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Approximate Technigues for Solving Multi-Objective
problems.

Abd Elrazik MM."Y, Zein el Dean R, Gadaliah M.H.®

Abstract. In this paper an efficient and effective technique of using surrogate
approximations is developed to explore the design space and capture the Pareto frontier
during multi- objective optimization. The method employs design of experiments and
meta-modeling technique (Response surface Methodology) to sample the design space,
construct global approximations from the sample data, and quickly explore the design
space to obtain the Pareto frontier with specifying weights for the objectives. To
demonsirate the method, the technique is applied on benchmarking of problems from the
literature. A comparison study is done on the different type of multi-objective problems
with two objectives for one or two variables.

- Keywords: surrogate approximations, Pareto frontier, multi-objective optimization,

approximation models, response surface methodology and weighted method.

1. Introduction

Many real-world problems are multi objective problems, often requiring tradeoffs
between disparate and conciliating objectives. The perverseness of these tradeoffs in
engineering design has given rise to radicand vast array of approaches of multi-
objectives and multi~ criteria optimization, [16]. In today's simulation based design
environment, the design of large scale engineering systems, such as automobiles, aircrafi
or underwater vehicles often involves years of effort. Optimum designs are preferred in
this cost-conscious world. In order to obtain the optimized designs, some optimization of
the system should be performed. However, optimization of the multidisciplinary systems
would take a long time to accomplish. Multidisciplinary Design Optimization (MDO) is
usually cost-intensive procedure due to the large number of high fidelity function calls.
Optimization costs can be reduced by using the approximation technique .This means
the approximation technique reduced the cost and time to obtain the optimum solution for
multi-objective problems [14]. There are many researchers used a several types of
approximations techniques to solve many types of multi-objective problems, such as
Response ~ Surface =~ Methodology (RSM), Kriging Methodology, Surrogate
Approximation, Taylor seties expansion, Non-Uniform Rational B-spline (NURBS),
..-etc, to capture the Pareto frontier during multi-objective optimization, with minimum
cost, during short time. For examples, [6] studied. New method For Generating The
Pareto Surface In Nonlinear Multi- criteria Optimization Problems , [15] discussed
Kriging Interpolation on High-Performance Computers, [21]. compared between
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structure of this paper is as follows: Section {2} presents multi-objective optimization.
Section (3) presents Approximation technique .Section (4) provides the solution
methodology. Section (5) provides computational analysis contains two examples solved
by Response Surface Methodology with weighted method.

2. multi-objective optimization

A multi-objective optimization problem consists of more than one objective to be
optimized with some additional constrainis specified. The formulation of the multi-
objective optimization problem is given as follows:

Minimize / Maximize Ep, () m = 1,2,..,M.
Subject to () k =12, ..K.
xl-(L) Sxs xl.w) ’ =12 ..n.

Where,

Fx) = (f1,72, ..., fm) are a vector of objective functions.

gi(x) are called constraint functions which specify the different consiraints that must
be satisfied, '

X = {X1,X3,...,%,} are an N — tuple solution vector in X, 2 finite set of feasible

solutions.

xi(L) and xl-(u) are the lower and upper bounds respectively that bound the decision

variable and hence constitute the decision spacs,

3. Approximation technique

Many researchers have recognized that engineering design involves multiple and often
conflicting criteria or objectives (e.g., mass, stiffness, stress, deformation, stability in a
structure problem). The solution set of a multi criteria design problem usually includes a
large number of points, which are referred to as Pareto (efficient, non-dominated)
decisions. In the multi-objective optimization, no solution optimizing all objective
functions simultaneously exists in general. Instead, Pareto optimal solutions, which are
“efficient” in terms of all objective functions, are introduced, therefore, the need to
decide a final solution among Pareto optimal solutions taking into account the balance '
among objective functions, which is called “trade-off analysis”. The engineering use
efficient and effective approximation techaiques to solve the conflict in objectives to
explore the design space and capture the Pareto frontier during multi~objective
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Thus, performance measure or qualify characterisiis i e response. The input
variables are sometimes called independent variables and they are subject to the control
of the scientist. The field of response surface methodology consists of the experimental
strategy for exploring the space of the process or independent variables empirical
statistical modeling to-develop an appropriate approximate relationship between the yield
and the process variables and optimization methods for finding the values of the process
variables that produce desirable values of the response. In general, the relationship is: y=f
(€15 &2 &) +e (1). Where y the response , &, &,... & independent variables, fis unknown
and perhaps very complicated and ¢ is a term that represents other sources of variability
not accounted for in /. Usually, ¢ includes effects such as measurement(statistical) error in
the response, often assuming a normal distribution with mean zero and variance o
Then E(4)) = n =E [f (1, &... )] + E (8) =f (€, £2... & ) (2).The variables Els Eyeee Ep In
Equation (2) are usually called the natural variables, because they are expressed in the
natural units of measurement, such as degrees Celsius, pounds per square inch, etc. It is
convenient to transform the natural variables to coded variables x;, X2...Xy, Which are
usually defined to be dimensionless with mean zero and the same standard deviation. In
terms of the coded variables, the response function (2) will be written
asiy =/ (1, x2...x )(3).Because the form of the true response function # is unknown, this
must approximate it. Successful use of RSM is critically dependent upon the
experimenter’s ability to develop a suitable approximation for £, usually, a low-order
polynomial in some relatively small region, the independent variable space is appropriate.
In many cases, either a first-order or a second order model is used. The first-order
model is appropriate when the experimenter is interested in approximating the true
response surface over a relatively small region of the independent variable space in a
location where there is little curvature in /. For the case of two independent variables, the
first-order model in terms of the coded variables: 7 =g, + B,x, + f,x,(4).The form of

the first-order model in Equation (4) is sometimes called main effects model, because it
includes only the main effects of the two variables xjand xo.If there is an interaction
between these variables, it can be added to the model easily as follows:
7=y + Bix, + Byx, + Biyx,x, (5).This is the first-order model with interaction. Adding
the interaction term introduces curvature into the response function. Often the curvature
in the true response surface is strong enough that the first-order model (even with the
interaction term included) is inadequate. A second-order model will likely be required in
these situations. For two variables, the second-order model is: 7= g, + Byx + Brx, +

Bixl + Byx; + By, %, {6].This model would likely be usefiil as an approximation to the
true response surface in a relatively small region. The second-order model is widely used
for several reasons: [1]the model is very flexible. It can take a wide variety of functional
forms, so it will often work well as an approximation to the true responss surface, [2] it is
easy to estimate the parameters (the 8's). The method of least squares can be used for this
purpose.[3] there is considerable practical experience indicating that second-order models
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Expansion around the point x;9,x2... x,, .Finally, let’s note that thers is a close connection
between RSM and linear regression analysis. For example, consider the model

£

y=By + B+ Boxy + .+ Bix, & (7). The fs are & set of unknown parameters. This
must collect data on the systern studied to estimate the unknown parameters. In general,
polynomial models are linear functions of the unknown £’s; and the technique is referred
to as linear regression analysis. Advantages of RSM: Well established, gasy to
implement, Better performance is expected for low order non-linear response functions
and Best suited for small-scale applications (k<10).disadvantages of RSM: Less
efficiency is expected when applied to problems with highly non-linear and irregular
performance. Higher order polynomials can be adopted. In this case, a large number of
training points is needed to accurately capture the function behavior and estimate a large
number of parameters. In addition, instabilities and false optima may appear [1].

4. Solution Methodology

In this work the Pareto frontier is not approximated directly as in previous re-Searchers
but, a comparison between optimal solution in RSM with weighted method and
Reference optimal solution is done. Classify solutions according to the capability of
approximation technique employed (best, agree and poor) solution with reference optimal
solutions model. The method starts with converting the multi-objective problems with
two objectives for one or two variables only into single objective using a weighted
regression technique. The result of is manipulated by using response surface
methodology through finding f * i at every weigh w (0 < w < 1), and generate the
parito solution by RSM .The pseudo code of the main steps for the suggested algorithm is
illustrated as follows:

1. Change the multi-objective model to single objective model by weighed method.

(f)) first objective, (f2) second objective.
f'=wi fi+(1-w)t single objective model by weighed method.
Where w; ... weighed values from zero to 1.

Select min f " at every weight from (zero to 1), with intervals (0.1).
Determine every Xy, x, (vatiables in fi, f) at every {* min.
Calculates f}, f; by the value of xy, .. '

Draw the relation between fi, £, in real case,

Draw the relation between fi, f; using Response Surface Method.
Compare between the results in steps 5, 6 in the value of £,
Calculate the different between £* in real case and £* in RSM by the
formula  Apyrr% = [F i (RSM) — F* i (real)1/ F* . (RSM).

PNAN B LN

min

5. Computational Analysis .
In this section the proposed methodology is applied on seventeen benshmarking
problems. Also, two problems are solved illustrate the proposed algorithm, Table (1)
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shows the summary of the problems tested and optimal solution by reference . Table {Z;
shows the summary of the iest problems function using RSM, reported solutions by
-reference,
-Summary of problems tested and optimal solution by reference

Problem neo. Range of Variables Dptimai Solution by reference
problem-01 % =[-10,10] X2=[-10,107 fx*)=0.115 [4]
problem-02 x=[0,1] f(x*)=0.0145 8]
problem-03 x=[0,1] %2=[0,1] f(x*)=0.0196 [3]
problem-04 % ={-80,1] %={0,5] fix¥y= 0,036  [10]
problem-03 x,=[0,5] %27(0,3] (%)= 2.682 [23]
problem-06 x={0,1] f(x*)=0.000  [18]
probilem-07 x=[0,1] f(x*)=0.000 [18]
problem-08 x=[-5,5] f(x*)=1.000 [18]
problem-09 x=[04 1.6] - %,=[2.0,50]  fix*)=16.10 [23]
problem-10 *1=[-5,5] X7=[=5, 5] f(x*)=0.002 {13}
problem-11 x=[0.4,1.6] - %.=[2.0,5.0] f(x*)=3.560 [24}
problem-12 x%=[0,3] x2=[0,3] f(x*)=0.700 [23]
problem-13 x=[-15,30] ~  x%,=[-15,30] fx*)=36.320. {7]
problem-14 x=[~10,10] . - %,=[-10,10] f(x*)=87.235 " [11]
problem-15 x=[-10,10] - %.=[-10,10] f(x*)= 1685 11}
problem-16 %=[-10,10] - x,=[-2, 4] f(x¥)=. 0.00 [12]
*problem-17 x:=[9,9] X272, 4] f(x%)=-0.00 [12}

Table (1) Summary of problems tested.

- Table (2) gives summary of test problems function using RSM, reported solutions by

reference. The measure is developed by Ay, . The

solution by reference and the optimum solution by RSM.

y represent deviations from optimum

A R T R
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5%} HEl] %) (¥ ras-F real)/Fres%
problem-01 0.101 0.101 0.115 -0.13861% wF
problem-02 0.171 0.024 0.0145 3.958*10°% B
problem-03 -1.000 -1.000 0.0196 1.019% H
problem-04 -5.0871 -4,966 0.056 1.0112% H
problem-05 1.000 1.000 2.682 -1.682% # &
problem-06 0.000 0.000 0.000 0.000% *
probiem-07 -1.000 -0.879 0.000 1.000% %
problem-08 0.500 0.500 1.000 -1.000% ok
problem-09 16.10 16.10 16.10 0.000% *
problem-10 0.002 0.002 0.002 0.000%
problem-11 3.560 3.560 3.560 0.000% *
problem-12 0.703 -0,966 0.700 1.072% o
problem-13 36,451 36.451 36.320 3.593*107%% ®
problem-14 87.226 87,226 87.235 -1.031%10™% e
problem-15 1.689 1.689 1.685 2.368*10°% >
problem-16 -196.0 -196.0 0.000 1.000% A
problem-17 -6.818 -5,818 . 0.000 1.000% okl

Table (2) summary of test problems function using RSM, reported solutions by reference.

We divided the problems into three classes according to optimal solution:
1- RSM best than Original solution (**). 2- RSM agrees with Original solution (*).

3- Original solution best than RSM ().

5.1 RSM best than Original solution.

The list of problems where RSM technique best than the Original solutions in the opt1mal
solution: These problems are 1, 3, 4, 5, 7, 8, 12, 14, 16 and. 17 respectively. A full list of
these problems is given in References. This means that RSM best in 10 problems from
17 problems. We selected one problem (problem # 5) to explain how the solutions by

RSM best than the original solutions, it will be explain in section (3).

5.2 RSM agrees with Original solution.

The list of problems where RSM techniques agree with the Original solutions in the
optimal solution: These problems are 6, 9, 10 and 11 respectively. A full list of these
problems is given in References. This means that RSM agree with 4 problems from 17
problems. We are selected one problem (problem # 9) to explain how the solutions by

RSM agree with the original solutions; it will be cxplain in section (3).
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5.3 Originai sofution best than RSML .
The list of problems where Original solutions best than RSM io the optimal sclution:
These problems are 2, 13 and 15 respectively. A full list of these problems is given in

-

Refersnces. This means that original solution besi in 3 problems from 17 problerns.

But the Agirr for the three problems is very narrow heiween Original solutions and
RSM solutions as shown:

Problem-2 0.003958 =~ 0.004.
Problem-13 0.003593 = 0.004.
Problem-15 0.002368 = 0.002.

5.4 We select two problems (problem # 5 and problem # 9) from table (1) to discuss the
steps of solutions of approximate techniques {Response Surface Methodology) with
weighted method in different classes:

1- Problem # 5 RSM best than Original solution.

2- Problem # 9 RSM agrees with Original solution.

1- Problem 5:

Fi(X) = (Xi+ X2 +7.5)% + (X5 — X, +3)Y/4
Minimize:

P30 = (X = 1P /4 + (Ko — 4)22
Subjectto:  gi(X)=2.5-(X1-2’2-%, >0

2(X) =385+ 800 - X1 +0.65-X—X; >0
Where : 0<X;<5

0<X,<3
The optimal solutions are:
F* min = 2.682 by krigining method
F* min = 1,000 byRSM ~  ~ withw=0.0

o
1
|
i+
i

~z

|




Sequentiai of soiution:

1- Determent the feasible performance space by RSM as fig

28
7.

Fig (2) feasible performance space by RSM for # 5.
2-  Apply RSM with weighted method to determent F*q;, at every weight (w), (where
0 <w <1 and the interval of wis 0.1) by drawing as fig (3).
5.5 - 4
L + | ===~ original
50 ' l“%*“RSM z
\\ : i
L 4
451 - : E
. ,
4r {‘ “\ -|
- ' '
3.5¢ ' g
o N
sl ™. \"'., N R
2.5: Bt SRR E
15¢ ERRTRE I .
1! - ; it
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Figure (3) Pareto froutier by RSM with weighted method for probiem #5
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Determent ¥ minimum caloulated by REM at every weight in # 5 and selec! the
minimum value of B, this value is the optimal solution of # 5 as iable (3.

B &

‘VV F .wit‘hcut RSM F RSM
0.0 1.000 1.000
0.1 2.776 2.713
0.2 4.140 3.768
0.3 4.718 . 4.685
0.4 5.249 5.044
0.5 5.739 5.166
0.6 6.228 4.759
0.7 6.686 6.140
0.8 6.897 6.877
0.9 7.096 6.832
1.0 7.283 5.015

Table (3) F* ., at every weight with RSM , without RSM for problem #5,

2-Problem 9:

Minimize: fi=(x1-2)"+(x2-1)
f, = x> +(x2-6)*

Subject to. : glql-l.é <0
2:=0.4-x1 <0
857%2-5 <0
24=2-% 50

Where: 04< X, <16

202 X;<5.0
The optimal solutions are:
F* min = 16.10 by krigining methpd
F* min'=16.10 . by RSM with w= 0.0




I+ Determent the feasible performance space by RSM as fig (4).

2

Fig (4) feasible performance space by RSM for # 9

2- Apply RSM with weighted method to determent F*,,;, at every weight (w),

(where 0 <w <1 and the interval of w is 0.1) by drawing as fig (5).
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Figure (5) Pareto frontier by RSM with weighted method for problem #9
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3-Determent F* minimuim calculated by REM at every weight in # 9 and select
the minimum value of F* | This value is the optimal solution of # 9 in table(4).

H‘V\V IF"W(L}:QMRSM F“RSM
0.0 16.10 16.10
0.1 16.56 17.10
0.2 17.58 18.10
0.3 18.36 18.99
04 19.30 19.93
0.5 20.10 20.30
0.6 21.10 21.20
0.7 22.20 22.50
0.8 22.96 23.40
0.9 24.66 25.63
1.0 26.63 - 27.63

Table (4) F*,;, at every weight with RSM » without RSM for problem #9

6- Conclusion

We develop a new technique based on approximation techniques Response Surface
Methodology (RSM) and weighted method to determent the optimal solution for multi-
objectives problems in short time and low cost .This method is applied to Seventeen
problems got from literature. The problems have two objectives with one or two
variables. After solve seventeen problems we observed that;

- RSM best than original solution in 10 problems out of 17 problems.

- RSM agrees with original solution in 4 problems out of 17 problems. .
- Original solution best than RSM in 3 problems out of 17 problems, but the differences
is very narrow from original solution; we used additional sample points until get the best
optimal solution. Results are inferior due to several possible reasons.
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Correlation Based Feature Selection for Spam Email
Using Quantum Bio Inspired Estimation of
Distribution Algorithm

Omar S. Soliman' and Aliaa Rassem?

Abstract

Spam or junk mails introduce many problems; they consume internet users' time, fill up
@ space on servers and sometimes allow for security threats. With the increasing
- number of spam mails, email classification becomes necessary where many spam
detection models have been developed. Email feature selection becomes also a
necessary preprocessing step before spam detection due to the high dimensionality of
‘data that may affect the classification accuracy. Correlation based feature Selection
(CFS) is one of the feature selection techniques that is based on features correlations in
filtering good features. Bio inspired optimization (BIO) has been recently applied to
solve complex problem‘s in computer science and operations research fields. This paper
introduces quantum vaccine immune clonal algorithm with estimation of distribution
algorithm (QVICA- with EDA), a BIO algorithm, that helps in a faster and more sfficient
search in complex features spaces. The proposed algorithm integrates both quantum
computing concepts and vaccination process with the immune clonal selection and EDA
sampling to help CFS method in selecting the best features. The algorithm is
: implemented and evaluated using SpamBase dataset and is compared with the GA
search algorithm. The obtained results showed the ability of QVICA-with EDA to obtain
better feature sub- sets with fewer length, higher fitness values and with higher power of
class predictability. |

Keywords: Correlation Based Feature Selection (CF8), Quantum Computing,
Vaccine Principles, Immune Clonal Algorithm, Estimation of distribution Algorithm (EDA)

2 Faculty of Computers and Information, Cairo University, 5 Ahmed Zewal Street, Orman, Giza, Egypt.
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1  Introduction

B-mail is one of the many technological developiments thai have influenced
our lives. However, the downside of this sporadic success is the constantly
growing size of unfiltered e-mail messages received by recipients. Thus, E-
mail classification becomes a significant and growing problem. E-mail classi-
fication tasks are often divided into several sub-tasks, First, Data collection
and representation of e-mail messages, second, e-mail feature selection and
feature dimensionality reduction for the remaining steps of the task. Fi-
nally, the e-mail classification phase of the process. Spam is defined as junk
or unwanted e-mail message that is delivered by the internet mail service.
Spam e-mails can also clog up the e-mail system by filling-up the server disk
space when sent to many users from the same organization. Moreover, virus
attachments, spyware agents and phishing have become the most serious se-
curity threats to individuals and businesses recently. Many spam detection
models have been proposed to solve such problems. The goal of these models
s to distinguish between spam and legitimate mail messages [E]. A number
of spam detection models using machine learning techniques have been pro-
posed. As the amount of spam has been increased tremendously using bulk
mailing tools, spam detection techniques should counteract with it. To cope
with this, parameters optimization and feature selection have been used to
reduce processing overheads while guaranteeing high detection rates. From
the feature selection perspective, one of the specific problems that decrease
accuracy of spam and non-spam emails classification is high data dimen-
sionality. Therefore, Feature selection is used to find out only dimportant
feabures of audit data and eliminate irrelevant features for the reduction of
dimensionality [22], [25].

The aim of this paper is to develop a quantum bio inspired estimation of
distribution algorithm for correlation based feature selection to effectively se-
lect the relevant email features for spam detection. The algorithm is applied
over the spambase benchmark dataset and compared with GA algorithm to
evaluate its effectiveness. The rest of this paper is organized as follows: Sec-
tion 2 introduces related work in the field of feature selection. Section 3
introduces the proposed algorithm introduced in this paper. Where experi-
mental results and discussion are are presented in section 4. The last section
is devoted to conclusions and further works.
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2 Related Works and Background

Quadratic TF * IDF (Term Frequency *Inverse Document F requency t mutual
information method is a statistical method for evaluating the importance of
a word for a document set or a document. It was applied to make the feature
set obtain a better ability of classification. It showed a rise in the preci-
sion of classification to some degree and more classification efficiency in text
classification [19]. A filter based probabilistic feature selection method, dis-
tinguishing feature selector (DFS), for text classification was proposed and
compared with well-known filter approaches including chi square, informa-
tion gain, Gini index and deviation from Poisson distribution. Experimental
results indicated that DFS offered a competitive performance in terms of clas-
sification accuracy, dimension reduction rate and processing time (20]. The
genetic algorithm (GA) was applied also in feature selection to decrease the
number of useless features in the high-dimensional email body and sub ject.
A GA feature selector with the Multi-Layer Perceptron (MLP) classifier were
able to decrease the data dimensionality and increase the spam detection rate
as compared against other classifiers such as SVM and Naive Bayes [22]. GA
was applied again with SVM in the (GA-SVM) feature selection technique.
GA is applied to optimize the feature subset selection and classification pa-
rameters for SVM classifier. 1t eliminates the redundant and irrelevant fea-
tures in the dataset, and thus reduces the feature vector dimensionality d
rastically. This helps SVM to select optimal feature subset from the result-
ing feature subset. This hybrid system showed a significant improvement over
SVM in terms of classification accuracy as well as the computational time
in the face of a large dataset [23]. A local concentration (LC) based feature
extraction approach ispired from the human immune system was introduced
for anti-spam that extracted local concentration features for messages. - It
proved to be robust against messages with variable message length. It also
had better performance in terms of accuracy and F1 measure comparing
with the global concentration based approach [24]. A spam detection model
using random forest (RF) was developed with the help of parameters opti-
mization and features selection. A variable importance of individual feature
was provided for feature selection to select the important features on a scale
between 0 and 1. The model was able to detect spam with low processing
overheads and high detection rates [25]. A method of Bi-Test that utilizes
binomial hypothesis testing was applied as feature selection technique for
spam to estimate whether the probability of a featwre belonging to the spam
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satisfies a given threshold or not.The method was compared with four fa-
mous feature selection algorithms {information gain, vi- statistic, improved
Gini index and Poisson distribution). The experiments show that Bi-Test
performs significantly better than v2-statistic and Poisson distribution, and
produces comparable performance with information gain and improved Gini.
Moreover, it executes faster than the other four algorithms 126].

2.1 Correlation based Feature Selection (CFS)

Correlation based Peature Selection (CFS), developed by Hall (1999), is a
simple filter algorithm that ranks feature subsets according to a correla-
tion based heuristic evaluation function. The bias of the evaluation function
is toward subsets that contain features that are highly correlated with the
class and uncorrelated with each other. Irrelevant features should be ignored
because they will have low correlation with the class. Redundant features
should be screened out as they will be highly correlated with one or more of
the remaining features. CFS has two main phases, the first is calculating the
matrix of feature-feature and feature-class correlations. The second phase is
a search procedure that is applied to explore the features space and get the
optimal subset. To examine all possible subsets and select the best is pro-
hibitivedue to large features space. Various heuristic search strategies such
as, best first, are often applied to search the features space ‘in reasonable
- time. The CFS correlation based heuristic evaluation function is defined as
in equation 1 (3], [5], [13].

My = krey/ k+ k(k— 1) i f (l)

Equation 1 is Pearsons correlation where all variables have been stan-
dardized. M, is the heuristic merit of a feature subset § containing k&
features, ro; is the mean feature-class correlation and 7 is the average
feature—feature intercorrelation. The numerator of this equation can be
thought of as providing an indication of how predictive of the class a set of
features is; and the denominator of how much redundancy there is among
the features [5], [11].
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2.2 @Uan‘tbm Inspired Hvolutionary Algorithms and
Estimai Di trlibmmo_ﬂ_ Algorithims

Immune clonal algorithm (ICA) is an optimization algorithm that simulated
the human immune system where antibodies are used as candidates solutions
and cloning and mutataion are the evolution operators. Quantum inspired
evolutionary algorithms (QIEAs) were introduced in the 1990s to get ad-
vantage of the quantum computing to increase EAs performance. Quantum
inspired ICA (QICA) inpires the quantum concepts of quantum bits, superpo-
sition and obseration (for more details about quantum properties, see (10]).
Using inspired quantum properties, QICA can reduce the computataional
time and maintain higher performance. The vaccine operator was added to
the ICA to help in diversifying the solutions through the search space. The
vaccinatation process may take a long time so the estimation of distribution
algorithms (EDAs) are used to sample large number of vaccines in a reduced
time. Estimation of Distribution Algorithms (EDAs) are population based
algorithms with a theoretical foundation on probability theory. They can
extract the global statistical information about the search space from the
search so far and builds a probability model of promising solutions [5]. Un-
like genetic algorithms (GAs), the new individuals in the next population
are generabed without crossover or mutation operators. They are randomly
reproduced by a probability distribution estimated from the selected individ-
uals in the previous generation.

3 Proposed Algorithm

The effectiveness of correlation based features selection method (CFS) de-
pends on the effectiveness of the search algorithm and its ability to examine
the most number of possible feature subsets to select the most representative
one. As in equation 1, the fitness of any candidate subset is evaluated by
dividing the subset class prediction power with the features interactions so
only relevant and non redundant features are favored for selection. The pro-
posed quantum bio inspired estimation of distribution algorithm algorithm
for CFS, it is based on the quantum vaccined immune clonal algorithm, and
EDA. The schema of the proposed algorithm is shown in figure 1.

As shown in figure 1, the algorithm has two main stages. First Phases
is about data preprocessing and the second is the CFS with its two phases.
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Figure 1: The schema of proposed algorithm

The details of proposed algorithm are described as follows:

e Data Preprocessing Phase

This phase is concerned with data preprocessing of the spambase dataset:
it is responsoble for data discretization so the data can be processed by
the CFS. Also, all features are normalized in this phase to be handled
equally as follows:

— Data Discretization: As many filter methods work on discrete
data and as KDD data set has some continuous features, a dis-
cretization step is the second step for.the preprocessing of the
data. Equal frequency discretization (EFD) is the used discretiza-
tion method with &, number of intervals, equals 10.
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o CUFS Phases

after the dataset is ready for the feature selection process where all
features have discrete numeric values, the two CEFS phases are imple-
mented as follows,

— Phase 1: Correlations Matrix: a matrix of feature-feature
correlations and feature-class correlations is computed from the
features’ values. This matrix is the evlautaion criteria of any
possible feature subset. It is the base of subsets selection in the
second phase.

— Phase 2: Search Technique: The QVICA-V with EDA is ap-
plied for this phase to search, rank and select better subsets.
This technique integrates the quantum computing and immune
clonal selection principles with the vaccination and EDA sam-
pling mechansim to improve the solutions fitness and the degree
of diversity. Two populations, one for solutions (feature subsets)
and one for vaccines are initialized first in the quantum bit repre-
sentation. After initilization, two parallel flows take place for the
evolution process where one of them is over the vaccines popula-
tion and the other over the subsets population.

x First flow:  The vaccines population is divided into two
sub populations.  Genetic operators are used to evolve the
first sub population by the crossover and mutataion opera-
tors where EDA is applied on the second subpopulation. It
estimates a Probability model that represents the fittest vac-
cines then new vaccines are sampled from this model. Fittest
vaccines are the farthest vaccines with higher distance values
from subsets so as higher space exploration degree is ensured.

* Second flow:  Quantum subsets, candidate problem solu-
tions, are evolved by the clonal and quantum mutataion op-
erators then observed into more subsets. The final subsets
are vaccined by the new generated vaccines then the immune
clonal selection took place to select best subsets as the next
population where the phase is repeated until the number of
iterations is reached [8].
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Table 1. SpamBase dataset Attributes Description

Attributes| Values Description

Range Range

1 to 438 (0,100] percentage of words in the e-mail that match

' WORD

49 to 54 [0,100] percentage of characters in the e-mail that
match CHAR

55 to 67 (1,..] the length of sequences of consecutive capital
letters.

58 0,1 denotes whether the e-mail was considered
spam (1) or not (0)

4 Experiemntal Results

Many experiments have been done to test the QVICA-with EDA search tech-
nique against the GA search. All the experimenst are done on the bench-
mark dataset in the spam mails field is the spambase dataset. The Spambase
dataset is an e-mail message collection containing 4601 messages, being 1813
(39) marked as spam messages, was created by Hopkins et al.. The collection
of spam e-mails came from individuals who had filed spam and the collection
of non-spam e-mails came from filed work and personal e-mails (25]. There
are 53 attributes where 57 of them are continuous and the last one is the
nominal class which denotes whether the e-mail was considered spam (1) or
not (0). Most of the attributes indicate whether a particular word or char-
acter was frequently occuring in the e-mail where table 1 shows a detailed
description of each attribute.

Different parameters settings are tested through three experiments, where
the number of the subsets population size is set to 1000 with fixed number
of iterations of 1000. The initial quantum population size is set to 5 with
clone scale of 4 in addition to crossover and mutation probabilities settings.
Three values for mutation probabilty are set, low value of 0.25, average value
of 0.5 and high value of 0.8. Three evaluation measures are used the base of
the comparison in this paper. Theses measures include the best subset fit-
ness obtained, the average feature- feature (£-f) correlation and the average
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Table 2: Best Feature Subset, with its number of selected features, and ifs
Fitness Value using GA and QVICA-with EDA Search

Exp. | Best Features Selected features o

fitness Number

value
CGA 1 0.445 17 1,3,6,8,12,13,17,18,19,21,28,32,34, 40,44 ,49 ,50
Search 2 0.4536 16 ‘ 1,2,3,5,6,9,12,16,19,21,23,28,37,42,43,50

3 0.4479 15 1,3,10,12,18,19,21,23,24,28,29,35,36,38 ,56

QVICA- 1 0.5494 4 3,12,19,21
with 2 0.5178 6 3,5,12,18,19,21
EDA 3 0.4954 7 1,3,12,19,21,51,57
Search

features-class (f-c) correlation of the best subset. Table 2 shows the first eval-
uation measure, the best features subset obtained at end of each experiment
with the number of features it includes and its fitness value (CFS evaluation
function score) for GA and proposed algorithm.

As shown in table 2, the QVICA-with EDA search method outperformed
the GA search in getting optimal subsets with higher fitness values of CFS
merit function. The largest difference obtained of the fitness values is in the
first case, where the mutataion probabailty has small value where the lowest
difference obtained in the third experiemnt. The proposed algorithm is also
more effective than GA in searching for the relevant and non redundant fea-
tures which is clear from the number of features obtained from both of them
at each experiment. QVICA-with EDA is able to get features subset with
fewer length, which means that it eliminates more irrelevant and redundant
features than GA. '

More tests are done where two additional evaluation measures are calcu-
lated for both algorithms which are the average feature-feature (f-f) correla-
tion and average feature-class (f-c) correlation values of the best subset. CFS
alms to both lower the first measure, to ensure redundancy elimination and
to maximize the second measure for higher class predictability power. Table
3 shows the values of these measures recorded for both algorlthm through
the five experiments.

Table 3 proves the ability of QVICA-with EDA search method of main-
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Table 3: Average (f-f) and (f-c) Correlations of the Best Subset of QVICA-
with EDA and GA Search

BExp. | Average features Correlations Average Class correlations
GA QVICA-with | GA QVICA-with

EDA EDA

1 0.9929 0.9976 0.4435 0.5489

2 | 0.9932 0.994 0.4521 .0.5165

3 0.9921 0.9906 0.4463 0.4934

taining the CFS second goal as in all experiments, its selected subset has
features with higher class predicability than the GA (as listed in the last two
columns of the table). For features interactions, both algorithms seem to be-
have the same and achieve similar results. Therfore, the proposed algorithm
is not able to improve the correlations values, but it still meets the first goal
through obtaining the same results of the GA search.

Best Subaa: Fnlnes; Value at each neratlon

QICA-V with EDA search

MWMW MWW

o4 Mw‘wm i mtwwwwﬂhwﬂwmwm

100 DU 300 400 500 800 700 - 800G . 900 . 1000
Hteration

GA =aarch L

Best Subset Fitness
o
(¢

Figure 2: Best Subset fitness value found by QVICA-with EDA and GA
searches at each iteration at experiment 1

For more analysis regarding the performance of the proposed algorithm,
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Figure 3: Best Subset fitness value found by QVICA-with EDA and GA
searches at each iteration at experiment 2

the best subset fitness value obtained at each experiment’s iferations are vi-
sualized for both algorithms in figures. 2, 3 and 4. In all of these figures, the
proposed algorithm has an increasing curve of the best fitness value through
all iterations where GA has a random behavior. The increasing curve shows.
how the whole subset population in QVICA-with EDA moves towards the
best solution due to the EDA sampling that always sample the best solutions
found so far at each iteration. A small degree of randomization also appears
in the curve and is gained from both the vaccination and quantum observa-
tion process. This randomization means that no only the search direction is
towards optimality but also there is a space at each iteration for searching
more areas in the features space to explore new unknown subsets. On the
other hand, the GA search strategy appears to be highly random according
to the GA operators but it fails to reach or get closer to optimality regions
which is clear from the maximum values obtained by both algorithms. Com-
paring figures . 2 and 4, the algorithm’s search strategy takes more iterations
till achieving a stable behavior in the first experiment than the third one.
High mutataion probabailty value in the third experiemnt hepls in exploring
more areas in the features space and thus finds new subsets that hurries in
achieveing staibilty around the optimility region. Low values for the mu-
tataion probabailties has also an advantage that appears in fig 2 where the
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best subset in the population reaches higher values of fitness {with respect
to the values in fig 4 .
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Figure 4: Best Subset fitness value found by QVICA-with EDA and GA
searches at each iteration at experiment 3

5 Conclusions

This paper introduced a new CFS method based on a quantum bio inspired
estimation of distribution algorithm to effeciently select more relevant email
features to improve the spam mails classficiation accuracy. The algorithm
that combines quantum computing (QC) concepts with vaccination princi-
ples, the immune clonal selection and estimation of distribution algorithm
(EDA) sampling. The quantum properties of g-bits representation, quantum
mutation and observation with the EDA sampling were utilized for improv-
ing the performance of the search and in reducing the computation time.
The proposed algorithm employed as a search technique for CFS to find the
optimal subsets of the features space. It was implemented and evaluated
using benchmark dataset SpamBase dataset, and compared with results ob-
tained using GA algorithm. Results showed that it was capable to obtain
better feature subsets with fewer length, higher fitness values and reducing
computation time. For future work we intend to apply the proposed search
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algorithm to a real application; more experiments and more comparative
study with the most recent Machine learning algorithms.
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A hybrid classification system for Hepatitis € Virus
Omar S. Solimanl and Eman AboElhamd?

Abstract:

This paper proposes a decision support system for hepatitis C Virus (HCV) diagnosis and
treatment. The proposed system integrates principle component analysis (PCA) algorithm and
support vector machine (SVM). The PCA algorithm is used for selecting features vector, the
SVM algorithm with different kernel functions is used for patient’s classification. The proposed
system starts with data preprocessing phase using local mean algorithm. This is followed by
features extraction phase using PCA algorithm then classification using SVM algorithm. The
proposed system is implemented and evaluated using two different data sets, one is the
benchmark HCV data set from UCI repository of machine learning databases and the other is a
real data set from Egyptian National Liver Institute, and compared with different classifier
systems. The obtained results showed the effectiveness of the proposed system in achieving
higher classification accuracy with lower processing time,

Keywords: Hepatitis C Virus (HCV), Artificial Neural Network (ANN); Support Vector
Machine (SYM), Radial Basis Function (RBF).

1. Introduction:

HCV is a chronic disease, in some cases, those with citrhosis will go on to cause liver failure,
liver caricer or life-threatening esophageal and gastric varices.

Nowadays, people who have been affected from hepatitis virus are found all over the world,
Liver‘s swelling and redness without indicating any particular reason is referred to as “Hepatitis”.
Hepatitis virus arises due to one of three viruses; Hepatitis A, hepatitis B, and hepatitis C
are the prominent viruses. Hepatitis C virus is the most severe type. It assaults the liver and
caused swelling and redness in liver. We could found that large number of inhabitants who had
infected from this virus said that they even didn‘t feel any indication by which they recognized
that they have been infected from such severe virus, most of them come to know about their state
during their usual health check-up. Hepatitis C virus will also be transmitted to the new :born
baby if the mother is tainted from this virus. In this virus, if the patient is having cirrhosis then the
possibility of liver cancer raises. According to the professionals, the rate of death from hepatitis
will be three times more in the next twenty years.

Fibrosis liver disease could be considered as a déadly disease that adversely affects the
lives of many people, which is the final result of injury to the liver. Accurate assessment of the
degree of fibrosis is important clinically, especially when treatments aimed at reversing
fibrosis are being evolved. Liver biopsy has been considered to be the gold standard to assess
fibrosis. However, liver biopsy being invasive and is not favored by patients or physicians,
alternative approaches to assess liver fibrosis have assumed great importance. Moreover,
therapies aimed at reversing the liver fibrosis have also been tried lately with variable results.
So, the aim of this paper is to develop a classification system for HCV.

152 Faculty of Computers and Information, Cairo University, 5 Ahmed Zewal Street, Orman, Giza, Egypt.
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Ihe rest of the paper is organized as follows; section 2 describes the problem

L -

background and related works. The proposed system is introduced in seciion 2 and
experimental results are presented in section 4. Where. the last section is devoted to
conclusions and further research.

2. PROBLEM BACKGROUND AND RELATED WORKS:

HCV is a major public health problem all over the world, so, lots of work had been
done in the area to help in diagnosis and treatment of this disease. Artificial Neural
Network (ANN) is one of the most common methods in this area. An automatic
diagnosis system for hepatitis C virus “which integrates PCA and ANN for
classification of HCV and deals with mixture of feature extraction and classification is
proposed in [1].In [2],an Expert system for the diagnosis of the Hepatitis B virus
disease was proposed; they employed the generalized regression neural network to
classify the patient in two categories: Infected or immune mentioning the causes and
severity. They showed that Generalized regression ANN will be the best suitable
ANN for hepatitis B diagnosis and helps in reducing extra time consumption in
treatment. Even if there is any number of missing parameters in blood test.
Also, in [3] an ANN algorithm was proposed to Predict Cirrhosis in Patients with
Chronic Hepatitis B Infection with Seven Routine Laboratory Findings. They
showed the ability of ANN to predict the presence or absence of cirrhosis in patients
with chronic hepatitis B, and showed that if the ANN value of certain laboratory
manifestations is negative, there will be a 95% chance of having a negative liver
biopsy. In [4], an ANN algorithm was introduced as an aided non-invasive grading
evaluation of hepatic fibrosis by duplex ultrasonography. This model had good
sensitivity and specificity in quantitative diagnosis of hepatic fibrosis or liver
cirrhosis. - It may help non-invasive grading diagnosis of liver fibrosis in clinical
practice. A comparison between Back-propagation and Naive Bayes Classifiers was
introduced in to diagnose hepatitis disease was introduced in {S].A decision support
model to predict 3-month mortality risk of acute-on-chronic hepatitis B liver failure
using ANN was introduced in [6]. In [7], they proposed ANN system and multiple
logistic regression (MLR) analysis based on clinical factors to predict a 6-year
incidence of metabolic syndrome (MetS) including the insulin resistance index
that calculated by homeostasis model assessment (HOMA-IR). In [8], they
presented a framework to establish a prediction system for the personalized
treatment of chronic hepatitis C virus usingalogistic regression model for
personalized therapy based on age, viral genotype, initial viral load, aspartate
aminotransferase/alanine aminotransferase ratio, «-fetoprotein levels, and IL28B
single nucleotide polymorphism genotype. They showed that the personalized
approach to therapy may better inform freatment decisions and reduce incidence of
side effects and antiviral resistance.

An algorithm based on decision trees was proposed to determine the outcome
of patients with acute liver failure, which highlight most common causes of hepatitis,
these may be useful to determine the indication for liver transplantation [9]. Alsc, in
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HOIA prediction model of hepatitis O patients o drug ire
free learning algorithm was proposed and used o ,
decision-tree analysis also, was proposed as predictive model for preireatment
prediction of anemia progression by pegylated interferon alpha-2b plus ribavirin
combination therapy in chronic hepatitis C infection. This model was useful for
predicting the probability of severe anemia, and has the potential to support clinical
decisions regarding early dose reduction of yibavirin [11]. In [12], a soft computing
classification criterion was proposed to design and develop wuser friendly
diagnostic system for Hepatitis B. They utilized clinical data of the patients and the
opinions of medical experts to design the diagnostic system. In [13], they introduced
the usage of a modern information system using medical informatics technologies to
support in the task of diagnosis and efforts entreating to overcome the problems
related to the liver disease. A hybrid model using Particle Swarm Optimization
and Case Based Reasoning for hepatitis disease diagnose was proposed in [14].
The CBR was used for feature extraction method. Where the PSO was used to
assemble a decision making system based on the selected features and diseases
recognized.

ising decision

h high probability. A

In [15),an intelligent HCV diagnosis system using Principle component
analysis and least square support vector machine classifier for hepatitis diagnosis. A
machine learning model for Lepatitis disease diagnosis that hybridizes SVM and
simulated annealing (SA) was proposed in [16]. In [17], they introduced an intelligent
system using multiple linear regressions (MLR) and SVM for developing quantitative
structure activity relationship (QSAR) model for HCV.A machine learning methods
to predict HCV non-structural proteins 5B polymerase inhibitors was proposed [18].
In [19], they developed decision model for chronic hepatitis C virus infection that
uses a Markov model to estimate lifetime costs and quality-adjusted life-years in two
treatment strategies (a standard-duration therapy and truncated therapy). In [20], they
proposed a specific HCV evolution and response to the combined interferon and
ribavirin therapy based on Bayesian networks (BN), Linear projection (LP) and
Self-Organizing tree (SOT) models. The BN models employed to predicted
therapy outcomes, gender and ethnicity, where LP and SOT models used to
confirm associations of the HVR1 and NSS5A structures with response to therapy and
demographic host factors predicted by BN, In [21], they applied the serum Fourier
Transform infrared spectroscopy for noninvasive assessment of hepatic fibrosis in
patients with chronic hepatitis C. This work strongly suggests that the serum from
CHC patients exhibits infrared spectral characteristics, allowing patients with
extensive fibrosis to be differentiated from those with no hepatic fibrosis. In [22], a
genetic polymorphism in IL28B and viral factors was proposed as a pre-
treatment prediction of response to pegylated interferon plus ribavirin for chronic
hepatitis C. The IL28B polymorphism and mutations of HCV were significant pre-treatment
predictors of response to PEG-IFIN/RBYVY. The decision model, including these host and viral
factors may support selection of optimum treatment strategy for individual patients. In
[23], Data Mining techniques were applied to reveal complex interactions of the risk
factors and clinical feature profiling associated with the staging of Non-
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disclosed complex interactions of the risk factors and o
associated with the staging of NBNC-HCC.

Also, data mining techniques were used for building a simple and readily
available ~ factors model for the identification of patients at high risk of
hepatocellular carcinoma. The model allows physicians to identify patients requiring
HCC surveillance and those who benefit from [FN therapy to prevent HOC [24].In
[25], a decision tree model that includes age, gender, AFP, platelet counts, and GGT
was proposed for predicting the probability of response to therapy with peg-interferon
plus ribavirin and has the potential to support clinical decisions regarding the
selection of patients for therapy.

2.1 Liver fibrosis stages:

The medical attributes that provide information to triggers a certain degree of liver
fibrosis were presented in [26]. These attributes include the stiffness indicators from
Fibroscan, standard hematological and biochemical exams. There are five possible
fibrosis categories. These categories and their number of representatives are defined
as:

e FO0 (no fibrosis) — 29 examples;

F1 (portal fibrosis without septa) = 227 examples;
F2 (portal fibrosis and few septa) — 164 examples;

F3 (numerous septa without cirrhosis) — 87 examples;

]

-3

@

[

F4 (cirrhosis) — 215 examples.

2.2Principal Component Analysis:

PCA is an attributes selection technique which is considered as one of the most
prevalent and useful statistical method for dimensionality reduction. This method
transforms the original data in to new dimensions [1]. The new variables are formed
by taking linear combinations of the original variables of the form: -

Hi = by = by Ky + byoKy + o + byim K, (1)
Hy = by' = by Ky + bygly + =+ by Koy (2)
Hy = by’ = byi Ky + byoly + -+ by Koy (3)

In matrix style, we can write H = B.K, where K are known as the loading parameters.
The new axes are attuned such that they are orthogonal to one another with utmost
expand of information.

var(H;) = b/ X b, 1=1,2 ..p (4

(]
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I is the first principal component holding the prime variance.

As the direct computation of matrix B is not achievable. So, in feature fransformation.
the first step is to ascertain the covariance matrix U which can be expressed as:

[Z,;ml\}( - K). (K, - K)], whereK = L

h\ﬂ
Il 3
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) _ ERS
Unxn = m—1 m/

The next step is to determine the eigen values for the covariance matrix U
Eventuslly, a linear transformation is defined by # eigen vectors match up to o eigen
values from a m-dimensional space to n-dimensional space (n<m). Principal axes
are also referred to as eigen vectorsEy, By, ..., Epcorrespond to eigenvalues
M)z, s ). Generally, the first few principal components hold most of the
information. Analysis of variances proportion represents the total number of principal
components that should be retained from the dataset. '

Algorithm 1: PCA

Stepl: Recover basis: Calculate XX” = ¥f_,xxT and let U = eigenvectors of XX'
corresponding to the top d eignvalues.

Step2: Encode training data: Y = UTwhere Y is a d X t matrix of encoding of the original data.

Step3:Reconstruct training data: X = UY = U uTx

Stepd: : Encode test example y = UTx whereyisad — dtmenswnalencodmgoix

StepS: Reconstruct test example: £ = Uy = UUTx.

SVM is a supervised learning method that can be applied to classification or
regression. Classification is achieved by a linear or nonlinear separating swrface in the
input space of the dataset. SVM delivers state-of-the-art performance in real world
applications such as text categorization, hand-written character recognition, image
classification, bio-sequences analysis. It is established as one of the standard tools for
Machine Learning and data mining. SVM employs kernel to map the input data into
some much higher dimensional feature space implicitly in which data becomes linear
separable. The linear decision boundary is drawn in a manner that the margin,
minimum distance between training examples to the boundary, is maximized. The
SVM approach seeks to find the optimal separating hyper plane between classes by
focusing on the training cases that are placed at the edge of the class descriptors. These
training cases are called support vectors. Training cases other than support vectors are
discarded. This way, not only is an optimal hyperplane fitted, but also less training
samples are effectively used; thus high classification accuracy is achieved with small
training sets [27].

Given a training dataset with n samples (%y,¥1), (X2, ¥2), ..., (Xn, V) Where xjis a
feature vector in a v-dimensional feature space and with iabels y; € —1,1 belonging
to either of two linearly separable classes Cl and C2. Geometrically, the SVM




modeling algorithin finds an optimal hyperplane with the maximal margin to separate
two classes, which requires solving the optimization problem:

L 3 t=n ; . -
Max i1 o= 5 2jeg %% Vi K(x; %) {7}

ST. TR, & yi, 0 Seq € (8)
Where «; is the weight assigned to training samplex;.

If >0, x; is called support vector C is a regulation parameter used to trade-off the
training accuracy and the model complexity K is a kernel function, which is used to
measure the similarity between two samples. The SVM algorithm provides a choice of
four kernel types: Linear, Polynomial, Radial Basis Function, and Sigmoid. These
kernel functions are defined as:

Linear Kernel Function: K(x;, %) = x7;x 9)
Polynomial Kernel Function: K(x;, %) = (vxTix; + )%,y > 0 (10)
Sigmoid Kernel Function: K(x;, %) = tan (yxTjx; + 1) (11)

Algorithm 2; SVIVL;

Stepl: Choose a kernel function
Step2: Choose a value for C,
Step3: Solve the quadratic programming problem.

Stepd: Construct the discriminate function from the support vector,

3. Propdsed Method:

The proposed classification system for HCV diagnosis and treatment is composed
of three main phases including the data pre-processing, features extraction and
classification phase. These phases are described in algorithm- 3, where, its conceptual
scheme is showed in Fig.1
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Fig. 1: Flow chart for our proposed method

Algorithm 3: Propesed System:

Phase 1: Data Pre-processing: The aim of this phase to clear data from noise and complete
missing data using Local mean algorithm 4.

Phase 2: Data Extraction: The purpose of this phase is to extract the most effective HCY
features vector using PCA algorithm 5.

Phase 3: Data Classification. The aim of this phase is to classify the HCV patient into one
of 2 classes (either Live or Die) based on his level of fibrosis and tests results.
SVM with different kernel functions algorithm 2 was used for this phase.

Algorithm 4: Local Mean Method:

Step 1: Determine the number of cells that we will caloulate the average for (n).
Step 2. Given an empty cell that has an initial value (U =0).

Step 3: Calculate the average of its n previous cells using equation (12).

Up-1t+ Ugez o U
Ut= n-1 nnz ] (12)

Step 4: Return number in the empty cell.
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4, Experimental Results:

4.1 Data Sets:

The proposed system is implemented and evaluated using two different data sets, one is

the benchmark HCV data set from UCI repository of machine learning databases and the other
is a real data set from Egyptian Nationa! Liver Institute. The UCH dataset coniains {54 HCV
patients record and has 22 attributes table 2. These attribuies contains 12 binary and 10
attributes with discrete values; there are 32 cases out of 154 that die due to HCV. The
second National Institute of liver dataset Contains 101 records and has 27 atiributes(7

binary and Z0 with discrete values) table 3.

Table 2: The set of attributes for UCI data set.

Attribute Mo Variable Values

! Fibroses Type FO,F1,F2, F3,F4

2 Class Die, Live

3 Age 10, 20, 30, 40, 50, 60, 70, 80
4 Gender Male, Female

5 STEROID No, Yes

6 ANTIVIRALS No, Yes

7 FATIQUE No, Yes

8 MALAISE No, Yes

9 ANOREXIA No, Yes

10 LIVER BIG No, Yes

11 LIVER FIRM No, Yés

12 PLEEN PALPABLE No, Yes

13 SPIDERS No, Yes

14 ASCITES No, Yes

15 VARICES No, Yes

16 BILIRUBIN 0.39,0.80,1.20,2.0,3.0,4.0
17 ALK PHOSPHATE 33,780,120, 160, 200, 250
18 SGOT 13, 100,200, 300,400,500
19 ALBUMIN 2.1,3.0,3.8,4.5,5.0,6.0
20 PROTIME 10,20,...,90

21 HISTOLOGY No, Yes

22 Weight 67,75,85,90,100,110

Table 3: The set of attributes for National Liver Institute dataset.

Attribute Variables Values
No.
1 Class Die, Live
2 Age 20,30,40,50,59
3 Gender Male, Female
4 Glu-Se 8, 67, 80,81 ..217
5 Creat-Sc 0.4,0.6,0.8, ...,1.45
6 Alb-Sc (alkaline 0.6,13,3.7,45,52 ..,
phosphatase) 40
7 AlkPh-Sc 12,49, 51,70, 142 . 701
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g AST-Sc 5,714,272, 30, 169 175 |

9 ASTUNL-Sc 12,30, 40, 50, 133 ..152

10 ALT-Sc 7.17,22,25,30,95..,
141

11 ALTUNL-Sc 12,32, 40,44, .90

12 T .Ril-S¢ 03,041,05,08609..,
10

13 WBC-Sc 3.5,3.6,4,56,..,7.6

14 Hb-Sc (Hemoglobin) 10.1,11.5, 13, 15.6, ...,
17.3 ’

15 Plt-Sc¢ 11.4, 150, 163,268 ...,
315

16 Pt.time-Sc 1.2, 1.9, 11, 12.8,
13,..,17.7

17 INR-Sc(blood test) - 1,1.45,1.58,1.6,..,2

18 %PT-Sc 60, 75,80, 92; 100...,,120

19 Preg-Sc N.A, NEG

20 HbsAg-Sc POS, NEG

21 Anti-HCV-Sc POS, NEG

22 ANA-Sc POS, NEG

23 TSH-Se 0.3, 0.4,1.1;1.5,2.7....,
5.4

24 HCV-RNA-Sc 14, 88,2018,76, 54,
87..,850 ,

25 AFP-Sc 0.8, 1.7,4,6.7,20 ..., 150

26 Biopsy-Stage-Sc 1/8,2/8,6/8,..11/8

27 Biopsy-Grade 0/6,1/6, 2/6, ..., 5/6

4.2. Results and Discussion:

In the pre-processing phase, the local mean algorithm 4 used to clear noisy of HCV
patients’ data records and handle missing data. The PCA algorithm 1 is used to extract
features vector. For UCI dataset, the most effective and reduced features in treatment
are 6 out of 22 as reported in table 4. For National Institute for liver datasets only 6
out of 27 features were selected and reported in table5. The SVM with different kernel
function is used to classify HCV patients into two classes Die or Live. For both data sets
75% of records used in the training where 25% used for testing the proposed system.

[¥8]
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Table 4: Extracted features from POA Algorthim for UCT dataset
Selected Variables Variabie Description

Age The smallest value of the age is 7 and the largest is 78

‘Bilirubrin It is the yellow breakdown product of normal hemecatabolism which
is found in hemoglobin, a principal component of red blood cells.

ALK Phosphate It’s an enzyme which exists in the blood; It responsible for removing
phosphate groups from many types of molecules,

SGOT It’s an enzeme which works as indicator for liver health.

Albumin Any protein thai is soluble in water and also in moderatsly
concentrated salt solutions.

PROTIME It’s predecessor of thrombin which is produced in the liver.

Class Die/ Live

Table 5: Extracted attributes from PCA Algorithm for National Institute Data set

Selected Variables Variable Description

Age The smallest value of the age is 20 and the largest is 59

INR-S¢ This is the international normalized ratio which measures the extrinsic
pathway of coagulation. This test is also called "ProTime INR" and
"INR PT". They are used to determine the clotting tendency. of blood,
in the measure of warfarin dosage, liver damage, and vitamin K status.

AST-Sc Aspartate transaminase, ‘is usually used to detect liver damage. It is
often ordeted “in-conjunction with another. liver enzyme, alanine
aminotransferase (ALT), or as part of a liver panel to screen for and/or
help diagnose liver disorders. :

Alb-Sc Any protein_ that -is -soluble ~in ‘water and - also - in ‘moderately
concentrated salt solutions.

AlkPh-Sc It’s an enzyme which exists in the blood; It responsible for removing
phosphate groups from many types of molecules.

Pt-Time-Sc Partial Thromboplastin time, is a performance indicator measuring the
efficacy of both the "intrinsic” and the common coagulation pathways
and determine the clotting tendency of blood.

Class Die/ Live

The classification results are recorded at each iteration, and the average error for each
kernel function is calculated over 79 independent experiments.Fig.2,visualizes the
classification etror of each kernel function for UCI dataset. As shown in fig. 2 the
Sigmoid and RBF kernel function have minimum errors,
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Fig. 2: Classification Frror of each kernel for UCT dataset




For National Institute of lver data set the classifi ‘
visualized in fig. 3. As shown in fig. 3 Polynomial kernel function gives the minimum
error which is 0.118, followed by RBF, Sigmoid kernels. Where the ervor for linear
kernel was the worst with value 0.127.
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Fig. 3: Classification Error of each kernel for National Institute of liver data set

4.3, Performance Evaluation:

In order to evaluate the performance of the proposed system, the classification
accuracy for each kernel function is calculated using equation 12.

Number of True Positives +Number of True Negatives (1?‘
True Posotives+True Negatives+False Positive+False Negatives 2)

Accuracy =
The classification accuracy for both data sets are calculated and visualized in fig. 4 and
fig.5. Fig. 4 shows the classification accuracy for UCI dataset, as shown in Fig. 4, the
highest classification accuracy was obtained from Sigmoid and RBF kernels which is
0.9934 followed by linear then Polynomial kernel function. Fig. 5 shows the
visualized accuracy of each kernel functions National Institute of liver data set. As
shown in fig. 5 the Sigmoid kernel function has the highest accuracy which .999,

followed by polynomial and linear kernels. RBF kernel has the lowest accuracy.
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Fig. 4: Classification Accuracy of each Kernel Function for UCT dataset
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Fig. 5: The accuracy of each kernel functions National Institute of liver data set

The proposed algorithm is compared with 4 different classifier algorithms including
ANN [1], Cooperative Co-Evolutionary Algorithm (CCEA) [26],ANN by using duplex
ultrasonogaphy (4] and Hybrid Case Based Reasoning and Particle Swarm
Optimization (CBR - PSO) [14]. The comparison results are reported in table 6. As
reported in table 6 the proposed system has the highest classification accuracy.

Table 6: Classification Accuracy for different classifier systems:

Used Method ‘ Classification Accuracy (%)
PCA + ANN 89.6
CCEA 65.55
ANN by using duplex ultrasonogaphy 88.3
CBR-PSO : 94.58
Proposed algorithm (SVM) 99,34

5. Conclusions and future work:

This paper introduced a classification system for HCV patients that integrate PCA and

SVM. It is composed of three main phases include pre-processing, features extraction
and classification phase. The PCA algorithm employed to extract the most effective
HCV features that support in diagnoses and treatment. The SVM algorithm used to
classify HCV patients into two classes Die or Live, different kernel functions were
implemented such as Linear, Sigmoid, RBF and Polynomial. The proposed algorithm
was implemented on different data sets (UCI repository Data set and National Liver
Institute). The obtained results showed that the maximum accuracy obtained from both
Sigmoid and RBF kernel function which is 0.9934 in UCI data set and it was 1 for
National Liver Institute data set. The proposed system was compared with different
classifiers; the comparison results showed that it has the highest classification
accuracy. For future work other classification algorithm such as Cooperative Co-
Evolutionary algorithm can be used.
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A Comparative Study for Approximation Technigues to

i

Nonlinear Optimization Problems

' Gamal Eldin A. Mohamed , ° Mohamed H. Gadallah, ~ Ramadan Z. ¢l Dean

ABSTRACT

Constrained nonlinear programming problems often arise in many engineering applications
and much of today’s engineering analysis consists of running complex computer codes. The use
of statistical techniques to build approximations of expensive computer analysis codes pervades
much of today’s engineering design. These approximations are used to replace the actual
expensive computer analyses. In this paper, we use Response Surface methodology (RSM), and
Kriging Method. Both methods are applied to thirty widely used different classes' of single
objective optimization problems. We compared the results of both response surface methodology
and Kriging model with the solutions of the original. Generally speaking, the Kriging method is
able to return almost the same solution as the original model optimum for majority of problems.
Response Surface Methodology comes next to Kriging is finding the optimum to the original
model. :

Keywords: Approximation Techniques, Response Surface Methodology, Kriging Model.

1. Introduction

Current engineering analyses rely heavily on running expensive and complex computer
codes, Despite the steady and continuing growth of computing power and speed, the complexity
of these codes maintains pace with computing advances. Approximation techniques may be
applied to build computationally inexpensive models. Response-Surface Models are frequently
utilized to construct surrogate approximations; however, they may be inefficient for systems
having large number of design variables. The primary focus of this work is a thorough research
into the approximation techniques for solving nonlinear single objective problems unconstraint
and constraints equality and inequality.

[1] Studied parameter identification techniques for expensive-to-simulate models and

presented a new strategy to address the optimization problem with limited budget. -~ Based on
Kriging, this approach computes an approximation of the probability distribution for the optimal
parameter vector and selects the next simulation to be conducted so as to optimally reduce the
entropy of this distribution. A continuous-time state-space model is used to illustrate the
method. ‘
[2] Compared the global accuracy of different strategies to build response surfaces by varying
sampling methods and modeling techniques. Aerodynamic shape optimization is employed as
an application. For comparison, a robust strategy using a new efficient initialization technique
followed by a gradient optimization is used. First, a study of different sampling methods

1,3~ Department of Operations Research, Institute of Statistical Studies & Research, Cairo University , Cairo. Eguvpt
2- Faculty of Engineering, Cairo University, Cairo, Egypt.
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Kriging and gradient enhauced Kngmg are compared on two to six di 1@'1310118.& lest cases.
(3] Demonstrated the time efficiency and accuracy of ordinary Kriging through the use of f st
matrix vector products combined with iterative methods. Methods based on the fast Multip
methods and nearest neighbor searching techniques ars used for implementation of the fas
matrix-vector products.

i4] Studied optimization of nonlinear programi _11 problems in which ¢
and / or some constraints are represented by noisy implicit black box :
modules are substituted by meta-models based on Kriging interpolaiion thai assumes that the
grrors are not independent but function of the independent variables. A Kriging meta-model
uses a non-Euclidean measure of the distance that avoids sensitivity to the units of measure. It
includes adjustable parameters that weight the importance of each variable getting a good model
representation. It allows calculating errors that can be used to establish stopping criteria and
provide a solid base to deal with ‘possible infeasibility’ due to inaccuracies in the representation
of objective function and constraints.  The algorithm continues with a refining stage and
successive bound coniraction in the-domain of independent variables with or without Kriging
recalibration until an acceptable accuracy is achieved.

There are many types of approximations used to solve many types of nonlinear optimization
problems, such as Response Surface Methodology (RSM), Kriging Methodology, Surrogate
Approximation, Taylor series expansion, Non-Uniform Rational B-spline (NURBS), ...etc.
These approximations are then used in place of the actual analysis codes, offering the following
benefits: G ‘

) They yield insight into the relationship between output responses, ¥ and input design
variables, x.

) They provide fast analysis tools for optimization and design space exploration since the
inexpensive-to-run approximations are used in lieu of the expensive-to run computer analyses.

° They facilitate the integration of discipline dependent analysis codes.

-

tu

This paper proposes two approximation techniques, namely Response Surface Methodology
(RSM) and Kriging to engineering optimization problems. Both methods are applied to thirty
widely used classes' of single objective optimization problems cited from literature.

The reset of the paper is organized as follow: in section 2, Classification of Approximations used
in this search, in section 3, tested problems, in section 4, result analysis, in section 5
conclusions.

»

2. Classification of Approsimations used in this search
2.1 Response Surface Methodology [RSM]

The Response Surface Methodology is a type of optimization that appliss an approximation
technique to the dbjective and other functions of an optimization problemn. Response Surface
Methodology (RSM) is not an algorithm, it is a set of tools grouped together to analyze a
problem. RSM is a collection of statistical and mathematical techniques useful for developing.
improving and optimizing processes, [3].

The Response surface model can be represented by (1);

y(x)=Hx+ s

where vix) 13 the unknown function of inferesi, Hx) is a

is random error which is assumed to he normaltly
The individual errors. &, at each obssi
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distributed.  The polynomial function, f{x), used to i typreally a fov
polynomial which is assumed io be either linear, Eqn. (2), or quadratic, Eqn. (3). Given a
response y and a vector of independent factors x influencing v, the relationship between v and x
is:

§
y{x)=pot L Bix; (Z;
{=
k k r k&
A 2 .
}’(X)zﬂo“LZ B +Z ﬁfixz+2-4 Z Bji xix; (3)
i=l =l = =i

The parameters Bo, Bi, B, and S}, of the polynomials in Eqns. (2) and (3) are determined
through least squares regression which minimizes the sum of the squares of the deviations of
predicted values j (x), from the actual values y(x). The coefficients of Eqns. (2) and (3) are
used to fit the model and can be found using least squares regression given by the following
Eqn:

B =[XX]'X'y (4)

where X is an 7 x p the design matrix of sample data points, X' is its transpose, and y is a
column vector an n x /, containing the values of the response at each sample point. It is to see
that X'X is a p x p symmetric matrix and X'y is a p x / column vector.

2.2 Kriging Approximation

Kriging Models have their origins in mining and geostatistical applications that deal with
spatially and inter-correlated data. some statisticians develop Design and Analysis of Computer
Experiments (DACE) for deterministic computer-generated data based on the Kriging method.
Kriging is a useful method for developing metamodels for product design optimization, [5].
Kriging postulates a combination of a global model plus departures as represented by (5):

y (x) = (%) + Z(x) (5)
where y(x) is the unknown function of interest, f(x) is a known (usually polynomial) function of
x, and Z(x) is the realization of a stochastic process with mean zero, variance o 2 and non-zero

covariance, '
The covariance matrix of Z(x) is given by Eqn. (6).

Cov [Z(x),Z(xh] = * R([R (' ,x/ )] ) (6)

In Eqn. (6), R is the correlation matrix, and R (x',x) is the correlation function between any two
of the ny sampled data points x' and ¥ R is a (n; x ng) symmetric matrix with ones along the
diagonal. In this work, we employ a Gaussian correlation function of the form:

Ry =exp 2098, v, —x[] (7)
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where g, 18 the mj’wh@z of design variabl cs Oy are the unknown corvelation parameters used o

fit the model, and the «, and = arethe k™ components of sample points x' and ©', and /£ is the

number of design par ameters.

Predicted estimates, # (x), of the response y(x) at untried values of x are given by:
Ry T N P-i/T . f"' (5
i=p+r{R(y-15 {8

where y is the column vector of length ng which contains the sample values of the response, and

fis a column vector of length ng which is filled with ones when f(x) is taken as a constant. In

- Tion s ‘ .

Eqn. (8), r (x) is the correlation vector of length ns between an untried x and the sampled data

points {x', ..., x"}:

2 . N .
r1(x) = [R(x,x"), R(x,x%), ..., R(%,x™)]" (9)
The mean parameter f3 is evaluated by minimizing the sum of squares of error using the

equation:

p=(R'DTER "y (10)
3. Solution Using RSM and Kriging Methods

Response surface and kriging models in equations (3) and (B) respectively are applied to
approximate the original model at certain points in the search space. Solutions are compared for
different classes of problems and results are concluded.

3.1 Tested problems

We tend to classify solutions according to the capability of approximation technique employed.
Whenever, solutions devised signiticantly, we further study the problem and propose solution
outlets. Response surface and kriging methods are applied to thirty widely used different classes'
of single objective optimization problems.

Summary of problems tested.

Problem- 1 (Levy No. 5) (Parsopoulos & Vrahatis, 2002)

Min f(x) = Z[" cos((i — 1), +1)] i[f cos((/ +1)x, + /)] +

1=l
(x, +1.42513)" +(x, +0.80032)
x e [10,-10]
The global solution is x* = (-1.3068, —1.4243) f(x*) =-176.1375

Problem-2 (Levy No. 3) (Parsopoulos & Vrahatis, 2002)

Min f(x) = i[icos(_(i— Ox, +1)] i[jcos((j+ D, + /)]

1=] J=1
e [10,-10]
The global solution is x* = (—1.3068, ~1.4248)  {(x*)=-176.542

Problem-3 (LevyNo.8) (Parsopoulos & Vrahatis, 2002}
n-

Min tx) = sin” (my;) + Z(‘y, 1 [0 st (v )+ (e L)




The global solution 18 = Hx¥i=10

Problem- 4 Frsudenstein-Roth function, (Parsopoulos & Vrahatis, 2002}

Min =13+ +{5-x)%-2) >=;2j3 F 129+ + (xo+ 1) P4yl
e [-55]) for 1 =1,2
The global solution is = (5 4y flx*)y =0

Problem-5  Goldstein-Price function, { Wang, 2003}
Min £ (x)=[1+(x +x2+ P (19 - Ty + 3 x7 - Lo + 6xyx0 + 3 %3)] [30 + (2
230 (18-32x) + 12 %7 +48x; - 36xx0 + 27 x2)]
xe [-2,2]
The global solution is x*= (0, -1) f(x*)=3

Problem -6  Six-Hump Camel Back Branin , (Wang, 2003)

Min f (x) =4 x7 =2.1 x| +1/3 ] +x -4 x3 +4 x;
6<x, <24, -0.8<x<1.2
The global solution is  x*=(0.089, 0.713)  f(x*) =-1.031628

Problem- 7 Branin function, (Villemonteix, et al., 2008)

Min (%)= (x= 5.1/4 77 2 + 5/ 2 x,=6)* + 10(1= 1/ (8 7)) cos (x;) +10+0.5x,
=5<x'<10, 0<x<15"
The global solutionis ~ x*=(-3.2,12.3)  f{x*)=-1.17

Problem-8  The Brain-Hoo function, (Wang, 2003)

Min f(x) = (xa= 5/47°* X, +5/7 x1=6)* +10(1= 1/ (8 7)) cos (x1) +10
-55x <10, 0<x <15
The global solution is ~ x* = {(—-x, 12.3), (=7, 2.25), (-3 7, 2.25)}
f(x*)=-1.0316

Problem -9 (Wang, 1998)

Min f(x) = sin(x) + sin (2x/3)
- 3.1sx<204
The global solution is x*=17.0393  f{x*)=-1.90596

Problem- 10  Six hump camelback function, (Sasena-2002)

Min  f(x)=@-21x} +<5/3) k! +xpa+ (=4 +4dxd)
e [-10,10], i=1.2
The global solutionis  x* =(-0.0898, 0.7127) flx*)=-1.0316

Problem -11 (Wang, 1998)

Min sin(x) +sin {103 + logl-0.84
T 7ol
R A
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Fhe global solution s %= S2027  fla*)y = 4601308

Probiem -12  (Wang, 1998)

. 2 o2
Min H00(xa - X7 )+ (1-xy)

0<x <3, 0<x<3
The global solution is o =(1, 1) fix*) =0

Problem -13 Rastrigin function, (Wang 2003)

Min X[ + X3 -cos 18, - cos 18x,
—“1§Xl§1> 'IS‘{Z_<_1
The global solution is x¥=(0,0) fx*)=-2

Problem -14 (Parsopoulos & Vrahatis, 2002)

Min fx)=(x;+x2— L'+ (g +x3=7)
0<x <4, 0<x<3
The global solution is x*=(3,2) tx*)y=0

Problem -15 (Parsopoulos & Vrahatis, 2002)

Min (0= (0x7+2x2- 12+ (x + 4x2-7)
0<xi<4, 0<x;<3
The global solutionis — ~ x =(1, 1) fix)y=0

Problem -16 (Parsopoulos & Vrahatis, 2002)
Min £ (%) =(x1 + 10%2)" + 5(x3 = x4)* + (x3 = 2x9)* + 10(x; = x0)"

12x<1, 1<k -1, l<xq <1
The global solution is x*=(0,0,0,0) and f(x*)=0

Problem- 17 (Sasena, 2002)
Min f(x) = —sin (x) — exp (x/100) +10
xe [0,10]

The global solution is x*=7.8648 f(x*)=7.9182

Problem-18 (Zhang, et al. 2004)
Min f{x) = exp (-x)*sin (2*pi*x);
xe [-1.5,1]
The global solutionis  x* = —1.2959 f{x*) =-3.5034

Problem- 19 Mystery tunction, {Sasena, 2002)
. . 1 2 2 - 2 - - . -
Min f=2+0.0l{xa—x7 )"+ (1 —x)' + 202 =Xy + 7 sin 0.3x, sin 0.7:%
e e 051 vi =12
The global solution s = (25044, 25778, j =1 4563

£ &y
e




Problem- 21

Problem -22

Problem -23

Problem -24

Problem -25

Problem -26

RN s e S
2y Beiences and {

Min
Subject o
The global solution 1s <y =5.6848

(Wang, 1998)

Min o log(T+x%x{)-x

Subject to (1+x)?+ x2-4=0
xi=[-1;1] x2=[0;2]

The global solution is  x* = (0, V‘r3) f(x*) = -3

(Wang, 1998)

Min -12x -Tia + %3
Subject to 2%} +2-x2=0

x1=[0,2] x=(0,3]
The global solution is x* =(0.71751, 1.470)  f(x*) =-16.73889

(Zhang et al., 2000)

Min f(x) = () - 4.00 + (x1 - 3.0)* + (x2 - 5.0 +10.0
Subjectto  g(x)=-x; = x2+6.45 <0
1<x1<10, 1=2x2<10
The global solution is - x* = (1.21280, 5.23742) f(x*) =-1.39378

Gomez test function, (Sasena, 2002)

Min  f(x)=(4-2.1 x] +(U3) %} ) xi* + 51 0 + (- 4+ k1) K

Subject to g(x):  -sin (4mxy) +2 (sin2 mxa) 2 <0
l=xi<=1l ) i=1, 2.

The global solution is  x* = (0.1093, - 0.6234) f(x*)=-09711

(Sasena-2002)

Min ) == (xy = 1)* = (x5 - 0.5)°
Subject to gl{x):  (xy - 3)2+(xz+2)38"“5 -12<0
g2(x): 10X +x~-7<0
g3(x) (1= 0.3 + (%2~ 0.5 020
xi e [0,1] Vi
The global solution is  x*=(0.2017, 0.8332) flx*)y=-10.7483

Three-hump camelback function. (Sasena-2002)

Min fx) =257 =105 #1076 %% ~ o+
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subject to gl

Xy € iqjﬁ j’j# X & [L'v b ]
The global solution is x*=(1.7476,0.8738) f(x*)=0.2986
Problem-27  Constrained mystery function, (Sasena, 2002)

Min  fx)=2+0.01{x; = x7 )+ (1 = x)* + 2(2 = x2)* + 7 sin0.5x, sin
0.7=1x2
Subject to g(x): —sin(x; - x; —7/8) <0
xie€ [0,5] Vi
The global solution is  x*= (2.7450, 2.3523) f(x*)=-1.1743

Problem- 28 Reverse constrained mystery function, (Sasena-2002)
Min flx)=—sin(x) — Xy —=7/8)
Subjectto  g(x): =1 +0.01(xa —x2)* + (I = x)* + 2(2 — x2)* + 7-sin0.5x1
sin0.7x,%,<0
xje [0,5] Vi
The global solution is - x*=(3.0716, 2.0961) f(x*) =~0.5503

Problem -29  (Wang, 1998)

Min X{ 2% +x{BExx -4 %] +4x]
Subject to 2%] +2-%20
(X2 +2)%x1- x7 20
(X + 1)+ (x1 -1)%x -6 6
1<xi<4, =10 <10
The global solution is  x* = (-0.0898420, 0.712656) f(x*)=-1.031628.

Problem -30 ~ (Wang, 1998)

Min sin (7 %1/12) cos (7 x2/16)
Subject to 4%, -3x2=0
0< x; 220; 0< x, <20,
The global solutionis ~ x* =(9, 12) flx*)= -0.5

3.2 Solutions Strategy

A solutions strategy is developed in this paper as shown in figure 1 the strategy depends on 2
solution procedures: Kriging and Response Surface Modeling. The ideal situation is when both
approximations yield identical optimum solutions to other solution techniques. Certain problems
vield good approximations using RSM, others yield good approximations using Kriging method
and some cannot be solved using either method. Whenever this is the case, we propose several
modifications to the problem prior to approximation. Figure | gives the flow chart of the
solution strategy.

.
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Figure 1: Flowchart of the solution strategy by RSM & Kriging.

Table 1 gives summary of test problems using RSM, Kriging versus reported solutions by
reference. A Matlab code is developed as part of this paper for optimization purposes.

Two measures are developed: A, and Az. They represent deviations from optimum
solution using RSM and Kriging methods respectively.

* Means both approximations yield identical optinium satutions o other solution tzchpiques.
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Table 1+ Summary of test problems using K5 and Kriging
f(z*) (%) () fu» feaFres)/ 5% (17 Gegy/ 159

01 1761 14+ 51095 1644267+ | —176.138 [6] 8% | 6649%
02 176517+ -0.109 165.691+ —-176.542 (6] 99.94% 5.15%
83 0.00017m 0.2081a 0.3567a 0.0 = [6] - -
04 0.00047+ -650 0.0+ 0.0 + [6] - D.0%
05 3.0063+ -6894.8604 29777+ 3.0+ [7] 109% 8.74%
06 -1.03156m -1.0316m -1.0298m —-1.0316m [7] 0.0029% 0.26%
07 -1.18576+ 9.4684 -L161+ =117 + [9] 909% 0.769%
08 0.398+ 9.9457 0.3997+ 0.3979 + [ 7] ~2400% -0.45%
09 -1.9059+ -1.2724 -1.8992+ -1.9059+ (8] 33% 0.35%
10 -1.0323= -0.8859m -1.0233m —1.0316a [9] 14.12 0.8%
11 -4.6013m -43141m -4,542m -4.6013m (8] 6.2% 1.3%
12 0.0+ -312.6274 0.0+ 0.0 + 18] - 0.0%
13 -1.9997+ -0.0656 2.0+ 2.0+ [7] 7% 0.0%
i4 0.0+ 1,3748 0.2502+ 0.0 + . {6] - -
15 0.0003+ -0.6096 0.0+ 0.0 "+ [6] - 2.0%
16 0.0= 0.0m 0.0m 0.0 = [6] 2.0% 0.0%
17 7.9182= 7.9047m 7.922a 7.9182 a[9] 0.17% -0.0005%
18 -3.5342m -3.4914m -3.5149a -3.5034 m [10] 0,34% -0.32%
19 -1.45645+ 1.3518 ~1.3778+ -1.4565- +[9] 192% 53%
20 -3.62601+ -1,5938 -5.4494+ -5.6848 + [8] 2% 4.0%
21 -2.9952= -2.9982= -2.9425m -3.0 = [8] 0.06% 1.92%
22 -16.7304= -16.723a -16.413= -16.739 =[8] 0.09% 1.9%
23 ~3915++ -1.3915++ -0.75 1. - -1.3%4 ++[11] 0.16% 46%
24 -0.970%= -0.9642a -0.9683= -0.971a [9] 0.71% 0.28%
25 -0.6872= -0.6872= -0.6378a ~0.748 & [9] 8.1% 14.7%
26 0.2987m 0.2972= 0.2993= 0.2986 = [9] 6.47% -0.23%
27 -1.1662+ 2.5959 -1.0420+ =-1.1743+ 9] 321% 11.27%
28 -0.57065+ -1.0019 -0.6582+ ~-0.5503 + [9] -32% -19.6%
29 -1.03136m -1.0351 = -0.9912a -1.03168a (8] 0.33% 3.9%
30 -0.5m -0.4763a -0.5=7 -05 a [§] 1.74% G'Gi/(i._%

A . = Difference of optima (RSM) %. Av = Difference of optima (kriging; "%

= = RSM, Kriging Agree with Original solution + = Kriging Agree with Original selution

+4 = RSM Agree with Original solution

s
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3.3 Classification of problems

We divided the problems into three classes according to:
i~ Agreement of RSM, Kriging and Original solution ,in problems (3. 6, 10, 11, 16, 17, 18, 21
22, 24,725,26,29 and 30 )respectively. This means that both RSM and Kriging agree in 14 oyt
of 30 problems,
2- Response Surface Solutions different from the original solutions, in problems
(1,2,4,577,8.9,12,13,14.15,19,20,27 and28}
3- Kriging solutions different from the original solutions in problem 23.

4. Result analysis

These approximations models represent a cheap and reliable alternative for expensive high

'ﬁdelity computational models. These methods are applied to thirty different optimization
‘problems cited from literature. Some problems agreed in solutions to both Approximations.

Response Surface Models are applied to approximate the original model; we solved thirty
different classes of test problems selected from the literature, and results of Response Surface

 Models and the original models are compared, we observed that:

- RSM and nonlinear optimization agree in 15 problems out of 30 problems.

- Fifteen problem solutions are different from the original solutions. Results are inferior due to
several possible reasons. Features of these functions include Cosine, multiplication and additive,
Cosine, and additive functions, Sine and additive function, Sine, multiplication functions with
constraints and Polynomial function & exponential functions.

Kriging method is applied to approximate the original model; we solved thirty different
test problems cited from literature. Results are compared with optima cited from literature,
Generally,

- Twenty-nine problems are satisfied.
- Only one problem returned Results different from the original solution

S. Conclusion

Nonlinear engineering systems can be modeled via approximation techniques such as
Response Surface Methodology (RSM) and Kriging techniques. These approximations
models represent a cheap and reliable alternative for expensive high fidelity
computational models. These methods are applied to thirty different optimization
problems cited from literature. Some problems agree in solution to both approximations.
Twenty-nine problems out of 30 problems agree in solutions using Kriging method, and
fifteen problems out of 30 problems agree in solutions using RSM. The Kriging method is
able to return almost the same solution as the original model optimum for majority of problems.
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Maaty, MLA 'and Farahat , F.A %’
Abstrack:

Goal Programming (GP) has many significani advances in recent vears,
particularly in the area of intelligent modeling and solution analysis as it is powerful
and effective methodology for the modelling. solution, and analysis of problems having
multiple and contflicting objectives. In this paper, goal programming in rough
environment is investigated when roughness exists on the system constraints or goal
constraints or both. Also the solutions of these kinds of problems are presented. |

Key words: Rough set. goal programming. rough goal programming, rough function.

~ 1. Introduction:

Goal programming (GP) is a tool that has been proposed as a model and approach for
the analysis of problems involving multiple, conflicting objectives with different
measures units. Goal programming (GP), firstly introduced by Charnes and Cooper in
the early 1960’s [10].This technique has been applied in different areas to support the
decision maker such as multiobjective decision making (MODM) problem [14]. For
solving goal programming problem (GPP), it is necessary to establish a hierarchy of
importance among these goals so that lower priority goals are considered only after
higher priority ones are satisfied. Since it is not always possible to achieve every goal
according to the decision maker desires. GP attempts to reach a satisfactory solution.
So that GP is a good tool to enable the decision maker to realize the balance between
the évailable resources and the desired goals. The objective function of GPP focused
on minimizing the deviation between the available resources and the required goals.
is one of the main approaches for solving multicriteria decision making problems. The
solution depends on the metrics used for the deviations and the weighting method of the
different goals. There are two common weighting methods. The first one is the fixed
ordering of goals. In practice. this is implemented by searching a lexicographic
minimum of the ordered deviation vector [11]. The second one is the use of weights on
goals and the minimization of the weighted sum of goal deviations [12].Sometimes, the
minimization of the maximum deviation is also used as in [13,15].

This paper is organized as follows: In Section2, the basic concepis of goal

programming problems.[nsection3. the concepts of rough set. In Section 4, the study
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addresses the concept of rough goal progran
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and recommendations for further studies.

2. The Goal Programming Problem:

Goal programming is considered as one of the three main approaches for solving
multicriteria decision making problem. the other two approaches are vector optimization
problem (VOP) and the Interactive approach. In GP decision makers must initially give
priorities for their goals . The GP gives an optimal solution. The GP can deal with the
objectives in different measures units. To solve the linear goal programming problem
we can use the modified simplex method which is an algebraic procedure. It was
developed by Charnes and Cooper. And we can use the graphical method is based on
drawing the feasible region by using a given set of constraints (goals) if it was in two
dimensions, the optimal solution can be reached by identifying the optimal extreme
point according to specified condition and stated priority structures. There are many
formulas for GP, but let us use the following form: '

minZ(d™,d?) = N, P (widl + witd]).
Subject to Gix)+d —df =b;,i=1,..,m (O
X€eS
dr,dif =0

The objective function seeks to minimize the deviations from the preferred aspiration
levels. X is a variable that is under control of the decision maker and has an impact on
the problem solution .A deviation variable reflects the underachievement (negative
deviation and denoted by d;") or overachievement (positive deviation and denoted byd;"
) of goal i .A goal programming is composed of m functions in n decision variables and
2m deviation variables. Any set of nonnegative X, d;, d] values that satisfy the system
constraints constitute a feasible solution. If (n + 2 k) - k of the variables (any of the
variables X, d;, d; are set to zero) and the resulting set of m objectives are solved, the
resultant solution is termed as a basic solution. The m variables that are not set to zero
are the basic variables while the n+k variables that are set to zero are the non-basic
variables. An implementable solution is a feasible solution in which all objectives are
satisfied. The goal programming achievement function is an ordered vector of a

dimension equal to the number (k) of preemptive priorities within the problem and
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solution to a given goal programming mode!l is considered an optimal solution if for this
solution the corresponding value of objective function is the same or preferred to the
value of objective function for any cther feasible solution. S. Gilx)i=1 .,m arethe

system constraints and goal constraints of the problem respectively.

3. Rough sef theory (RST):

Rough set theory (RST) is a new mathematical theory introduced by Zdzislaw
Pawlak [7, 8, 9, and 10] in the early 1980s to deal with vagueness or uncertainty. RST
expresses vagueness by employing a boundary region of a set not by means of
membership “function [6, 11]. Some elements have the same information, are
indiscernible in view of the available information (appear as the same) and cause
roughness. The basic concept of RST is the approximation of indefinable sets or
concepts through definable sets. Rough sets meaning approximation sets are built on
ordinary sets.

Let U be a non-empty finite set of objects, called the universe, and E € U x U be
an equivalence relation onl/. The ordered pair A = (U, E) is called an approximation
space generated by E on U. The equivalence relation£ generates a partition U/E =
{Y1,Y2, .., Y} where ¥y, Vs, .., Y, are the equivalence classes (also called elementary
sets) of the approximation space 4 satisfy ¥, S U Y EQ,VOY =0 =)),
and U™ Y, = U. In rough set theory, any subset X € U is described by the elementary .
sets of 4, and the two sets X, = U{Y; € U/E Y, € X}

X'=UY;eU/EIVY,nX % @}
are called the lower and the upper approximations of X stespectively[1]. Therefore
X« S X S X*. The difference between the upper and the lower approximations is called
the boundary of X and is denoted by Xgy = X*~X, = {x|x € X*,x ¢ X,}. The set X is
called exact (crisp) in 4 if Xgy = X*~X, = @, otherwise the set X is inexact (rough) in
A. Shortly, a rough set in 4 is the family of all subsets of I/ having the same lower and
upper approximations. An underlying notion of rough set theory is the indiscernibility
of objects. By modeling indiscernibility as an equivalence relation, one can partition a
finite universe of objects into pair-wise disjoint subsets. The partition provides a
granulated view of the universe. An equivalence class is considered as a whole, instead
of many individuals. The empty set, equivalence classes and unions of equivalence

classes form a system of definable subsets under indiscernibility. All subsets not in the
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we deal

system are consequently approximaled through definable sets. For simpl

with upper and lower approximaiion as single crisp sets. The lower approximation set
and the upper approximation set are deterministic sets. Lower approximation set
contains all classes of elements which surely belong to set X, upper approximation set
contains all classes of elemenis which possibly and surely belong ic X set

where X, CX < X7,

Definition Rough Function:

The rough function f(x)is a function can't be defined or formatted on a crisp
mathematical formula but can be defined by two functions (f.(x), f*(x)) such that
fi(x) < f(x) < f"(x) where these functions surrounding it from above and down.

The mathematical programming in rough environment is introduced in [1, 2, 4]. It is
classified into three classes on the basis of where roughness is found [1]; 1% Class:
mathematical programming problems with rough feasible set and crisp objective
function; 2" Class: mathematical programming problems with crisp feasible set and
rough objective function; 3 Class: mathematical programming problems with rough

feasible set and rough objective function [1]. The solutions of the mathematical

programming in rough environment are formed into solution sets.

4, The linear Rough goal programming:

Roughness in goal programming may be found in the constraints. So the rough
goal programming problem can be classitied into three classes the first class deals with
roughness in system constraint only, the second class deals with roughness in goal
constraints only and the last one deals with roughness in both system and goal

constraint,

4.1, 1% class: The Roughness found in The System Constraints only:

A rough goal mathematical programming problem of the 1% class takes the
following form where system constraints are a rough set.

minZ(d™,d*) = XL, P (widy + witd]),

Subject to GX)+di—df=b;, i=1.m (2)
| Xes,
a7, df =0
Where S,ES5es5

]




Firsi. solve the following problem

minZ{d", d¥) =30, P (w dl +wid),

Subject to CX)y+d7 —df =b,,i=1 . ,m, (2-a)
Xes,
a;,df =0.
Let us denote the optimal solution by
(X',Hf,f), i=1,..,m,
This solutioAn is surely optimal it X’ € S, and possibly optimal if X & S,.
Second we will solve the following problem,
If we don't gei the surly optimal solution
| minZ(d",d*) = Y10, P, (Wi df +wid}).
Subject to GX)+df —df =b;,i=1,..,m (2-b)
X €S,
a7, df =0
Then we get solution (X ",Tf, Zf)
Then the optimum value is between: L
widi Fwidl\  swrditwidt wids +widf
wid; +widl wzdy +widy wyd; +wids
< <
wnds Fwidn)  \wadntwidt )\ o=l g

Examplel:

TopAd, a new advertising agency with 10 emplpyees, has received a contract to
promote a new product. The agency can advertise by radio and television. It has ability
to use 20 or 30 employs. The following table gives the number of people reached by

each type of advertisement and the cost and labor requirements.

Data/min
advertisement
Radio  Television
Exposure 4 8
Cost 8 24
~ Assigned(case] use 20 employees) 2 5
Assigned(case2 use 30 employees) 3 5
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e contract prohibits TopAd from using more than 5 minutes of radic advertiserment

on caseelalso it prohibits TopAd from using more than 7 minuies of radic
advertisement on case 2. Additionally. radio and television advertisementis need to reach
at least 45 million people. TopAd has a budgst goal of $100000 for the project. How
many minutes of radio and television advertisement should use?

The linear rough goal programming problem can be written as:

min2d7 +df
Subject to

4x; +8x, +df —df =45
8xy ++ 24x, + d7 — dF = 100
XeSs X= (xl, X2)
X1 x21d1—l df’ dEl d; = 0
where S, e5cs* (2-¢)
S* = {X € R*|6x; + 10x; < 60 ,x;, < 7}
S.={X € R%|4x; + 10x, < 40 5}

IAIA

IfXeS wegetx; =688.%,=188.d =25 ,df =0,d; =0,d} =0.

AndZz =5,

(6.88,1.88 ) & S, so it's possibly optimal solution.

IfXeS.wegetx; =5,%=2.d7=9.df =0.,d; =0.df =0.
And Z = 18, which is a solution.

4.2.2"¢lass: The Roughness exists in The Goal Constraints:
A rough goal mathematical programming problem of the 2™ case takes the following
form ‘

minZ(d~,d") = 3R, P (wrd] + widi).

Subject Gi(x) +di —df = b, Ji=1,.,m
' Xes - (3)
di,df =0
Where Giu(X) S Gi(0) <G (%) ,i=1,..,m

First, solve the following problem,
minZ(d”,d") = L8y P (wid + wid}).
Subject to Gix) +d] —df =b;,i=1,..,m (3-a)
X€es
di,df =0
The solution obtained




it is called surely optimal solution if

CouX 4, d; —d =h,  i=1,. m
if it is not satisfied the solution called possibly optimal solution then we solve the

. following problem

minZ(d™,d"y =3 P (widy + wid]).
Subject to GG +di —di =b,,i=1,..m (3-b)
XeS

di,di =0

The solution obtained

(wd.df) i=1,.,m
Then the optimum value is between:

wid, +widF widp +wid wid; +widy
wyd; +widl wy dy.+ widy wyd; +wydf
< <
Wide + wihds/  AWadnt+wdf Widmtwtd
Example2: consider the following
‘ minz = pidy + pyd;
Subject to
Gi(x,%2) <1,
Gy (%1, %3) 2 32,
X4 + X3 = Gl(xll x2) =< 5x1 -+ BXZ,
221 + %5 < Gy(x1,%5) < 8xy + 5x,, (3-¢)

X+ 4x, < 4,
le +3x; 26,
xl,xZ,dI,df.‘dz_,d;‘ =0.
First we will solve: ‘
minz = pydf + p,ds
Subject to
SX1+3XI2+d;—d; = 1,
2x1+x2+d2‘-—d§'=32, .
X1 + 4x, < 4, (3-d)
2x1 + 3%, £6,
X1, %5, d7,df, d7,df =0
Then we getxy = 0.2,x, =0,dy =0,df =0.d; =30.6,df =0,Z =306
Second we will solve:
minz = pydf + pyd;
Subject to
Xy b Xy +d] —df =1,
8x, +5x, +d; —di =
Xy + dxy < 4,
2x, + 3x, £ 6,
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Then we get x, = 3, x,

~the optimum value is in between

lass: The Roughness exists in both Goal and System Constraints:
d .

class takes the

Q}d:‘}n 3’.0‘@ A85:
A rough goal mathematical programming problem of the 3"

following form:
minZ(d~,d*) = %1%, B (wid + wid}),
Jd=1,..,m,
(4)

Gi(x) +di —df = b

Subject to
XE€eSs.
a7, df =0 |
where G.i(x) < Gi(x) < Gf (%),

S, €528

First solve the following problem:

minZ(d~,d*) = ¥, P (widi + wi'd),
Subject to Gix)+d; —df =b;,i=1,..,m, (4-a)
Xes
dr,df =0

Ci=1,..,m

The obtained solution: S
(x.d.df)
[t is the surly feasible optimal sofution if X' € S, and possibly feasible optimal solution

ifX' ¢ S..
It is also called the surely optimal solution__if
G*L’(X/) +dl— - d[" - bi Ji=1w0,m

If it is not satisfied then we solve the following problem
minZ(d~,d*) = X% P (widi +wid).
Subject to Cui(x)+di —df =B;,i=1,..,m (4-b)
X €S,
di,df =0
Then we get o '
» (X“/f;d:-) :L' - 1, e, M
Then the optimum value is between:
wid; +widf widy +wydy wids +wids
wyd; + widi wydy +wids wid, +widy
< <
\W,;?i:”;-i—wnﬁzi_—,i

Windm+widy

Wil + wihdh/
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Example3: consider

minz = p,dy + pyd;
Subject 1o

Gi(xy,%0) S L,
GZ(XLXZ) 2 32’

Xy A+ Xy < Gy, x3) S 5% + 3y,

2%, + %y < Gy(xy, %9) < 8xy + 5x,,

XES X= (Xl,xZ)
where S, €Scs”

S* ={X € R?|6x; + 10x, < 60,x, <7},
S* = {X € R2|4X1 +1OXZ < 40,X1 < S}
Xy, %z, d1,df,d7,dF =0

First we solve

minz = pydf + pods
Subject to
S5x; +3x, +d] —df =1,
2%, + %, +d7 —dF =32,
6x, +10x, < 60,
X, 7,
Xy, %z, d7,df,d5,dE =0

Then we get x, = 0.2,x, = 0,d] =0,df =0,d7 =31.6,df =0,7

Second we solve minz = p,df +p,d;
Subject to
Xy + X, +dy —df =1,
8x, + 5x, +d7 — di = 32,
4x, +10x, <40,
X <5,
Xy, %5, d7,d7,d7,dF =0
Then we getx; = 4,x, = 0,d] =0,df =3,d; =0,df =0,2=3

~the optimum value is in between 3,31.6

5. Conclusion

(4-d)

=316

(4-¢)

“In this article the linear goal programming problem in rough environment when

roughness found in the system constraints or goal constraints or both are introduced.

[lustrative examples are introduced.
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Characterizing Solution of Complex Programming Based on

Lexicographic Order

Hamiden Abd Elwahed"* Mahmoud M. El-Sherbiny’

Abstract

This paper aims to introduce a suggested technique for characterizing the solution of
complex linear (non-linear) programming problems based on the lexicographic order.
The previous work of handling the complex programming problem is reviewed and
compared with the suggested technique presented in this paper. In order to illustrate
and clarify the suggested technique numerical examples are presented in the sake of
this paper. '

Keyword: Complex programming; linear; non-linear programming; lexicographic
order; Kuhn-Tucker Conditions

1. Introduction

Mathematical programming, with its countless applications in economy, science,
technology, ect. has been generalized in different directions. One of these directions
involves the n-dimensional complex space C”, instead of the n-dimensional real space
R". Mathematical programming in complex space originated by Levinson [1]
generalized Farkas' theorem to the complex space and gave duality theoréms for a
particular case of the complex linear optimization problem. Mand and Hanson [2],
generalized P. Walfe's duality from the optimization in real space to the optimization
in complex space. Ben Israel [3] formulated the pair of dual problems for the linear
optimization in complex space and gave duality theorems analogous to these from the
linear optimization in real space. In [4], a Kuhn-Tucker constraint qualification is
given and a Kuhn-Tucker theorem for the general optimization problem in complex
space is proved, while Abrams [5] presented the sufficient conditions for a point to be
an optimal solution of an optimization problem in complex space, saddle point
theorems and duality theorems are investigated. Youness and Elbrobsy [6] formulated
the problem in complex space taking into account the two terms (real and imaginary)
of the objective function. In this paper, a suggested technique is presented to
characterize the solution of complex nonlinear programming via lexicographic order.

The remaining part of the paper is organized as follows: in section 2, the model of
complex programming problem is presented. In section 3, the suggested technique for
characterizing the solution of the problem is given. Finally in section 4 numerical
examples are presented in order to illustrate the suggested technique.

1.Operations Research Dept., Institute of Statistical Studies and Research (ISSR), Cairo
University, Egypt. Email: hamiden _2008(@yahoo.coimn

2 .Operations Research Dept., Institute of Statistical Studies and Research (ISSR), Cairo
University, Egypt. Email: m_sherbiny@yahoo.com
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Problem formulation and concept
The model of complex programming problem can be presented as in (1),

Minf (%) = u(x) +iv(x) 1
|
xeM ={xeR":g.(x)=1(x)+ih.(x) [

<b, +ib;,,7' =1 mi=+-1}

Where wv :R" — R;l.,h.:R" — R,r =1,..,mare convex functions on M.
Definition 2.1[7]:

Lexicographic order of two complex numbers z;=a; + ib, and z;=a; + ib, is z;
<z [ffa; < azand by < by

In [1], the problem (1) has been transformed into (2) by ignoring the imaginary
part of the complex in the objective function and considered the solution of the
problem (2) as the solution of the complex problem presented in (1).

Minu(x)
S.1.
A (x)sbr =1, m; )
h(x) b, r=1,..,m;

While in [6], Youness and Elbrollosy handled the problem (1) by transforming the
problem into two sub-problems (3) and (4), taking into consideration the two
parties of the complex in the objective function, Therefore, the solution of the
complex problem presented in (1) can be considered as a point in the intersection
of both sub problems (3) and (4). :

5

Min u(x)
St
[(x) £b,,r=1L..,m ( G
h(x) S b7 =Ly m

and
Min v(x)
s '
L(x) b, r=1L.,m )
h,(x) < b:.,r = 1,0, H1}

2. Suggested technique

In order to handle the complex problem presented in (1), this problem converted
into (5) by ignoring the imaginary part in the objective function and considering the
solution of imaginary part v¥,which is found by solving (4).

=
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h(x) b, r=1,.,m;

v(x)gy'

Where v* is the solution of (4) .

Definition 2.2[8]:

A point x* is said to be an optimal solution of problem (5) if and only if
u(x® < ufx), forall x.

3. Numerical examples

In this section, two numerical examples are presented in order to demonstrate and
clarify the suggested technique developed in the paper.

Consider the following:
Example 1:

Min f(x)= (%, =2%,) +i(=2% = X,)

st ‘
(=%, +3%,) + i(x, +3%,) <214 27, ©)
(dx, +3%,) + (3%, + x,) <45+ 30i

The above mentioned problem based on definition (2.1) can be re-written as in (7
and the suggested technique will be applied.

Min f(x)=(x, = 2%,)+i(=2x, = X%,))
St |
—x, 3%, <21, g | -
4x, +3x,<45,
x, +3x, £27,
3y, + 1, <30.

Based on the suggested technique, the above mentioned problem can be represented
as in (8).

67




Min{x, —2x,)

st

3x, +x, <30,
2% +x, 221

By solving (8), the optimal solution is x*= (9, 3), which coincides with the solution
found by [7] .Therefore, we can complain that the solution found by the suggested

model (5) is equivalent to the solution given by the intersection with the solutions of
models (3) and (4), respectively.

Example 2:

Min f(x)=(3x +x,) +i(5x, = 11x,)

S.d. , C)
(3 +x3)+i(x, —x,)< 5 +i

The above mentioned problem based on definition (2.1) can be re-written as in (10)
and the suggested technique will be applied.

Min (3x, +x,) +i(5x, = 11x,)

St
e s, ot
x —x5s1

Referring to the suggested technique, Problem (10) is written as in (11).

Min 3x, + x,
5.k,

2 2
X, +x, <5,

v

(11

X =% <1,
=5x +11x, 221

By solving the model (11) the feasible area is unbounded. So , infinite number of
solutions can be obtained, this result coincides with the solution found by
[6]. Therefore, we can complain that the solution found by the suggested model (5) is

equivalent to the solution given by the intersection with the solutions of models (3)
and (4), respectively.
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5, Conclusion

This paper aims to iniroduce a suggested technique for characterizing the solution
of complex linear (non-linear) programming problems based on the lexicographic
order. The WINQSB computer package has been used for solving the illustrated
numerical examples to obtain the results. The suggested echnique is compared with
the previous work of handling the complex programming problem and the results are
coincided with their. The suggested technique needs less of time and effort comparing
with the technique illustrated in [6] , while the solution found through solving one
model instead of solving two models as suggested in [6]. '
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Programming I

(Parameters in the constraints and Roughness in the objective function)

M.S.A.Osman® M.H.Eid® M.A Elsisy"

Abstract

Parametric studying of a programming problem often yields a new insight into the
programming problem at hand. The behavior of dptimal solutions set is studied to
detect the change of this behavior if the input data are changed. In this paper
questions concerning how the optimal solutions set changes with respect to
perturbations in the rough data are investigated. So it presents characterization of
basic notions in parametric rough convex programming when parameters in the

constraints and roughness exist in the objective function.

Key words: Rough function, rough nonlinear programming problem, the solvability
set, the stability set of the first kind ,the stability set of the fifth kind .

I Introduction

The mathematical programming in rough environment is introduced in [1,4,11]. It is
classified into three classes on the basis of where roughness is found [4]; 1% Class:
mathematical programming problems with rough feasible set and crisp objective
function; 2™ Class: mathematical programming problems with crisp feasible set and

rough objective. function; 3™ Class: mathematical programming problems with rough

feasible set and rough objective function. So the nonlinear prbgramming problem in a °
rough environment is called rough nonlinear programming problem (.PNLPP).

PNLPP can be defined according to roughness which may exist in objective functions

and/or constraints. There are two solutions sets of the PNLPP; surely optimal

solutions set and possibly optimal solutions set in the 2nd class. This paper

investigates the characterization of basic notions in parametric rough convex

programming when parameters in the constraints and roughness in the objective

function. The study of rough set theory (RST) and rough functions is essential to

these parametric studying of PNLPP.

This paper is organized as follows: Section 2 (basic concepts) introduces the
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aonlinear programiming problem. briefly veviews some basics of rough finciion and
rough nonlinear programming problem. In Section 3. the study  addresses
characterization of basic notions in parameiric rough convex prograinming when
parameters in the constraints and roughness in the objeciive function. Section 4

includes conclusion and recommendations for further studies.

2 Basic Concepis:

Rough set theory (RST) is a new mathematical theory introduced by Pawlak
[7,8,9,10] in the early 1980s to deal with vagueness or uncertainty. RST expresses
vagueness by employing a boundary region of a set and not by means of membership
function [1,3,9]. The basic concept of RST is the approximation of indefinable sets or
concepts through definable sets. Rough sets meaning approximation sets are built on
ordinary sets. The rough function is a new concept of functions based on the rough set
theory. It is needed in many applications to defined functions when there are rough
data presented to model these functions. So it is a theoretical basis for rough
mathematical progz'a1111ni11g [4,8,9]. As shown in [4], let U be the universe set
(U # @) and let F be a sequence of functions f;(x), £,(x), .., f (x) such that

of:U = R forevery f € F.
o fo(x), f1 (), .., fi (x) are continuous on U.
o fox) = filx) £+ < fi(x) forevery x € U.

Suppose that V = U X R, then the ordered pair 4 = (V, F) will be called the
approximation space generated by F on set V. In fact, every non-empty sequence F
is a discretization on ¥, and generates a partition V/R = {Cy, Cy,Cy, ..., Cysp} oON
V, where sets Cy, Cy,Cy, ..., Capyy are the equivalence classes generated by F, and are
defined as follows[4]:

Co ={(x,y) €eV]y < fo(x)}

Co={(xy) eVly = folx),y = ()}

G ={(xy) eVl]y = fo(x) = fi(x)}

Gz ={(x,¥) €VIfe(x) <y < fi(x)}

Co={xy) eVly = i(0)y = folx),y # ()}
Cs ={(ny) €Vly = fi(x) = f(x) = fo,(0)}

Cs = {(oy) e VIfia) <y < f,(0)}

Cr ={(y) €Vly = f(x).y = fi(x), y = f5(x)}
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As seen in above description about rough function, it is defined by maiy functions
where it intersects with some functions in some area and between some functions in
other areas. So to simplify the rough function will be defined by two functions.
Definition 1 (Rough Function): The rough function f(x) is a function that cannot be
defined or formatted on a crisp mathematical formula but it can be defined by two
functions f.(x), f*(x) such that fi(x) < f(x) < f *(x) where these functions
surrounds it from above and down. The surrounding functions [£.(x), f *(x)]contain
all surely and possibly values of rough function at any € X . The surely values of
f(x) are the values of £.(x), £*(x) at x € X such that f,(x) = f"(x).

To show the solution of the rough function, let f(x) be an arbitrary rough
function in the approximation space A = (V, F), then the points of ¥ are classified
into three classes with respect to f(x) , as follows:

a) A point P = (%,7) € V is surely optimal solution to the curve y = f(x) if and
only if ¥ = f.(%) = f*(X) .
b) A point P = (%,¥) € V is possibly optimal solution to the curve y = f(x) if and
only if 7 € [£.(0), ()], |
¢) A point P.= (f, 7) € V is not solution to the curve y = f(x) if and only if
y & [£.00. £ ()]
Definition 2 (Convex Upper Rough Function): The rough function f(x)is called an
upper convex rough function on the set X if for any x,, x,in X and any & € [0,1],
i + (L= @)x;) < af *(x) + (1 - 0)f"(x).
Definition 3 (Convex Lower Rough Function): The rough function f(x)is called a
lower convex rough function on the set X if for any xy, x,in X and any « € [0,1]
flaxy + (1= a)xp) < afu(x) + (1 — a)fulxa).
Definition 4 (Convex Rough Function): The rough function f {x)is called a convex
rough function on the set X if its lower and upper apbroximation functions are convex
functions.
As known the nonlinear programming problem (NLPP) is defined as a problem

to optimize objective function under a given constraints and one of these functions is
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following problem:

min f{x)
subject to xeX
where X¥={xeR"gx)<0 (=120

x is a vector of design variables. f (x): R™ — R is called objective function, ¥ is the
feasible region.
The rough nonlinear programming problem when roughness in the objective

function and a feasible region is a crisp set can be defined as following:

min f(x)
subject to x€X (D
where fulx) S fC) < F (%)

f.(x) and f*(x) are surrounding f (x) from down and above respectively. X is the
feasible region. To solve these problem, firstly solve the following problem:
min £, (x)
subject to xEX
The optimal solutions set is defined as:
C = {% € X|f.(%) = minyex f,(x)}.
The optimal value of the lower approximation function is
fe = mingey fi(x)
a=Geclr@=£1={Z%.
Cy is surely optimal solutions set when C; # @. C~Cyis a possibly optimal solutions
set. When C; = @, the problem is resolved to get C, which it is an optimal solutions
set of the upper approximation function.
C; = {Z €XIf"(®) = min f*(x)
The optimal value for upper approximation function is
f* = mingey f*(x).
However the optimal value of the rough objective function is between the optimal
value of the lower approximation function f,(x) and the optimal value of the upper
approximation function f*(x).
fo S mingey f(x) < f*.

Remark: Mingey f2(x) < mingey £(x) < mingey f*(x)
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e
fo = mingey filx) . 7= mingey [0
If mingey f(x) = mingey f7(x) < G #=0 .

If ¢, =@ — The problem does not have a surely optimal solutions set.
Definition 5 (The surely optimal solutions set): If ¢, # @ then C,contains all
surely optimal solutions, then it can be called the surely optimal solutions set

C={Zeclf*®=£)
Definition 6 (The possibly optimal solutions set): C~Cy contains possibly optimal
solutions then it can be called the possibly optimal solutions set that is defined as

C~Cy ={xlxeCn x¢&C}

3 The parameters found in the feasible region and roughness in the

objective function:

Osman papers [5, 6] provide the basis of theorems and concepts of the
parametric convex programming which are used in this paper, i.e. the notions of the
set of feasible parameters, colvability set, the stability set of the first kind and the

stability set of the fifth kind which are defined and analyzed qualitatively for the

problem:

min f(x) M
subject to M) = {x € RMgr(x) S v, v =12,...0}
where L) S f) ()

F20); £.00); 9 (), 7 = 1,2, ..., | are convex functions, possessing continuous first
order partial derivatives on the n-dimensional vector space R™ and v,,v = 1,2, ..., 1
are arbitrary real numbers.

Definition 7 (The set of feasible parameters) [4]: The set of feasible parameters for
problem (I) denoted by % is defined , .

by: oA = {v € RYM(v) = ¢} (2)
where ‘R is the [-dimensional vector space of parameters. ‘

The set % is nonempty, unbounded and moreover, if v €%, then all v in the
nonnegative orthant of the parametric vector space ‘RY with the origin at v =17
belong to the set 2. The set U is convex and if there is v € U such that M(v) is
bounded, then % is closed [4].

:
1
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Definition 8 {The solvability set): The solvability set for problem (1) denoted by B,

_is defined by
B ={v € RiM.ope(v) = O N mype(v) = 0} (3)
where M., (1), Mg, (v) are the set of all optimal points of problem (I). i.e.

Maopt (V) = {x" € MW £,(x") = mingemey fi(0)}
Mope(v) = {x* € M| (x™) = Mingemep [ (x)}

I Mope(v) = Mugpe (V) NMope (V) = {x" € MW)[fi(x™) = f*(x*)} = 0 )

where ﬁ(x*) = Mingem) £:(x), 1 (x") = mingemyy f*(x), then it is called the

4

surely optimal solutions set. If Mopt(v) = @ the problem does not have a surely
optimal solutions set but have only a possibly optimal solutions set

Myope (V) = Mgy (v) U i (1),
If for one v € B it holds that the set Mgpt(v) is bounded, then B = A where
Mope (V) are given by (5).
Definition 9 (The stability set of the first kind): Suppose that v € B with a
corresponding optimal solutions £, %, of f.(x), f *(x) respectively then the stability set
of the first kind of problem (I) corresponding toX ¥ denoted by two
sets ©,(%),6*(¥)

6.(®) = (v € 'RY£A(®) = mineme) £ (1)}

&*(%) = (v € 'RYf™(%) = mingeme,) £ (1)} : (6)
If X = x , there are two cases. The first one £,(%) = f*(£), it can be called a surely
optimal solution. In these case, the stability set of the first kind of problem (I) is
gotten. The intersection between &, (%) N &*(X) keep a surely optimal solution at % is
always generated. The second case f,(¥) # f*(%), then the optimal value of the
rough function is between the lower- and upper- approximation function. So the
stability set of the fifth kind can be defined and obtained,
Definition 10 (The stability set of the fifth kind): Suppose that v € myqp,(v) with
optimal values f,(%), f*(¥) corresponding to the optimal value of the upper
approximation function and the lower approximation function respectively, then the
stability sets of the fifth kind of problem I corresponding to £.(%), f*(%) denoted by
T*(f*(X)), T.(f.(%)) respectively are defined by:

LUA®) = {(xv) € R" x 'R mineme) £.(x) = £.(D)}
T'(f* () = {(xv) € R" % 'R minyemey F*() = £}




wHese

. . . N " { ren s f grw o B
he intersection region between {77 f(x)

b keep the value of the
rough objective function between the optimal value of the upper approximation

function and the optimal value of the lower approximation function however the

parameters and variables are change.

The following steps iead us to obtain the stability set of the first kind & fifth kind
when the parameters in the constraints and the roughness in the objective
function:
Step 1: Formulate the problem and include ali the parameters that need to be
investigated. |
Step 2: Start with any certain v € B and get the optimal solutions set C to the lower
approximafion function. '
Step 3: (a) If there is ¥ € Cy then it is a surely optimal solution.
e Formulate the Kuhn Tucker conditions (KTC) for upper- and lower-
approximation functions at .
o Get G, (%) that mingy,) f7(x) at .
» Get G, (%) that minyem(y) f+(x) at X.
0 Get 6,(%) N G*(X).
(b) Otherwise, ¥ € C(C; = @) then it is a possibly optimal solution, get an
optimal solution ¥ of the upper approximation function.
o Formulate KTC of the problem for the upper approximation function and the lower
approximation functions. |
P Get T, that keep f,(x) at £;(%) on TM(v).
o Get T*that keep f*(x) at f*(¥) on M(v).
Then T*(f(%)) NT.(f(Z)(v) keep the value of the rough objective function
between the optimal value of the upper approximation function and the optimal value
of the lower approximation function £,(X) < f(x) < f *(%), however the parameters

or variables are changes.

Example: min f(x)
subject to x*+yt < vy
Y=X S0
where =3y +yi+ 1S f(x)SxP—y+2y2+4
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The Lagrangian of the problem can be stated according (o the upper approximation
function and lower approximation function respectivelv:
LGy Ay, Ag, phy ba) = %% =y + 207 + 4+ g (22 4+ ¥% = v) + pp(—x + v — vy
Loy, Aoy Ayt tiz) =52 =3y + Y2 + 14 iy (68 + 32 = v) + iy~ x + y — )
(4+2u)y+p,—1=0 (Z+2u)y+u, —3 =0
C+2udx~p,—1=0 2+2u)r—u,—1=0
242 = 2 052 oy —
KTC* — /.L]_(X "‘}/ vl) 0 , KTC,, — :ul(x +y Ul) 0
Ha(—x+y—v) =0 fo(=x+y—=v) =0
x2 4yt xt+y? <y,
—-x+y v, Xty SV,
The feasible region M(4,2) = {(x,¥) € R*|x* +y?> <4,y —x < 2}.
The set of feasible paramsters for the example is defined by:

A={ve R v z20v,=20U{ve 'Ry, =0,v, <0, v22 < 20y ).

2 _ = ——
iy =y 125 0) =

1 31

i ¥ -yt2yttds= f( Z)z—é—

5
75 f()._

re‘m(4 2)

5 5 ) 9 3 3
T’“(_E) ={(x,y,v1,v2) € R“XR Ivl 2:1:,172 2-2-,x= 0,y -_—_.}

31 :
T*(—B-) = {(x, y,v4,,) € R2 X R?

v>1 v>1 =0 —1}
L=t 2T Uy =

(190 @)1= erma =

4. Conclusion

This paper discusses the parametric study of the PNLPP when the objective
function is a rough function and parameters found in a crisp feasible region set. Also,
the paper addresses new concepts including the solvability set, the stability set of the
first kind and the stability set of the fifth kind on rough environment, The surely- and
possibly- optimal solutions sets of PNLPP in the 2nd Class are characterized. Future

studies may focus on the parametric study of the PNLPP when roughness and

parameters exist on both the objective function and feasible region.
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{haracterization of Basic Notions in Paramety

Rough Convex

Programming 11
(Parameters in the objective function and Roughness in the feasible region)

M.S.AOsman® MH.Eid® M.A Elsisy®

Abstract

Parametric studying of a programming problem often yields a new insight into the
programming problem at hand. The behavior of optimal solutions set is studied to
detect the change of this behavior if the input data are changed. In this paper
questions concerning how the optimal solutions set changes with respect to
perturbations in the rough data are investigated. It presents characterization of basic
notions in parametric rough convex programiming when parameters in the objective

function and roughness in the feasible region.

Key word: Rough set, rough nonlinear programming problem, the solvability set, the

'stability 'set of the first kind, the stability set of the fifth kind.

1. Introduction
The mathematical programming in rough environment is introduced in [1, 4, 11].

It is classified into three classes on the basis of where roughness is found [4]; 1
Class: mathematical programming problems with rough feasible set and crisp
objective function; 2™ Class: mathematical programming problems with crisp
feasible set and rough objective function; 3 Class: mathematical programming
problems with rough feasible set and rough objective function. So the nonlinear
programming problem in a rough environment is called rough nonlinear
programming problem (RNLPP) and can be defined according to roughness which
may exist in objective functions and/or constraints. There are two solutions sets of the
RNLPP; surely optimal solutions set and possibly optimal solutions set in the 1st
Class. This paper investigates the Characterization of basic notions in parametric
rough convex programming when parameters in the objective functions and
roughness in the feasible region. The study of rough set theory (RST), the rough

optimality and rough functions is essential to the parametric studying of RNLPP.
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Ihis paper is organized as follows: Section 2 {Basic Concepts) infroduces the

nonlinear programining problem and briefly reviews some basics of rough set theory.
In Section 3, the study addresses characterization of basic notions in parametric rough
convex programming when parameters in the objeciive functions and roughness in
the feasible region. Section 4 includes conclusion and recommendations for further

studies.

2 Basic Concepts: -

Rough set theory (RST) is a new mathematical theory introduced by Pawlak [7,
8, 9, 10] in the early 1980s to deal with vagueness or uncertainty. RST expresses
vagueness by employing a boundary region of a set and not by means of membership
function [1,3,9]. The basic concept of RST is the approximation of indefinable sets or
concepts through definable sets. Rough sets meaning approximation sets are built on
ordinary sets. So it can be described by two sets the lower and upper approximation
set which are deterministic sets. Lower approximation set, X, is defined as the
biggest deterministic set contains on the rough set which contains all of elements
which surely belong to set X. The upper approximation set, X* is defined as the
smallest deterministic set contains the rough set which contains all elements which
possibly and surely belong to rough set X where X, € X € X*. The difference
between the upper and the lower approximations is called the boundary of rough set.
It is denoted by Xgy = X*~X, = {x[x € X*,x & X.}. The set X is called exact (crisp)
in the available information if Kpy = X"~X, = @, otherwise the set ¥ is inexact
(rough).
The nonlinear programming problem (NLPP) is defined as a problem to optimize
an objective function under given constraints and the function and/or constraints are

nonlinear [2]. NLPP is to determine a vector & = (%1,.v0, %) Tthat solves the

problem:
min f(x)
subject to xeX
where X={xeRg(x) <0 i=12..,0

x is a vector of design variables. f (x): R™ — R is called the objective function, X is
the feasible region. The first class of RNLPP is defined as follows:

min f(x)




subject to ey

where X, EXCTXT

X s the feasible region of the problem. The function.f: X™ — R is a crisp objective
function which is continuous on X,and X "respectively. The solution sets of the ist
Class of RNLPP are called surely optimal solutions set and possibly optimal solutions
set. To solve these problem, firstly solve the following problem:

min f(x)
subject to xeX"
The optimal solutions set of the above problem is
C={XeX|f(X)=minf(x)}
xex*

-The optimal value of the objective function on upper approximation set is

fo = min f(x)

cl=cnx*={zg

€y is a surely optimal solutions set when Cj = @. C~C; is a possibly optimal
solutions set. Otherwise if C; = @ then C & Xgy. The problem will be resolved on the
lower approximation set to get - C, which is an optimal solutions set on the lower

approximation set.
=X X, Y) = mi
G = {2 2|70 = min 09} |
The problem does not have surely optimal solutions set. The optimal value of the
objective function onthe lower approximation set is
f* = mingey, £(x).
Then the optimal value of the objective function is between the optimal value of
objective function on the lower approximation set X, and the optimal value of the -
objective function on the upper approximation set X*
. < i < min £
min f(x) < min f(x) < min f (x)
Definition 1 (The surely optimal solutions set): If C; # 9@, then C;contains all
surely optimal solutions, hence it is called the surely optimal solutions set C; € X..
C, = {% € X.|f(¥) = mi
1 ={TeX If@ min f(x)}
Definition 2 (The possibly optimal solutions set): C~(C, contains possibly optimal

solutions, hence it is called the possibly optimal solutions set because {£~,} © Xpy.

C~Cy = {T € Xpy|f () = min f ()}
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3 The parameters found in the objective function and roughness in |

. reglom:

Osman papers [5,6] constitute the basis of theorems and concepts of the
parametric convex programming which are used in this paper, ie. the notions of the
set of feasible parameters, the solvability set, the stability set of the first kind and the

stability set of the fifth kind are defined and analyzed qualitatively for the problem

min f (x, 1) 1))
subject to xeX
where X.eXcXr

X ={x eR"Gx)<0r=12.,L}
X.={xeXg(x)<0,i=12,..,0
X is the feasible region of the problem.f (x, 1) is an objective function, g;(x) < 0,
i=12.,l and G.(x)<0,r=12,..,L are convex functions possessing
continuous first order partial derivatives on R™ and A are real parameters. The
restriction sets X7, X, are supposed to be nonempty and fixed.
Definition 3 (The solvability set): The solvability set of problem (II) denoted by B is
defined by two sets
B. S B C B* )
where B* = {A € R™| mingeyg+ f(x, 1) exists}
B. = {A € R™| minyey, f(x,1) exists).
Definition 4 (The stability set of the first kind): Suppose that A € B with a
corresponding surely optimal solution ¥ which are the optimal solution of f(x, 1)
according to the upper approximation set, then the stability set of the first kind of
problem (II) corresponding to X denoted by S*(%) is defined by
§7(%) ={A € B*|f (£, 1) = mingey f(x, D)}.
The stability set of the first kind contains the surely optimal solution for the problem.
If % is a possibly optimal solution, then the stability of fifth kind can be defined and
obtained.
Definition 5 (The stability set of the fifth kind): Suppose that 1 € B with optimal
values f (%), f(X) of the objective function on the upper approximation set and the
lower approximation set respectively, then the stability sets of the fifth kind of

problem II corresponding to £ (%), f (¥) denoted by
T.(f(®) = {(x, 1) € R* X R™|f(x, 1) = f(®))
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The stability sets T*(f (%)) 0 T.(f())(A) keep the value of the objective function
between the optimal value of objective function on the lower approximation set and
the optimal value of the objective function on the upper approximation set however

the parameters and variables are change.

The following steps lead us to obtain the stability set of the first kind & fifth kind
when the parameters in objective function and roughness in the feasible region:
Step 1: Formulate the problem and include all the parameters that need to be
investigated.
Step 2: Start with any certain A € B and get the optimal solutions set € to the upper
approximation set.
Step 3: (a) If there is ¥ € {C N X,} then it is a surely optimal solution.
e Formulate the Kuhn- Tucker conditions (KTC) on the upper approximation set at
.
o Get S™ that ming» f(x, 1) at .
(b) Otherwise, ¥ € C ( €y = 0) it is a possibly optimal solution, get an optimal
solution % according to the lower épprox-imation set.
e Formulate KTC of the problem on the upper approximation set and the lower
approximation set. |
o Get T, that keep f(x, A) at f(%).
o Get T"that keep f(x, 1) at £(X).
o Then T*(f (%)) N T.(F () (A) keep the value of the objective function is between
the optimal value of objective function on the upper approximation set and the
optimal value of the objective function on the lower approximation set

F(2) < f(x) < f(X), however the parameters or variables are changes.

Example: Consider the problem
minx? + A x +y2 + A,y
subject to xEeX
where .G XX
X'={xeRYx?+y2<dx+y<2}
N=keX | +y?<slx+y<1)
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The Lagrangian of the problem can be stated according to the upper approximation
set and the lower approximation set respectively:
[_::),(X, Y, /11, /12,/.[1, ,LL2> = Xz -+ /11;\7 + yz -+ ;Lzy + ‘Ltl(xz -+ yZ - 4‘) -+ ‘Ltz( X4 Vo= L’:l}

Loy Ay Ap g pg) = 02 + 42+ y2 + oy + (62 + 92 = U+ (x4 y — 1)

(2+2H1)y+ﬂ.2+[.l2=0 (2+2H1)y+/12+/1230
RA4+2u)x+A +u, =0 @H+2u)x+ A +u, =0
(2 +y?—4) =0 M +y?=1)=0

KTC, — , KTC* —
Ho(x+y—2)=0 He(x+y—1) =0
x2+y?<4 x2+y?<1
x+y <2 x+y<s1l

By using A, = A, =1, the optimal solution of RNLPP is (—%,%) on the upper
approximation set and lower approximation set respectively. The stability sets of the
first kind of problem corresponding to the point (—%,g) according to the upper

approximation set and lower approximation set are formed as follows:

S*={AeR*}A; +23 <16, + 1, > —4).

When A, = 21, = 2, the optimal solution of RNLPP is (-—1,—%) on the upper

approximation set and (—%, —-%) on the lower approximation set respectively. The

1

optimal value of the objective function is f(—l,—-z

5
)‘ =—c.on the " upper

Lo f 2 1 I
approximation set and it is f (-—ﬁ, —E) =1 ~+/5 on the lower approximation set,

The stability sets of the fifth kind of problem corresponding to the values— %, 1—+5

are formed as follows:
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»{"“é < x < O/ Y= U) v
x=0-2=sy<0)V

<O<x§\/4—~yz,——2_<_y<0>\/

= dx? — Ay — dy? —
(—r\/r_ﬂ4—y2£:c<0,~2Sy<0>’4/12y— dx® — 4l x — 4y =5

Vie=00<y<2)Vv
O<x<2-y,0<y<2)v

L (—V/4=yTsx<00<y<2)

T.(1~V5) =
(x=0y=-DV
(-1€x<0,y=0)Vv
O<x<lLy=0V
(x=0-1<y<0)vV :
< byoad 2;— = 0
@<x_v1 ye -1 y<)vjﬂ=—ﬂ~ﬂﬂ"ﬁ+1"J§

Qﬁl—y25x<a—15y<0)
Vix=00<y<Vv
O<x<1=y,0<y<V

k(.-\/T:fﬁsx<0,0<y<1)

( ~1<x<0, v=0 p
0<x<1, y=0
5 -1<x<0,—y1-x2<y<0
T(1-V5)nT"'|—-=]= .
4 —1<x<0,0<y <y1—x2
0<x<1,0<ygl~x
\0<x<1,—/1—-x2<y<0

4. Conclusion ‘

This paper discusses the parametric study of the rough nonlinear programming
problems (RNLPP) when parameters exist on the crisp objective function and
roughness in the feasible region. Also, the paper addresses new concepts including
the solvability set, the stability set of the first kind and fifth kind on rough
environment. The surely- and possibly solutions sets of RNLPP in the 1st Class are
characterized. Future studies may focus on the parametric study of the PNLPP when

roughness and parameters exist on both the objective function and the feasible region.
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