

J=1
E —nyEy)m?

Lemma 3.2. The unbiased estimator of R is:

1 l,f nofy < nyTh

¢(T1, By) = N
| 0 ¢f meBy2>2nmTy

Where By = Y? and Ty = X?.
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FProof.

E(¢) = LP(mE, <mTy) = P(Y; < [V = p(y; < a)

o ra 9
_ A | 2) ) dyde (3.7)
Where the distributions of order statistics X; and Y; are
le (x) = nlglie'—maﬂ/%f
) =ne e ek (3.5)

Then by using equations(3.8) we get

0.2
E(p) = L = .
(¢) g R (3.9)
]

Theorem 3.3. Based on the sufficient statistics T and E, as defined be-
fore for o1 and o9 Tespectively and the unbiased statistics ¢, the UMVUE

of R, say R, formy > 2 and my > 2 can be expressed as follows:

( mo~—1 k my =1
1—2(*1)k(%> .((_.__)5 if T<E

R= 4 1™ N <,,q_1)‘ (3.10)
Z (—1)k <7f) ma +klc—1 Zf T2F
\ k=0 ( ok )
Proof. For T < E using the Rao-Blackwell theorem
R =E(¢(T1,E)|T, E) = ///;f(Tl]T)f(ElIE)dEldTl; (3.11)
Where A = {(E,T1) : 0 < Ty < £,0 < By < £ and mE; < nT1}

and fi & fie e are defined in equations(3.2),(3.5)respectively. Then

R becomes:

. T/ ‘I’LlTl/'IL'; T — T my—2 E - E Ny -2
R= / / ni(m; — 1)< mTi) no(mg — 1)( k)
0 0

T'ml—l Emg—-l
(T — ’I’LlTl)ml—?' (E - 7’2,1T1)m2‘1

'y —1 119 —1
T E

'T/T).l
=1- / 'nl(ml — 1) CZTI
J0 .

N
ok

dEdTh

(3.12)




et o = 2“2l then B becomes:

’ V] ' T My =1 ;
R=1- / (my — 1)(1 = ¢)™ 2 (1 — c—~> de (3.13)
Jo E

Since the binomial expansion of (1—cL)m=1 = S (—1)k (") (k.

Then R is obtained as following:

B mo—1 T k 1
R=1- Z (=1)% (") (E) /0 (1 — )™~ 2dc

k=0
77]‘2_1 k mg — 1

N N A G 3.14
k§=:0< ) <E> (ml+,‘.k‘l)A ( )

Similarly if T > E then R becomes:

my—1 k my - 1 '
A= S -14(F) roh 3.15)

k=0

4 Simulation Study

Within this section, the Monte Carlo simulation is performed to check
the performance of the different estimators of R under several types of
progressive censoring schemes. Samples are generated under progressive
type-II censoring with many different schemes for the (n-m) removed
items. This schemes are described as follows:

Scheme I: complete sample (n=m)i.e there is no removed items. Scheme
IL(ri=0,..,7m-1=0,7 = n—m). S‘cheme I (ry =n—my .., ot =
0,7, = 0). Scheme IV: The remaining items (n-m)are removed equally
at each failure time. For example if n=10 and m=>5 then scheme IV
become (r; = 1,79 = 1,...,r5 = 1). Simulation is performed 1000 times
with different sample sizes ny, ny = 10, 20, 30 and the number of failures

my,me = §,10,15,20,30 for X and Y. Different values of parameters

emputer Sciences and Operation Research 2326 Dee 2013




1 tor the distributions of X and Y are used.

The average estimates of MLE for R and the average of MSE's are re-
ported is Table 1. for all set of parameters. Also simulation is con-
structed 1000 times for UMVUE of R suggested in Section (3) at each
set of values in table 2. All tables are founded in the appendix. We note
that in such cases as the effective sample size increases the estimates of

R become better.

5 Conclusion

We have presented some efficient estimators of the stress-strength pa-
rameter R using MLE and UMVUE methods. The methods are very
efficient. We have found that, our estimates of R using progressive cen-
soring schemes are very close to estimates in case of complete samples so
this estimates are better to accelerate the life testing. This work gives a
general estimates since the case when sample sizes equal the number of
failures is a special case. The exact confidence intervals based on MLE
of R are obtained. When n = m i.e in case of complete samples the bi-
ased is decreased. Also when (n1,m1) = (ng, 1) the estimates are good.
The types of schemes of progressive censoring affect on the simulation
results. Numerical results are presented which exhibit the performance
of the proposed methods. From the mean square error (MSE) we found

that UMVUE of R is more effective than MLE of R in many cases.
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Appendix

Table 1: MLE Rl and MSE for R at different sets of values of a1, oy with different scheme types r,s

(o1,02) = (1,1) (o1,02) = (1,2) (01,02) = (2,1)
(ny,m1) | (na, ma) r S R=0.5 R=0.2 R=0.8
R MSE Ri  MSE R MSE

(10,10) | (10,10) | Comp | Comp | 0.499078  1.1.1072 | 0.21291  5.80 .107% | 0.78995  5.84 .107%
II | 0501915 2205 .107% | 0.21925  1.29.10"%2 | 0.779165  1.22 .1072
(10,5) (10,5) 11 1 | 0.498651  1.30.1072 | 0.21216  5.74 .107% | 0.78699  6.18 .1073
v IV | 0506229  1.34 .10~ | 0.208308  6.16 .1073 | 0.78757  6.36 .1073
(20,20) | (10,10) | Comp | Comp | 0.50448  7.95.107% | 0.21169  4.33.1073 | 0.79852  3.86.10~3
'(10,10) (20,20) | Comp | Comp | 0.49126  8.92.10~% | 0.19994  3.72.10™% | 0.78893  4.45 .1073
11 I 0516308  1.79.1072 | 0.22161  9.23.107% | 0.79655  7.60 .1073
(20,10) | (10,5) 11 II | 0512684  9.64 .107% | 0.21439  4.98.107% | 0.79974  4.12 .1073
v v 0.527223 1.10 .107% | 0.22960  6.47 .10™° | 0.81033  4.22 .10~%
I 11 0.483445 - 1.81.1072 | 0.201719  7.44 .1073 | 0.780636  8.89 .10~3
(10,5) | (20,10) | III I | 0486932  1.03.107% | 0.19692  4.26 .107% | 0.78366  4.66 .10~"
v IV ] 0467997  1.09.1072 | 0.19005  4.27 1073 | 0.773707  6.23 .10~3
II 1I 0.502365  1.18 .1072 | 0.20661  5.19.1073 | 0.78873  5.14 .1073
(20,10) | (20,10) 111 111 0.500906  6.55.107% | 0.20345  3.04.10°% | 0.79276  2.81 .10~3
1\ IV | 0499608  6.44 .107% | 0.20333  2.77.107% | 0.79387  3.31 .10~%
(20,20) | (20,20) | Comp | Comp | 0.49969  6.08.107% | 0.20485 ~ 2.85.107% | 0.79693  2.53 .107%
I 1I 0.49626 ~ 8.27.1073 | 0.20828  3.79 .1073 | 0.795464 = 3.42 .107%
(30,15) | (30,15) 111 111 0.50307 ~ 4.16.1073 | 0.20735  2.01.107% | 0.798036  1.69 .10~3
‘ 1\Y% IV | 0.498426  4.58 .1073 | 0.20148 ~ 1.91.107% | 0.79720 = 1.68 .1073
(30,30) | (30,30) | Comp | Comp | 0.50059  3.94.107% | 0.20296  1.79 .107% | 0.79717  1.67 .1073
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Table 2: UMVUE Ry and MSE for R ab different sets of vaiues of o), 0y with different schemie types r.s

(01,09} = (1,1) (0y,09) = (1,2) (o1, 09) = {2, 1)
(i, my) | (na,ma) Y S R=0.5 R=0.2 R=0.8
Ry  MSE Ry  MSE R,  MSE

(10,10) | (10,10) | Comp | Comp | 0.508084  1.35.10"2 | 0.1979  5.29.107% | 0.80086 5.38 .1073
I 0 | 0495515  2.82 .107%2 | 0.196772  1.13.107% | 0.802039  1.27 .10~2
(10,5) (10,5) 11 I | 0.504539  1.52 .1072 | 0.189784  6.19.1073 | 0.811118  6.29 .1073
v Y 0.49617 1.66 .1072 | 0.19043 548 .107% | 0.810735  6.38 .1073
(20,20) | (10,10) | Comp | Comp | 0.49997  8.62.1073 .| 0.20129  4.41.107% | 0.80175 3.78 .103
(10,10) | (20,20) | Comp | Cowmp | 0.50002  1.00.107% | 0.19802  3.78 .107% | 0.80355  3.89 .1073
11 11 0.50059  2.15.1072 | 0.20457  9.18 1073 | 0.80413  7.97 .10-3
(20,10) | (10,5) I II | 050359  1.15.1072 | 0.19251  4.62.107% | 0.80694  4.18 .1073
Y Y 0.52110 1.21 .1072 | 0.20198 4.81.107® | 0.81298 4.13 .10°3
11 II 0.49943  2.05.1072 | 0.20083 8.82 .10~% | 0.80030 9.25.1073
(10,5) | (20,10) 111 III | 0.496728 1.15.1072 | 0.19241  4.18 .107% | 0.80489  4.46 .107°
v 1A% 0.47983 1.24 1072 | 0.18361 4.48.107% | 0.80132 5.29.1073
I 1I 0.50182 ~ 1.29 1072 | 0.20285  5.59 .1072 | 0.79938 539 .1073
(20,10) | (20,10) 111 I | 049939  7.09.1073 | 0.19574 ~ 2.93.107% | 0.80537 3.09 .10°3
v IV | 050416  6.80.107% | 0.19113  2.64 .10°* | 0.80283  2.91.107%
(20,20) | (20,20) | Comp | Comp | 0.50026  6.29 .107% | 0.20091  2.67 .107% | 0.79727  2.74 1073
I 1I 0.50353  8.53.1073 | 0.19523  3.54.1073 | 0.79645 3.56 .10~3
(30,15) | (30,15) 111 I | 0.49911  4.64 .10 | 0.19582  1.72.107% | 0.80565 1.88 .1073
‘ v v 0.50236 ~ 4.88 1073 | 0.19517 1.84 .1073 | 0.80332 1.89 .10~3
(30,30) | (30,30) | Comp | Comp | 0.49885  4.23 .107% | 0.20195  1.68.107% | 0.80127  1.72 .10°3
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On Markov chain-gambler's ruin problem with ties allowed
M. A. El-Shehawey’, M. E. El-Tantawey ", and Gh. A. Al-Shreef

Abstract.

A Markov chain- gambler's ruin problem in the case that the probabilities of winning/
losing a particular game depend on the amount of the current fortune with ties allowed is
considered. Closed-form formulas for the solution of the MC-GR problem and the expected
duration of the game in the presence of partially absorbing- partially segregating- partially
reflecting boundaries are deduced, and some very simple closed forms which immediately
lead to exact and explicit formulas for some special cases are given.

Key words: Gambler's ruin; Markov chain-random walk; probability of ruin partially;
the expected duration of the game.

1. Intreduction

Markov chain-gambler's ruin (MC-GR) problem is typically represented by
Markov chain-random walk (MC-RW) on the set of integers. It has been long
considered. It can be used in various disciplines: in statistics to analyze sequential test
procedures, in computer science to estimate the size of the World Wide Web using
randomized algorithms, in ecology to describe individual animal movements and
population dynamics, in physics as a simplified model of Brownian motion, in
economics to model share prices and their derivatives, in medicine and biology where
absorbing barriers give a natural model for a wide variety of phenomena (cf.
Yamamoto (2012) and Uem (2013)), There are numerous applications of MC-GR
problem, and has attracted some attention in the seventies in the context of cancer
growth modeling (cf. Bell (1976) and Beyer and Waterman (1977)). In particular,
there was significant interest in estimating the expected time for a cancerous clone of
cells to reach tumor size from a single way-ward cell, rather than dying off before
reaching tumor size. The analysis can help to determine the appearance of the first
wayward cancerous cell, and perhaps to identify reasons for the cancerous growth (cf.
El-Shehawey (1994) and references therein). We now give a brief historical review of
the use of barriers in a MC-RW. Weesakul (1961) discussed MC-RW restricted
between a reflecting and an absorbing barrier. Using generating functions he obtains
explicit expressions for the probability of absorption. Lehner (1963) studies MC-RW
with a partially reflecting barrier using combinatorial methods. Dua, Khadilkar and
Sen (1976) find the bivariate generating functions of the probabilities of a particle
reaching a certain state under different conditions. Percus (1985) considers an
asymmetric MC-RW, with one or two boundaries. Using generating functions the

Department of Mathematics, Damietta University, Faculty of Science, P. O. Box 6,
New Damietta, Egypt.
E-mails: * el_shehawy@du.edu.eg
** mitantawi@yahoo.com
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probability distribution of being at position j after n steps is obtained. El-Shehawey
(2000) obtains absorption probabilities at the boundaries for a MC-RW between one
or two partially absorbing boundaries as well as the conditional mean for the number
of steps before stopping given the absorption at a specified barrier, using conditional
probabilities. The MC-GR problem was essentially formulated as follows: Two
players play a series of single games in which one unit changes hands until one player
goes bankrupt. Suppose that a one player (refer as gambler) starts with an initial
capital of 7 units, against the other (refer as the opponent) has N —i units,
0<i <N . In each single game the gambler either wins one unit with probability
p from his adversary, or loses it with probability ¢ =1-pto his adversary. The

games go on for a while until either the gambler loses all his units or wins all his
opponent's units. The actual capital possessed by the gambler is thus represented by a

MC-RW that is, {X,,n =0,1,..} whose state space is § = {0,1,...,N'} with absorbing
barriers at 0 and N, and transition probabilities p,,, =p=1- Py for
i =12,..,N —1. Absorption being interpreted as the ruin of one or the other of the

gamblers.
1.1 Statement of the general MC-GR Problem

We consider a generalization of the MC-GR problem by introducing the
following assumptions:

1- The initial capital of the garabler is j units, 0<j <N .

2- The ultimate fortune which the gambler wants to accumulate is N units,

3- We allow ties in the single games (the possibility of staying with the same
fortune when no unit is changed).

4- The probabilities of winning and losing depend on the current fortune,

5- The probabilities of winning, losing, and neither winning nor losing one unit,
respectively, are p,,q,, and r, =1-p, —¢q,,1<i <N -1, instead of pand
g =1-p as above.

6- If'the gambler fortune drops down to 0 unit; at the next game the gambler
goes broke (ruined) with probability 1-J, - p,,0< J,, 0, <1, win the right to
spin again with probability J,, or starts again with one unit capital with

probability o, .

7- At the boundary NV , the gambler reaches his objective; at the next game his
adversary may go broke with probability 1-6, —p,, 0<6,,0, <1, win the
right to spin again with probability J,, , or start again with capital of N —1 units
with probability o), . '

One may think of this generalizatioﬁ as a general MC-RW with transition
probabilities p, ., =p,,p,,,=q,and p,, =1-(p, +q,), i €{1,2,.,N —1}; with
the following modifications at the boundaries. When the process reaches the boundary
state b, (b =0 or N), it is absorbed with probability 1 - 8, — p, , reflects (to the state
b+1orb -1, respectively) with probability p,, or remains at the boundary state
b with probability &, . |
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Physically, this corresponds to the situation where upon reaching the boundary
state b, (b =0 or V), the patticle is either remains ai the boundary state & with
probability &, , or lost from the system with probability | —d, — p, , or turned back to
the state b +1 or b —1of the system with probability p, , and reduces to the classical
MC-RW problem with ties allowed.

We also generalize the case of spatial homogeneity by assuming that

-4 -_P pP+q

= P, = and », =1-
i+ T =

; Jfor  jeS\{O,N} (1.1)
where y is non-negative constant. Notice that the spatial homogeneity is the
particular case when y = 0. '

We will concern with giving closed form formulas for the solutions of the general
MC-GR problem, i.e., we compute the probability of ruin problem and the expected
duration with "winning partially". This problem is a generalization to previous works
(cf. Feller (1968), p. 345, Srinivasan, and Mehata (1978), p. 90, Percus (1985), El-
Shehawey (2000) and El-Shehawey and El-Shreef (2009)), it is apparently not
covered by the literature .

2. Closed form solution of the general MC-GR problem

Let Pf)(j;PjaQJ350’po’5N ’pN)EPO (J) "Py (jij’qj;go’poa5N ’pN)EPN (j)",
J €S be the probability of ruin partially "winning partially”, for a gambler starting
with j units, j €S, and playing against an adversary with initial capital N — j units.
The probabilities of winning, losing, and neither winning nor losing one unit,
respectively, are p,,q,,and 7, =1-p, —¢,,1 <i <N -1, in the presence of partially

segregating- partially reflecting- partially absorbing barrier with probabilities &, g,
and 1-8,~p, at 0 ; 6, ,py and 1-6, —p, at N , respectively. The probability
P,(j) " Py (/)" satisfies the following difference equation

P(j)=p, P (i +1)+r P (j)+q,P(j-1), jeS\{O,N}, 2.1)

with the boundary conditions
P,(0)=0,P (1) +(1-05,), . (2.2)
P,(N)=0yP (N -1), (2.3)

and

Py (J)=p,Py (G +1)+rP, (J)+q,P, (j-1), jeS\{OLN}, (24
subject to

P, (0)=0,P, (1), (2.5)

Py (N)=0,P, (N -1)+(1-0,). (2.6)
where o, =p,/(1-8,), h=0,N .
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Notice that, contrary to the clagsical MC-GR problem, here allow ties in the single
games (the possibility of staying with the same fortune when no unit is L,h,ang@d}) the
]j)robabﬂmes of winning, losing, and neither winning nor losing depend on the current
fortune, also at the boundaries 0 and N , it is possible to start, to stay, to leave or to
reach.

2.1. Main result. The main purpose of this contribution is to find closed form formula
for the solution for the general MC-GR problem. Solving the difference equation (2.1)
with (2.2) and (2.3) (or (2.4) with (2.5) and (2.6)) systematically, the result is
formulated in the next theorem:

Theorem 2.1. The probability P, (/;p,,9,:6,, 00,6y ,0y ) = B, (j ) takes the form
0 9972905 P5>On 5 Py 0

(=) a/1-a)+ 30

Po(j)zl" N V-l ,  Jes 2.7

(1~0-N )UO/(1“00)+ZU:11—1 _GN Zumnl

m=1 m=l

The complementary probability of ruin partially is
Py (1) =Py (732,43,380 P05 P4 )

m=1

(1 oy )oy/(1-0y) + Zuml O'szm_l

n=l m=1

where for j =0 the sum in the numerator is to be interpreted as 0,0, = p, /(1-6,),

h:O,N s Uy =1 and U =ﬁ(qi/p’)
i=1

(1-..%){00/(1_00)@;0,,,4]

j €S 2.8)

Notice that the complementary probability, P, ( j), may be obtained from (2.7) by
interchanging p;,d,,p, and g,,6,,p, respectively, and replacing ; by N -/,
jes.
Clearly, Py (/) =Py (/32,54;30:0:8y 2y ) =1= B (/).
3. Some special consequences

Many interesting special cases can be derived from theorem 2.1 through an

appropriate choice of the initial fortune/ winning and/or losing probabilities/ boundary
probabilities, some cases are listed below

3.1. MC-GR with various initial fortune

In this subsection the probabilities of winning, losing, and neither winning nor
losing one unit, respectively, are p,,q,, and », =1-p, —=q,, 1<i <N -1, and at
the boundaries 0 and N there are partially segregating-partially reflecting-partially
absorbing barriers with respective probabilities &,, o, and 1-6,-p, at 0; &, , oy

and 1-6, —p, at N .

[y
[
e



W . 61 g“ A, %
The 48" Anwual

on Statistics , Compuaies § aces and Uperation Research 2526 Des 201

n (e, without initial capital), the probab;

P
_ 1-8y = py 3.1)
Po 1-6y $
+ Z Upr — Zum—l
1—'60 % l"'é‘N ~ Py \ =t N m=l

where v, =1 and v, = ﬁ(q, /p,)
i=l

(ii) If the gambler starts from the boundary N (i.e., with initial capital is N against
an opponent without initial capital), then the probability of ruin partially is

Py(N)=P,(N;p,.q,360 P06 0x )
Py

Uy
— 1"'é‘N ~ Py (3‘2)
P 1-8 Nl ’
. +( X JUN—I + va-l
1-6,=py, \1=-6y —py m=l

m

where v, =1 and v, = H(‘]; /P:)

(iif) If the gambler and his opponent's start at the rmddle (ie., j=sand N =2s),
then the probability of ruin partially is

PO(S)=P0( ,pjaQJ:50’p0552s’p2s)
Zum—l
=1- 1- 5 =Py m=l , (3.3)

—L __+ > +
1 5 pO I"Z—l " 52s p2s 23-1

where v, =1 and v, = H(‘I: /P:)
i=]

We note that the case with j =s and N = 2s corresponds to the popular winning-a-

series-by-s -games scheme in sports (often combined with a requirement on the
minimum number of games to be won) (cf. Samuels (1975), Siegrist (1989) and
Lengyel (2009)).

3.2. MC-GR with various boundary prlobabilities

In this subsection the initial capital of the gambler is j units, 0< 7 <N , and the
probabilities of winning, losing, and neither winning nor losing one unit, respectively,
are p;,q,,and r, =l-p, -q,,1<i <N -1,
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(i} Forthe case < py <1, 8, =0 and 0< p, <1, 8, =0, the two barriers at
and N are partially absorbing- partially reflecting, that is when the gambler is reduced
to penury, at the next game the gambler goes broke or start again with one unit capital
with, respective probabilities 1—pgyand p,. When the gambler reaches his objective
at the next game his adversary may go broke or start again with a capital of N -1
units with, respective, probabilities 1—p, and p, . Thus the probability of ruin
partially is given by

F, (J) =5 (j;pj’qj;0>p0=‘o’pN)

(1-py )(po/(l — )+ iv,,,-lJ

m=]

N N~ ?
(l—pN )pO/(l—p0)+ZU/11-l “pN Zum—-l

mn=l m=1

=1-

jes (3.4)

m

where vy =1 and v, =[](q,/p,).

i=l

The complementary probability of ruin partially is
Py (J)=Py (7:0,,4;30.2,0,0y ) =1-P,(j), j€S (3.5)
- where P, (j)is given by (3.4).

a) If p,=0, 6,=0, 6, =0 and O<p, <1, the barriers at 0 is perfectly
absorbing and at N is partially absorbing- partially reflecting, that is when the
gambler is reduced to penury he may be ruined and the game ends. Hence, when the
gambler reaches his objective at the next game his adversary may go broke or start
again with a capital of N —1 units with, respective, probabilities 1-p, and p, .
Thus the probability of ruin partially is given by

‘ Po(j)EPo(j§pj’q/§0=O:O:pN)

J
(l—pN )Zum-l

=1 =l , JjeS (3.6)

TN N-l
Zum-l — Py Zum—l

m=l m=1
where v, =1 and v, =[] (q,/p,).

i=l

The complementary probability of ruin partially is
Py () =Py (/ip;»4,:0.0,0,py )=1=F(j), jeS [EX)
where P, (j)is given by (3.6).

[f the gambler starts from the boundary N or 0, then
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[

§ N J /

I) {fﬁ 0{/ ui) q {} {} (} f/) } <§ Zgl‘}nl i i /)'8}
=]
{L J =0

where v, =1 and v, =[](q,/p,)-
E I=1 .
b) If §,=0, &, =0, p, =0 and 0<p, <1, the barriers at N is perfectly

absorbing and at 0 is partially absorbing- partially reflecting, that is when the
gambler reaches his objective his adversary may be ruined and the game ends. When
the gambler is reduced to penury, at the next game the gambler goes broke or start

again with one unit capital with, respective probabilities 1—p, and p,. Thus the
probability of ruin partially is given by
R, (j)sﬂ,(j-p,,q,;o £5,0,0)
100/ ZU))1-1

=1- n=l jeS (3.9)

—pO) + Zum—l

m=l

where v, =l and v, = ﬁ(fh /P:)
i=1

The complementary probability of ruin partially is
Py (/) =By (/:£,,4,:0.2,0.0)=1-F,(j), jeS (3.10)
where P, (j)is given by (3.9).

If the gambler starts from the boundary 0 of N , then

' po/(l po) , =0
Py (1) =Py (/:,54,30.2,0.0) =3 2 /(1= 1) + Z; et (3.11)
1, j=N

where v, =1 and v, = - (a,/p,)-
. i=1

If 6,=0,38, =0, p,=p, =p and 0< p <1, the symmetric boundaries at 0
and NV are partially-absorbing, partially-reflecting with respective probabilities 1- p
and p . Then the probability of ruin partially is

P(j)=P(j5p,54;30,0)= B (/3p,,4,:0,,0,p)

z
- Io)zum—-l

m=l

TYT N N -1 »  J&es
Zum—l +p(1_ Zum—lj

m=l m=l

(3.12)
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/

where v, = | and o = Fila /e
i

1
1
The complementary probability of ruin partially is /

Py (7)=Py (j;p,,4,:0,p)=1-B,(j), jeS (3.13)

where P, (/) is given by (3.12).

If the gambler starts from the boundary N or 0, then
PVy

N N-l ’ J=N
Z Uy + p(l - Z Um-l]
' (3.14)

Po (j)EPO (j;pj’QJ;Oap)=Jm=l "
- P

N Nl » J=0
Z Uy + p(l —‘»Z U/n-—]) )

L m=1 m=l

n

where v, =1 and v, =] (g,/p,).

i=l

We see that with the appropriate change of notation, in the special case,
g, =1-p,, 1<j <N -1.1ie, ties are not allowed in the single games (staying with
the same fortune when no unit is changed impossible) formulas (3.4) and (3.5), agree
with that of El-Shehawey (2000). Formulas (3.6) and (3.7) with p, =0 (also (3.9),
(3.10) with p, =0, and (3.12), (3.13) with p=0), agree with the well known

results for a MC-GR problem between two perfectly absorbing barriers (see Parzen
(1962), p. 233, and El-Shehawey (2000)).

ii) If Oy =0y =0, py =p,=p and 0< 6, p <1, the boundary probabilities at
the two boundaries 0 and N are symmetry, i.e., there are partially segregating-
partially reflecting-partially absorbing barriers at 0 and N with respective
probabilities &, p and 16— p. Thus the probability of ruin partially is given by

P () =P (/30,:4,36,p) = B (130,:4,36, 0,5, p)

1+((1-6-p)/) 3100

=1- =l , jeS  (3.15)

1+((1-6-p)/p) 30, + ((1-8)/ )0

ms=l

m

where v, =1and v, =[] (q,/p,).
i=l

The complementary probability of ruin partially is
By (7)=By (j:p,,4;36,0)=1-B,(j), jes (3.16)
where P, (/) is given by (3.15).

a)If §,=6, =6, py =p,=0 and 0<S<1, the symmetric boundaries at 0
and N are partially-absorbing, partially- segregating with respective probabilities
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: aches his objective
fo V) at the next game the gambler goes broke (adversary may go hroke) with
probability 1 -5 ,0 <6 <1, win the right o spin again with probability & . Then the
probability of ruin partially is

P(j)="F, (j;pj,qj;&O)sPo (j‘;pj,qj;&O,é‘,O)

L& and &, ie., If the gambler fortune drops down t6 0 unit ()

N -1 N -l
=),/ >v,, jeS. (3.17)
m=j m=0
The complementary probability of ruin partially is
j-i N~
P, (j)=P, (j;pj,qj;5,0)=zum >, jeS (3.18)
m=0 m=0 -

where v, =1 and v, =ﬁ(q, /p;).
=]

Notice that formulas (3.17) and (3.18) are
1- independent on the segregating probability &,
2- well known in the special case, § = 0 (cf. Parzen (1962) p.233, and El-
Shehawey (2000)).

b) If 6,=6,=6, py=p,=p and S+p=1, the probabilities at the two
boundaries 0 and N are symmetry, i.e., there is a partially segregating-partially
reflecting barrier at both 0 and N with respective probabilities p=1-8 and §.
Thus the probability of ruin partially is given by

R (7)="h (j;pj,qj;5,1~5)5}70(j;pj,qj;5,l—5,5,1—5>

=N e . (3.19)
1+v,

The complementary probability of ruin partially is

. . 1 .
P, (j)=4, (J;p,,qj;5,1—5)=1+ , jes (3.20)

Uy

mn

where vy =1 and v, =[] (q,/p,).
i=l

Notice that formulas (3.19) and (3.20) are
1- independent on both the segregating probability &, and the initial capital of the
gambler j, j €S :
2- also obtained in the presence of two perfectly
i- reflecting barriers at both 0 and ¥ (i.e.,6 =0)
ii- segregating barrier at both 0 and N (i.e.,5 =1).

(i) If the gambler starts from the initial capital j, j €S, the probability of
winning partially the game in the presence of partially segregating-partially absorbing
barrier at 0 with respective probabilities & and 1-6,, 0<6, <1, and partially
segregating- partially reflecting- partially absorbing barrier at N with respective
probabilities &, , oy and 1-6, —p,, 0< p, , 5, <1, is ‘

106



iy saskle 5
Phe d8™ Aun

I ;g J = 1 0 ‘\f E ;',)k;,r @‘!f/, %(b(}ﬁva (ﬂk"m f//“?f\! /

iF £

N =]

Dt (18 -2 )0-0,)) 3, o

= rL , jes (3.21)
UN—1+((1“§N mpN)/(l—aN)) lUm—l

n

where v, =1 and v, =] ](q,/p,)-

i=l]

The complementary probability of ruin partially is
Py (j)=Py (/3P,54,38,0.8y. 4 ) =1-F,(j), JeS (3.22)
where P, (/) is given by (3.21).

Notice that formulas (3.21) and (3.22) are
1- independent on the segregating probability o, .
2- also given in the presence of
i- totally absorbing barrier at 0, and partially-absorbing, partially-segregating,
partially-reflectingat N (5, =0 and p, =0, 0<5,,0, <1).
ii-totally segregating at 0, and partially-absorbing, partially-segregating,
partially-reflectingat N (J, =0 and p, =0, 0<6,,p, <1).

(iv) If the initial capital of the gambler is j, j €S, the probability of winning
partially the game in the presence of partially segregating-partially absorbing barrier
at N with respective probabilities &, and 1-68,, 0<8, <1, and partially
segregating- partially reflecting- partially absorbing barrier at 0with respective
probabilities &,,0, and 1=, — oy, 0< p,, 8, <1, is given by

By (j)=Py(73P;+,380 P58y ,0)
Nl
Z Dm-l :
= m=j+l i : _] eS (323)
Po/(l — 6~ Po) + ZUm~1

m=1

m

where v, =1 and v, =] [(2,/p,).
=]
The complementary probability of ruin partially is
Py (/)= Py (J3p,4,360:£0,64,0)=1= £ (j), J &S (3.24)
where P, (/) is given by (3.23).

Notice that formulas (3.23) and (3.24) are
1- independent on the segregating probability J,, .

2- also given in the presence of
i- totally absorbing barrier at N , and partially-absorbing, partially-segregating,
partially-reflecting at 0 (8, =0 and p, =0, 05y, p, <1).
ii- totally segregating at V , and partially-absorbing, partially-segregating,
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paitially-reflecting at O (8, =0 and p, =0, 0.

a) i py =py=0 and 06,6, <1, the boundaries at0 and N are partially-
absorbing, partially- segregating with respective probabilities 1-8, and 6, at 0,
1-6y and &y at N ie., If the gambler fortune drops down to 0 unit (reaches his

objective to N ) at the next game the gambler goes broke (adversary may go broke)
with probability 1-8, at 0, 1-6, at N ,0< 5 <1, win the right to spin again with

probability &, at 0, &, at V. Then the probability of ruin partially is

N-~1 N -1
B (j) =P ():p;»9,360,0.8,,0) = >0, [ S v,, jeS. (3.25)
m=j [ m=0
The complementary probability of ruin partially is
J-l N-1
PN (.])EPN (j;pj’qj;amo’é:V’O):ZUm ZUm’ ] es (326)
m=0 m=0

il

where v, =1 and v, =[] (q,/p,)-
i=l

Notice that formulas (3.25) and (3.26) (see also (3.17) and (3.18)) are
1- independent of the segregating probabilities &, and 8, (8, =6, =6)
2- well known in the special case, &, = J, =& =0 (see Parzen (1962), p.233, and
El-Shehawey (2000)).

3.3. MC-GR with various winning and losing probabilities

In this section the initial capital of the gambler is j,j €S, and at the boundaries
there are two partially segregating-partially reflecting-partially absorbing barriers with
probabilities &, 0, and 1-6,-p, at 0, and &,,p, and 1-6, —p, at N,
respectively.

(i) If the probabilities of winning, losing, and neither winning nor losing one unit,
respectively, are ¢, = , P, and 7 =1—(l+/1j)pj, 0<4, =1,1<j<N -1, the
probability of ruin partially is given by

R(j)=4h (j§pjs/1jpj;5o>po’5N > Py )

jes (3.27)

The complementary probability of ruin partially is
Py (J) =Py (j.;pj?ﬂ’jpj;é‘O’lDO?é‘N s Py )
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b A + A
1"“0-0 I_O-N i=l m=l i=l

a) For the symmetric game (4, =1,j €§), the probabilities of winning, losing,
and neither winning nor losing one unit, respectively, are p ;oD and v, =1-2p 1P
0 <j <N, the probability of ruin partially is given by

B (]) =P (jQP/’PjQ5o’po’5N » Py )
_ N -j+o,/(1-0y)
N +00/(1—00)+0N/(1—0N)
The complementary probability of ruin partially is
Py () =Py (J32,50,300 P00y oy ) =1- B (), J €S (3.30)
where P, (;)is given by (3.29).

,j &S (3.29)

Notice that
1- formulas (3.28) and (3.30) can be obtained from (3.27) and (3.29), respectively

by interchanging o, and o, , and replacing j by N —; .

2- formulas (3.27) and (3.28) are dependent of 4, =1,j €S, and independent of
the probability of winning p,, 1</ SN -1.

3- formulas (3.29) and (3.30) are independent of the probability of winning (or
losing), p, =q,, 7, #0,1<j <N -1,

4- formulas (3.29) and (3.30) are also given for the following symmetric two cases,
i- p, =g, =1/2 (e, r,=0),1<; <N -1, and
ﬁ. pJ_‘:qj =rj =1/3 s ].S] <N =1.

(if) In the case, the transition probabilities are given as (1.1), generalizes the spatial
homogeneity ¢, =q,p; =p,r; =r, j eS\{0,N } and p +q +r =1. The probability
of ruin partially is given by

. .. D q
P EP 5 ) ;53 35 »
o(]) 0(] 2 ) +127) +1 0> Pps Oy :DNj

K_q_J _(a/p)(1=8,)-py (1”{15 - pa/p
p 1-6y —=py 2 1-6, - p,

N -1
AR o
N N

N -j+py/(1-86, ~Py)
N +Po/(1“5o_po)+PN/(1“5N ‘pN)

if p=¢q

LY
frowied
o
=]
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/
P 4q

2 12 11

o

Pylyj=P, 300> 0920y s Py 155 1 b, {,/}.,A J &S {3.32;

where P, (/) is given by (3.31).

The case p =g immediately follows from the case p #q after taking the limit as
q/p—>1.

a) The one-boundary case with the assumption that there is one partially
segregating-partially reflecting-partially absorbing barriers with probabilities &,, p,
and -8, ~p, at 0, and the other at <, can be obtained from (3.31) and (3.32) by
taking the limitas N — co:

. . p q
P -=-P ; ’ ;é" >5 H
o(]) o(] 27j +1°27) +1 02 Po> Oy ION)

L= =y (g—)j if g<p

1-8-pyq/p\p (3.33)
1, if g2p
and :
. ...Pp q
P EP ; 9 ;6’ ’5 2
v (7) N(J 2 712y 31 PO pN]
1-68 -p q)f . .
1- 0L if gz
= 1"50"/004/}7(}7 LoF (3.34)
0, if gz2p

Notice that, the solutions of MC-GR problem in the case given in (1.1), is the same
as for the spatial homogeneity "p, = p, ¢, =4, r=r=l-p-gq, 1<i<N -1",
Therefore, the constant y has no effect at all on the probabilities U, (x), as could
have been expected.

It is straightforward to show that the present results are generalized some well
known results, see for example, with the appropriate change of notation, formulas
(3.33) and (3.34) in the special cases &, = 6y =0 agree with that of El-Shehawey

(2002); and agree with that of Kac (1954, pp 295) in the special cases &, =6, =0
and p, =1 for ¢ 2 p ( see also Percus (1985));' expressions (3.31) and (3.32) in the
special cases & =8y =0 and », =0,1< 7 <N ~1 agree with that of El-Shehawey
((2000), (2008),, (2008)y) (see also Percus (1985) in the cases &, =5, =0 and
Py = Py ), and in the special case &, =5, =0 and Py =0 agree with those of El-
Shehawey and El-Shreef (2009), and in the special cases 6, =6, =0, p,=p, =0

and p =q =1/2 agree with those of Lefebvre (2008) (see also Feller (1968, pp 344-

349), Cox and Miller (1965), Beyer and Waterman (1977), Vannucei (1990), El-
Shehawey (1994), Palacios (1999) and Lengyel (2009) among others).
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4. The E%p@a*a‘;@d Duration of the game
Let D, { 24 500, PyiOy s Py } =D be the expected duration of the game until the

game ends, By conditioning on the outcome of the first bet, we have

D, =p,D,, +r,D, +q;D,  +1, jeS\{O,N}, @1
and the quittmg policy implies the following boundary conditions
D, =0,D, + (0, +@,), (4.2)
Dy =oyDy_ +(oy +wy) (4.3)

Theorem 4.1. The expected number of bets D | , until the gambler either reaches a
fortune of N dollars or goes broke, is given by

J-1 1
Dy =D, (1+(1“50)’1/)“(00+00)U ;—V (4.4)
: s=1 s
where
Dy ((%"‘%)((I GN)UNI+HQk] +(1- O-N)NZ-Z_I_VS
k=t Py s=1 Ps
1 vat (4.5)
+—V, +(oy +ay )J/((l—a,v )*(1“%)((1‘0‘,\/ YW - +Hﬂ!§.]),
Pua k=t P
and
m-l.s mom
9i 9y pi 5, .
U T V =1+ = , ), = e 1=O,N (46)
SZ'I: =1 Fik ZZ;;A‘ Pkl 5, J 1——5’ :

Corollary 4.1. In the homogeneous case p, =p,q; =¢,r;, =0 and partially
absorbing partially reflecting symmetric boundaries p, = py, = p and
6, =0y =0=w, =w, , the expected duration of the game is given by

J 1 (i |
5ol {x 1-p(x/ -x) (N+2p]_i~2pq]’ @
X

/ p—q N_l_p(xN—l__x) 1-p 1-p

where x =<

p
This result agrees with Percus (1985).
5. Conclusion.

In this paper, we have considered the so-called Markov chain- gambler's ruin
problem with variable win/loss probabilities and ties allowed in the present of two
partially absorbing- partially segregating- partially reflecting boundaries that
generalizes the classical MC-GR problem. The probabilities of winning, losing, and
neither winning nor losing depend on: the amount of the current fortune, from
probability boundary conditions viewpoint are taking into account. We derived exact
and explicit expressions for the solutions of the introduced general MC-GR problem
and the expected duration of the game, these formulas enable us to find many
interesting particular cases ( some results are known and the others are "new"
apparently not covered by the literature) through as appropriate choice of the
boundary probabilities or the transition probabilities.
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Algorithm Based on Censored Samples

Sahar, A. M. Ibrahim' and Radwan, E. Bedar?
Abstract
In this paper, the parameters of Marshall-Olkin bivariate Weibull distribution are
estimated. The maximum likelihood estimators under type I censoring are estimated.
Also, the expectation-maximization algorithm is considered. Numerical studies are
considered to compare the estimates. Hanagal and Ahmadi [8] results may be

considered as special case from our results.

Key words: Bivariate Weibull, censored sample, EM algorithm, maximum likelihood

estimation, missing data.

1. Introduction

Hanagal and Ahmadi [8] estimated the parameters Marshall-Olkin bivariate
exponential [11] under censored samples using maximum likelihood estimators (MLEs)
and compared them by that expectation-maximization (EM) algorithm. We follow the
same arguments to estimate the parameters of Marshall-Olkin bivariate Weibull

(MOBW) distribution, in which the marginals are Weibull distributions
The censoring time (7) is assumed to be independent of the life times (x,v) of the
two components. The bivariate density function of (X,¥) is denoted by fyx y(xy) The

considered situation occurs for example in medical studies of paired organs like
kidneys, eyes, lungs, or any other paired organs of an individual as a two components
system which works under interdependency circumstances. Failure of an individual may
censor failure of either one of the paired organ or both. This scheme of censoring is

right censoring.

There are similar situation in engineering science whenever sub-systems are

considered having two components with life times (X,¥) being independent of the life

time (T) of the entire system. However, failure of the main system may censor failure of

1’2Departmc-:‘nt of Mathematical Statistics, Institute of Statistical Studies & Research, Cairo University,
Cairo City, Egypt. '
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either one component or both. Hanagal [6, 7] derived maximum likelihood estimators of

the parameters of the bivariate exponential distribution under right censoring samples.

Kundu and Gupta [9] and Kundu and Dey [10] studied an EM algorithm for
computing the MLEs of the parameters of the MOBW and bivariate generalized
expornential distribution (MOBGE) in case of complete data, that is, data on all pairs of
variables are available. Dewan and Nandi [3, 4] intoduced an EM algorithm for
computing the MLEs of the parameters of the MOBW and MOBGE in case of censored
samples. They also provided the observed and the expected Fisher information matrices

using ‘pseudo observations' to form pseudo log-likelihood.

Censoring may also occur in other ways. Patients may be lost to follow up during
the study. They may decide to move elsewhere or may become non-cooperative
therefore the experimenter cannot follow them or her again. Such cases are called
withdrawal from the study. A patient with censored data contributes valuable

information and should therefore not be omitted from the analysis.

Because of lack of data of real processes, the data in this study are generated from
the MOBW of Marshall-Olkin [11] using Mathcad software, Subsequently the EM

algorithm is used to estimate the parameters.

2. Marshall-Olkin Bivariate Weibull Distribution

Marshall-Olkin [11] suggested a more flexible bivariate MOBW distribution with
many interesting properties like joint probability density function, marginal probability
density functions and joint survival function of the bivariate Weibull distribution given
forx,y > 0,41,22,43 > 0 and @ > 0 as follows: |

Fyy(x,y) = e~h1x%~A2y % -Agmax (xy) M

The distribution (1) is not absolutely continuous with respect to the Lebesque
measure in R2. It has singularities on the diagonal X =Y. The parameter A3 reflects the
dependence between the two lifetimes X and Y and it is also related to the simultaneous
failures of the two components. When A3’=4 0, the lifetimes X and Y are independent.
Simultaneous failure occurs of X and Y have the same lifetime. The probability of

simultaneous failure is given by

A
Pry({(e.Wlx =y} = m 2)

which is also equal to the correlation coefficient between X and Y.
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The density functions of X|{(x,y)|x > v Y HGoy) |y »xtand Z =
min(X,Y ) are given as follows:
Jxieyy 12> (%) = (A1 + A3)ax* Le~A1+18)& ~y9) |
fritemnty >0 ) = Qg + A3)ay* e~ tA G- &

Iz (2) = (A4 + A3 + A3)az® le~ A1tz +13)z2"

This paper aims at deriving an estimation method for the parameters of a bivariate
Weibull distribution of Marshall-Olkin by the EM algorithm. In Section 3, the
parameters are estimated by applying the EM algorithm. Finally in Section 4, we

present the results of a simulation study.

3. The EM Algorithm and Parameters Estimation

The EM algorithm was introduced by Dempster et al. [2], we follow the same
steps of Hanagal and Ahmadi [8]. The algorithm is an iterative procedure for finding the
maximum likelihood estimates for incomplete, missing, unobserved or censored data.
Because it is easy to implement, the impact of the EM algorithm has been far reaching,

not only as computational tool but also as a way of solving difficult statistical problems.

The density function of (X,Y) is given by
Aax®le=2¥ () + A ay?~le~ @t foro<x <y
fer(y) = $ (4 + Ag)ax®"te~Mthadxiy gye-1p-20y% (o0 <y <y )
Azax®le=U1 2 +23)x" for0<x=y
For the bivariate life time distribution, we use the univariate censoring scheme
given by Hanagal [6, 7] because the individuals do not enter at the same time the study
and withdrawal or death of an individual or termination of the study will censor both
life times of the components. Here the censoring time is independent of the life times of
both components. This is the standard univariate right censoring for both failure times X

andY.

Suppose that there are n independent pairs of components, for example, paired
kidneys, lungs, eyes, ears in an individual under study and /-th pair of the components
have life times (X;, Y;) and a censoring time (T}) .The life times associated with i-th pair

of the components are given by
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(X.Ty) for X, <T,<T, =Y,
(Tlxryl) for Yl < TL < Tix = Xi
(Tay Tiy)  for Ty < Ty = min(X,, )

gf’w{,;Yf% for max(X,, ¥V, <7,

(Xi' YLJ =

where Ty, T;, and T}y, represent the unobserved random variables.

The likelihood of the sample of size n after discarding factors which do not

contain any of the parameters of interest is given as follows:

L (’1 @t t iy txylxuyut) 1—]1—] (xu yl (6)

where

f(l)(x y) = Ajax®le~Mx (A, + ) ayle~(atda)y” if 0<x<y<ow
f(z)(x,y) = (A1 + Ag)ax®le~ArAx ), gya=1lg=d2y* if 0<y<x<w
}c(3)(x y) = Azax®~le~(@Aitia+dx” if0<x=y<w

AP 00y) = Laxtle ¥ (4, + Ag)a(tl},)“— e~Gt ()" if 0<x<t< t,=y (D
f(s)(x Y) = (A + Ag)a(t)* le~htat® ) ay“ le=hy® f 0<y<t<t,=x

f(é) (0,9 = fry(tyy) = =Mt t As)a(tixy)
s o) F it S

Let nq,ny,n3, ng,ns and ng the number of realizations falling in the range
corresponding to £y (%,3), fi7 (6.3, f7 (6 ¥), 2 (6,9, £ (x,y) and £5 ()
respectively, fyy Dy, Y fxy @ x,9) fyy ® (x,y) and f (x, y) are density functions with
respect to the Lebesque measure on R?, while fiy 3 (x,y) and fyy © (x,y) are density

functions with respect to the Lebesque measure on R,

The log-likelihood function logL, (g, A tix s iy Ly [ X0 Vi ti) can be written as
follows:

InL; (!l» &, Lix, Liy, tixylxl'yi' ti)
= (7’11 + n4)ln(/11) + (Tll + Tl.q_)lTl(/lz + 23) + (nz + ns)ln(/lz)
+(n2 + ns)ln(/ll + 13) =+ (ng)ln(ﬂ.g) + néln(/ll + /12 + /13)
+(2TL1 + 2712 +ns + 2714. + 2n5 + ne)ln(a)
+(a

[Z In(x) + Z In(y) + z In(x;) + Z In(y,) + Z In(x) + Z In(x)
+ z ln(t,y) + Z ln(yl) + Z In(t;,) + Z In(tiy )
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- iéi;{y’}“ : >;;U )i :%?-‘Z;{'x,; : };M Ja Z;u” 1 /. lm, a?
{=1 fe=1 f=1 i=1 i=1 P=1 )
ni

“/12{ (" ‘*‘ZW“ +Zcx,>“ +Z(t,y) +Z<yl>“ +Z(t.xy)“}
=1
znl

‘/13{ B+ Z(xJHZ(x)HZ(tW) +Z(t.x)“+Z(tmy) }

Thus, the fol lowmcr E -step and M -step are obtamed.
o E-step:

The unobserved random variables, T, T, and Ty, follow Weibull distributions
respectively as stated in (3). Because of the loss of memory property of the Weibull
distribution, ‘the  conditional  distributions  of T |{(t, t,y )|ty >t > v},
T, [{(ty,t x)lt >t> x} and Txy]{(tx ,t)ltxy > t} still follow the Weibull

distributions and the corresponding density functions are as follows:

fol{(tx,t,y )!tx>t>y}(tx) = (/11 + As)a(tx)a—le—-(/11+/13)((tx)“-—t“)
__1 i a__ o
nyl{(ty,t,x)Ity>t>x}(ty) = (,12 + /13)05(1?},)“ 2 (/12+13)((ty) t )
=1 (A +224+23)((tiny ) —t®
foyl{(ny,t)ltxy >t}(tx)’) = (/11 +/12 +’13)a(tixJ/)a e Gaxdat 3)((t y) ‘ )

The values of the first moments of the conditional unobserved random variables
T, I{(tx,t Yty >t >y}, T,[{(ty,t,x )|ty >t > x} and Ty, |{(t, ot )|ty >t} are as

follows.

1
T {(t,, ¢, t, > =t = Y
E[ x l{( X Y)l X t>y}] C +(’11 /13) t a

E[T{(ty t.x)|ty > t>x)] = t¥ + ——— = t% + b

[s4 — —— )
BT (6o )16y > o] = ¢ T st

The conditional expectation Q(&l_/l(")) is obtained as follows:

(Al/l(k)) (Tl]_ + n4)ln(il) + (Tl]_ + n4)ln(/12 + /13) + (nz + ns)ln(/lz)

+(TL2 + ns)ln (Al + A.'z) + (ng)ln(/13) + n6ln(/11 + /12 + /13)
+(2ny + 21y + 13 + 2n4 + 205 + ng)In(a)
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1y ny ny n 4

) En(yl +an(xl}+25n(yl +“ n(x;) -+ n(x;)

: n(x;) +
_ i = | = =
{ +Z In(t:,) +Z In(y,) + Z In(t;,) + Z In(tiy)
—Al{nl (x)® +Z(xi)“ +Z(x[)“ +Z(xl-)“ +Z(za +a%) +Z(t“ +c®)
-2, { 3 )% + Z:(yl)‘r + Z(xl)“ + Z(t“ +b®) + Z(yl)“ + Z(t“ + )

}

i=1
ni

% +Z(x,>“ +Z("')“ +Z(t“ +5%) +Z(t" +a®)

{=1

+zw+wg

=1

where ay, a, and a; equal to /11("), /12(") and /13(") at kth iteration.
o M-Step:

‘The following likelihood equations are obtained by equatmg the partial

derivatives of Q AM(") with respect to 44,1, and A5 to zero:
P

aQ (lei( )) (ny+ny)  (ng+ns) .  ng

aly A (/11 + 43) (Al + 1, + A3)
- {Z(xo + Z(xz)“ +Zcxa“ + Zcxaa + Z(t“ +a) 4 Z(t“ + c("))}
9Q (AI/’{(I()) (n1 + n4) (le + 71.5) ng

o, (/12 + A3) A2 (/11 + A, + /13)

{Zm +Z<y,) +zcxl>a+z(ta+b<k>>+2<y> +Z(ta c<'<>>}

aQ(Q’_IQ(k)) (n1 +n4)  (ng +ns) +2 ng + ng
a3 (12 +A3) (/11 + /13) A +4; + /13)

{z )"+ Z(xt)“ + Z(X;)“ + Z(t“ + b("))‘+ Z(t“ +a®) + Z(ta + Cck))}

The above likelihood equations are solved for the maximum likelihood estimates
(1,9, 4, (1‘),/13(")) using the Newton-Raphson procedure. The observed symmetric

information matrix are given below as follows




e
[ 1 P &

Phe 487 Annual Conference on Statistics , Computer Sciences and Operatio

0214 Cny ) (ny g ng
oA AP A g )
92Q(AAW)
94,04,
azQ(ili(k)) _ (ny +ng) ng
0A48ds (AL +23)2 (A4 + Ay + A3)2
9Q(A1A%) _ (m+ny) N (ny + ns) + Ng
973 T (Ag +23)2 (A2)? (A1 + A3 + A3)?
82Q(AAW)  (ny +ny) N ng
04,023 (A2 +A3)2 " (A4 + Ay + 13)2
6Q@_I/_1(")) (g +ng)  (ny +ns) n3 » Ng

043 T (A +43)2 (A4 +15)? * (43)? * (A1 + Az + 43)?

4. Simulation Study =nd Conclusions
The sample data in the first case are generated based on the following algorithms:
e Step 1: generate z; using the Weibull distribution with 4, =0.08, A, = 0.1,
A3 =0.0fori =1,2,3 and @ =3. ‘
o Step 2: take x = min(zy,23) and y = min(z,,z3) and, therefore, (X,Y) follows
the bivariate Weibull distribution of Marshall-Olkin type.
e Step 3: generate t; using the Weibull distribution with 8 = 0.03, where the t;s

are the censoring time.

‘ For two cases with respect to A;s, we generate 1000 set samples. Each set
consisted of three samples n = 50, 75,100. The corresponding maximum likelihood
estimates are displayed in Table 1 together with the estimates and standard error (SE).
The estimates denoted by MLEcy and SEen are obtained by using the EM algorithm,
while the estimates denoted by MLE and SE are obtained without EM algorithm.

The' éstimates MLE., are 'close to the true parameter values and the SEen
decreases as the sample size increases. The estimates for both methods are obtained by
taking the mean of the 1000 maximum,v likelihood estimates and the biased is the
difference between the true parameter and the mean of the estimated parameter from the

1000 samples n = 50,75, 100,

120
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One can also extend the estimation procedure based on the EM algorithm for other

types of bivariate Weibull distribution like those of Freund [5], Block and Basu [ 1], or

Proschan and Sulio [12].

= 0.03a =3 =0.03 a =2
Case 1 Case 1
Parameters A As Az A Ay Az
0.08 0.1 0.03 0.1 0.12 0.04
n=50
MLE,,, 0.081796 10.101429  [0.029931 0.102119 ]0.122057  [0.040519
SEen 0.0003393 10.000363 0.00022 0.0004232 10.0004413 [0.0002811
MLE 0.081639 10.102724  [0.030519  [0.102027 10.123128  10.040752
SE 0.0003427 10.0003841 ]0.00022 0.000425 10.0004623 10.0002815
n=75
MLE.m 0.081 0.099046  10.030233 0.101213 10.120058  10.040519
1SEem 0.0001794 10.0001925 [0.0001188 10.0002189 |0.0002431 [0.000151
MLE 0.080878 [0.100963 0.030514 0.101029 10.122003 0.040399
SE 0.0001797 10.0002141 |0.0001219 ]0.0002199 [0.0002564 10.0001512
n=100
MLE.,, 0.080548 ]0.099368  |0.03021 0.100885 |0.120494  [0.040198
SE.n 0.0001144 10.0001257-:10.000079 - -[0.0001407. {0.0001586  10.0000987
MLE 0.080532 10.101133 0.030445 0.100789 0.121521 0.04046
SE 0.000115° 10.0001383 ]0.000079 - [0.0001414 0.0001666  [0.0000989
Table 1: Comparison of MLEs obtained using the EM algorithm and without EM
algorithm,

Appendix: Computations Without EM Algorithm
As stated above the observable life times associated with the i-th pair of

components are given as follows:

X, Y) for max(X;,Y) <T;
T ; A i Y :
e 1 S DR ®
(Tixy s Tiy)  for T; < Tipy = min(X;,Y;)
The likelihood function for a given sample of size » is: '
6 7Yy
Le(2 alx, yi b)) = H fo(,j;f) (xi, ¥i) )
. J=1"i=1

where

fip (6y) = Aax=~te™¥ (A, + Ag)ay®~le=(atda)y®
X(,zy) (X Y) = (4 + A3)axt=le=(Ra+ia)x® ), gya—1g=A2y"
X(,?’) (x,y) = Azax® e~ tha+ig)x®

fE2 (0 y) = Ayaxele=ix" g= (ot

fx(,?f)(X,y) = e~ (A1t +Ag)e®

if 0<x<y<t
if 0<y<x<t
if 0<x=y<t
if 0<x<t<y
if 0<y<t<x
if t<t;=min(x,y)
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where [y [ are density functions with respeci fo the Lebesgue measure on R?,

(3 {‘l“‘ i R . <0 4 e T
while fy/, fy y} and ]’}gy) are density functions with respect to The Lebesque measure on

R.

The log-likelihood is given by:

lnLc(_/lla'xi' yt'ti)

= (ny +ndin(A) + (n)in(A; + A3) + (ny +ng)in(hy) + (ny)In(A; + A3)
+nzin(Ag) + (2ny + 2ny + n3 + ny + ng)in(a)
+(a

-1 {Z In(x) +Z () +Z In(x) +Z i) +Z InGx) +§lncxl) +izncy, }

41wa+2um+2mw+2mw+2&w+2&>
hﬁzZ@N+Z@m+2um+2mw+;mw+;mw

~23 Z(ym +Zcxoa +Z<xo“ +:}:41<cf)“ +Z<to“ +§<tf)“

The first order partial derivatives of the log-likelihood can be obtained as follows:
dlnL. (A a|x, v, t;) (it ny) n,
9, - 11 (/11 +43)

Zcxm ¥ Zch“ + Zcxl)“ . Zcxa“ + tho“ + Z(m“

alnL (_/‘_l_; alxuyirt ) ny (nz +n5)

a; (& + A3) (/12)
Z(y) +Z(y) +Z(xz)“+Z(t)“ +2(y) +Z(t D
alnL (&,a’lxl,yi,t) ny Ny na
373 RS * 47 4

Z(y) +Z<xz>“+2(xl)“+Z(t>“+2(t>“+2(tl>“

The second order partial derivatives can be obtained as follows:

_ azlnLc (2'_' CKIXL', Vi ti} _ (nl + qu.) nZ
: 9AZ TAD? T (4 +4y)2
~ 0%InLe(A alx, v, t;) o
92104,
a%nLo (A alx,y,t;) om
- dA101; T (A F A3)2

[y
g
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