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Generated from Inverse Weibull Distribution withe =4, g =1 for Different Prior

Parameters When both Parameters are Unknown and m =6 (¢ =3,d = 4)

B Rm s| lower upper a b S lower upper
interval miterval interval | interval

2 1455 17 o508 1.451 2 12,47 0 B84 1AG !
1123 | 8| o037 1.435 8 0.343 | 1.434
0.729 19| 0234 1.402 9 0.205 | 1.401

3 7| o087 1.461 203 7 0.668 | 1.461

81 0474 1.438 8 0.45 1.437

9| 0352 | 1.408 9 0.325 | 1.407

4 71 0744 1.462 214 |7 0.727 | 1.461

8| 0547 1.44 8 0.525 | 1439

91 0433 1.414 9 0.408 1.41
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Fig. (1) relation between the record index and the lower bound of the




Table (2)

Bavesian Prediction Interval of the s" Future Upper Record Valuee for Data
Generated from Inverse Weibull Distribution withe =4, =1 for Difterent Prior

Parameters When Both Parameters are Unknown and m=5 (c=3,d =4)

a b Rm s| lower upper a b |s lower upper
L interval | interval interval | interval
I 201465 6| odwr | 1641 | |2 |Z]0 | v4er | 1041
1453 |71 023 1.512 7| 0.194 1,611

1.123 | 8| o0.087 1.477 8 | 0.047 1.475

0.729 | 9| 0.007 1,445 9 0 1.442

1 3 6| 0593 1.642 2 316 | 0566 1,641
7| 0.357 1.515 71 0.324 1.514

8| 0.228 1.484 8 1 0191 1.482

91 0.141 1.45 9 I 0.103 1.455

] 4 6| 0664 1.542 2 4416 ] 0639 1.542
71 0.445 1,617 71 0415 | 1517

3| 0.326 1.49 8 | 0291 1.486

91 0.240 1.462 9 ‘ C.21 vy 1409
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(1)Using MathCad (2001) program. applying Equation (3.9) and (3.10) 10 obtain

. .o . il .
the 95% Bayesian prediction interval for the s" future lower records for

s e

(5=6.7.8.9) and for several different values of the prior parameters . b, ¢ and
d.Table (2) and Table (3) contained the results which show:
(i) The values of the prior parameters « and b

(ii) The 95% Bayesian prediction interval for the s™ records.

From the results in Figs. (1), (2), (3) and (4), one can see a monotonically
e decreasing lower-fupper) bound a5 related o o fur fixed values of a irespective of
the value ofb, while if « is kept fixed, increasing b increases the lower (upper)

bound.
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predictive intervals are obtained.

4.1 Numerical Results of the Prediction Interval using Wald’s Prediction

Interval
In this case, the calculations were carried out according to the following steps:

(1) For given values of the Inverse Weibull parameters « and 4, we generated a

P P SCOu P P SR T TR § TR L L ISP IR TS BN BRI UL |
3 aom voriahlo XY odvon: ine Livcsac Weaibull it riutios \J.}) dlld seiecieqa tne

S
ER P AN

first 10 records (R, =(23.469 6.808 5.027 2.221 1.73 1.546 1.465 1.453

—_—

1.123 0.729) ) by using the software package Mathcad (2001).

(2) Consider the first six records as the observed lower records (m = 5), while the

last four records as the unobserved records, which are to be predicted.

(3) Applying Equations (2.12), to obtain the 95% equal tail Bayesian prediction
interval for the s" lower values for m =5, (m=6)and s=6,7,8,9,(s=7,8.9).
Table (1) contains the 95% Bayesian prediction interval for the s records.

Form Table (1) shows that both the lower and upper confidence limits go

down an either mor s(or both) increase(s).

e
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Table (1)

Wald’s Prediction Interval of the s Future Upper Record Values for Data

Generated trom Inverse Weibull Distribution with « =4 B=1.

m R, S lower upper
interval interval

5 . 6
1.465 0.491 1.541
1453 7 0.23 1.512

; 1122 ¢ . i
0.087 1.477
2

0.729 9 0.007 1.445

7
6 0.357 1.515

8
0.228 1.484

9
0.141 1.45

4.2 Numerical Results of the Prediction Interval when the two Parameters are
Unknown

In this case, the two parameters are considered to be unknown with prior
density function is given by (3.7). Many different values of prior parameters will be
considered here.

After generating a random number from Inverse Weibull distribution and
selecting the first 10 records, the first six records are considered as the informatjve
values (i.e., m=5m=6) and the next four records (three records) are considered as
the non informative (s=6,7.8,9. 5= 7.8,9) (as (1) and (2) in case 1) then the

calculations are carried out according 10 the following steps:
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Two sided Bayesian prediction bounds of the s" function Jower record values &t .

s=m+1,m+2, .. areobtained from (3.9) by solving the following Equations:

p(R_ <10 V)= pR, =y, <l )lny=ply, >R, =10 )]0

n.s m
o0
B p()'m s (7’/71) = | ](J/m s lq)dym,s
I'(r )
m
o r
=4 [ [J( By T (3.10)
' U‘m)c .
and
PR <ulr, ) )= p(R, =y, <uC,)D)=ply, > Ry =1, )[1)
[0 0]
= P(J"m,s >u'(r, )r) = J f(.\'m o | ‘77)({]}77'1,5
u'(r )
m
o d .
=4 | 1P Yim, s) )71,5:1~§' (3.11)

1
uAr C
( 777)

Numerical techniques are needed to solve Equation (3.10) and (3.11). Hence,

the values of lower and upper bound for the s" future record values R can be

obtained from /'(r,)and u'(r,)as follows

:R '—]/ : . = —_ ,’ 4
/77) " (.Im) and u(zm) Rm 1/(1”7)
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LfU V8] X [ n M /) - 5 \
Sl o OS] am+3, A = pim+ 1) =1
A m:‘?ﬂ‘)“ U [« B “\5 “1/7‘7,3')].1:10/7' o
mn.s -
[ - B N
g(é') *tl"(f\’l”'j' ) oA T )
. “ﬁ_.“ﬂ [ N m.s m o ,
L(,\S Yo \) X ] e d,\kS da dp
, O<y <.
m,s
On simplification,
(. J I ﬂm+3( . )ﬁ 1‘~_IB—]
Y in.? m s sl AT
L 1=0 |
Ym,s
..ﬁ(nv-k])—l[ ) /5__\-/3-5(8)
d s s g dx dp 0y e
i -,B U(s)—H s s
[(.\»S “Vg) T ]
d
Iy s )—AjJ(.s By 1’,)0’,5 . O<ym’5<oo
(3.9)
where
. & o3 n A
J(S’ﬂ"vm.s): A (Xs ‘)‘m,s).n "
¥ L i=0
m,s
— 5( _ _ _ 5€(s)
L~ Blm+1) 1[(,\.‘_}. Py ﬁ}
s s Tms s
dx Y .
Vi 8 v(s)+1 § Tms >0
[('\’5 —ym,s) +(b+ln7 )}
and
4 ] )
= )
nd “r
'J(( IB ]/77__<>




Consider now the parameter « has a gamma prior distribution and the prior

density of the shape parameter is the uniform distribution with density function

5?‘»’:[1 Uy

”(C‘fovaa—lé’—ba ca >0, a.b>0. (3.5)

ﬂ(ﬂ)“i—l“ Le<f<d. (3.6)
d—c

,A‘Y,T,l_?e:'?,thej()im pdf of o and B will be obtained from (3.5) arnrd (3.6) as follows

aa—le—ba
a(a, )« , a>0,c<f<d.

d¢ (3.7)
Combining the prior pdf (3.7) with the likelihood function (2.3) then the bivariate

posterior distribution of & and g is given by

—B-1 —a(b+rl:'5)

. m+l _m+a B i 1
mla,Blr)« f a I, e ,a>0,c<pB<d. (3.8)
i=1

Consider the probability density function of the difference- between two record
values (3.4). Then ihe Bayes predictive density function of s"the future record R,
s=m+1,m+2,... 1s obtained by integrating the product of Equations (3.4) and (3.8)

with respect to the parameters « and g as follows

o
|
|
|
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Where H(x)=~InF(x), hix)= :ﬁg—(\—) Now. let us consider the following
AY
transformation, ¥ =R and¥, =R, - R, then, the joint pdf of Y Y, will be-

st

/ [H(XS)J'" ,
R N RV
S—m—1 (3.2)
[H(xs - ym,s)_ H(xs )]
L0<y,  <x, <o,

(s —m-1!

~From (3.2) infegr'ate out X, then the probability density function of the difference

between two lower record values is given by

s=m=—1
{H(xs)]m , [H(xs nym,s)- H(xs )J
‘ ni! " 05! (s=m~-1N! /5, - ym.s)d'\‘x (3.3
'/('}"m,s)v I ' : ' . (3.3)
X
8
i 0<y < o0,
m.s

For the inverse Weibull distribution with probability density function (1.1), the pdf

of ¥, =R, - R is given as follows

s+1 52 o ’ _
(> )= _5___@__, [ o=y ) B+ =1
m.s ml(s=m~ 1) v goonms s
‘ S
=1 —aly — - B

v )-,5 ~ \.“,B s—m~1 . a(.\s "v/n,s) "

s Tm,s T T
L0<y < o,

Tm,s

Integration (3.4) needs numerical computation. i.e., there is no explicit form for it.
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From (2.11), we conclude that the distribution of R - / can be approximated by
camma distribution with parameters (s+1.&).From Wald (1942) and the fact that
2a R / has a chi square distribution with 2(s+1) degrees of freedom, and hence a
100 (1-7)% prediction interval for R 18 (I(R,),u(R,)),

where

5 -1/ ~1/p
Xo(s+1),(0-1/2)

2
AQ(s+1)),7/2
2a 20

and  w(R,)= 5
b 2a

] L ]

[(R,) =

4

with ¢ and 8 being the maximum likelihood estimators of o and 8.

3. Bayesian Prediction Interval for the sth Future Lower Record Values when
hoth Parameters are Unknown
The prediction intervals provide bounds to contain the results of a future
record, based upon the results of the previous record observed from the same
distribution. Prediction problems comes up naturally in several real life situations,
for example, Ahsanullah (1980) and Nagraja (1984). This section is devoted to
derive Bayes predictive density function, which is necessary to obtain bounds for

the predictive interval of future records.

Let RO’RI"”’R/nbe the first (m+1)lower records, the joint pdf of &, and &,

where s <m is given as follows

]

N TP (R e
fro.r "):———[H(I’”] h(r )[H(l'\) i)

mos ! n (s —m—=1)! s : ({

(%]
J—
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Numerical solution for (2.8) vields the predictive maximum likelihood estimator
f" (PMLE) of the shape parameter A .Back substitution by the value of A in
equations (2.6) and (2.7) one can obtain the PMLE & of the parameter « and the

maximum likelihood prediction (MLP) of the s™ future lower record values r/.

2.2 Wald’s nrediction interval

Let Ry Ry, .,Rmbe the first (m +1ylower record from IWD (1.1). Leth be 5™

future lower record values, the density function of R is

s+1 —arT P
f(rs) - ur;‘ (s+1)p~1 ¢ ars > 0 (2.9)
. c s

A

It can be seen from (2.9) that the random variable R;'B has a gamma distribution

with parameters (s +1,a).

On replacing aand g by their maximum likelihood estimators ¢ and g

given by (see, Sultan (2008))

5 e 23 ; —_—
a=(m+1) 1”77 ,and f= —
,~ E Oln - (m+1)In .

(m+1) . (2.10)

It follows that the pdf of R_can be approximated by

541 a Y
651 g (s Df-1 —ary

P4 P O<r <o, (211}
./(./S) " § , 5 ' ;




__/Z{

—-ar , 171 _ 1
m+1/3m+1 0 m I ,./_ B L {
i =

]

12
e

where Lia.f)=«

is ine likelihood function vbased on the Nrst (m+ 1 lower record vaiues (see. Sulan

o is the conditional density function of R given k. and
i

(2008)) and f(rg;’ :

substituting from (2.1) and (2.3) in (2.2) we have

m
-pf-1, - — B s—nr—
L(K:Rs;a,,ﬁ)cﬁﬂ,n—‘_zaS—{_l (],S H I‘]') ﬁ (rg ﬂ ___]4}77,5)5 n -1
=0 ‘ (2.4)

Taking the logarithm for (2.4) we get

mn

lnL(ﬁ,Rs.a.ﬁ‘)oc(s+ll)lna+(/n+2)111,6’-(,[>’+1) ]nrg+ > lnrl.
Toi=0

+(5~177——1)1n{/";ﬁ~/"/;;'B}-ar_ﬂ (2.5)

S

. : e S d
To obtain the maximum likelihood prediction for the s future lower record

differentiate (2.5) with respect toa , 3, r, and equating with zero we get

R «. (2.6)
(1-58" )7
-1
* I-spf ﬂ“: (2.7

P — r
m

¢ l—ﬂ*(m—l-l)

and




Record values and associated statistics are of great imporiance in several real

live problems involving weather, economic, and support data. The statistical study

£ - tar stk T haadles FTO8D) qined aena d Dl SO0 e
of record values ctarted with Chandla »\\]932/ and spread o Gifiercat direciion:.

Interested readers may refer to Feller (1966) Dunsmore (1983}, Nagaraja (1988).
Ahsanullah (1994), Arnold et al (1998) ,AL-Hussaini and Ahmed(2003), Madi and
Ragab (2004) , Klimczak (2006) and Aboubecrine (2010) for a review of
developments in this area of research.
2. Non Bayesian Prediction interval for the sth future lower record values
for inverse Weibull distribution

In this section we discussed two methods of non Bayesian prediction for the
s future lower record values based on the first (m+1)lower record values for the
inverse Weibull distribution.
2.1 Maximum likelihood prediction interval

Let RO’RJ"“’Rmbe the first (m+1)lower record from IWD (1.1). Let R be

s" future lower record values. Ahsanullah (1994) obtained the following

conditional density function of R given R,

as—mﬁ(r—ﬂ _1,1'7—7,6).3'*777—1

s -3 ~1
ol )= ,
£l = : | -
—a’(l‘:ﬁ—l‘_p)
e S m O<r <r <ow
s o m

The likelihood function L(R,R, :a,f)which based on the first (m +1)lower record

and the s" future lower record values R, can be factored in two parts as follows

(2.7

LRR a.froLia.f)ftr 1r ) R
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FPrediction Interval of Lower Record Vaiue for the Inverse Weibull

Distribution
N, Ahgped?
Abstract

This article discusses Bayesian and non- Bayesian prediction interval for the
s future lower record values based on the first (m+1) lower record values for two
parameters Inverse Wiebull distribution. Non Bayesian prediction interval is based
on two different approaches maximum likelihood prediction and Wald's prediction.
Bayesian prediction interval is based on the distribution of the difference between
two lower records. Finally, numerical illustrations for the new results are presented.
Key words: Inverse Weibull distribution, lower recode values, non-Bayesian
prediction, Bayesian prediction,

1. Introduction:

The Inverse Weibull Distribution (IWD) plays an important role in many
applications, including the dynamic components of diesel engines and several data
set such as the times to breakdown of an insulating fluid subject to the action of a
constant tension.

The IWD probability density function (pdf) with two parameters is given by

| -5
f(x)=aﬁx_'gble_ax , x20, f>0,a>0,

and cumulative distribution function (cdf)

)

e P '
F(x)=e &7 , x20,8,a>0. (1

where « isthe scale parameter, 8 is the shape parameter.

i . . . - N . - .
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Applying the chain rule 10 p(Vops, Vuus| 1, v1 ) we obtain
— 1T ,
PWoss Yurs: b1, 1) = [Tl pWelye-n, Yecas o v, 1) (4.1)
Under the AR (1) assumption, we have: -

PWelVeo1, V2, Y P1) = P WelVeo1 ¢1)
then the equation (4.1) implies

T .
PYops: Yuis) |1 y1) = ﬂ P(Yelye-1, $41)
t=2

Under the assumption of normality of AR (1)model
then ,

P()’tb’t v $1) = % P[__l‘z“ (e = ¢1.Vt—1)2}

and then the posterxor p.d.f. is as follows:-
P(¢11yops y1)

2Dy | T 1
p(b1) [pes {(Zf:o ¢12t) ? exp [ (Z =0 ¢12t) [ #+1] S [_¢13+1J]}
Where

1. D is the set OBSU {1}

2. GAP (i) be the length of a missing-data sequence after y;, andi €
D and

3. yuyl+GAP(l)+1 € OBS andyy1, Yiy2 - o Yivcar@) € MIS

4. G is the set of all sizes of missing-data sequences for every
ide. G={feR3ieD|t=GAP())}

5. D, be the subset of D

D, = {i € D|¢ = GAP (D))

6. The statistic S, is as follows :-

_ Z [ J’jz+GAP(j)+1 J’j+GAP(j)+1J’jJ
Sp = 5

fep, Yi+6ar(j)+1Yj Yj

7. Finally the likelihood function is as follows:-

P(Yops|P1, ¥1)
2 -1

M. (Z(pln) . 202(Z¢1H) e e ]

and |. | denotes the number of elements of a set.

fD[
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the random shocks €, €,, €4, ... in different time pertod are assumed to be
statistically independent of each other.

To be able to analyze estimator, it is useful to know exactly the
posterior probability density function.

When the whole sample of data is available, the solution is well
known. The problem has a finite sufficient statistic and it is possible to
compute the posterior probability density function. But when some data
are missing, and there are some gaps in data sample, very little can be
said about posterior p.d.f.

In this section we try to deal with the identification of posterior
p.d.f. of the parameter of AR (1) from incomplete data sample.

To do this, we consider only certain data to be observed while the
nther missing. such thai the ~hserved dawa js indicated by OBS <« {2, 7.
., T}, while the missing data by MIS < {#¢,#+ 1, ...,T} and we denote
by yogps and yus the observed and missing data respectively. The initial

value Y, is not included in data and its value is given.

We assume, without loss of generality, that the last data Y; is
observed (Te OBS)

e s @ e s $ % »
-
7 7 ,
n o Yz Vi Y Yiee-r Yier Yigesr Yr
given Missing values

It should be noted that our problem is based on the Bayesian point
of view.

Then it means that ¢, is a random variable and we are interested in
the posterior distribution

(¢, |Yors Y1)

For the sake of completeness, the indices of observed data are
assumed to be random and independent on value of data. This missing-
data mechanism is called “missing at random”.

Now, by using Bayes rule we have:

p(P11¥ops, ¥1) < p(@PYors|b1, ¥1)

Where p(¢,) is prior information about ¢,. Under the assumption of
independence of OBS and y; the likelihood function p(yops|®1, 1)
follows:-

p(Vopslps, v1) = ( p(YVogs: Ymisl®d. 1) A¥Vus
RiMIS)

06
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conditional on the observed data. The posterior distribution of the
parameters 1s then represented by values of the parameters that are
sampled after the chain has converged. This two-step iteration procedure
is called data augmentation (Tanner, 1996). So in next we apply the
Bayesiun method on the daia in cxampic (1) and then-Wwe inske

comparison between this method and EM method.

Example (2): The Bayesian method is used here to be applied on each
iteration to know the fitting goodness in each phase until the convergence
phase in estimating the missing data.

OUr results of this example is as follows

After 25 iterations, we have:-

fo=81.59019 B, =1.577932 72, = 15.2722
Y, = 132.10628 Y, = 125.7042 7,5 = 142.9751

The following table summarizes the estimated missing observations by
using both EM algorithm and Bayesian approach.

Table(2) The estimated missing observations by using both EM
algorithm and Bayesian approach.

Methods Ye Yo Y3
EM algorithm 132.908227 127.8243671 146.4651898
Bayesian approach 132.10628 125.7042 142.9751

From these comparisons between these methods we note that the
EM method is faster in making convergence to estimate the missing
values than the Bayesian metnods but the Iast one achieved better
estimations especially if the size of the data is large.

4. Autoregressive model AR (1) process with missing data.

To introduce autoregressive model of order one we consider, first,
the non-seasonal autoregressive model of order one as

Yo = ¢1¥ + &

This model says that y, is a constant multiple of Y,_, which is the
time series value in the previous period, plus a random shock ¢, that
describes the effect of all factors other than Y;_; on ¥;. The constant ¢,
relating to Y, to Y,_, is an unknown parameter that must be estimated
from sample data. The random shock ¢; is a value that is assumed to have
been randomly selected from a normal distribution that has mean zero
and a variance that is the same for each and every time period. Morecver,

G5
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We note here that as A — 0,M — B and W — 0, as may easily be
verified, so that (v + vg)g — vS as vo = 0, and A — 0. Upon integration
with respect to 271 in (4.3), we have the posterior of B given there are no
missing data can be written as

% g~ (B — M)T[C + A)(B — M)|~verd)/z —(3.6)

which is to say, that p(B|Y) is a matric-variate ¢ distribution, discussed,
for example, by Dickey (1967) and. Box and Tiao (1973, Sec. 8.4.3).

The predictive distribution of Zy, f(Z;|Y;,Y>) is easily obtained since
FZY, V) o [[1(Z, Yy, Yo%, B, 271) x p(B,271)d2™" dB,

and using the work that leads to (3.6), along w1th properties of the matrix-
variate t density, we easily find

3
— i

7 AV V ekl v g ik E) /2
AN RS A oYU .

We recall from (3.5) that the (p X p) matrix (v + vo)g = vpSo +
vS + W.

Now suppose we partition g = (v + vy)g as

(P8
<
C

g11 912
o= B
(v vo)g = g Go1 - D22

where G4 iS D1 X P1, G12 1S P1 X Dy, Where p; + p, = p, and so on
where g, does not involve the missing data Z;, so that we may write
(3.7) as
f(Z11Y,Ys) % |Gz2 — G21 P1i Gz e k+6)/2-

Now, to compute the posterior distribution a Markov chain Monte Carlo
(MCMC) resampling algorithm sampler can be used in Bayesian analysis.
MCMC techniques can also be used to adjust for dztainissing at random.
The missing data are just regarded as more unknown parameters to be
resampled. In some instances, implementation is almost seamless. The
change to the program code given to a software package such as
WinBUGS can sometimes be as simple as designating that an observation
is missing, as opposed to having a known value, and giving it an initial
value. In essence, two iterative steps are used by the resampling

algorithm to compute posterior distribution in the presence of data
missing at random. First, the missing data are filled in with draws from
their predictive distribution conditional on last sampled values of the
parameters. Then the parameter values are drawn from their posterior
distribution conditional on the completed data set of observed and filled-
in missing data. Iterating between draws of missing data and parameter
values is a Markov-chain sequence that eventually converges to draws
from the joint distribution of the parameters and the missing data

]
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The likelithood function for (3.1) can be written as

[(Z),Y,,Y,]X,B,27Y) o« |T-1v/2

where C = X'X, B=C'XYandv=n—p—k+ 1,

with
vS = (Y - XB) (¥ - xB),
(Y = XCTXTY)T(Y = XC1XTY)
Y = X(XTX)XTY)T (Y = X(XTX)1XTY)
YTY — Ty CixTy — YTXCIXTY + YTXCIXTXC 1 XTY
YTY - 2YTXCIXTY + YTXCTICCTIXTY
YT = XCXTYT(I - XC1XT)Y
(I = XCTIXTYT (1 - XC1XT)

=] = XCXT —XCXT + XC1xTxCc~1xT
=1 =XCXT - XC'XT + XC72XT]

(I=XCXT) = R(X)
R(X) should be idempotent matrix
ie.
vS = YTR(X)Y

We assume that the prior information for (B,,27%) is given by the natural
conjugate prior for this situation, namely,

: p(BO,Z—l) e |2—1|5/2l2~1l(v0-—p-—1)/2
X exp — il/z trE  veSo + (B — Bo)TA(B — By)] ; (3.3)
where § = §(4) =0, if A = 0,and § = 1, otherwise.

~ However, using (3.2) and (3.3) yields, on application of Bayes' theorem,
p(B,Z—IIY) & lz—l|(n+v0-p—1+8)/2

X exp{— 1/2 tr I7H(v + vo)g + (B = M) (A + C)(B - M)]} (3.4)
Where, M = [C+ A]"*(CB + AB,),
and, defining W as

W= (B+B,) (47 + C"1)7Y(B + B,),
then

(12
tN

(v4+vg)g =vS + v Sy + W, (



(i Heseaveh F¢

Dy P2
A A
~ ~ S
T Vi1 V12 ‘ Yip, YVipi+1) Yi(p+p2)
Vi Y2z Vom0 Yu(pie1d e e
= ynl,l Yn,2 yn1p1 ynl(p1+1) ynl(pl+p2)
,* %
yn1+1,1 yn1+nz,p1 3’n1+1(p1+1) yn1+1(p1+p2)
. * . *
-yn1+n2,1 ' yn1+n2,p1 yn1+nz,1 yn1+n2,p1+p2_
_[h Zl]
B o
Yir V12 Yip,
Y21 Va2 Yap,
Y]_ = .
yn11 ynzz y’l’llpl NiXpq
* * *
Vi1 Viz Yip,
Y=
* * *
ynzl ynzz ynzpz NaXP2
y(n1+1)(771+1) y(n1+1)(73_1+p2)
YZ = 5
Y(ny+n,)(pa+1) Y(ng+nz)(p1+p2)

And Z, is an (n, X p,) matrix, with i, ~ n, =n, pi+p, =p

21 Zq2 Z1p, Yi(py+1)

Zy

Zni1 Zng2 Znypa Yni(ps+1)

yl(Pl"’l’z)

yn1(l’1 +p2)

and X and B conformably partitioned. We assume that only Z,is
unobserved. To get the posterior distribution for B given the observed

data, we use the fact that

p(BIVy,Y,) = f p(BIY)f(Z: |V, Yy) dZy,

where p(B|Y) is the posterior distribution given there are no missing data

and f(Z,|Y;,Y,) is the predictive distribution for the missing observations

given the observed data.
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3. Bayesian Regression for Missing Data

The Bayesian approach has been applied to multivariate problems

- with incomplete dependent variable (Chen, 1986:Guttman and
Menzefrieke, 1983 ; Liitle, 1988 ; Press and scott,i976 ; Rubin, 1977,
1978, 1987a and Swamy and Mehta, 1975) For general patterns of
missing data,more complex simulation techniques (tanner, 1991), such as

data augmentation (Tanner and wong,1987), and the importance sampling
(Rubin, 1987b), are needed to simulate the posterior distribution . Rubin
and Schafer (1990) applied these ideas to the normal model. Chen and liu
(1996) proposed algorithms based on random draws from predictive
distributions of unknown quantities (missing values). This procedure can
either be iterative, which is a special variation of Gibbs sampler, or be
-sequentiabpwhicli is a variauon of sequential Lispuiadon.

3.1 Bayesian Regression Model for Missing Data

According to Guttman and Menzefricke (1983), suppose the multivariate
linear model:

Y =XB+ ¢ (3.1)
Where, | :
Y is an (nXp) matrix of n observations on a p-dimensional response
variable.
X is an (nxk) design matrix, B is an (kXp)matrix of regression
coefficients.
Then,
a0 oz
y={v, -<Y1* Yz)
Y, ’

=XB+¢= @1) (By By) +6,
2

with Y] is an (ny; X p;) matrix, Y, is an (n, X p,) matrix, with

ng+n, =n pr+tp:=p




s

The algorithm can be simplified by noting that (2.1) does not
i J L J

2
involve( 6§,x> , and note that at convergence point we have:

4/‘;.:1% 1\2 — ((:;\t \2 — A2
. Ve, T
By using
P 1 A(t) (Tl—m) A 2
U)_%x = 21 (Yl _Xi_ﬂ_y_,x) L ( éx)
We can get,

' 2
~ 1 A(t
Gf,x = m 71'11 (Yl - XLE;’}) .

Again as we know, we can prove that:

Consequently, the EM iterations can ignore the M-step estimation of 633,,5

Yobs 93(,?6)and then find ﬁy.x by iteration.

and E-step estimation of E (Yiz

Example(1): Consider 15 observations taken from 2 variables and
containing three missing values. We find the estimates of missing values,
where missing values denotes* and we also estimate the parameters of a
linear model with X as an exogenous variable and Y being endogenous

variable, so we have,

E - step, estimation of missing data:

v Y; ii=1,...,m
e Ot) '*."51(0)(1- ji=m4-1,..n

Table (1): Data for Example

24 |26 |20 |25 |35 3232 {25 |29|30 |26 |33 |40|24 |28

1151251110124 140 |* | 130|119 * |122)125 138 |* 127|125

Start with ("= 78.68045303 and "= 1.69461757, the following table
shows results were obtained.

So that, the estimated parameters are
By = 6627477, P, = 1.267281 and G, = 1454004,

and the estimated missing values are
P = 132.9082278, P = 127.8243671, ;3 = 146.4651898.

60
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Consequently,

E (yzlx_ Vopsi 032 ) = V (¥) + [E (Y]4- Yoo egg)f

FroNR L, n(t)\_z -

i

E\C-J;.X/' . .\”Li"_’_.l"'t/ .

Where X is the (nx (p+1)) matrix of X values. Let Y be the (nx1) vector
of Y values and Y""be the (nx/) vector of Y with missing components Y
replaced by estimates from the E-steps at iteration t,

2. M —step

2
The M-Steps can be used to calculate ﬁ(;?x and (c?y(;) , We start to

estimate é’;)(,t;)c

since,
e = (- xB%))
then,
ec” = (Y- XA (Y - x5
Consequently,
= 2(r-xg0)x
dee” A
0B
~ and,
X7y = XTXB,.
Then,

350 = (XTX) XY

- Secondly, to estimate 67, we have,

(627 =z (h-x82) + 22 (- x82)°] )
consequently,
m
S —
i=1

=

ration Researvch 24227 Dee 2012
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(i) X is (nx(p-+1)) matrix of observation of the exogenous
variable.
(ii). By 18 ((p +1) X 1) vector of unknown parameters.
(i) . e is (n X 1) Vetor vt vuor, au € =¥ (U, 0%0,), whae g% 1s
unknown.
therefore,

B(Y) = B [Xfya] + E(e)

and, it follows that

~

_Ti = Xﬁy‘x'

e

If the EM is applied to this prob em, the M- step com‘esponds to the
least squares analysis on e originai Gesign anc iie B- siep i uives
finding the expected values and expected squared of the missing Yi's
given the current estimated parameters.

o = (8. (35:) )

so, steps of EM algorithm are

1. E —step
Y, , if Y, is observed (i=1,...,m)
EQIX, Yo O) =| v .
X, ny, if Y, is missing (i=m+1,...,n)
i and X, is (1‘ x (p+1)) vector
ang '

-

Y} ,if ¥ isobserved i=1,..,m.

i

EQ7| X, ¥y 0,0)=

(X ,6’(1) ) )x, if ¥, ismissing i=m+1,..
where,

(X,B(t) + 51')»
also,

Var (Y) = Var (X B(t) + e)
= E(y?|r v 6l ) = |E(Y]¥ Vouss 9{?3)} = (o)

58
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(11i). Non-randomly missing observations-this is a case in which the
researcher has evidence to believe that neither (a) nor (b) is true and
that some special reason exists for non-response to a particular
question.

[

vilssing data is a part of almost studies. ‘Lhere are a numoer of
alternative ways of dealing with missing data. These ways can be divided
into two main directions:

£
"
)

(). Traditional methods for handling missing data such as the
complete case analysis (cc), Pairwise Deletion and Single
Imputation (imputing unconditional means, imputing from
unconditional distributions and imputing conditional mean).

(i) Modern methods for handling missing data such as EM and
Bayesian approaches. o

@ The rest of the article is organized as follows. In Soction 2, W
provide the definition of linear regression with missing values confined to
the endogenous variable and different properties of it. Bayesian
regression for missing data is discussed in Section 3; also we introduce
Bayesian analysis of time series with missing data as special cases of
Bayesian regression in Section 4.

2. Linear Regression with Missing Values Confined to the
Endogenous Variable

When a scalar outcome variable Y is regressed on P predictor
variable X;,X,,..,Xp and missing values are confined to Y, the
incomplete observation do not contain information about the regression
parameters 6y y = (B4, 05 ), if Oy x is distinct, and the X's are regarded
as fixed constants, nevertheless, the EM algorithm can be applies to all
observations and will obtain iteratively the same ML estimates as would
have been obtain one-iteratively using only the complete observation. In
some cases it may be easier to find these ML estimates iteratively by EM
than non-iteratively. In designed experiments the set of values of
Xi1,..,Xp is chosen to make least squares estimation of parameters .
computationally simple. When Y given X, ..., X,, is normal, least squares
computation yield ML estimates. When values of Y, say Yii=m+1.n
are missing at random.

We assume the regression equation is:
Y=XpPyx+e

then,

<

yo= Xé)’.X*

where,
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On Some Resulis of Bayesian Regression with Missing Data

Abd Fl-Fattah Kandil', Mervat Mahdy™ and Dina El-Telbany

Abstract

Missing data are a recurring problem that can cause bias or lead to inefficient
analyses. In this study we make comparison between EM algorithm and Bayesian
method and conclude that EM method is faster in making convergence to estimate the
missing values than the Bayesian methods but the last one achieved better estimations
especially if the 'size of the data is large. Finally we apply the Bayesian method on
Time Series data, and to simplify we use AR (1) model which the data have some
missing values.

Key words: missing data, pattern and mechamsms of missing data, BayeSJan method

1. Introductlon

The literatures which deal with missing data problem have increased
recently such that the statistical inference with missing data is considered
one of the most important practical applications. Missing data means that
no data value is stored for the variable in the current observation.

In fact, we usually face a lot of problems that caused by the missing
values either planned or not planned, that it can cause bias or lead to
inefficient analyses, that missing data have two major negative effects:

First, they have a negative impact on statistical power.
Second, missing data may result in biased estimates.

Several ways-both pragmatic and statistically sophisticated-have
been devised to cope with the missing data problem depending on their
nature and proportion. Three seneral cases are distinguishable:

(i). Randomly missing observations;

(ii). Missing categories, meaning that no answer is available owing to
the fact that the question refers to some non-existing category in
the responding unit;

(iii). Non-randomly missing observations-this is a case in which the
researcher has evidence to believe that neither (a) nor (b) is true and

* Present address: Department of Statistics, Mathematics and Insurance College of Commerce, Benha
University, Egypt.E-mail address: abdel fattah.kandil{@Gmail.com

** Present address: Department of Statistics, Mathematics and Insurance College of Commerce, Benha
University, Egypt.E-mail address: drmervat.mahdy@fcom.bu.edu.eg

*%% Present address: Department of Statistics, Mathematics and Insurance College of Commeice,
Benha University, Egypt.E-mail address: d_eltelbany@yahoo.com
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We have considered the maximun likelihood estimaiors ol the uftknown

parameters of the BGLFR disuribution in case of type Il censored samples based on

concomitants of order statistics and hybrid random censored samples in case of beth

exponential and Weibull ceusored times. The. asscciated asvmntotic  variance

covariance matrix for the unknown parameters was derived in each case. To illustrate

the results, numerical examples were given where the MLEs, their approximate

variance-covariance matrix and asymptotic confidence intervals were determined.
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Table (2): The estimates, relative bias, MSE, the confidence interval and variance-covariance matrix
under type I censored samples

Parameter | MLE Confidence The Variance-Covariance matrix
Intervals o R
a 1.027 (L291,1309)  ©UsSked D29E-0 - >.4ES
a 0.386 (0.275 ,0.325) 9.29E-6 6.09E-2 - 1.3E-3
2
a, 0.463 (0.372,0.428) - 54E-5 -1.3E-3 7.6E-3

“Table (3): The estimates, Relative Bias, MSE, Confidence interval and variance- covariance matrix
under hybrid random censoring in case of exponential censoring time

Parameter | MLE Confidence The Variance-Covariance matrix
Intervals
v V357 0 (1245 1.404) 0,156 3.560-4 n013 0
& L 3
a., 0.29 (0.23,0.349) 3.36E-4 0.034 -0.038 o
a, 0.84 (0.753,0.935) -0.013 -0.038 0.092 0
) 2.5 (2.489,2.8) 0 0 0 0:233

Table (4): The estimates, Relative Bias, MSE, Confidence interval and variance- covariance matrix
*under hybrid random censoring in case of Weibull censoring time

Parameter MLE Confidence The Variance-Covariance matrix
Intervals
e, 1.027 (0.948,1.106) 0.06 1.13E-3 -5.8E.3 0 0
a, 0.419 (0.358,:0.48) 1.13E-3 0.036 -0.017 0 Q
a, 0.572 (0.512,0.631) -35.8E-3 - 0.017 0.034 0 0
A 1.393 (1.331;:1.4535) 0 0 0 0.037 -42E-3
n 1351 (1281, 1.422) 0 0 0 J42E-3 0.048

6. Conclusion

In this paper, we have provided a review of the new bivariate generalized
linear failure rate distribution whose marginals are distributed as the generalized
linear failure rate distributions. This new distribution is a singular distribution which
can be used quit effectively instead of the Marshall-Olkin bivariate exponential model

or the bivariate generalized exponential model when there are ties in the data.
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Upon examining Table (3) and Table (4). we find also that the MIEs of the
estimators ¢, , 0?3 and 0?3 fall in their correspondence confidence intervals and the
lengths of the confidence intervals are relatively short. In terms of the variance-
covariance matrix we find that Weibull censoring tine is better than the exponential

censoring time.

Table (1): Samples observations from BGLFR distribution, the exponential distribution with

6 =325 and Weibull distribution with ; = 1.5 and p=15

No
7, f;
x| X, o
Exponential Weibull Exponential Weibull
distriburion ) distribution | disiibution aistribution

| 0.26 | 0.20 2.052 1.393 0.24 0.24
2 0.63 [:0,18 0,506 0.660 0.246 0.24
3 0.1910.19 0.165 1.032 0.163 0.24
] 0.66 | 0.85 0.323 0.336 0.24 0.24
5 0.4 ]04 0,06 1.451] 0.06 0.24
6 0.49.[0.49 0.538 0.489 0.24 0.24
7 0.08 10.08 0.105 1.123 0.105 0.24
8+ 1.0.6910.71 0.366 1.789 0.24 0.24
9 0.3910.39 0.736 1.542 0.24 0.24
10. ] 0,82 [0.48 0.48 0.051 0.24 0.051
1t ] 072072 0.00356 1.654 0.00356 0.24
1210661062 0.635 2.813 0.24 0.24
131025 [0.09 1.452 0.736 0.24 0.24
14 1.0.41 {0.03 0.194 0.637 0.194 0.24
151016 [0.75 0.156 1,477 0.136 0.24
1610187 0.18 0.552 0.859 0.24 0.24
17 ] 0227014 0.245 2.017 0.24 0.24
18 1042 042 0.881 0391 0.24 0.24
19 17036 | 0.52 0073 0.754 0.0/5 024
20 10341034 0.20] 0.260 0.201 0.24
21 10331039 0.041 0.127 0.041 0.24
22 1054|007 0.014 0.725 0.014 0.24
23 051028 0.19 0.842 0.19 0.24
24 1076 | 0.64 0.238 0.280 0.238 0.24
25 [ 064 ]0.15 0.046 0.396 0.046 0.24
26. | 0.26 | 0.48 0.077 0,022 0.077 0.022
27 | 0.16]0.16 0.00099 0.623 0.00099 0.24
28 044 | 06 0.151 1.205 0.151 0.24
29 | 025014 0.407 0.312 0.24 0.24
30 ] 0551011 0.034 0.986 0.054 0.24
31 1049 (049 0.301 0.534 0.24 0.24
32 1024024 0.12 2.818 0.12

33 044030 1456 | 1,184 0.24 |

34 10427003 0396 | 0.656 0.24

33 10271047 01635 | 0315 | 0.163

[36 [0281028) 0055 | 0806 | 005

(37 [0 0@ 03 Gawa oo
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Numerical Results

To illustrate the results, a numerical example in each case is given. Thirty
seven observations from BGLFR distribution (X,,X,) have been obtained from
Sarhan et al. (2011) and are listed in Table (1). Two samples of thirty seven
observations are selected at random from the exponential distribution with parameter
A =225 where 1,~ cxp {0) and meull distribution wrﬂ /1--1.5 and =15
respectively, and are listed in Table . T e maximum hkehhood estimators (MLEs)
are obtained by Newton-Raphson technique using Mathcad. Their approximate
variance-covéfiance matrix and a 95% asymptotic confidence intervals for both type
11 and hybrid random censoring are listed in Table (2), Table (3) and Table (4)

respectively.

Table (2) provides the MLEs, variance-covariance matrix and 95% Conﬁdehce
intervals of the estimators&,, &, and &, for r =21 and n =37. From Table (2). it is
found that the MLEs fall in their correspondence confidence intervals and the lengths
of the confidence intervals are relatively short. It is evident the variance of «, is the

smallest one in the variance-covariance matrix.

93]
-




The 47 A Gees and

The log of the likelihood function (4.1) is given as
InLey.ay.a5,A,m) o« 8oy, 0y, 05) + oy, 0y ) +wila. ay o) + (A n), (4.9)

where

t(A,n)=rnl-rllny +(/1—1)Zln(t) Z(w) —i(fi)*}.
7 n

1=}

On differentiating (4.9) with respect toa,,a,,o., 4 and 7 in turn and

equating to zero we obtain the same three equations (4.3) to (4.5) and the following

two likelihood equations

A max(x,;, X, < AN I
2.0y @)y S hyiy_n g
7 7 =t 77 n

The asymptotic variance-covariance matrix in this case is given by

-1
ey @, a; a a
4y by Uy Uy
1, ~ ' ! -
I (a) = Uy Uy iy fgy iy ;

Gyp Gyp Gy Qg Gy

as; ds; ds; Qg dgg |

where

Qs Qigs Qygs Gy, Gy Aoy, Gy ayy and  ay, are the same as in (4.7). But, the elements

Gyy,Gys,0ss, A5, a5 and ags have the following forms

82‘ _L h . ax{x, .x. 5 I‘: I ~
a, - 1: 3 ma\(\:/ A,,) “n(m’l‘((\), \;,))]; . (;[%)'EUH(/—L',“«
o4 8,465,405 /?' =i 77 77 =1 17 7 ’




G ya
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Uy,

a°Inl -0
aeaa’ &y.¢, .01 .8 :
A? w7 I
- — U“
00 0a, G, .G .65 .0
o m£ =0, and
0000 |4 s ci
_ 3 InlL o
00" GGy G0 éz .

(4.7)

The asymptotic normality results to obtain the asymptotic confidence intervals of

a,, &, a, and & can be stated as follows

W& -a)] = N, (0,17 (@) a5 11—

where I7'(a) is the variance-covariance matrix,

é=(a,,d,,d,,0) and o= (a,,0,,a,,0).

(4.8)

Since ¢ is unknown in (4.8), I7'(a) is estimated by 717'(&); the asymptotic

variance-covariance matrix that defined above and this can be used to obtain the

asymptotic ccafidence intervals of «, a, ,a, and

1

4.2 Assuming Weibull Censoring Time

when assuming the censoring time 7, distributed as two parameter Weibull

distribution with scale parameter 77 and shape parameter A, the pdf and the survivor

function of 7, defined in (4.1), will be respectively

~liy

L
8@) =£(£'—)A"e ", 1,20 and
non

max{y;, .ty )
e R

G@r,)=PT >max(x,.x,)]=e "
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M, = 2112 (%5, 0.v)+ 2”2 (X, f.7)+ Zu3 (x5, 0, 7) + Z U, (Xy . B, V).
=1 i=1 1=|
and

" TN __\ ’ o . e
M = L“z XL Oy + 2y, By + L U, (X, foy)+ Z Uy (X By + L Uy (X L,
i=] i=} i=| e

i=l

The three equations (4.3) to (4.5) have not explicit form; therefore. their

solutions are numerically obtained using Newton-Raphson method as will be seen in
Section 5. They are solved simultaneously to obtain a,,d, ,a,and@. For

simplification, we assumed that 4 and » are fixed known.

The asymptotic variance-covariance matrix is given by

4y Gy an o ay
(&) = Gy Uy Gy dy
st Ay by Uiy Ay

Ay Gy Gy ay

where
o*InL n, o+ n . . A
(| F = —7—'——TL;+~7‘:4~ va(a),0,0,u,,u,,¢ 1)
Oa, (ay+a)ab - B
Vool g) b | 3 1
SR CY (N - AR TRR TR S (N
2
a-lnL,f e .
y T e =V, (&)L, 2, up,u,,1),1,),
oa,d0a, |, .
a),d,,a,
2
0" InL n +n, A
apy =— ——— = (@, ay, 05,0y, uy,0 0y,
0a 0y, . . (& +a,)
ay,a;y,a;
2
0'InL n, + ng n, . )
Uy = == =ty (0,450, ,u, 1) ny)
da, bdr (Gt ay)t a4
+v @, a,,a5.u 1,0, n,),
2
o"Inl n, + n, oA a
Uy = = e = (@, g,y ! g ),
Oa,0a,|, . . (& +a,)
2 3la,.d,.a, 3
&' InLl n, +n, n, ny + Ny
ty; =~ 2 == PN PSR
dai |. . . (e, +a.)  ar (a, +a.)
2 C‘w“:-&'; - H 3/ J i K

+va (e a0 )




i={

s - A
T AN {]—-e(ﬂ\ iy
\ Sa A el S 2l
i=l
n, —(ﬂ/“-r_’/ ) o 1 "(ﬂf,’*'%’::' “
wla,a,,a) = In[l-(1-¢ D)+ In[l=(l—e 7 )]
i=] i=i
g —(ﬂt,‘+’7—'/;'3 )

)(ll o +ay ]

+> In[l-(1-e
j=t
and

(@) =r,In6 - H[Zt, +Zmax(x,,.,x3i )].

i=l i=l

On differentiating (4.2) with respect to «,,c;,0; and 6 in turn and equating

to zero, we obtain the following likelihood equations

o+ n n .

{ 4 2 ‘~ * A ~ ~ i : 8
=+ M, v, (2,,0,0,u,,u,,1; 1) =v(,,a,y, 05,1, u,,t, 1) = 0. (4.3)
a tay, Qo

ny + A n ~ - A T a . .
22—t M, =9, (0,8,,0,u, 1y, 1) = V(@ Qs Oy 1ty Uy ) =0, (4.4
&, +a; a,

n +n M, +n, . n i a . e
e ol WS =+ M; -y (a,,0,,a5,u,u,,t, 1) =0, (4.5)
a, +Ct’3 0(2 +a3 CZ3

and

r n 5

2 .
——;-—[Zt, +Zmax(x‘,5x2,)] =0. (4.0)
6 o =l
where

f s 2 Tuy (¢ el (1
1’[(051,ag,ag,ll‘,l-lz,f,,’7)=Z[ l(z)ﬂ’y)] aiii;ﬂ)y)
j=1 ]‘._[1‘[!(1‘1”657)]' v

b

+L3

=4, i
ul(’f:ﬂrj/)'_“l—e( 2 ]: 1‘/2(f/>ﬂ>7/):]nl’ll(tia:g’y):

" i iy

A/‘[[ = Z“: (xl,,,B,)/j)-Flez(«\’h,ﬂ,,’l’)+2L13(.Y,,>,B:}/)+Zl.’z(.\"/:ﬂ:;/):
i=l ' i=l i=l

= j=1
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SEAOSIIS
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L) =a(Brmpe T li-e 1

sy DOy <X <xy, 0, 1 X 210 PUY,, > 1)
JiCxy,ot)) = lim
8y, >0 &\'-

!

'Ja!lf'_l . “ O < (xti = x?f ) < [/ *

1

(o :_.';_\’3"-
= (a, o )P+ e [1-e

. PRI
v :."E‘uf ]awc«t—l

R
-(-e ? )az] y O<xu<[/>

i Plxy <Xy <y +80y, 1 X, >17) P(X, > 1))
A\':E]O ov.

4

S50 xy) =

' ' ~(pe, +E ) s Exi
=(a, +a,)(B + pey e T - 2 et

ﬁ’:‘i*‘%’r‘:)

Y471 5 O<x,y, <]

2 i

Ni(-e

N ¥ ow
(4] +=0"
(A 2 )\a,uzlm;—l
)

F(i,,t))=P(X, >6], X, >t )=1-(1-¢
g)=0-e" ;. 0<t <o,

and G—(ti )=P[T, >max(x,,x,,)] = exp[-0 max(x WXl

The counts n,,i =1,...6 are the number of observations falling in the range

corresponds to f; 7 =1,...5 and F such that n, +...+n, = D*and ng=n-D"
r, is the number of observations with max(x,,x,) <t,, 1, =n-r,

/i and f, are with respect to lebesgue measure in R, and f,7,, f; are with respect

to lebesgue measure in R /-
After substituting from (2.2) in (4.1) and taking the logarithm we get

InL (e, a5,05,0) = &(ay, o, 0) + (@, 0, 0) + (@, @y, 0) + (), (4.2)
where

S(a,ay,a,) = n In(a, +a,)+n Ina, +n, In(e, +ay)+mna, +n,Ina,

+ny In(a, +a;) +ng In(a, +a,),
i

Y+ (e, =D In(l-¢

roa Vo
~( A, +5;) (Pry+503,)

0(ay.@5,05) = (@, +a, ~1)Y In(l - e

i=l

2 (B

+ (o, —I)Zln(l —e
" i=t

+2i) & k)
2T (e oy =D In(l-e T

=]
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rate ¢ and T 1s independent of the lifetimes (XY, ) and ¥, = Min(X,. ¥} Let [

and D be the number of observations that would fail before 7" and T, respectivels

(r if Y.<T.i-1. .n
And \ D= o R ‘
|D<r i Y, >1.0=1...n

suchthat D< D" <r asT, <7,,i=1,....n

The lifetimes associated with i” pair of the two components are given by

. (x %) i max(x,,x, )<t/
(i t)) ifox, <t <xy,
(xysXy) =9 . ;
(t,x5) i x, <t <x,
L@ if min(x, ,x, )¢

where ¢; = min(Y,,,t,).

(ry*cy
Note that f(x,,,x,;) and g(r,) are the joint pdf of (x,.x,,) and the pdf of 7

respectively and F (x,,,%,,) and G(t,) are the survivor functions of (x;.x, ) and T,

respectively.

Now, according to Hanagal (1997) the likelihood function of the sample of

size n is given by

", i

n n, : " : SR
L(a,,;,a5,0) =Uf1(xwx2;) HfZ(xIMXZII) nfs(x,) Hfa(“"e, 1) Hfﬁ(f, X )
r=] ; i=i o=l L 1=l aa 1= i

TIF¢ TGN [ee). (4.1)
1=t 1= i=]

Upon using (2.1), we get

Vo2 ro

=(Bry+=xy ) By, 55
2 27"
2 e 2

Silx,,x,) = a2 (B + p, B+ py, e

. Joa
~( /A, +’;.\~: )

roa
-(ﬁﬁ.*?“u) 30 ]a_w—l
bl

[l’—e 1 —e

: O<4\'“ <x2/ <1‘7,

¥ os o
—(ﬁ\',,+;.\~,‘11 ~(fry, tow1)

Jalx, xy)) = a0, (0 + B+ g, e

~( B, +’)ﬂ‘/-\'1:. )

s 0<x,, <x, <t

—wfﬂ\':_+'~—/\§“ .
M- 1 e T e
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d7In L, / ; 7
Gy = — - =+ — 5
aaﬁ @ .d: o a} (a] + a3 ) (a" +a:{ )
PERTE A
Lo Tl I
), == - = U,
Oa,0a, |, .
S lay,dya
2
0" InL r
Qg = ——— = —————— and
Ooa, 0a, dina (G +a3)
8*InL r
(3 = ——— =
O, 0 oy (G Ta3)

Now, we state the asymptotic normality results to obtain the asymptotic

confidence intervals of @, , and «;. It can be stated as follows:

[Vn& -a)]- N,0, 1 (@) as n— o, (

LS ]
AN

RV

where 77'(a) is the variance-covariance matrix, & = (4,,d,,4,) andg = (ap.a,.0;)

Since & in (3.5) is unknown, 77’ (@) is estimated by 77'(&); the asymptotic
variance-covariance matrix that defined above and this can be used 1o obtain. the

asymptotic confidence intervals of @, @, anda, .

4. Maximum . Likelihood Estimation  uider BEybrid  Random

Censoring

In this Section we introduce the maximum likelihood estimators for the
unknown parameters of BGLFR distribution and their asymptotic variance-covariance
matrix under hybrid random censoring. We assume that the censoring times follow

either the exponential or Weibull distribution.

4.1 Assuming Exponential Censoring Time

We consider a sampling plan under which the experiment is terminated at the

. & . , . . . .
random time7 =min(¥,,,T)). This censoring scheme is called hybrid random

censoring. We assume that censoring tume 7 is exponential distribution with failure




v
i

n Hesearch 24-27 Dec 2617

he 477 Aunsug iference on Siati

: : , D! ) e (B Inu, (o)
_ i +i__3<”_,,)[”“-(ﬂ77/)] ’ nlm(gﬂd)_3}4(/7_]"){“1,(1,3 7)) llf\,;{f,),
a ta; L=[u, (B, ) 1=l I=[u, (B.7)]"
- ’:Z Hl’ “l/ il’*f;: /V.\" =0

. r ’ roo
——— e ——— +221111,/1,(,8,}/)-#Zlnuz,(,ﬁ,y):O.
atay a; oy tay i il

These three equations have not explicit form; therefore, their solutions are
numerically obtained using Newton-Raphson method as will be seen in Section 3.

They are solved simuitaneously io obtain &,,a,andd,. For simplification. we

assumed that 4 and y are fixed known.

The asymptotic variance-covariance matrix of (&,.d,,&,) is obtained by

inverting the Fisher information matrix with elements that are negatives of the
expected values of the second order derivatives of logarithms of the likelihood
function. In tfle present situation, it seems appropriate to approximate the expected
values by their maximum likelihood estimates [see Cohen (1965)]. Accordingly, we

have the following approximate variance-covariance matrix

Ay oty iy
1@ = a, Ay , : (3.4

L

where
a, =- o 11‘17L - %+ _ r _— +3()7'*l') [“n-(ﬂ’y)] I'Un”u-c(}ﬂ:?}/)]—
oa; . Godrd,  F1 (@, +ay) (={u, (B, 7))
35 (- BB Do (B 0F
pan A=[o, (B, ) )
4 __8211113 T r
= dal a;, (&, +d)’
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3. Maximum Likelihood Estimation under Type II Censored
Samples based on Concomitants of Order Statistics

In this Section, we will introduce the maximum likelihood estimates for the
unknown parameters of the BGLFR distribution under type II censoring scheme. The
detailed procedure is as follows

Suppose {(x,,X,;),...,(x,,,%,,)} be a random sample from BGLFR
distribution, this random sample is subject to type II censoring, and the experiment is

terminated at time.Y, . Let X be the i order statistic of X, and X, be its

concomitant of X, . According to Nagaraja and Abo-Eleneen (2008) the likelihood

function for a type II right censored samyple is given as

n! e . n! <o ’ ’ i -1 » . i
L(@:m[l‘ﬂ», )] gmf Gy Uy ey DI T = Fy (x, ))

P

I<i<r<n. (5.h

In case of BGLFR, the likelihood function for a type II right censored sample

{('\'w)’xz[n)» 1<i<r<n}isgivenas

R nl _ : AT n! CNyelr e i
L(g\)»((n—r)![1 Fi )l )H((i—1)!(77‘—i)![F‘)‘('\'“)] (1= £ (e ))

—
[S3]
28]

~——

:/I(*\flfaf\ﬂz,')fz(xg, ey )f;(.\‘“)

After substituting from (2.2), in (3.2) and taking the logarithm we get ‘

Inl(@)ec{ring +rina, +rina, +r (e, + o) +rInfe, +2,)

+301 =) B[l =, (B, )" +33 (n =i ) Inf1~ G, (5, 7))"]

+2 Gia +a, +2a,-3)nu, (8,7) +Qa, +a, - 2D Inuy, (B,)). (33)
i=l =l

" where

A
=Py, A

L’_,;(ﬁ,V):l“e ,]‘:1,2 and

o =(0,0,,0,).

On differentiating (3.3) with respect o ¢, 0. G I tun and equating (o zero. we

obtain the following likelihood equations
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Fi (3, 200) = Foy (%5003, B, 1) o (32205 B.7)

- ﬂ.\',4—f—4\‘,Z
:[l—e( : )]““‘ [{—-e 1%,

By (x5 %) = B (35300, B, 7) Fopm (X030, B,7)

—(ﬂ.\',+1.\'f‘) R
= [} —p 2 ]f‘z.v ,

Byt

“(ﬂ\,2+_};’_‘,22)

I li-e

Fi(x) = FGL/r/e(x;a|z3uB>7/)

s
—(/Z\+5.\ )]C‘o::-

=[l-e

Then joint pdf of (X,,X,) is given as

Si(x,x,) i 0<x <x,<w
S o (¥1:%,) = 3 f2 (3, x,) i 0<x, <x <o (2,2)
Ji(x) if 0<x=x,=x<0o,

where

Ji(x,x5) =’fG/.FR (x|3a|3>ﬁ=7’) Jerm (Xa305,8,7)

—(ﬂ.\'ﬁl,\f) -(ﬂ\‘ﬁé‘\';)
20 2

=00, (B + 1 (B A+ pxy)de
[1- e et

F2005%0) = o (X500, B, 7) Sorm (%2300, 85 7)

-(ﬂ\.‘+§,\-,?) By +%.\~§ )
7, 2

yo2
-(ﬂ.\'1+;.\'2 ) cnnl
e LR R

=00y (B + ) ) B+, )e

- +é.\-f )

~{ B +’E\§ )

1-e “[l-e

]an—l ,

—(,d\'+§.\'2)

and f,(x) =y (f+m)e T [l-e

A%
,—(/l\+5.\ )]am—l

The marginal distributions of both X, and X, have GLFR («,,f.) and

GLFR (a,;, 8,7 ), respectively. The bivariate generalized exponential distribution

that defined by Kundu and Gupta (2009) can be considered as a special case of

BGLFR distribution wheny = 0.
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Epstein (1954} combined both type [ and type Il censoring schemes and called
hybrid censoring. For this censoring scheme, the test is terminated either at the time

T or at the fime of the rth failure, say x,, whichever is reached first when »

dependent and identical observations are put on iest 1.e., hybrid life test experiment

terminates at Min(x,,,,T).

The maximum likelihood estimation, estimated variance-covariance matrix

and asymptotic confidence intervals for BGLFR distribution under both type II and

-~

hybrid random censoring are provided in Section 3 and Section 4, respectively. In
Section 5, we introduce numerical examples to illustrate the results. Finally, we write

the conclusion of the paper in Section 6,
2. The Bivariate Generalized Linear Failure Rate Distribution

Sarhan et al. (2011) defined the BGLFR distribution as follows: Suppose
U,,U,and U, are three independent random variables such that U, ~ GLFR( a f.7)

for i=1, 2and 3. Define X, = max(U,,U;) and X, = max(U,,U,), then it is said that
the ~bivariate vector (.X,,X,) has BGLFR distribution with - parameters
(a;,a,,a5,8,7), denoted by BGLFR(a,,a,, a5, 8,7). Then, the joint cdf of

(X,,X,) is given as follows
Fyirm (%),%,) = HF(;/,M (x;0,.8,7)
it

where x; = min(x,,x,), o, =«, tay, ayp =a,tay and apy = +a, +a,
the joint edf of (X, X,) can be written as
Flxpx) if O<x <x, <o
Fooum (X1,%,) = {1 Fy (x.x,) if O<x,<x <o (2.1)

Fy(x) i 0<xj=x,=x<w

where
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Suppose(A’,. X, ), i=1...n, is a random sample from an  absolutely

continuous bivariate population (X ,..X,). If we order the sample by the X -variate.

e

and obtain the order statistics X, . < X,.. <. . <X, . for the X

asamuple, sa the
iy

X, -variate associated with the ' order statistic X, is called concomitant of the i/
order statistic, and is denoted by X', . The term concomitant order statistics was

introduced by David (1973). Independently, Bhattacharya (1974) used the term
induced order statistic for concomitant order statistics. One important application of
concomitants arises in selection procedures when items or subjects may be chosen on

the basis of their X, characteristic, for example, the score on a screening test for job

O - Wy v

appiicanta. Wi a; assoclaied characiensuc A, that is hard ¢ mcasurc or cain be
observed only later may be of interest, such as the future performance for the job
applicants. See Nagaraja and David (1994) for other examples and applications for

concomitants.

There are several mechanisms that can lead to censored data. So-called type 1i
censoring that describes the experiment would be continued until a fixed proportion of
items have failed. A type Il bivariate censored sample = consists of

X, = (Xw,X,(z).,...,Xl(,)) and X, = (Xy, Xypapsees Xy,p) fOr some 7, 1< <n. For

many life testing problems, a type Il censoring scheme is adopted, i.e. the experiment

is run until the first r failures out of 7 occur, so that failure times X, X550, X

are observed. An experimenter may wish fr study the relationship betwezn the failure

time and 'a set of concomitant variates. This procedure assumes that though

Xy Xygayseees X,y are only observable, the entire set (X,,,.X,,,...,X, ) is given prior

to experimentation. In many life testing problems, X'y, is observable only when X,
is so. This is particularly true if recording of X, necessitates the failure of the i unit.
So that for the surviving (n-7) units, the X',,'s are not observable. For example. in
an experiment designed to study the relationship between arteriosclerosis and length
of life, rhesus monkeys are fed an atherogenic diet. For the first » monkeys to die an
autopsy is performed to measure the amount of fatty plaque in the aorta. The

experimenter may wish to quantify the strength of the relationship between this

measurements and life length.

L
-
]
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FGLFR(X;a>/B>)/\):[1”e ? ]aﬁ’Y>O>a>Oaﬂ>O>7/>o~
Its corresponding pdf has the form

*(ﬂ\‘+£,\‘2) . —([)‘\‘4»‘;—/.\'1) B
Joum (i, B.y) = a(f + p)e o ll-e T x>0,

Several properties of this distribution were established by the authors. They observed
that several known distributions like the exponential, the Rayleigh and the linear
failure rate distribution distributions can be obtained as special cases of the GLFR

distribution.

Iviany times the life/ tailure data of interest is bivariate in nature. Any study on
twins or on failure data recoded twice on the same System naturally leads to bivariate
data. Paired data could also consist of blindness in the left / right eye, failure time of
the left / right kidney or age at death of parent / child in a genetic study. For example.
Houggard et al. (1992) studied data on life length of Danish twins and Lin et al.
(1999) considered data of colon cancer and the time from treatment to - death,
Recently, Sarhan et al. (2011) introduced a new bivariate generalized -linear failure
rate (BGLFR) distribution, whose marginals were GLFR distribution. This new five
parameters BGLFR distribution was obtained using a method similar to that used to
obtain thé Marshall - Olkin bivariate exponential model [Marshall and Olkin (1 967)].
The proposed BGLFR was constructed ﬁom three 1ndependem GLFR dlstnbunons
using a maximization process. This new distribution is a ouUUIdI dlsmbvmm and 1t
can be used quit conveniently if there are ties in the data, and it often used to fit paired

data in survival studies where there is a possibility of simultaneous occurrence of both

the events. Sarhan et al. (2011) provided many interpretations for the BGLFR mode|

as competing risks model, Shock model, Stress Model and Maintenance Model. They
discussed several properties of this distribution, and used the EM algorithm to
compute the maximum likelihood estimators of the unknown parameters ini the case of
complete sampling. Aly and Muhammed (2012) introduced the moment generating
function, the maximum likelihood estimators and asymptotic confidence intervals

under random left censoring for BGLFR distribution.

VAL v
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Estimation of the Bivariate Generalized Linear Failure Rate
Distribution under Different Censoring Schemes

Ahmed F. Aﬂial,Hanan M. Aly® and Hiba Z. Muhammed®

Abstract

Recently a new distribution, named a bivariate generalized linear failure rate distribution has
been introduced by Sarhan et al. (2011). In this paper, we get the maximum likelihood estimators for
the unknown parameters of bivariate generalized linear failure rate distribution and their approximate
variance-covariance matrix in case of type Il censored samples based on concomitants of order
statistics. Moreover, these estimators are ebtained assuming hvbrid vandom censcred samples when
censored times follow either exponential or Weibull distribution. Numerical examples are cairied out

to check the properties of the estimators.

Keywords: Type 1/ censoring, Hybrid censoring, Generalized. linear. failure. iite distribution.
Bivariate generalized linear failure rate distribution, Conconitants of order statistics.

1. Introduction

In analyzing lifetime data, one. often uses.the exponential, Rayleigh, linear
failure rate or generalized exponential distributions. It is well known that the
exponential distribution can has constant hazard function whereas Rayleigh, linear
failure rate and the generalized exponential distribution can have monotone
(increasing in the case ot Rayleigh or linear failure rate and increasing / decreasing in
case of the generalized exponential distribution) hazard function(s. Unfortunately, in
practice often one needs to consider non-monotonic functions such as bathtub shaped
hazard function. Recently Sarhan and Kundu (2009) presented a new distribution:

called the generalized linear failure rate distribution (GLFR) which may has bathtub

shaped hazard function. The GLFR has a cdf in the form

' Department of Mathematical Statistics, Institute of Statistical Studies and Research, Cairo University,
email: Attial6152@yahoo.com.

Department of Statistics, Faculty of Economics & Political Science. Cairo University. email:
han_m_hasan@yahoo.com.

® Departiment of Mathematical Statistics, Institute of Statistical Studies and Research. Cairo University.
email: heba_stat@yahoo.com.
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Table (5

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull
Distribution, when k=1, =15, a=05,y=2and n=1

F BIAS MSE

n,m MLE Mom Mix MLE Mom Mix MLE Mom Mix

15,15 0.231 0287 0312 0077 0.057 0.121  0.092 0.065 0.081
20,20 0.249 0276 0341 0.065 -0.043 -0.107 0.083 0.068  0.087
25,25 0.247 0303 0362 0.055 -0.037 0.109  0.094 0.079  0.065
1520 0256 0292 0382 -0.057 0.035 0.113 0.088  0.088 0.077
20,15 0.251 0298 0.354 0.068 0.049  0.126  0.087 0.067  0.083
1525 0234 0308 0322 0.8 0057 -0.125 0.092 0.076 0.083
25,15 0.256 0.25/ G.3oi -0.0%2 -0.06% 051 0.87: SV R R

20,25 0.248 0.294 0353 0.079 0.067 -0.117 0.094 0.067  0.090
2520 0262 0314 0361 0.108 -0.087 0.132 0.092 0.085 0.057

Table (6)

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull
Distribution, when k=2, =15, a=05,y =2and p=1

R . BIAS MSE

n,m MLE -~ Mom Mix MLE: Mom Mix MLE:  ~ Mom Mix

15,15 0306 0.331 0375 0.105 0.114 -0.091 0.083 0.156 0.085
2020 0311 0342 0352 -0.098 -0.123 0086 0069 0.134 0093
2525 0321 0352 0348 0076 0.108 -0.065 0.066  0.144  0.103
15,20 0335 0367 0394 0089 - 0.099 0076 0.087 0.161 0.075
20,15 0347 0356 0371 -0.114 -0.093 0077 O.uss G137 v.098
1525 0351 0.385 0388 0.086 -0.104 0079 0067 0.154 0.077
2515 0.337 0.382 0403 0.109 0.103 0089 005  0.134 0.083
2025 0363 0397 039 -0.071 0.107 -0.091 0.058 0.162 0.096
2520 0342 0403 0408 0096 -0.097 0.076 0087 0.167 0.109
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Table (3)

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull
Distribution, when k=1.8=2, =05, y = 2and =1

) BIAS MSE

mm  MLE Mom Mix MLE Mom Mix MLE Mom Mix

15,15 0321 0374 0402 0.108 0.059 0.142 0.152 0.072  0.087
20,20 0319 0.358 0.425 -0.098 -0.048 0.123  0.144 0.065  0.092
25,25 0321 0362 0392 0087 -0.027 0.115 0.134 0.084  0.081
1520 0331 0371 0418 -0.084 0.048 0.126 0.178 0.091  0.087
20,15 0342 0382 0.457 -0.099 0.059 0.134  0.155 0.069  0.093
1325 03410369 0445 0105 0068 0152 0,103~ 0.081  ~4.i04
25,15 0346 0384 0427 -0.112  0.079 0.143  0.171 0.064 0.084
20,25 0365 0374 0432 -0.107 0.096  0.137  0.182 0.074 - 0.113
25,20 0367 0398 0.465 0.123 -0.107 0.141  0.148 0.097.  0.109

Table (4)

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull
Distribution, when k=2, f=2, a = 0.5,y=2and p=1

b BIAS MSE

n,m MLE - Mom Mix MLE Mom Mix MLE © Mom Mix

15,15 0337 0353 0377 0.077 0.108 0.088 0.057 0213 0.066
20,20 0325 0382  0.412 -0.078 -0.098  0.067 . 0.049  0.192  0.089.
25,25 0343 0394 0418  -0.059 -0.075 0.081 0.057 - 2.184 0.086
1520 0352 0397 0414 -0064 -0.069  0.055 0.078 0211 0.072
20,15 0361 0377 0413 0.076 0.087 0.072 0.086 0231 0.061
1525 0365 0386 0423 0.086 -0.096 0.078 0.092 0.207  0.087
25,15 0359 0378 0433 -0.097 0.103 0.086 0.077 0.198  0.055
20,25 0.381 0386 0425 0.081 -0.109 0.091 0.087 0215 0.067
25,20 0373 0397 0423  0.092 0.113  0.086 0.069 0.197  0.093

Ad
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Table (1)

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull

TN e L M — 2 I pu— X _" A
Dhstebotion, when E=1 £ -1 o —-03 »=2and p -1

2 Bias MSE

n,m  MLE Mom Mix MLE Mom Mix MLE Mom Mix

15,15 0207 0260 0317 0059 0.053 -0.110 0209 0.025 0.018
20,20 0203 0253 0288 0.043 0.032 -0.085 0.196 0.012  0.010
2525 0201 0244 0257 0.039 -0.011 -0.071 0.155 0.009 0.007
1520 0205 0254 0315 0042 0.037 -0.092 0214 0.031 0013
20,15 0213 0261 0332 0054 0046 -0.088 0238 0.053  0.027
1525 0215 0243 07298 0047 -0.048 0098 0241  0.037 0931
25,15 0221 0253 0302 0053 -0.061 -0.077 0247 0.067  0.026
20,25 0241 0282 0317 0.044 -0.077 -0.103 0211 0.045 0,022
2520 0.238 0279 0322 0.048 0.081 -0.113 0216 0.057  0.053

|Table (2)

Estimates of R, Biases and Mean Squared Errors MSE’s of the point estimates from Weibull
Distribution, when k=2,8 =1, a=05, y =2and p =1

B BIAS MSE

nym MLE - Mom Mix MLE Mom Mix MLE Mom Mix

15,15 0220 0.274  0.322 ~ 0.091 0.063  0.160 0254 0.045  0.027
20,20  0.217 0268 0.303  0.075 -0.044 -0.091 0.234  0.033  0.019
2525 0216 0.272 0.272 0.078  0.023  -0.083 0.201 ~ 0.034  0.016
15,20 0221 0.282  0.52 0.005  0.051  00% 0264 0,053 0.02]
20,15 0.226 0.291 0352 0.084 -0.062 -0.092 0.286 0.066 0.039
15,25 0.231 0.269 0.314 0.085 0.065 0.106 0.297 0.05] 0.038
25,15 0236 0.283 0.317 0.098 -0.083 0.095 0.298 0.076  0.034
20,25 0.255 0.312 0336  0.087 -0.107 -0.114 0.252 0.054  0.035
25,20  0.257 0.306 0.341 0.104 -0.113  0.121 0.262 0.068  0.061

e
Y
e
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i=1 i=1

~ There is no closed-form solution to this system of equations (A, B), so we will solve for Py

iteratively. In case of no outlier presence, R, B and 7 were proposed by Kundu, D. , Gupta, R.D.
(2006)

4. Mixture of method of Moment and Maximum likelihood
Read (1981) proposed the methods, which avoid the dlff'culty of comphcated equations.

According to Read (1981), replacement of some, but not all, of the equations in the system of
llkellhood may make it more manageable. From moment estimation, we have (21)

Ch 8 -4t
Lo 2%,

and, from ‘equation ©

nef)

o - ) e

ﬁn ._
N1 Caliel il

=1 i=1

We obtain .

3. Conclusion

In this paper, the researcher has addressed the problem of estlmatmg P(Y<X) for the Weibull
distribution with presence of k outliers. The moment, maximum likelihood and mixture
“estimators of R are derived using MathCAD Package. All the results are base on 10000
replications and are given in Tables 1 to 6.

From Tables, the researcher infers that the moment estimator of R is asym ptotically unbiased
and as expected when m=n and m, n increase then the average biases and the MSEs decrease,
and-the. MSES of any three estimators are iending to zero and wher i=n.

Tables show the estimates of R=P(Y<X) with presence of one and two outliers under different
values of 8,¥,p and a, on the other hand they show some of the previous results in the
literatures such as Ghanizadeh (2011) and Deiri (2011e) can be achieved as special case of our
results,

Tables show that almost the mixture estimator has the smallest estimated MSEs as compared
with the moment and maximum likelihood estimators, so the researcher strongly feels that
mixture estimator is better and easy to calculate than the maximum likelihood and moment
estimations. From the previous observations, the researcher suggests to use mixture method for
estimating R = P(Y < X) in the Weibul!l distribution in the presence of &k outliers because it is
easy to calculate than the rest.
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k 1%

11 ["g—; opre B [1 Lol e~<<%>’f~<%>”>] }

Je EAY
= H [—‘—[‘%(Xi)ﬁ—le (p) (l/](xi;p' 7/)) }

where:

b B (1 1 iﬁ
Ylxppy) = 1+r5-<-§—> e (Vﬂ pﬂ)x

L{xpy) = (g—/,f)n 6—2_1"1”(%')‘7 “_"] xiﬁ"ll [ﬁ Yip, }/)]

l(p,v) = InL(x,p,7)

() = nIn(bf) ~nf bnp = =5 > + (B = 1) ) b+ ) e p.7)
i=1 i=1 i=1

The solve for our MLEs of p and y we take the derivative of the log likelihood (I(p,y) )
with respect to each parameter set the partial derivatives equal to zero and solve for 7 and p:

N -(i_i)xﬁ
al(p,y)__ -npf gt - bB /p\P n (1—(5-> Je \rF pf
dp 5 P + fp B 1;g;xqﬁ 4‘;55(;) ;g; i;(xi;P,V) =0

(1= (@) brak!

‘B n ﬁ n
| ”’H(%) inﬁ+%(§) Z G p,v) =0

i=1 i=1

(e S S PV 1
B I )P (yﬁ pﬁ)xi ‘<—§—_§>X1B
<o () B 30 e — B | =
where
oty _ 1.0y
P Wop
0 b B l L1 \xB p\P-1
a—lz-=-g{<§> e (yﬁ pﬂ) (=Rp~F1xf +=e (yﬁ pﬁ)x‘ (g) ]

A
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Let yi. vz... yw be a random sample and let g(y,,a, ) denotes the Weibull distribution
function

a\a
(=1 {=1
m 4 m(B-1) N m
O (e o

The log-likelihood given by
m
L=In(L) = mIn(B) — mIn(a) — mB — 1) In(a) — a B0 4 (5~ 1) Z Iny,
i=1

The partial derivatives of [ with respect to « is

ol _-m m(B-1)

~BEE 0P = ¢
da a o4 +Ba :

5&'=——“+l3a"ﬁ IZ(J’)B-'-‘—O

=1
~ 1 N B B_
OX
i=1

And to be the maximum Likelihood estimator of p and y, we consider the joint
distribution of X with presence of k outliers:

Lix,py) = n[f(Xz: V.0, 8)]
i=1

IO P
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G
e

2
m, b _ m,
b 11 »—bz + byt =— :
bl=+1 N=+1
BT B
m, bm, g _ m.
e At R e
2{r= b=+ 1 '=+1
b (F‘B-I-l) B B
m.’ bm, b ;
11 -2 .11 y+b<5+1>y2—— 22
b(r.ﬁ.{_l) brg+1 rg+1
—_— — ' 12 '
5 (24 1)z PP W {« L j-—. 0
\b brisi LY ré+a
[g‘{" b(l“ﬁ-%l) ,3'*‘ J
Let
. 2 2 '
b 1 Ly My
{1 - b ( + 1), {2 2 b 1 1) an 63 = (["%4—1)2 ].,_2_+1

Gy 4&y+& =0

if A= &,% — 4&,&, is non-negative then the roots are real. Therefore

—$ + szz — 4$1¢3

T %,
and, from (2)
__m b,
=1 3V
1 b
br++1
B +

3. Method of Maximum Likelihood

The maximum Likelihood estimator of R is shown to be

p__baf B
=P 1 af a1 b
EY
. 1
Where &= (; ﬁlyiﬁ)ﬂ

218
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@,y and P can be obtained as;
E(yf)i‘f v g(y)dy
0

u’,‘z o ,B
= a%yﬁ“""“le*(%) dy
[

S
b

m
atr=1 then E(y) = aF%—F 1= Z—’-‘-T:l—y-[

m
(=1 Vi

1
ml—'z?--ljl

a =

E(x") = fwx"f(x)dx
0

E e
=bf0 ;E(x)[” 1o~ +bj0 y—[;(x)[pr e W/ dx

= (bp” + E;)T)r-;- +1

at r=1
= 1 oy ;
(bp + by)FE +1= Ziz % =m; €Y
at r=2
_ NI . :
(b +by)r2 s =Hatl oy (2)
From (1)
bF1+1 , Er1+1
—_— = Mm, — -—
"B 1B
m; b
p= R 4 (3)
brisqs 0

B
From (3) in (2)
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And by the same way, we can obtain I

L (n—k)ab
27 nlaf + yB]

L€

_Iﬁ = b, (n—k) _ E
n _ n
where b+ b =1
= baf . baf
. pﬁ + aﬁ aﬁ -+ 'yp
Ply<x)=1 ba? + ba”
Y x) = pB + abf af +yﬁ A

Since P(y < x) + P(y > x) = 1, we consider P{y > x),
R=Ply>x)=1-P(y<x)

hl baF 5 bat
_-pﬁ-{-aﬁ aﬁ-{-yﬁ

Special cases

a. Let ,8=2,p2==§- ,at =2 ,)/'2=9
Then
baAB b
= — izadeh(2
/w+9+l+9 see Ghanizadeh(2011)
Let,8=1,p=%,a=/1,y=9
Then
ba )

In section 2, 3 and 4, we deal with the methods of moment, maximum likelihood and mixture
of methods of moment and maximum likelihood in estimating R. We compare these methods
numerically, and finally the researcher represents conclusion in section 5.

2. Method of Moment

The moment estimator of R can be shown to be
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Fation KResear

Dixit, et al.(1996). assume that a set of vandom variables (X, Xo .., X.) represent the
distance of an infected sampled plant from a plant from a plot of plants inoculated with a virus,
Some of the observations are derived from the airborne dispersal of the spores and are distributed
according to the exponential distribution. The other observations out of » random variables (say
k) are present because aphids which are known to be carriers of barley yellow mosaic dwarf virus
(BYMDV) have passed tic virus into it planis when ihe aphice fead on the sap.

Dixit and Nasiri (2001) considered estimation of parameters of the exponential distribution
in the presence of outliers generated from uniform distribution. Deiri (201 1c) presented the
estimation of parameters of the gamma distribution with presence of two outliers, and presented

(2011d) estimation of the parameters of minimax distribution with presence of two outliers.

Recently Nasiri and Pazira (2010) considered the problem of estimating of R = P(Y < X),
where ¥ and X have exponential distribution with presence of k outliers, Deiri (2011a) presented
the same estimation of P(¥Y<X) of the same distribution but in the presence of two outliers, then
in the same year (2011e), he presented the estimation of P(¥Y<X) but where Y and X has the
ravleigh digtribution with nresence of two vuthiers, and he presented the asiimeotion of POV2Y {or
generalized exponential distribution in the presence of two outliers when scale parameter is
known, also, Jafari (2011) presented the estimation of P(¥<JX) in the rayleigh distribution but
with presence of one outlier, and Ghanizadeh (2011) presented the estimation of P(¥Y<X) in the
rayleigh distribution with presence of k outliers.

An outlier is a specific value that stands far away from the mean or from the rest of the values
in a given set. When graphed, the outlier is visually far away from all the rest of the points,
Barnett and Lewis (1994).

In this paper, we obtain the moment, maximum likelihood and mixture estimators of R ‘in
Weibull distribution with presence of & outliers generated from the same distribution and we
compare them together.

- The Weibull distributions with shape parameter f§ and scale parameter p will be denoted by
WE (5, p) and the corresponding density function f(x; 8, p), for > 0 and p > 0, is as follows;

- Py’
fx B,p) =-§<g—>ﬁ 1e_(,5) x>0

with c.d.f F(x; B,p)
X

g
F(x; B,p) =1 —e_(a) forx = 0,and F(x; k; 2) = Oforx < 0

Thus, we assume that the random variables (X, X5 ..... . X)) are such that k of them are
distributed with p.d.f f;(x; 8,p),

B-1 _(x\F
ﬁ(£> e(P) x>0, >0andp > 0

filx; p,B) = 2‘9‘ D

and the remaining (n-k) random variables are distributed with p.d.f f5(x; y; p).
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Estimation of P(Y <X) for Weibull Distribution
In the Presence of & Outliers

Elsaved. 4. Elsherpi- iy : Ranie. M. Shalaby™*

Abstract: In this paper, we consider the problem of estimating R=P(F'<X), where } has
Weibull distribution with parameters # and o and X has Weibull distribution with parameters ff
and p in presence of k outliers, such that X and Y are independent. The moment, maximum
likelihood and mixture estimators of R are derived with help of numerical technique. At the end,
we conclude that mixture estimators are better than the maximum likelihood and moment
estimators. Some of the previous results in the literatures can be achieved as special case of our
results.

Key words: Weibull distribution, the maximum likelihood estimator, moment estimator,

mixture estimator and outliers.

1. Introduction

There has been continuous interest in the problem of estimating the probability that one
random variable exceeds another, that is the quantity R=P(Y<X) in reliability context, which is
known as stress-strength model reliability, it describes life of a component which has a random
strength X, and is subjected to random stress Y. This problem arises in the classical stress—
strength reliability where one is interested in estimating the proportion of the times the random
strength X of a component exceeds the random stress ¥ to which the component is subjected. 1f X

< 7, then either the component fails or the system that uses the component may malfunction, and

there is no failure when Y<X.

This problem also arises in situations where X and ¥ represent lifetimes of two devices and
one wants to estimate the probability that one fails before the other.

The germ of this idea was introduced by Birnbaum (1956) and developed by Birnbaum and
McCarty (1958). The latter paper does for the first time include PY < X) in its title [A
distribution-free upper confidence bound for P{¥ < X}, based on independent samples of X and
7], but the formal term "stress - strength” appeared in the titl> IThe estimation of reliability from
stress-strength relaticnship.} ot Churel il Harris (197C;. The component fails at the instant that
stress applied to it exceeds the strength and the component will function satisfactorily whenever
Y> X. The estimation of R is very common in the statistical literature, for example in mechanical
reliability of a system if )Y is the strength of a component which is subject to stress Y, where X
and Y independent distribution, then R is a measure of system performance. The system fails, if
at any time the applied stress is greater than its strength Kotz, et el.(2003).

McCool (1991) presented inference on P(Y < X) in the Weibull case, Kundu and Gupta
(2006) presented the estimation of R = P(Y < X) for Weibull distribution. Davarzani (2009)
presented estimation of P(Y < X) where X and ¥ are random variables from a bivariate Weibull
distribution and X is censored at Y.

*Institute of Statistical Studies & Research, Cairo University. **The High Institute of Managerial Science, Culture and Science City
Ahmede35@yahog.com ronashalabi@yali0o.com
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Table 2-c: Confidence bounds of the estimates at confidence level based on type Il
censoring data 95% and 99% via EM-algorithm.

(g

()

Case |

(0.7,2.5 ,0.6)

Case 2

(0.8,2.2,0.5)

()

(15)

60%n

(L,Uybound |

(0.5853,0.7471)

. UDbound ?

i

I hbound !

1
(L,Ubound 2

.

Sh

(0.5597,0.7727)

10.0413

(0.5686,0.9526)

(0.5079,1.0133)

0.0980 |

(1.7471,3.0836)

(1.5358,3.2950)

0.3409

(1.4459,2.6789)

(1.2509.2.8739)

0.3145

(0.4703,0.6288)

(0.4453,0.6538)

0.0404

(0.4310,0.6147)

(0.4019,0.6438)

0.0469

(0.4995,0.8166)

(0.4493,0.8667)

0.0809

(0.6334,1.0214)

(0.5720,1.0828)

0.0990

(1.9201,3.0832)

(1.7362,3.2672)

0.2967

(1.6695,2.6125)

(1.5203,2.7617)

0.2406

(0.4897,0.8045)

(0.4399,0.8543)

0.0803

(0.3555,0.6701)

(0.3057,0.7199)

0.0803

(0.4627,0.8785)

(0.3969,0.9442)

0.1061

(0.6777,0.9575)

(0.6335,1.0017)

0.0714

(1.7481,2.9456)

(1.5587,3.1350)

0.3055

(1.6238,2.2831)

(1.5196,2.3873)

0.1682

(0.4697,0.7451)

(0.4261,0.7887)

0.0703

(0.3835,0.6130)

(0.3472,0.6493)

0.0586

(0.5045,0.6737)

(0.4778,0.7004)

0.0432

(0.6585,0.9393)

(0.6141,0.9837)

0.0716

2:0163,3.1075)

(1.8437,3.2801)

0.2784

(1.5045.2 4383)

(1.3490.2.643%

0.2509 ;

(0.5044,0.7404)

(0.4671,0.7777)

0.0602

| (0.3686,0.5810)

(0.3350,0.6146)

0.0542

70%n |

1(0.5143,0.7418)

(0.4784,0.7778)

0.0580

(0.5594,0.9414)

(0.4990,1.0018)

0.0974

(1.8189,3.2025)

(1.6001,3.4213)

0.3530

(1.4791,2.7707)

(1.2748,2.9750)

0.3295

(0.4670,0.7659)

(0.4197,0.8132)

0.0763

(0.3267,0.6447)

(0.2764,0.6950)

0.0811

(0.5037,0.8416)

(0.4502,0.8951)

0.0862

(0.5871,1.0090)

(0.5204,1.0758)

0.1076

(2.0644,3.0816)

(1.9035,3.2425)

0.2595

(1.7383,2.5980)

(1.6023,2.7340)

0.2193

(0.4573,0.7094)

(0.4175,0.7493)

0.0643

(0.4342,0.6002)

(0.4080,0.6264)

0.0423

(0.6325,0.8952)

(0.5909,0.9368)

0.0670

(0.6502,0.9440)

(0.6037,0.9904)

0.0749

(1.8727,3:4851)

(1.6176,3.7401)

04113

(1.8142,2.5551)

(1.6970,2.6723)

0.18%90

(0.4419,0.7675)

(0.3904,0.8190)

0.0831

(0.4245,0.5609)

(0.4029,0.5824)

0.0348

(0.5377,0.8390)

(0.4900,0.8866)

0.0769

(0.6915,0.9792)

(0.6460,1.0247)

0.0734

wi | wmilsiidnisids=Iwe =R (= 22 |=|wlf |x|wls <«
;

(2.0451,2.9264)

(1.9057,3.0658)

0.2248

(1.5363,2.6765)

(1.3560,2.8568)

0.2909

=

1(0.4874,0.7342)

(0.4483,0.7732)

0.0630

(0.3744,0.6191)

(0.3357,0.6579)

0.0624

90%n

(0.5005,0.7861)

(0.4553,0.8312)

0.0729

(0.5407,0.9276)

(0.4795,0.9888)

0.0987

(2.2267,2.8206)

(2.1328,2.9145)

0.1515

(1.6347,2.7174)

(1.4635,2.8886)

0.2762

(0.5295,0.774 1)

(0.4908,0.8128)

0.0624

(0.3614,0.6442)

(0.3167,0.6890)

0.0721

(0.5535,0.8189)

(0.5115,0.8608)

'0.0677

(0.5577,0.9790)

(0.4911,1.0456)

0.1075

(1.7803,2.7833)

(1.6217,2.9419)

0.2559

(1.6148,2.6090)

(1.4576,2.7662)

0.2536

(0.4384,0.7653)

(0.3867,0.8170)

0.0834

(0.4960,0.5911)

(0.4810,0.6061)

0.0243

(0.5845,0.8682)

(0.5396,0.9131)

0.0724

(0.5000,0.9882)

(0.4227,1.0654)

0.1245

(2.4929,2.7724)

(2.4487,2.8166)

0.0713

(1.4502,2.6318)

(1.2634,2.8187)

0.3014

(0.5115,0.6395)

(0.4913,0.6597)

0.0326

(0.5255,0.6273)

(0.5094,0.6433)

0.0260

(40) | .

(0.5060,0.7890)

(0.4613,0.8338)

0.0722

(0.7114,0.9719)

(0.6702,1.0131)

0.0665

(1.6615,2.9045)

(146493.1011)

0.3171

(1.6915,3.0861)

(1.4709,3.3067)

0.3538
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(0.4826,0.6943)

(0.4492,0.7277)

0.0540

(0.3828,0.6046)

(0.3477,0.6397)

0.0566
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ble I-c: Confidence bounds of the estimates al confidence level based on type [l
censoring data 95% and 99% via ML method.
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Case 2

(0.8,2.2,0.5

(L,U)bound |

(L,U)bound 2

SD
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(0.5244,0.8799)

10.0689

(0.5625,0.9877)

(0.4952,1.0550)
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0.2500

(0.4131,0.6074)

(0.3824,0.6381)
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0.3415
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(0.4049,0.8399)
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(0.3485,0.6609)
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0.0242
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70%n

(0.5284,0.9494)

(0.4618,1.0160)

0.1074
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(0.4673,1.0511)

0.1131]

(2.3250,3.3115)

(2.1690,3.4675)

0.2517

(1.5817,2.8284)

(1.3845,3.0256)

0.3181

(0.3521,0.7376)

(0.2911,0.7986)

0.0984

(0.3574,0.5665)

(0.3243,0.5995)

0.0533

(0.5130,0.8887)

(0.4536,0.9481)
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(0.5985,1.0079)

(0.5338,1.0727)

0.1045

(1.6600,3.1834)

(1.4191,3.4243)

0.3886

(1.4741,2.8467)

(1.2570,3.0638)

0.3502

(0.4686,0.7043)

(0.4313,0.7416)

0.0601

(0.3360,0.6564)

(0.2853,0.7070)

0.0817

(0.5111,0.7814)

(0.4683,0.8241)

0.0690

(0.6763,0.9248)

(0.6370,0.9641)

0.0634

(1.6877,3.0635)

(1.4701,3.2811)

0.3510

(1.8927,2.6932)

(1.7661,2.8198)

0.2042

(0.4708,0.7802)

(0.4219,0.8292)

0.0789

(0.4216,0.5882)

(0.3953,0.6146)

0.0425

(40)

(0.4644,0.9407)

(0.3891,1.0160)

0:1215

(0.5773,1.0483)

(0.5028,1.1228)

0.1202

(2.1289,3.2230)

(1.9559,3.3961)

0.2791

(2.0161,2.2254)

(1.9830,2.2585)

0.0534

(0.4478,0.7927)

(0.3932,0.8473)

0.0880

(0.3654,0.6634)

(0.3182,0.7106)

0.0760

(15)

(0.4318,0.9583)

(0.3485,1.0415)

0.1343

(0.6244,1.0188)

(0.5620,1.0812)
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90%n

(1.9066,3.0175)

(1.7308,3.1932)

0.2834

(1.7665,2.3192)

(1.6791,2.4066)

0.1410

(0.4473,0.5177)

(0.4362,0.5288)

0.0180

(0.3183,0.6096)

(0.2722,0.6557)

(0.4212,0.8334)

(0.4370,0.8876)

0.087>

{0.5584,0.9641)

(0.4942,1.0283)

| 0.0743
0.1035

(1.9227,3.1067)

(1.7353,3.2940)

0.3021

(1.4723,2.8302)

(1.2576,3.0450)

0.3464

(0.4991,0.7225)

(0.4638,0.7578)

0.0570

(0.3413,0.6595)

(0.2910,0.7098)

0.0812

(0.4339,0.8737)

(0.3643,0.9433)

0.1122

(0.5983,0.9280)

(0.5461,0.9801)

0.0841

(2.0971,2.9794)

(1.9575,3.1189)

0.2251

(1.5684,2.8427)

(1.3668,3.0442)

0.3251

(0.4167,0.7364)

(0.3662,0.7869)

0.0815

(0.4423,0.5674)

(0.4225,0.5872)

0.0319

(0.4348,0.9456)

(0.3540,1.0264)

0.1303

(0.7046,1.0299)

(0.6531,1.0814)

0.0830

(1.4087,3.1467)

(1.1338,3.4215)

0.4434

(1.6146,2.7889)

(1.4288,2.9747)

0.2996
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(0.4385,0.7920)

(0.3826,0.8480)

0.0902

(0.3822,0.6787)

(0.3353,0.7256)

0.0756
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Table 2-b: Asymptotic variance and covariance of estimates based on 1vpe 11 censoring
data via EM-algorithm.

{(n) (r) Casel‘ (0.7, 2.5 ,0.6) Case 2  (0.8,2.2,0.5)
S IS HE 4 i & g &
g | 0.0475 [ -0.0115|-0.1568 | 0.0440 | -0.0152 | -0.1283
(I5) | 60%n | £ |-0.0115| 0.0501 | 0.0491 | -0.0152] 0.0672 | 0.0620
k| -0.1568 | 0.0491 | 1.9230 | -0.1283 | 0.0620 | 1.3332
& | 0.0357 | -0.0069 | -0.1137 | 0.0270 { -0.0118 | -0.0888
(25) g |-0.0069 | 0.0273 | 0.0266 | -0.0118 | 0.0489 | 0.0520
£ 1-0.1137] 0.0266 | 1.9100 |-0.0888 | 0.0520 | 0.9268
& | 0.0249 |-0.0051|-0.0812 | 0.0180 | -0.0080 | -0.0530
(35) 4 |-0.0051 | 0.0205 | 0.0211 | -0.0080 | 0.0347 | 0.0337
[ ]-0.0812] 0.0211 | 0.9812 |-0.0530| 0.0337 | 0.5037
& | 0.0208 | -0.0034 | -0.0658 | 0.0152 | -0.0071 | -0.0490
(408 foo 0003401 0 00124 10007 | 8.0306 | 0.0320
k |-0.0658 1 0.0134 | 1.0252 |-0.0490 | 0.0320 | 0.4505
a | 0.0614 |-0.0120|-0.2074 | 0.0420 | -0.0159 | -0.1382
(15) 1 70%n | £ |-0.0120{ 0.0430 | 0.0505 [-0.0159| 0.0721 | 0.0716
k ]-0.2074 | 1.6473 | 0.0505 | -0.1382 | 0.0716 | 0.9509
¢ 10.0320 | -0.0079 [ -0.1113 | 0.0257 | -0.0106 | -0.0801
(25) £ 1-0.0079 | 0.0304 | 0.0356 | -0.0106| 0.0450 | 0.0457
f | -0.11131 0.0356 | 0.9834 |-0.0801 | 0.0457 | 0.6207
4 1 0.0228 | -0.0065]-0.0770 | 0.0173 | -0.0073 | -0.0563
(35) £ 1-0.0065 ] 0.0260 | 0.0281 |-0.0073 | 0.0335 | 0.0338
& |-0.0770 | 0.0281 | 0.7823 | -0.0563 | 0.0338 | 0.4353
a 10.0199 |-0.0048 | -0.0611 | 0.0156 | -0.0074 | -0.0494
(40) £ | -0.0048 | 0.0189 | 0.0195 | -0.0074 | 0.0316 | 0.0325
k {-0.0611] 0.0195 | 0.6080 | -0.0494 | 0.0325 | 0.3810
¢ 1 0.0597 | -0.0103 |-0.1788 | 0.0451 | -0.0159 - -0.1570
(15) { 90%n | 4 |-0.0103| 0.0429 | 0.0411 |-0.0159] 0.0653 | 0.0718
* k_1-0.1788 1 0.0411 | 1.1011 |-0.1570| 0.0718 | 0.9174
S 41 0.0328 | -0.0079 | -0.0975 | 0.0273 {-0.0055 | -0.0816 |~
(25) £ 1-0.0079] 0.0311 | 0.0322 | -0.0099 | 0.0405 | 0.0403
& |-0.0975| 0.0322 | 0.5628 | -0.0816 | 0.0403 | 0.4670
& |0.0210 | -0.0058 | -0.0737 | 0.0225 | -0.0071 | -0.0632
(3%5) £ 1-0.0058 | 0.0252 | 0.0272 | -0.0071 | 0.0265 | 0.0274
i 1-0.07371 0.0272 | 0.5181 | -0.0632 | 0.0274 | 0.3334
¢ | 0.0199 |-0.0043 | -0.0603 | 0.0157 | -0.0076 | -0.0605
(40) A 1-0.0043| 0.0173 | 0.0179 | -0.0076 | 0.0322 | 0.0382
£ |1-0.0603 | 0.0179 | 0.3561 | -0.0605| 0.0382 | 0.4153
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Table 1-b: Asymptotic variance and covariance of estimates based on type 1l censoring
data via ML method.

AR

i~

34
=

{ () Cnbl s Lo, a0 uG) 2, U ;
i & B k & I i
¢ 1 0.0416 §-0.0139 | -0.1598 | 0.0412 | -0.0167 | -0.1436 |

(15) | 60%n § 1 -0.0139 7 0.0607 | 0.0665 | -0.0167 | 0.0748 | 0.0753
k& | -0.1598 | 0.0665 | 2.0334 | -0.1436 | 0.0753 | 1.5193
& | 0.0252 | -0.0091 | -0.0890 | 0.0279 | -0.0082 | -0.0764

(25) £ 1-0.00911 0.0377 | 0.0416 | -0.0082 | 0.0349 | 0.0307
i 1-0.0890 1| 0.0416 | 1.1519 |-0.0764 | 0.0307 | 0.9405
¢ | 0.0243 1 -0.0055)-0.0834 ] 0.0182 | -0.0065 | -0.0596

(35) 5 |-0.0055| 0.0211 | 0.0231 | -0.0065| 0.0280 | 0.0290
i | -0.0834 | 0.0231 | 1.3609 | -0.0596 | 0.0290 | 0.6375

- - Sl e enne bonopdl G005 2 00148 1 00080 10 0489

40) £ 1-0.00491 0.0193 | 0.0216 | -0.0059 1 0.0244 | 0.0244
i 1-0.0692 | 0.0216 | 0.9787.1-0.0489 | 0.0244 | 0.5987
& 10,0513 1 -0.0166{+0.21561:0.03851.-0,0160 1 -0.1365

(15) | 70%n B ] -0.01661 0.0642 | 0.0862 | -0.01601 0.0759 1.0.0757
ko 1=0.2156.1 0.0862 | 1.9801 |-0.1365 ] 0.0757. 1 1.0004
G 1 0.0318 | -0.0084 | -0.1021 | 0.0276 | -0.0125 { -0.0968 |

(25) £ -0,0084 ]:0.0321 | 0.0365 1-0.0125:1 0.,0490 [0.0575 |
k1010211 :0.0365.:1.0.8602 1 -0.0968°1 0.0575 | 0.6932
a4-0.0263-1:-0.0051 1-0.08121 0.0182 " -0.0079 | -0.0626

(35) 6-1:-0.005110.0189:]-0.0214]-0.0079.} 0.0330 | 0.0370
ko1 -0.08121.0.0214 {.0,6360 ] -0.0626| 0.0370 { 0.5167
& 1:0.0208 | -0.00511-0.06941°0.0165 | -0.0073 | -0.0523

(40) £ <0.0051 1 0.0196 | 0.0219 | -0.0073 | 10,0293 | 0.0315
ko -0.0694:1.0.0219-1 0,7373 | -0.0523 1 0.0315 | 0.4089
& 1°0.04181-0.0143.1-0.1713+-0.0402 {--0.0205 | -0.1419

(15) 1+ 90%n B 1-0.01431 0.0633 | 0.0761 | -0.0205 {70.0887 | 0.0953

| J i 017130 0.0761 | 11734 | -0.1419 % 00085 10,8164 1
& | 0.0325 1-0.0075|-0.1050 | 0.0268 | -0.0108 | -0.0920

(25) £ 1-0.0075 ] 0.0284 | 0.0324 | -0.0108 | 0.0440 | 0.0485
£ 1-0.1050 ] 0.0324 | 0.6851 |-0.0920| 0.0485 | 0.5356
4 | 0.0224 | -0.0052 | -0.0779 | 0.0201 | -0.0077 | -0.0711

(35) £ | -0.0052 | 0.0207 | 0.0240 | -0.0077 | 0.0308 | 0.0356
£ | -0.0779 ] 0.0240 | 0.5104 | -0.0711 | 0.0356 | 0.4287
& | 0.0214 | -0.0051 ] -0.0625 | 0.0178 | -0.0085 | -0.0591

(40) £ |-0.00511] 0.0190 | 0.0206 | -0.0085 | 0.0321 | 0.0373
i1 -0.06235 1 0.0206 | 0.3640 | -0.0591 | 0.0373 | 0.3682

M ¥ wers by 34 | B P
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lable Z-a: The RABais, MSE and RE of the parameter & = («, £, k) based on rvpe 1
censoring from Burr XII distribution via EM-algorithm.

(n) (r) Case 1 (0.7,2.5,0.6) Case2 (0.8,2.2,0.5)
4 |RAbias| MSE I RE [ 5 IRAbiac| MSE | REomp
r 0.6662 | 0.0483 | 0.0029 | 0.0762 | 0.7606 | 0.0493 | 0.0112 | 0.1320 |

(15) ] 60%n |__2.4154 | 0.0339 | 0.1234 | 0.1405 | 2.0624 | 0.0626 | 0.1179 | 0.1561
0.5495 | 0.0841 | 0.0042 | 0.1078 | 0.5229 | 0.0457 | 0.0027 | 0.1043
0.6580 | 0.0600 | 0.0083 | 0.1302 | 0.8274 | 0.0343 | 0.0106 | 0.1284
(25) 2.5017 | 0.0007 | 0.0880 | 0.1187 | 2.1410 | 0.0268 | 0.0614 | 0.1126
0.6471 | 0.0785 | 0.0087 | 0.1552 | 0.5128 | 0.0256 | 0.0066 | 0.1626
0.6706 | 0.0421 | 0.0121 | 0.1573 | 0.8176 | 0.0220 | 0.0054 | 0.0919
(35) 23469 | 0.0613 | 0.1168 | 0.1367 | 1.9535 | 0.1121 | 0.0891 | 0.1357
0.6074 | 0.0124 | 0.0050 | 0.1178 | 0.4983 | 0.0035 | 0.0034 | 0.1172
-.0.5891 | 0.1584 | 0.0142 | 0.1700 | 0.7989 | 0.0014 | 0.0051 | 0.0896
(dO) | .. L 25619 10.0248 10,0813 10.1141 | 199351 0.0925 | 0.1044 | 0.1469
' 0.6224 | 0.0374 | 0.0041 | 0.1071 | 0.4748 | 0.0504 | 0.0036 | 0.1195
0.6281 | 0.1028 | 0.0085 | 0.1320 | 0.7504 | 0.0620 | 0.0120 | 0.1367
(15) | 70%n | 2.5107 | 0.0043 | 0.1247 [ 0.1413 | 2.1249 | 0.0341 | 0.1142 [ 0.1536
0.6165 | 0.0274 | 0.0061 | 0.1300 | 0.4857 | 0.0286 | 0.0068 | 0.1647
0.6727 | 0.0391 | 0.0082 | 0.1292 | 0.7981 | 0.0024 | 0.0116 | 0.1346
(25) 2.5730 | 0.0292 | 0.0727 | 0.1078 | 2.1681 | 0.0145 | 0.0491 | 0.1007
0.5834 | 0.0277 | 0.0044 [ 0.1107 | 0.5172 | 0.0344 [ 0.0021 | 0.0914
0.7638 | 0.0912 | 0.0086 | 0.1322 | 0.7971 | 0.0037 | 0.0056 | 0.0938
(35) 2.6789 | 0.0716 | 0.2012 [ 0.1794 | 2.1846 | 0.0070 | 0.0350 | 0.0862
0.6047 | 0.0078 | 0.0069 | 0.1386 | 0.4927 | 0.0147 [ 0.0013 | 0.0711
0.6883 | 0.0167 | 0.0060 | 0.1111 | 0.8353 | 0.0442 | 0.0066 | 0.1018
(40) | - 2.4858 | 0.0057 | 0.0507 | 0.0901 | 2.1064 | 0.0426 [ 0.0934 | 0.1389
0.6108 | 0.0180 | 0.0041 | 0.1065 | 0.4968 | 0.0065 | 0.0039 | 0.1250
0.6433 | 0.0811 | 0.0085 | 0.1319 | 0.7342 | 0.0823 | 0.014] | 0.1483
(15) | 90%n | 2.5237 | 0.0095 | 0.0235 | 0.0613 | 2.1761 | 0.0109 | 0.0769 | 0.1260
0.6518 | 0.0864 | 0.0066 | 0.1352 | 0.5029 | 0.0057 | 0.0052 | 0.1444
10.686159 | 0.0198 | 0.0048 | 0.0987 1 0.7683 1 0.0395 | 0.0126 | 0.1400
(25) 22818 | 0.0873 | 0.1131 |0.1345 | 2.1119 | 0.0401 | 0.0721 | 0.1220
0.6018 | 0.0030 | 0.007 | 0.1390 ] 0.5436 | 0.0871 | 0.0025 | 0.0997
~ 0.7263 | 0.0376 | 0.0059 | 0.1100 | 0.7441 | 0.0699 | 0.0186 | 0.1707

(35) 2.6326 | 0.0531 | 0.0227 | 0.0602 | 2.0410 | 0.0723 [ 0.1161 | 0.1549
0.5755 | 0.0409 | 0.0017 | 0.0680 | 0.5764 | 0.1528 | 0.0065 | 0.1613
0.6475 | 0.0750 | 0.0080 | 0.1275 | 0.8416 | 0.0520 | 0.0062 | 0.0980
(40) 2.2830 | 0.0868 | 0.1477 | 0.1537 | 2.3886 | 0.0858 | 0.1622 | 0.183]
0.5884 | 0.0193 | 0.0031 | 0.0920 | 0.4937 | 0.0126 | 0.0032 | 0.1139
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Table 1-a: The RABais, MSE and RE of the parameter 6 = («, 7, k) based on type 1
censoring from Burr X1 distribution via ML method.

) ®

1

3 o]
|

) Cgse I

(0.7,2.5,0.6)

Case 2

(08,22,0.5)

oy A
P NAUias

AL
VIO

(B
1B )

1E A dnyne
INGAVUTUD

N AQ .
eo L

[ S
NG

60%n

0.7021

0.0030

0.0048

0.0985

0.7751

0.0311

0.0124

2.5435

0.0172

0.1808

0.1701

2.2350

0.0159

0.0205

0.5005

0.1663

0.0126

0.1868

0.4865

0.0271

0.0043

0.7185

0.0265

0.0071

0.1206

0.7187

0.1017

0.0201

2.4109

0.0357

0.1043

0.1292

2.0959

0.0473

0.0733

10,5102

0.1496

0.0105

0.1709

0.5581

0.1162

0.0048

0.6879

0.0173

0.0180

0.1914

0.7303

0.0871

0.0066

2.6033

0.0413

0.1273

0.1427

2.1894

0.0048

0.1075

0.6224

0.0374

0.0076

0.1454

0.5047

0.0094

0.0037

(40)

00154

2,177

el

P 0.7567

00148

2.5323

0.0632

0.1005

2.1198

0.0365

0.0402

0.5925

0.0076

0.1456

0.5403

0.0807

0.0022

(15)

70%n

0.7389

0.0131

0.1632

0.7592

0.0510

0.0145

2.8183

0.1646

0.1623

2.2051

0.0023

0.1012

(R =R xR || R > [R | &

0.54438

0.0127

0.1879

0.4619

0.0762

0.0043

(25)

0.7008

0.0092

0.1369

0.8032

0.0040

0.0109

24217

0.1572

0.1586

2.1604

0.0180

0.1242

0.5864

0.0038

0.1027

0.4962

0.0077

0.0067

(35)

0.6462

0.0077

0.1249

0.8006

0.0007

0.0040

2.3756

0.1387

0.1490

2.2930

0.0423

0.0503

0.6255

0.0069

0.1383

0:5049

0.0098

0.0018

(40)

0.7026

0.0148

0.1736

0.8128

0.0160

0.0146

2.6760

0.1089

0.1320

2.1208

0.0360

.0.0091

0.6202

0.0082

0.1505

0.5144

0.0288

0.0060

0.1548

(15)

0.6950

0.0181

0.1920

0.8216

0.0270

0.0106

0.1286

24620

0.0R1%

N1144

2.0428

0.0715

0:0444

0.0960

0.4825

0.0141

0.1981

0.4640

0.0721

0.0068

- 0.1652

(25)

0.6623

0.0090

0.1359

0.7612

0.0485

0.0122

0.1382

2.5146

0.0915

0.1210

2.1513

0.0222

0.1224

0.1590

0.6108

0.0034

0.0967

0.5004

0.0008

0.0066

0.1624

(35)

0.6538

0.0147

0.1734

0.7631

0.0461

0.0084

0.1148

2.5382

0.0521

0.0913

2.2055

0.0025

0.1057

0.1478

0.5765

0.0072

0.1414

0.5048

0.0097

0.0010

0.0646

(40)

0.6902

0.0171

0.1867

0.8672

0.0840

0.0114

0.1335

22777

0.2460

0.1984

2.2017

0.0008

0.0898

0.1362

=R |F R xR =R =R »m& SR

0.6153

0.0084

0.1525

0.5305

0.0610

0.0067

0.1631
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(0.8.2.2,0.5) respectively, for deferent (17,7), we take r=60%n,70%n,90%n.
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The confidence interval depend at r = 70% as follows, via ML method is
[Ly, Ugl bound 95% = [0.4644,0.9407], [Lq, Uy] bound 99% = [0.3891,1.0160].
|Lg, Ug| bound 95% = [2.1289,3.2230], [Lp, Us| bornd 99% = [1.9559,3.3961].
(L, Uy bound 95% = [0.4478,0,7§27], [Li, Ug] bound 999% = [0.3932,0.8473],
via EM method is
(Lo, Ug] bound 95% = [0.5377,0.8390], [Lg, Ug] bound 99% = [0.4900,0.8866),
[Lg, Up] bound 95% = [2.0451,2.9264], [Lg, Ug] bound 99% = [1.9057,3.0658 ],
[Ly, U] bound 95% = [0.4874,0.7342], [Ly, U] bound 99% = [0.4483,0.7732].
The confidence interval depend at = 90% as follows, via ML method is
' [La, Ug) bound 95% = [0.4348,0.9456], [Lq, Uy) bound 99% = [0.3540,1.0264],
[Lg, Ug] bound 95% = [1.4087,3.146/], {ip, Ug] bound 99% = [1.1538,3.4215],
[Ly, U] bound 95% = [0.4385,0.7920), [Ly, Ux] bound 99% = [0.3826, 0.8480].
via EM method is
(Lo, Uq) bound 95% = [0.5060,0.7890], [Ly, Uy] bound 99% = [0.4613,0.8338].
[Lg, Up] bound 95% = [1.6615,2.9045], [Lg, Ug] bound 99% = [1.4649,3.1011].
[Ly, Ux] bound 95% = [0.4826,0.6943], [Ly, Uy] bound 99% = [0.4492,0.7277).

7 Conclusion
In this paper, we have considered a simple step-stress model with two stress levels from
Burr-XI11 distribution when the data are type 1l censoring. We have derived two methods

(ML, EM) of the unknown pararﬁeter 8=(a,p,k). We have also proposed procedure for

constructing the estimator 0 bés‘ide' RABies, MSE and RE of it, see tables (I-a, 2-a).
Moreover, the variance and covariance matrix, see tables (1-b, 2-b), and the confidence
interval (Cls) for 6 at 95% and 99%, see tables (l-c, 2-c). Hance, we present the
results of a Monte Carlo simulation study carried out in order to compare the performance
of the method of inference described in section 6. And more than, we observe the Fisher
matrix of the variance and covariance from using EM-algorithm method much better than
others to esimate the esitmators, such that the MSE will be very small rather than others.

see examples (1-2). Since, we chose the values of parameter & to be (0.7.2.5,0.6) and

7
|
-
-
-
21




Example 2: We consider the following data when n=40 with 7, =3, ¢ =07, =25

and k = 0.6. Therefore, the failure times of units as follows,

>
>

Ny o

Ovicr | 00002 00065 00153 00713 00719 0778 11706 £.113 54704
04721 0.5009 0.6539 1.0755 1.1365 13150 1.3233 1.9780 2.6145
28013 2.9079

r,<t<e | 30907 32131 32662 3.4186 34304 35804 3.6448 3.6552 3.9792
44885 4.6030 4.6283 4.8869 5.1161 53421 6.3845 9.2052 13.6004
16.0477 19.6542

In this case, the life-testing experiment is terminated as soon as the »" failure occurs. We

take » =70%wn , and 90%pn, we obtain the estimator of @ = (d,ﬁ’,/;) as follows,

Via MImethod, o =G.7026  B=26760
&=06902  B=22777
Via EM method,
G =0.6883  [3=24858
&=0.6475  [3=2.2830

E=0A200  awbosw  po 7085
/2 =0.6153 when r=90%n.

ki =0.6108 when r=70%n,

lg =.0.5884 . ‘when - r =90%n.

Note that, when = 70%n, the time termination 1, ,, =3.6552 and when =90%n, the

time termination 7,,, = 6.3845. An asymptotic variance covariance matrix at 7 = 70%n

as follows, via ML method is

0.0208 - —0.0051 - —0.0694
(—0.0051 0.0196 0.0219: .
_ - \—-0.0694 0.0219 0.7373
Via EM method is - 7 s i ‘
0.0199  ~=0.0048 —=0.0611\
(——0.0048 0.0189 0.0195 |.
-0.0611 0.0195 0.6080
An asymptotic variance covariance matrix at r = 90%n» as follows, via ML method is
0.0214 —0.0051 -0.0625
—-0.0051 0.0190 0.0206 |.
—0.0625 0.0206 0.3640
Via EM method is
0.0199 —0.0043 —-0.0603
<—0.0043 0.0173 0.0179 |
-0.0603 0.0179 0.3561
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-0.0125  0.0490 0.0575

<0.0276 —0.0125 —0.0968>
-0.0968  0.0575 0.6932

via LM methoa 15 given,

-0.0106  0.0450 0.0457
—0.0801  0.0457 0.6207

An asymptotic variance covariance matrix at » =90%#n as follows, via ML method is

<O‘0257 —0.0106 -—0.080l>

given,

-0.0108  0.0440 0.0485

(0.0268 -0.0108 —0.0920>
—0.0920-- 0.0485 0.5356

—0.0099  0.0405 0.0403
—-0.0816  0.0403 0.4670 .

The confidence interval depend at r = 70% as follows, via ML method is

(0.0273 —0.0099 —0.0816>

(L, Ug) bound 95% = [0.5985,1.0079), [Ly, Ug] bound 99% = [0.5337,1.0727].
[Lg, Ug] bound 95% = [1.4741,2.8467], [Lg, U] bound 99% = [1.2570, 3.0638],
[Ly, Ux] bound 95% = [0.3360,0.6564], [Ly, Uy] bound 99% = [0.2853,0.7070].

via EM method is
[Lg, Ug] bound 95% = [0.5871,1.0090], [Ly, Uyl bound 99% = [0.5204,1.0758],

[Lg, Ug] bound 95% = [1.7383,2.5980], [Lg, Ug] bound 99% = [1.6023, 2.7340],

[Lie, U] bound 95% = [0.4342,0.6002], [Ly, Ux] bound 99% = [0.4080,0.6264].
The confidence interval depend at r = 90% as follows. via M! method is -

[La» Ug] bound 95% = [0.5584,0.9641], [Lg, Uq] bound 99% = [0.4942,1.0283],

[Lg, Ug] bound 95% = [1.4723,2.8302], [Lg, Ug] bound 99% = [1.2576,3.0450],

[Ly, U] bound 95% = [0.3413,0.6595], [Ly, Ux] bound 99% = [0.2910,0.7098),

via EM method is
[La, Ug) bound 95% = [0.5577,0.9790], [Lq, Uyl bound 99% = [0.4911,1.0456].

[Lg, Ug] bound 95% = [1.6148,2.6090], [Lg, Ug] bound 99% = [1.4576,2.7662).
[Ly, Uyl bound 95% = [0.4960,0.5911), [Ly, U] bound 99% = [0.4810,0.6061].
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[4
and for 1< j7<r-N,, we set T,s i ~{( ,\,HJA - ] +7, -1’

R = v oo B A .
Step 3: Bused oy, Y, and order chsirvations

{ 3
‘( ’ .-.'l/l‘!/\/xv'-l:u»'“ ”I'Hj
We solve the system of nonlinear equations get by differentiating Eq. (9) and Eq. (14) with

respect to «, f and k respectively and equating to zero to obtain the unknown

parameters ¢ and k& (ML and EM methods) and using the values which getten of
estimators to get the absolute relative bias (RABias), mean square error (MSE) and relative
error (RE). Furthermore, Fisher information matrix and two-sided confidence intervals of

the estimators are obtained. We give illustrate examples by using small and moderately

- F ot - “y ek o 1 -
farge samples to lustrotn all the methoderefinivrencs deseribed in thic neper,

Example 1: We consider the following data when n=25 with 7,=3, a=0.8, =22

and. k'=0.5. Therefore, the failure times of units as follows,

0<r<r |0.0177 0.0495 0.1267 0.2195 0.4428 0.6312 0.7750 08385
1.3069- 1.5092 1.5901 2.1000 2.8311

7,<t<oo |3.1157 3.1718 35581 3.7557 3.9660 4.0858 4.1505 5.9851
8.1848 21.7891 28.1333 29.89%4

In this case, the life-testing experiment is terminated as soon as the +" failure occurs. We

take 7 =70%n, 90%n, we obtain the estimator of = (d,[;’, /2) as follows,

Via ML method, a= 0.8032 £ =2.1604 k=0.4962 when r=70%n,
G=07612  B=21513  £k=0.5004 when r=90%n.

Via EM method, & =0.7981  3=2.168  k=05172 when r=70%n,
G=0.7683  B=2.1119  k=0.5436 when r=90%n.

Note that, when r =70%#, the time termination /,,; =3.9660 and when r=90%#, the

time termination ¢,,5 =21.7891. An asymptotic variance covariance matrix at » =70%#

as tollows, via ML method is




probability &. z isthe ﬁ%;—_QJ standard normal percentile.
L

Then, the approximate confidence limits for «, and & will be constructed using kq.
i 1/) with contidence levels 95% and 99%. if 8 = (0.8,2.2, 0.5) at n=40 and r=28 then
we get the estimators _8:: (0.8353,2.1064, 0.4968). Therefore, the confidence interval
depend on ML method is,
[La, Ug] bound 95% = [0.5773,1.0483], (Lo, Ug) bound 99% = [0.5028,1.1228],
[Lg, Up] bound 95% = [2.0161, 2.2254], [Lg, Ug] bound 99% = [1.9830, 2.2585],
[Li, U] bound 95% = [0.3654,0.6634], [Li, Uy bound 99% = [0.3182,0.7106).
And, the conﬂden(;e intenj\/al depend on EM method is ‘
ik 0.3 bouna 05% = [0.0915,8.9792], [La, Ug) bound 99% = [0.6460,1.0247],
[Lp., Up] bound 95% = [1.5363, 2.6765), [Lg, Uy] bound 99% = [1.3560, 2.8668].
[Lk, Uy] bound 95% = [0.3744,0.6191], [Li, Ux] bound 99% = [0.3357,0.6579).

|
[

Then , the approximate confidence limits for @, 8 and k will be constructed using Eq.

(17) with confidence levels 95% and 99%, see Tables (1-¢, 2-c).

6 Numerical Ilustration

In this section, we describe the algorithm to obtain the Type-ll censored sample, and
the estimators d/,,é,/;. In addition, the absolute relative bias (RABias), mean square error
(MSE) and relative error (RE).

BRI

Step 1: Given 7, and initial values for the parameters a,f and k.
Step 2: Based on n,r,7,,c, 8 and k, we generated a random sample of size »n from

Uniform(0,1) distribution, and obtain the order statistics U U

Step 3: Find &V, such that UNH' Sl~(l+r,")_k < UN‘HZ,,.

We solve the above inequality to get the failure times of units from unite 1 to unite N, .

The failure times under Burr XII distribution of units as follows,

|

LT
for I1Si<NV, weset ¢, = [(l ~U, )t - 1} .
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Where w is ML function or Q-function. Consequently, the estimators 0?,,5’ and & for

a,p and k have an asymptotic variance covariance matrix defined by inverting the
Fisher information matrix F and substituting 8=(&,/3,&) for 8=(a,f.k) ,if

0=(0.8,2.2,05 &l

n=40 and r=28 then we get the  estimators

é=(0.8353,2.1064,0.4968). Therefore, the asymplotic variance covariance matrix

depend on ML method is given as follows, see tables (1-b),

0.0165 —-0.0073 -0.0523
<—-0.0073 0.0293  0.0315 ).
—-0.05Z3  0.0315 0.4089

Therefore, the asymptotic variance covariance matrix depend on EM method is given as

follows, see tables (2-b),

—0.0074 ~ 0.0316  0.0325

<0.0156 —0.0074 —0.0494>
—-0.0494  0.0325 0.3810

5 Confidence Interval for Burr-XII distribution under Data Type-I1
Censzoring
In this section, we construct confidence intervals (Cls) for the unknown parameters

a,f and k for larger sample sizes under data type ll- censored. The two-sided
approximate confidence limits for «, and k will be respectively as follows,
. =a-zo(a), U, =a+zo(a),
Ly=f-z0(8) Uy=p+z0(8),
=k -zo(k) U, =k+zo(k). (17

Where L, and U, are lower and upper confidence limits which enclosed 6 with
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—(k+1) Z [E(Iog

/ « B
1+ (tm -7, + T13> ]
=Ny +1 h .

+R(IL~'/~}iogii-r (5r:n“71+T1p) ) (14)

(ii)The Maximization step(M-Step)

We note that the maximization can be done by finding the solution of

dlogLs(tinltin>6in) -
E( = B) =0, (15)

3 P(0.0,

therefore, ) =0.

Then, we obtain the caiiatos of @, 0 and & by differentiating Eq. { i4) withi respect to -
a, [ and k respectively and equating to zero. The results from the differential system of
nonlinear equations it will be difficult to solve. The (E-step) and (M-step) are repeatedly

until the estimates of parameters converges. Therefore, we use the MATLAB program to

solve the nonlinear equations simultaneously to obtain &, 8 and k, see tables (2-a).

4 Asymptotic Variances and Covariance Matrix

The asymptotic variance and covariance matrix are given by the elements of the

. . ; . : o'y .
inverse of Fisher information matrix as follows, 1, (&)= E| - -Unfortunately, the

106,00,

exact mathematical expressions for the previous expectation are very difficult to dbtain.

~2

5956,

Therefore, Fisher information matrix is given by 1,@)=| - , which is obtained

by dropping the expectation on operation E and replaced «,f and k with d,ﬁ’ and k

respectively, Cohen (1965). The Fisher information matrix £ can be written as follows.




NS

@
kﬁ(ttn"Tl’”lﬂ)ﬂ 1<1+<C171"T1+T1ﬁ> )

1 (?x!\(ﬁw—ﬁwr:%\lﬁ\'— '
L N o ]

The log-likelihood function of the Burr X1I 11 distribution vai EM- algorithm as follows,

(12)

* =, 41

| .
LogLa—log( v Y +Nllogka+(cz—1)Zlogth (k+1)Zlog(1+tln)

Zlog(l-!—c?tn )+(T-Nl)logkﬁ+(ﬁ~—1) Z log(¢n~‘fl+Tlﬁ>

i= N1+1
T r
| Sl P o i H A
—(k+1) /. iOgll + (tin ™ @ 4 g P ) J i ‘ i0g {1 - (Oin 7 qr‘) i
{=Ny+1 l—N:+1 ]

a\ B a\ B
+k(n=1) {log [1 + (trm -1, + Tlﬂ) ] + log ll + ((5rm -1, + 11B> } } (13)

(i) The Expectation step (E-Step)

For the E-step, we calculate ®(8,8,,), where 8 = (a,8,k) and 8, = (@, By Keny) in
m" iteration. Th"us, the Q-function of the Burr X1 distribution can be obtained as follows,
®(8,0,,) = Ellog Ls(timltin > 8in), O]
= j log Ls(tinltin > in) [ (tinltin > Opn) dim -
Therfore, the Q-function becomes,
n!

®(8, Gm) log( my +N110gka+k210g(1+5ln )+(r—N1)logkﬁ

i=

Ny Ny
+(C( - 1) Z E(log ti:n ltizn > 5i:n' ém) - (k + 1) Z E(log(l + tt’:na) |ti:n > 61‘:71' 9m)
i=1 o i=1
a\ B T a\ B
—k(n—r)log[l + ( rn— T+ T > }+k log[l + <6m—11 +rlﬁ> }
i=N,+1
T a
+(,8 - 1) Z E (log (ti:n -0 + Tlﬁ) |ti:n > 5i:n/ém>
i=Ny+1
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complete-data problem. For which Maximum Likelihood (MLE) estimation is
computationally more tractable. For instance, the complete-data problem for chosen may
yield a closed form solution to the (MLE) or may be amenable to MLE computation with a
andard compuier package. The meihodology of the EM-algorithm consists of
refermulating the problem in terms of this more easily solved complete-daia problem,
establishing a relationship between the likelihoods of these two problems and exploiting
the simpler (MLE) computation of the complete-data problem in the M-step of the iteration
computing algorithm. The pdf of the Burr XI1 distribution under simple step stress given
tim > iy Will be applied in Q-function of EM-algorithm. Hence, the pdf of Burr XII
distribution given t;., > &;., is calculated as follows,

fltimltin > i) = —_—

kati:na-‘l(l"fi:na)“(k“)
k
(1+5,‘:na)

a Fra a B
\ kﬂ(ti:7l"11+11ﬁ> 1+(ti:n"T1+T1ﬁ)

f2(ti:niti:n > 5(’:71) = a B =k
(1+(6,~m~r1+rl?> )

The cdf of Burr XII distribution given tim > Oin as follows,

fl(ti:nlti:n > 5[:71) = ' 6(:71 St < T, (10)

- (k+1)

F(ti:nlti:n g Si:n)

1+t %)k
_(___.__E_T_l__)_._:' '51':71 S tin <7y, (1 1y

Fl(ti:nlti:n > 5(:71) =1~ [

(1 + 6i:na)-k
-k
a\ B
= : (1+(ti:n"71 +T1'8) \’ ]
Fz(ti:niti:n > 6(’:71)‘: 1—1= 2 . T = 51’:71 = ti:n < o,

A
<1+(6i:n—Tl+T1'B) >

The likelihood function of the Burr XI1 distribution vai EM- algorithm as follows,

n-r

N
( ) 1+<t(:n“f1+115>
n! N kat;. a“](].;.t.: (1)— k+1
Ls(tinltin > 6) = " [ in . .

(=T (g0 T
1+<6[m~tl+r]ﬁ)
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3. If 1< N, <r-1,the likelihood function becomes

N
, n ol . ;
l(f,k}[): 1 Hgl([/n) Hg ([ur) G ([IH)]“
(}’/“]”). =1 ] 1\ +1
n' a Fi ~kin-r} a Bt
=—\l+|t, 7 +7] nkaf“' (1415)™ s Hkﬂ ~7, +7f
(’7_r)! =N+
ﬂw—(ull
a
| 1+ fr/z - Tf + Tﬂ ‘ : fl:u <"‘<f1\":/ <Tl "[:\ +hn \"'<,I‘JI <. (8)

p

Then, the log-likelihood function may be written as,

}’I! N NI
£= logz—-——)—' + N, log(ka) +(a -1 )ilogtm = (k+1 )Zbg(l +12)+ N, log(kB)
r): E =]

n_.
¥ « r a £
(-1 D logt, -7 +1f —(k+1) Y log 141, 7 +7f
1=Nl+| y 1=Nl+l
a)\f
—k(n=r)logl1+| 1, ~t,+7f | | 9

Then, we obtain the estimators of «, £ and k by differentiating Eq. (9) with respect to

a, B and k respectively and equating to zero. The results from the differential system of

ncil ',.mr equ"“nm it vVl” be difficuii to solve. Therefore we use the MATLARB progmnt

3

to solve the nonlmear equations simultaneously to obtam a, /3 and k, see table (1 -a).

4 EM-Algorithm under Cumulative Exposure Model

in this section, EM-algorithm is broadly applicable approach to the iterative
computation of maximum Likelihood estimates (MLE). On each iteration of the EM
algorithm, there are two steps- called the Expectation step or the E-step and the
maximization step or the M-step. Therefore, the algorithm is called the EM algorithm. The

basic idea of the EM-algorithm is associate with the given incomplete-data, a

T
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Based on the type-II censored, we have » identical units under an initial stress level s,.
The stress level is changed to s, at time 7,, and the life-testing experiment is terminated
as soon as the »" failure occurs, where r and 0 <7, < are fixed in advance. Under

the assumption of the cumulative exposure model, we have derived the corresponding

cumulative exposuré distribution G(t) and probability exposure density function g(¢).

Let us now.denote,

N, = Number of units that fail before time 7, at stress level s,.

« IV, = Number of units that fail after time 1, at stress level s, .

With these notation, we will observe the following ordered observations.

( II:n < [2:r1 Sans INl:n S Tl < INI+I:n < I:Vl+2:n < s [r:n )a (4 )

where, r=N,+ N, and r is the vector of observed Type-lI censored data.

3 Maximum Likelihood Estimation under Cumulative Exposure Model
From the cumulative exposure distribution function (2) and the probabll ity distribution

ﬂmchou (3), we obtain the likelihood function of ¢ and 07 basef‘ onithe “V,Je~il h&"@:‘id

censored sample as follows,
n L .
Lic k|t)= —— L) =G, )" O<..<t, <7, <..<¢f <oc0o (5
( I | ) (7’1"}”)![1,’:1[8(“1):} (IN)] IV!,N | rn ( )
I. If Ny=r and N, =0, the likelihood function becomes
nl . -
LC’,/{ 1)y=-———mo L) 1 ¥ G [lll " 0<’n<"'<[r'n<f < oo, 6)
( ' | ) (n__],)!{];[gl( : ):l ( )] 1 . | ( /

2. If N, =0 and N, =r, the likelihood function becomes
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¢,k The shape parameters of the Burr type X1i distribution.
fltinltin > 6:n)  The pdf of Burr X1 distribution via EM- algorithm.
Ftinltim > 6in) Thecdfof Burr X11 distribution via EM- algorithm,
o0, ém) The expectation of Logarithm ot'likeihood function via EM- algorithm.
L(.) Likelihood function.

logl(.) Logarithm of likethood function.

Ls, Likelihood function via EM- algorithm.

log Ls, Logarithm of likeihood function via EM- algorithm.

tim > Oin tin denotes censored type 11 data at &;.,,.

F Fisher information matrix.

MSE  Mean square error.

ARBias Absolute relative bias,

RE Relative error,

2.2 Assumptions to obtain the Cumulative Exposure Model

Suppose that the data come from Burr.type X1l distribution under a cumulative
exposure model, and we consider a simple step-stress model based on type-1l censored
with two stress level s, and s, . The probability density function and cumulative

distribution function for Burr type X11 distribution are given by, respectively
filt;c) = et A + )~ *H D)t >0 ke, >0 i =1,2

and Fi(tic)=1=@Q+tDk t>0 k>0 =12 (1)
The cumulative exposure distribution (CED) G(¢) and nobablllty exposure density

(PED) function G(1), 1espect|vely,

G()=1-(+11)* L0sr<r,

«

G(t) =

v
—~
[N
~—

G,() =1~ 1+|t—1,+7 , Ty ST <o,
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Louis (1982) finding the observed information matrix by using the EM- algorithm. Milier
(1983) present optimum simple step-stress plans for accelerated life testing, and Bai (1989)
present optimum simple step-stress accelerated life tests With Censoring. Balakrishnan
[1996) aevelopcd a byes model for step-stress accelerated life testing. Xiong (1998)
studied inference on simple step-stress model with type-11 censored exponential data.
Watkins (2001) studies the inference in simple step-stress models. Balakrishnan (2004)
studied the EM-algorithm for type-Il right censored bivariate normal data. Park (2004)
studied optimal design of strep-stress degradation tests in the case of destructive
measurement. Balakrishnan (2007) studied point and interval estimation for a simple
step-stress model with type-1l censoring. Al-Masri (2009) studied optimum times for
step-stress cumulative exposure medel using Log-Logisiic distribution with knowvn s-.:alé
parameter. Jalali (2009) considered three related aspects of maximum likelihood
estimation of parameters in the two parameter Burr X1l distribution. Wang (2010) studied
the estimation for Burr XII parameters with multiple censored data by using EM-

algorithm.

2 Model Description

2.1 Notation

ALT - Acceerated Life Testing.

SST Step Stess Testing.

Sp,S1 - Stress levels.

G(t) ( Cumulative exposure distribution (CED) function.

g(t) | Probability exposure density (PED) function.

n Identical units under an initial stress level sg.

r<n and 0 <71, <71, < are fixed in advance.

tim < tam <...< tp, The ordered failure times of the n unit under test,

Ty A fixed time before which the stress level is changed from s; to s;.
trm The time when the 7™ failure occurs the experiment is terminated.
Ny Number of units that fail before time 7, at stress level s,

N, Number of units that fail before time 7, at stress level s,.
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Distribution based on Cumulative Exposure Model

Ahd-Elfattah, A. M. 1 Essawy, A. 2 and Mubarak. Sh. 3

Abstract: Inthis article, we consider the estimation problem for a simple step-stress model
under type Il censoring data from Burr type XII distribution. We use the maximum
likelihood method and EM algorithm method to obtain the estimators of the unknown
parameters with réspect to a cumulative exposure model. In addition, asymptotic variance
and covariance matrix of the estimators are given. The performance of the findings in the

paper is showed by demonstrating some numerical illustration through Monte Carlo

T — s . - HE twatn oll tiha mantic A
simuataan Finalhy we sievent canmples o fliusiroe 21 the methods o

Keywords: Burr XII distribution; Cumulative exposure model; EM algorithm; Fisher

information matrix; Type-II censoring data; Maximum likelihood estimatation,

1 Introduction

Inreliability and life-testing experiments, the researcher is often interested in the effects
of extreme or varying stress factors such a temperature, voltage, and load on.the |ifetimes
of experimental units. Step-stress testing (SST), which is a special class of accelerated
life-testing (ALT), allows the experimenter to increase the stress levels at fixed times
during the experiment in order to obtain information on the parameters of the life
distribution more quickly than under normal operating conditions. Dempster (1977)
considered the maximum likelihood from incomplete data via EM- algoritﬁm. McCool
(1980) studied the Confidence limits for Weibull regression with censored data. Nelson

(1980) studies accelerated life testing step stress model and data analysis.
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