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On Distributions of Generalized Order Statistics from Kumaraswamy
Distribution in Closed Forms

Samir K. Safi’ Rehab H. Al Sheikh Ahmed?

Abstract

The Kumaraswamy distribution which introduced by Poondi Kumaraswamy (1980) is similar
to the Beta distribution but has the key advantage of a closed-form cumulative distribution
function. With its two non-negative shape parameters p and g, it was originally conceived to
model hydrological phenomena, (See for'example Mitnik, 2008). In this paper, we study some
distributions of generalized order statistics on Kumaraswamy distribution. We have derived
the joint probability density functions for generalized order statistics from Kumaraswamy
distribution in closed-forms. In addition, the pdyf of the conditional distribution for generalized
order statistics from Kumaraswamy distribution is obtained. Furthermore, some special cases
have been discussed.

Keywords: Kumaraswamy Distribution, Generalized Order Statistics, Random Variables,
Conditional Distribution.

1. Introduction

Kumaraswamy (1980) was a leading Indian engineer and hydrologist, he
introduced the distribution for variables that are lower and upper bounded.
The Kumaraswamy distribution is a continuous probability distribution with
double-bounded support, defined on the interval[%al]differing in the values of

their two non-negative shape pérametersp and 4. It is similar to the Beta

distribution but has the key advantage of a closed form cumulative
distribution function, Carrasco (2010).
The probability density function of the Kumaraswamy distribution is

. 1 z—c Y™ z-cY . s
fz(z)=(b-c)pq(b—c) 1—(b——c) ,c <z <b, (1.1)

with shape parameters P >0 and ¢ >0, and boundary parameters ¢ and b. The

standard form of the Kumaraswamy density function(C =0,b =1), kumn (P»q) is

given by : . S
7y (spsa)=pa (s ) (1-x?)" (1.2)

The closed form of the cumulative distribution function of the Kumaraswamy
distribution is given by '

F(x;p,q)==1~(1—x”>q | (1.3)
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The median of the Kumaraswamy distribution can be written as
md(x):(l—().Si )%.
The expectation of the kum (P»Q) is
E(x) :qF(lJr[',—)F(q)
I(1+g+1)
Where, B (1+—,‘;,q) is Beta distribution with parameters 1++ and g

an(is10)

The variance of the kum (PJ]) is

Var(x)=qr(1+%)r(q) - qF(1+%)F(q) 2. |
C(1+q+2) (1+q+2)

2

“08(1+a) " 2 (1+40)

Relations between the Kumaraswamy Distribution and other Distributions
We derived some relations between the kum (P#]) and other distributions.

For any non-negative shape parameters Pand 9 (7 >0 and ¢>0), we have

derived the following propositions
l. X OBeta(l,g) X O kum(L,q)-

X D Beta(p,) © X .0 kum(p,1):

Y =x"thenY O Beta(l,g) < X Okum (p,q).
X0 Beta(l,q)thenX% 0 kum (p,q).

X 0U (0,1} X O kum (1,1)-

O 0 N

2. Joint Distribution of all Generalized Order Statistics

Definition 2.1 If the random variables U (1,n,1,k ),U (2,n,0,k ),..,U (n,n,1m,k ) possess
a joint density function of the form

i = n-i n-1 )
f U (10,07 K Yool (00,071, ) (ll‘ Ayl ): k [H 7, )[H (1 —u, )m, j}(l —u, )A -1 ] on the Sone
=l i=1

0<u, <..<u, <l of 0",then they are called Uniform Generalized Order Statistics.

n-l

Note that My, My ,.om, €R,K 2LneN,0<u, <u, <..Su, LM, =ij are

J=r
parameters which satisfy 7, =k +n—r+M, 21 for all values of ref{l,2,...,n -1},
i =(my,my,..om, ). (Kamps, U.,1995)

Definition 2.2 The random variables X (v, k)=F" (U (r,n,n"z,k)) are called
generalized order statistics (based on F), which have a joint density function of the form
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k-1

, T n-l n-l "
_f““'“"”“’“" (o ‘”(xl,...,x”)=k( ] yj][ﬂ(l~F(x,)) / (x,)}(l«F(.\'n)) 7 (),

i i=1

F0)<X,€X, £..2X, < F(1). (Kamps, U. ,1995)

Special Case (The joint pdf of all the ordinary order statistics)
In Definition 2.2, if k =1 and m, =m, =..=m, =2¢€10, then

11

f,\’ (l',n,O,l),,,.,,\’ (n,n,O,l) (Xl,.-.,xn [ﬁ 7/j }\:]':_I(l - F(xi ))Of (xi )}(1 - F(x n ))1“f (x n ) .
j=1 i=]
Jj=l ”

i=l r=j

n-l n-l
Thenlinyj}:n(l+n —j)=(+n-1)(1+n —2)(1+n ~3).(I+n=-n +1).
j=l

f=l
=n(n-1)(n-2)..43.2.1=n!.
Therefore, f X (1,0,0,1)oX (1,1.01) (xl,...,x“)z n!Hf (x,), which is the well known pdf of all
i=]

ordinary order statistics.

Theorem 2.3  The joint pdf of X (Ln,git,k )y X (n,m,,k) for Kumaraswamy

distribution is
X k)X {10 k) i
£ (x,,...,x,,)—

kﬁ?’jﬁ[(’(l“x;p )q )”" pqxip—l (l‘xip)Q’l:l((l_xnp)‘?) pqxnp—l (l_xnp )‘M
=l

=l
We discuss some special cases in Corollary 2.4.

Corollary 2.4
1. Let p =g =1, then

- . - n-} n-1 §
fX(l,n,m,k),..,,/\ (n,n,m,k) (x“‘”,x" )=kﬂyj \:H(l —x, )m, }(1 _x, )I\ -1 .
=l i1

2. Let p =1, then
X (1,0 300k Y X (0001 .k _
f (L0201 K Yy {1100 )(..,C],_._,x")w

n-1 n-l m, » b~ ~
kuyj[rl[((l—x,)q) g(t-x,Y l]((l—x")"\) lq(1~x,,)q '
J= i=
3. Let ¢ =1, then
fX(l,n,n’x,k),...,X(n,n,n':,k) (x,,...,x,, ):kﬁ}/j [ﬁ(lﬂxi,)}m, px"pn,](l_x"p )k-—lp x”p_} .
j=l i=l

3. Joint Distribution of Twe Generalized Order Statistics
Definition 3.1 The joint pdf of i"and ;" generalized order statistics, X (i,n,7,k) and

X (j Jm,hk )g is given by
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. N CJ m
/r./,n,n'z‘k (X”xf) (1*1)( _Iﬁl)'[l—F/x,)] [1 F X }:l [gm “/ ] %

[g,,,F(.xj)—g,,,F(x,)]j " lf (x, )/ (xj),for O<x, <x,<w,l<i<j<n,

where, ¢, = n)/j v, =k +(n—j)(m+1) and
J=l

l i+

1-(1- 1
g,”(X): 177-}-1[ ( x) ],771#—‘ 1 .
..ll'l(l'“x) SN :_l’x G(O,l)

. ml s o 1 41
Since lim —— [ ~(1-x) ]- ~In(1-x), we shall write g, (x)= = +1[1 -(1-x) ]

forall x € (0,1) and for all m with g, (x ) = linglgm (x ) . (Garg, M ., 2009)

Special Case (The joint pdf of two ordinary order statistics)
In Definition (3.1) ,if k =1 and m =0, then

Livon (x,. X ) = 0 _1)!(6;_1. _])![1~F(xj )]'r/‘—l [gm (F(x, ))]i-l x
[g‘m (F(xj))ug'" (F(xi))]j—'—f(xi)f (xj)'
& (F(:) == [1=(-F ()" = F(5,), 8, (F (5, ) = F (5, )

0+1
p=n-r+1.c, =T, =[]t -2)] [ -] f’j)l.
Then

f],j,n,(),l (xi >xj):(. C{' ; )![I“F(xj )]”—j [F(‘xi )]H %

i —1)!(] —i=1

[P () =P O] 6 (),

which is the well known joint pdf of two ordinary order statistics x, andx , .

Theorem 3.2 The joint pdf of X (l,n,lﬁ,k)and X (n,n,n?,k) for Kumaraswamy

distribution is

fl’"'"”f”k (x“x ) (I’l~— )[1 i ]mq [1- n ]‘l’wqx
n-2

[ 1 ((1_ )qm+q —(I—X,,P )qm+q )} (pq)z (xlxn )g~1 [(1 ——xlp)(l~x"” )]q»l

m+1
Some special cases are obtained in Corollary 3.3.

Corollary 3.3
1. Let p =q =1, then

k " n : m+ : m+ "
fm’""ﬁ’k(xpx”):m[lmx'] [1=x 1 {m+1<(1_‘) = (1-x,) 1)} '
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2. Let p =1, then

k” iy £
B e e ML e P

gz[(l-—xl)(1~xn)]q_) ‘

3. Let g =1, then
fln M0tk (X],X")=

n-2
e N R (T R (SO | WL

4. Distribution of Single Generalized Order Statistic

n-2
gin+q qin+g
((l—- ) - —~x”) )} X

m+1

Definition 4.1 Further integrating out x,,...,x, ,,Xx,,,,....x, from Definition 2.2, we get the

pdf /', s Of X (r,n,m, k) as
f/ nml.(x 1)‘[1 F('X _]gmr_l(F(xr))f (xr)

Where, ¢, ZHVJ 0, =k+(n—r)(m+1)and g, (x)= = +1[ ~(1-x )"'”]

741
for all xe(0,1) and for all m with g_, (x ) = lim g, (x). (Garg, M. ,2009)

Special Case (The pdf of the single ordinary order statisticx, )

Using Definition 4.1, if k=1 and m=0, then y, =n-j +1 =c, —Hn j +1~( )'
n—r

J=1

g (F(x)=[1-(1-F (=) |=F(x,) = g (F(x,) );[F(xr)]"“’_

Srmoa ()= r—)'—(—-“—[l -F(x,) ]” ’ [:F (x, ):l & f(x,), which is the well known pdf of
‘ n-r)r :

the single ordinary order statisticx., .

Lemma 4.2 The pdf of the minimum generalized order statistic is

Foman @)=k +(n=1)(m +D][1=F ()] 1 (x)) (4.1)

Proof:
Using Definition 4.1, let 7 =1, then ¢, =y, =k +(n-1)(m +1), we get (4.1) and that

completes the proof,

Corollary 4.3 (The pdf of the minimum ordinary order statistic )
Using (4.1), let &£ =1 and m =0 then,f,, (x =n [1 F ]" " f , Which is the well

known pdf of the minimum ordinary order statistic x, .
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 Lemma 4.4 The pdf of the maximum generalized order statistic is
[k (n=1)(m +1)][k +(n—2)(m H)]w[k][l»F(x" )]k—l y

S i (x) (n ~1)! ,,
( ! [1~(1—F(x,,))m“D J(x) (4.2)

m+1
Proof:

Using Definition (4.1), let r =n, then g, (F(x,)) = 1+ 1 [1 ~(1-F(x, )\)m”] .7, =k
m

c, =I"_Ik +(n ~J )(m +1) =|:k +(n —1)(772 -I-])]{k +(n ~2)(m +1)]‘..{k ] , we get (4.2) and
j=1
that completes the proof.

Cor ollary 4.5 (The pdf of the maximum or: dmaxy order statlstlc)
Using (4.2), let k =1 and m =0, then f, ., (x)=n[F(x, (x,)]" Uy (x,), which is the well

known pdf of the maximum ordinary order statisticx , .

Lemma 4.6  The pdf of the median generalized order statistic is

L ) [k +(n-1)(m +1)][/€ +(n;! 2)(m +1)]...[k +1 (m +l)]

por ] (05 ) ) 1)
Proof:

Using Definition (4.1), based on median property, let r—l=t,n—r=t,andn=2¢ +1,

theny, =k +¢(m +1), g, (F (J‘c‘))=( - 1[1~(1—F(x ))"MDI )

m+
c, = [k +(n-1)(m +1)][k +(n-2)(m +1)]...[k +t (m +1)] , we get (43) and that

completes the proof.

(4.3)

Corollary 4.7 (The pdf of the median ordinary order statistic)
Using (4.3), k =1 and m =0, then

foor (F) [l+(n——1)][l+(n 2)]..[1+1] [ R () ](F(x )f(x

(2t +1)!

r')

[1 -F (x ] ) (F(F ))’ f (%), which is the pdf of the median ordinary

order statistic.

Lemma 4.8  The pdf of the rth generalized order statistic for Kumaraswamy distribution is

c, » Yr._‘l 1 o g(m+1) rl p- -1
f,",,,,-,’k (x)zm[(l—xr )q:l [’11+1(1—<1—)~), ) ):l pq(xr) l(]—-xr!’)‘l
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Some special cases are obtained in Corollary 4.9.

Corollary 4.9
1. Let p =q =1, then

N ) el 1T A \
fw,k(A)_("_l)![(lﬂ,,.)] L [I*(l—x,) ]}

m+1

2. Let p =1, then

Y (x)= '(_,ﬂf:_r—l“)T[(l Xy )q ]n—l (ml.{-l _1—((1—3( r)q )MHDM q (1;*\” r)q—‘ :

3. Let ¢ =1, then
r 1 " mn+ -
fr’""ﬁ’k (x):(rc;':l)![(l_xrp)]r ’(’n +1_1*‘(1“‘x,,/7) I:D p(xr)p l.

Lemma 4.10 The pdf of the minimum generalized order statistic for Kumaraswamy
distribution is : '

Sinix (x)=k +(n=1)(m + 1)(1 -x/ )q[k e pgxt (1 —x,” )q“l 4.5)
Proof: ;
1 :
Using Definition (4.1), let r =1, thenc, =] |7 ,n =k + (n=1)(m +1), we get (4.5) and
Jel

that completes the proof.

We discuss some special cases in Corollary 4.11.

Corollary 4.11
| et p—g=1then i,y (x) =k +(z=1)(m +)[(1-2,)] "

2. Let p=1thenf,,;, (x)=k +(n~1)(m +1)[(1—x1)q ]“(n_l)(mﬂ)q g(1-x,)"".

3, Letg=1thenf,, ;. (x)=k +(n=1)(m +1)[(1—~x1” )]“("—l)('"“)" » (xl)zﬂ .

)-1

~ Lemma 4.12 The pdf of the maximum generalized order statistic for Kumaraswamy
- distribution is :

S )= [k +(n~1)(m +l)]([;1k_+l§;1 —2)(m + 1)]...[k][(1_x"p )q]

(o)) pate ey

k-1

(4.6)

m +1
Proof:

Using Definition (4.1), let r =n,then ¢, =] [y, .7, =k + (n=j)m+1), 7, =k.

J=l
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¢, =[k +(n=1)(m +1)][ k +(n =2)(m +1)]..[k], and

gy (F(x,))=—

m+1
Some special cases are obtained in Corollary 4.13.

[1 —(1 -F (x,, ))m+l jl , we get (4.6) and that completes the proof.

Corollary 4.13
1. Let p =g =1, then

oo ()= [k +(n-1)(m +1)](E7/c—-:)(!n —2)(m +1)]...[k]

G
2. Let‘ p =1, then
Fowns (x)= [k +(n-1)(m +1)](E7k~4;§!n -2)(m +1)]...{k ][(l—xn )q ]k_, o

('nll[l"((“x")q)WD g(1-x,)".

3. Letg=1,then

e D L

( 1 [1-(1_)6"::)"'*'})"" b

m+1

X

Lemma 4.14 The pdf of the median generalized order statistic for Kumaraswamy

distribution is : .
& [k +(n-1)(m +1)][k +(n-2)(m +1)]...[k +1 (m +1):l
f:+l,n,tﬁ,k (X ) = . 11

[(1 _° )q ]kﬂ("ﬁ'l)‘l ( 1 [1 - ( (1-5* )q )mﬂ Dt o) i )q_l

m+1

Proof: : ] ,
Using Definition (4.1), based on median property, let r —1=¢,n—r =f,and n =2¢ +1, then

c, =[k+(n-1)(m+1) ][k +(n -2)(m +1)]..[k +1 (m +1)]
1

¥, =k +(n-r)(m+1)=k +t(m+1),and g,' [ F(¥)] =(-’%—;——1—[1—(1~—F(x ))"'HD’ , we

X

(4.7)

get (4.7) and that completes the proof, -

Some special cases are obtained in Corollary 4.15.
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Corollary 4.15
1. Let p=g =1, then

o ()= [k +(n—-1)(m +1 ][k + nt—v! Wm +l)]..[k +1 (m +1)]

[0-07" (1= (0-0)]).

2. Let p=1,then

PN T k[ ) ST CRDIUARY) LAl URD)

1!

[(1»?)"]“'("’“)4(”7H[ ~((-5Y )"'“D’q(l-f)"“

3. Letg=1,then

f/+|,n,n7,k (f) = [k +(7’l _1)(”1 +1):H:k +(i’l{"!2)(m +1)][k +1 (m +1)]

X

X

5. Conditional Distribution of Generalized Order Statistics

Theorem 5.1 (Samuel, 2005)
Let X,,...X, be a random sample from a continuous population with cdf F (x) and pdf

f(x). Let X (Ln,i,k),X (2,n,m,k),...X (n,n,m,k) denote the generalized order
statistics obtained from this sample. Then the conditional distribution of
X(s,n,n”z,k)lX (r,n,i,k)=x forr<s 'X (r,n,m,k)=xforr<s is
h(X(s 1,1 k)lX (r,n, i k))=
m - s—r—l

e, [1-F ()] [1-F(»)]" " [8a (F g2 FEN 1

¢, (s—r-1 .[I—F( ]
F(0)<x <y <F™'(1)
Notes

c, -Hy, L7, =k +(n—j)(m+1) and g, (x) = ml+1[—-(1~x)'"“]forallxE(O,l)

3

and for all m with g_; (x ) = lim g, (x ) .

Special Case (Conditional distribution of an ordinary order statistics)
Using Theorem (5.1), if £ =1 and m =0, then h(X (s,n,O,l)lX (r,n,O,l)) =

L
|
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IVI F ] Ll“ ]}(_] [go (F( ))"go (F(x))]‘-"~ f()’)cs ,x(r,n,O,l)Sy(s,l7,0,1)<00
[1» ] s—l —1)
et r)s  tas)e s ) mner () ().

go(F(x))=F(x).c,=n(n-1)(n-2)..(1+n-s) :m, a’nd

:Then

¢, =n(n=-)(n-2)..(1+n-r)=

(n - ) ‘ |
n=s §—p=]
[-F)] T [(FO)-(FE)] 7 )n-r)
[1—F(x)]n'(n—s (s —r =1)! '
Which is the well known conditional distribution of an ordinary order statistics X (s,n,0,1) |

X(r,n,O,l).

X (1 1,0, 1))

h(X (s n,0, 1)

Theorem 5.2 The conditional pdf of X (s,n,m,k (A (i n,m,k )=x for Kumaraswamy

distribution is
(X (s n, sk |X (l n,m k))
s=r=]

. q(m 7:+1) 1 _.p g{m+1) (1P g(n+l) }]
s-—r~1 [l ] [m+1[(1 . ) (1 2 ) .
[—w”T“ pa() 1=y ) F(0)<x <y <F ()

Some special cases are derived in Corollary 5.3.

Corollary 5.3
L. Let p =q =1, then

h (A’ (.s‘,n,lﬁ,k)')(" (r,n,m,k )) =

it
Cy (m=y, +1) {m+1) (mi11) (7,::1)
i R 5 -
c,(.s'-r——1)![ 'X] [l?’l'ﬂ'l[(] ) ( J) ]j [ y]

2. Let p =1, then
| (X (s,n,0,k )| X (r,n,0,k)) =
C, q{m -y, +1) 1 q(m+1) q(m+1)
s 1=y et
¢, (s—r=1)! [ ] [m +1[( %) -(1=r) H
3. Let g =1, then
(X (s,n,0,K )| X (r,n,00,k )) =

; w-r[ 1 we1) ]
_—————__Cr(sil'—l)![lmxp:l i 1[: li(]—«,xp)( 1_(1..3;17) ]}:l [1 y ] p(y

m+1

s—r=1

[1-yT" Mg (1-y2)"
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6. Conclusion and Future Research

In this paper, we have derived the joint pdfs of generalized order statistics for
different cases from Kumaraswamy distribution in closed-forms. In addition,
the pdf of the conditional distribution of generalized order statistics from
Kumaraswamy distribution is given. Furthermore, some special cases have
been discussed. ‘

Many opportunities of future research are available. The plan for the future
research on generalized order Statistics from Kumaraswamy distribution can
be split into two main areas. Estimation and hypothesis testing of
Kumaraswamy parameters based on generalized order statistics.
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Estimation of the Bivariate Generalized Linear Failure
Rate Distribution parameters under Random Censoring

Hanan M. Aly" and Hiba Z. Muhammed'

Abstract

Recently a new distribution, named a bivariate generalized linear failure
rate distribution has been introduced by Sarhan et al. (2011). In this paper, we
obtained the moment generating function for the bivariate generalized linear
failure rate distribution and the maximum likelihood estimates for the unknown
parameters of this distribution and their approximate variance- covariance matrix
in case of left random censoring. A numerical example is carried out to discuss
the properties of the estimators.

Keywords: Maximum Likelihood estimators, random censoring, generalized
linear failure rate distribution, bivariate generalized linear failure rate distribution,
moment generating function.

1. Introduction

In analyzing lifetime data, one often uses the exponential, Rayleigh, linear
failure rate or generalized exponential distributions. It is well known that the
exponential distribution can has constant hazard function whereas Rayleigh, linear
failure rate and the generalized exponential distribution can have monotone
(increasing in the case of Rayleigh or linear failure rate and increasing /
decreasing in case of the generalized exponential distribution) hazard functions.
Unfortunately, in practice often one needs to consider non-monotonic functions
such as bathtub shaped hazard function. Recently Sarhan and Kundu (2009)
presented a new distribution; called the generalized linear failure rate distribution
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(GLFR) which may has bathtub shaped hazard function. The GLFR has a cdf in
the form :

~(ferLs?)
Fomua, foy)y=[1-e 7 1, x>0, a>0,8>0,y>0.

Its corresponding pdf has the form

(i) ~(perlaty
fGl,FR(x;a’ﬂaY):a(ﬂ+W)e 2 l-e 2017, x>0,
Several properties of this distribution were established by the authors. They
observed that several known distributions like the exponential, the Rayleigh and
the linear failure rate distribution distributions can be obtained as special cases of
the GLFR distribution.

Recently, Sarhan et al. (2011) introduced a new bivariate generalized
linear failure rate (BGLFR) distribution, whose marginals were GLFR
distribution. This new five parameters BGLFR distribution was obtained using a
method similar to that used to obtain the Marshall — Olkin bivariate exponential
model [Marshall and Olkin (1967)]. The proposed BGLFR was constructed from
three independent GLFR distributions using a maximization process. This new
distribution is a singular distribution, and it can be used quit conveniently if there
are ties in the data. They provided the following two interpretations for the
BGLFR model

Competing risks model: Assume a system has two components, labeled | and 2,
and the survival time of component / is denoted by X,,i=12. Itis considered
that there are three independent causes of failures, which may affect the system.
Only component 1 can fail due to cause 1, and similarly only component 2 can fail
due to cause 2, while both the components fail at the same time due to cause 3.
Let U, be the lifetime of causei, i=1,2,3. If U,U,and U, follow a GLFR

distribution, then (X, X,) follow the BGLFR model.

Shock model: Suppose there are three independent sources of shocks; say 1, 2
and 3. Suppose these shocks are affecting a system with two components, say 1
and 2. Tt is assumed that the shock from source 1 reaches the system and destroys
component 1 immediately, the shock from source 2 reaches the system and
destroys component 1 immediately, while if the shock from source 3 hits the

system it destroys both components immediately. Let U, denote the inter-interval
times, between the shocks in source/, i =1,2,3, which follow the distribution
GLFR. If X, X,denote the survival times of the components, then
(X,,X,) follows the BGLFR model. Sarhan et al. (2011) discussed several

e e
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properties of this distribution, and used the EM algorithm to compute the
maximum likelihood estimators of the unknown parameters in the case of
complete sampling. '

Random censored data arises often in clinical trails Patients may enter the
study in a more or less random fashion, according to their time of diagnosis. 1f the
study is terminated some prearranged date, then censoring times, that is the
~lengths of time from an individual's entry into the study until the termination of
the study, are random. This type of censoring will be the main censoring
mechanism. It occurs when the censoring time varies from individual to individual
and is unknown in advance.

The data are left censored when some job durations are incomplete at the
beginning of the job spells and are observed. For example, in the study of
epidemics, such as AIDS, the time of onset of infection is typically unknown.
What is known is the time at which the patient reports to the doctor. Hence the
time from infection to the development of the disease is left censored.

This Paper is concerned with the moment generating function for the
BGLFR distribution that provided in section 3. The maximum likelihood
estimation, estimated variance-covariance matrix and asymptotic confidence
intervals for BGLFR distribution under random left censoring are provided in
Section 4. In Section 5, we introduce a numerical example to illustrate the results.
Finally we conclude the paper in Section 6.

9. The Bivariate Generalized Linear Failure Rate Distribution

Sarhan et al. (2011) defined the BGLFR distribution as follows: Suppose
U,,U,andU, are three independent random variables such that U, ~ GLFR

(a,,f,y) fori =1, 2and3, Define X, = max(U,,U,) and X, = max(U,,U;), then
it is said that the bivariate vector (X,,X,) has BGLFR distribution with
parameters (a,,,, %, 5,7), denoted by BGLFR(¢,,¢x,, a5, B,7) . Then, the joint
cdf of (X, X,) is given as follows

3
Foorm (%1, %,) = HFGLFR(xi;aIMB’ 7)
i=l

where x; =min(x,,x,), &; =0 +0;, Gy = Q) + & and o, =, +a, +,.

The joint cdf of (X, X,) can be written as




h 2625 D

Fi(x,x,) if 0<x <x, <o
Foum (X, %,) = (%) if 0<x, <x <o

F,(x) if 0<x =x,=x<c0

where

Fi(x,x,) = Fonm (X045, B57) Figy (%2505, 5,7)

~( B+ Ly ~(pry+Lxd)
SRR L PR

Fy(x0,%,) = Fopn (23005 8, 7) T (%2300, B, 7)

~( fx, +Lx?

Sl—e TV e
Fy(x) = Fop (%0153, 55 7)

N
-(/1\+2x )]am

Then, joint pdf of (X,,X,) is given as

Y 2
~( B tox
(A 2 2)]C"z.\

’

=[l-e

fl(xnxz) if 0<X,<x2<oo’
fBGLFR(xI’xz): fz(xpxz) if 0<x,<x <»

(%) if 0<x =x,=x<o,

where

F1(x5%0) = Foer (%1303, 585 7) Jorr (%2504, B,7)

(B +§xﬁ)e—<ﬁx2+-§x§)

= aisaz(ﬂ+ B+ m,)e
~(By+Eady Ly
[lﬁe 2 ]“u ‘[1*6 2 jaz l,
Li(xx,) = Jouw(xi00:8,7) Jorrr (2303, B57)
(B +Lad) ~(Brrlady
=,y (B B+ 1y)e 2 e 2
¥ 7
[1 o e‘(ﬁxl "3«\’12) ]0(|-l [1 _ e“(ﬁ“z*"z‘x%)]an_l :
~(pe+la?) ~(perlaty
and f,(x)=a;(B+m)e P [l—e 2 ] L

@2.1)

(2.2)

The marginals of both X, and X, have GLFR (3, 3,7 ) and GLFR (&,;, 5,7 ),

respectively. ‘
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3. The Moment Generating Function for BGLFR Distribution

In this section, we derive the joint moment generating function for the
BGLFR distribution. We then obtain the joint moment of (X, X,)and the

marginal moments of X, and X, respectively. The moment generating
function for the BGLFR distribution is given by:

LR R 7’(’ +1) - z
M(l‘],f) azan;; /([( +1)(]+]){ 2y [l v(l)( )

Yirs 2. . ;
Z{D57 D+ ()] LU y(J J +1),-
e’ }ofe ? 2[ U ;(,)< )]

§l2(l+l>sf(i>+(1~i>s§(f./)]

e Lty b, =t (D3
4 e 2 42t
e > 173 ] “’H(z)}]
Ligsnyst(y(+Ds3 () .
1 el y(i+1).— . .
+ o(m, k.rit,;8.(0),s
[ 27/(i+1) [ 5 ] ( 2 1() 2(]))])
t, yi+).5 1
+a,o .([ (l-2[——]1*T, (=)
? "Zg;, ! 1)(1 +1) 2y 2 50U 2o
Hsnsd (st . Luaso 1) 1
el yole 2 +_1_[Z’_Q_,l] 2T, ()]
La34)sH N+ -DTED)
e? Lo-nstan  t —t i
M Al (U her
G+ -10) 2 n-2
Ziie)ys? (0] |
L, e? y(i+ D~ . .
-2 o(mk, v, (), 8,0
L X [ - 12 ( 135, ()51 (DD
—(:+1>u(;) y
»~(f+l>s4(f) t +1 i+1 [
+0‘ka ey [7(2 )] : l"z(,)(~—)] i<

3.0

where &, = (=)™ () 0, () Ky = (DT au @), K = (=D e (),
(a-D(ax-2)..(x~10) l(i)=ﬁ t z(J)“ﬁ“ t,

a(i) = . » i) ="
ﬂ y(i+1)’ 7 y(+D’
5 zéﬁt _“E______._ ﬁ t +t
S5 (1, 1) » W}’(j—‘)’ EAUY)) v 7= ) sq()= y 7/(]+1)
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Ti(@)= [t ¢dr,  and
4]

1
[”H;] k mak—r N\ 2(m—k)+1 o\ k=
. . g ~1 s (i S
(m, ke, rty58,(0),8, () = Z Z Z (1) (s,( ))_1 (s,(J)
m=0 k=0 r=0 2 (m +5) m!

|

m+— 1k P+ 1) r+2
27| L, (2
I } 2 )

o 7(J+) r+1
j+l 2] \m( )}

It easily to obtain different moments of X, and X, as follows:

- The joint moment of X, and X, is given as:

B, 2E Oy A, ¢ty c;
E(X,, X,)=(5)'T, ( ‘
( ) (7) ()[;;[ DD

{[”‘”’erﬂ () r, (] +a32

(+1)
+<["> & yir 2 M= “’C”W”f‘
= (i+1)(j+l)E
.{r HOR G+1) r,,z( )]+2a32 o =1
“(+1)?

+a3( )2

()Z(H)

(ﬁ)( ) [ZZ[aw &, C; + QY O c,j]

i=0 j=0

()2

ITeox FICAARICANEN

2 +1
(i+1)? @+h
R -g—f’-)( +j4) . Ly ivjny
where ¢; =(=D™a;(i) @,(j)e” ’ s ¢y = (=DM ay (i) o, (j)e* 7 :
Ly
¢, =(=D'a,u0er? and

|
i
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_ s+u-l ~’é\/ S
o oV (;/) (zj ksl g
(w1, jk) =" AT

k
u=0 /=0 —“4u+D!
(2 )
k+u+l+4 .
r, (———), k,seN.
(é)z( 5 ) se

- The first moment of X, is given as:

B S O3 &y € T Oy 0 C u
E(X)=(= )Fp,(l){rﬂ (U%;Z()[ GG+ |-« (z+1)

0‘13052( )2 - ),( )zz

'°f“°(z+1) (j-l-l)

=0 ar/z ,(UZZ’“—“”‘“&'}

+(ﬂ>< >2r Ol S

2 = +1)5 “°f“°(z+1)(j+1)2
+<ﬂ><—) 2 oy oy (30 LD 2y  p@0.0,/.0)1)
=0 j=o (i +1) 2
i+
+( )azz IZZ ij 77(””./0)
i=0 =0
- The second moment of X, is given as:
E(X?)= (ﬁ—u“ W apa, . Z——————~———-[ 5O
p, w m+DU +1)
2 r(é)’(i) r(é)l(z) Bir
+ SitD % + [}/(i+1)] J+ax al(;) (é)z()-
,Z(, _,Z(m)( ) (“)Z( +1)

¢ 18 )




2]

a7, Oty e a (@)

7y N By Vi
+(2) r(éf @i §<i+1)2 T a'(y)(Z)
o » c;j

Ty, M2 > ——— }

i’ TGN+
o 17(2,0,0, 7,0 7(2,0,0, j,1 1,0,0, 7,2
+('§)('§)a|3azzzclj{7( J )~_2 7( J )+77((l+1; )

i=0- j=0 - @+

H
(i+1)?

By S
+(7)(2)a23 alz Z

<y
o @t

n(u,1,2, j,0).

Similarly, we can obtain E(X,) and E(X 7) respectively as follows.

Hence the covariance between X, and X, will be obtained by substituting in the
following equation

Cov(X,, X,) = E(X,, X,) - E(X,) B(X,).

4. Maximum Likelihood Estimation under Left Random
Censoring

Suppose  {(%,1,%51 )+ (X1, %2,)} IS 2 random sample from BGLFR
distribution is subject to random left censoring by an independent vector of any
random variables {(¥,,» Va1 )s- s (V1> Vau)} - We observe (£5882505) > i=1..m
Where
' TR 4]

1
ty = max(x, ) - O = {0 - otherwise’

| TR 2T,

ty =max(xy,¥z) By :{0 . otherwise
>

Therefore, ifx, <y, %, is left censored and ifx, >y, %, is observed.

In order to write down the likelihood, we note the following four cases:
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i.  Whend, =38, =1, both failure times are observed and the contribution to the
likelihood is f'(#,;,1,,) -

ii. When 3, =1andd, =0, the first component fails at #, and the second
component is censored (fails befores,,). The contribution to the likelihood

is [ () dy.
0

iii. When 8, =0andd,, =1, the first component is censored (fails befores,,) and
Iy

the second one fails atz,, . The contribution to the likelihood is If(x,tz,.) dx .
0

iv.  Whend, =8, =0, both x, and x,, are censored and the contribution to the
likelihood is F(1;;,45,) -

According to Dewan and Nandi (2010) the likelihood function of the sample of
size n based on (t,,,8,,6,,5,) » i =12,...n is given by:

L(a) = HL(tlHSli 312,991)
i=1
L ™ T )P Tyt ) T )15
=1 ‘

Where

y

Fty>t)is the joint pdf of (x,%5)s @ysta) = [t 9) By
0

o

W(tysta) = [F(xty) d, and F(ty,0,) s the joint edf of (xy,x).
0 .

Let a be the vector of the parameters, and let 1,,1,,1; denote the following sets

I ={ilt, <ty}, I ={ilt, >t} andl; = {ilt, =ty =t;}, then the likelihood
function can be written as

L(a) = fIHL(tll’ali 38215 021) “4.1)

J=\ el
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Let n,,n, and n; denote the number of elements in the sets 1,,/,, [, respectively,

‘24
In the case of BGLFR distribution we can evaluate ¢(¢,,,,;) = J-f(tl,.,y) dy and
0

fy

W(tysty) = ff(x,lz,) dx as follows:
0

qpl ([ll‘l‘2l lf < t2:
¢(l|19 l j-f(lll’y) dy = ¢2 (th%t21) lf fll > t2: (42)
@ (1) oty =t =

where
@t t) = Sorn (G 00) U (13 @0) = Fopm (s @)1
P2 (L580,) = Sorm i3 &) Form (Uy50003),
@5(1) = form 520 Form(5053)-
and
0 wiltsty) I 4 <ty
wty,ty) = If(xatzi) dx =W, (y1,,) I 4, >, 4.3)
! W, () i 6, =t =
where

Wiltysty) = Sfoum G &) Foum Gy i),

Wty ta) = Form (s ) [Fopim (8320 — Fopm (G500

wi(t,) = foum(8305) Fopm (t5003).

The Likelihood on the set 1, is:
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Sy (1=3y;)

L(«) :ﬁ([fl([mtzi)]andy o ([lntzi)]ﬁn(“ﬁl') RG]

) [Fl (t|,~ s t2i )]("511)(|~61,.) )
@.4)

After substituting from (2.1), (2.2), (4.2) and (4.3) in (4.4) and taking the
logarithm we get:

InL (o) = Z[Su Ino; +8, Ina, +ou;(1=8,) Inuy, (B,7) + (003 ~ D3y, Inuy, (B,y)

iel
+o,(1-8,)1-3,) Inuy, (B, y) + (o, —1)3,, Inu,, (B,v)
+ 5;; (1= 8,) [, B,y = (B y)** 148, In(B+1v2,,)

+8,, In(B+v1,) — Bt + Syitar) -%(Slltlzi + 621t221 1

(4.5)
(A +Eik)
where u,(By)=1-e 2 k=1,2,and a=(0,0,,0;) .
The Likelihood on the set 1, is:
L@ =][WhEuN " [oalty, )1 A e
i=1
[F, (8 11700000,
4.6)

After substituting from (2.1), (2.2), (4.2) and (4.3) in (4.6) and taking the
logarithm we get:

InL,(a) = Z[au Inouy +8, oy +0y(l ~8,) Inuy, (B,y) + (o, = 1)3y, Inu, (B,7Y)

iely

+o (1-8,)(1-58,)In 1y (B ) + (0 =1)8y, Inuy, (B,7)
+8,,(1- 8, ) Inf(u, (B, YN~ (uy (B, 1) 1+8, In(B+ Yey)

+8,, In(B+vty,) — BBty +8502) _12/‘(611“5‘ + 821t221)]-

4.7




and the Likelihood on the set 7, is:

L@ = [ TEAGE™ s s (1 L @) ™) @.8)

after substituting from (2.1), (2.2), (4.2) and (4.3) in (4.8) and taking the logarithm
we get '

InL;(a) = 2(61162," Inowy +8,,(1-8,)Ino, +8,(1-8,)Ina,

+[8), 48, (1-8,))(01p3 =D nz, (B,7)
0y (1= 8,)(1=8,) Ina, (B,) (4.9)

+[8,, +8,,(1=8,)]In(B+v1,,)
=B I8, + 8, (1-8,)] =21/ [By + 82, (1-8,)))

Now taking the logarithm of (4.1) and substitute from (4.5), (4.7) and (4.9) we get
InL(a) < [Y 6, +>.6,(1-6,)]Ina, +[>.8, + .8, (1-8,)]na,

iely iely il iely

+[251i52i:“na3 +[2511]1n(al +0‘3)+[252i]m(a2 +a;)

iely iely iely s

+(a; + a3)[Z(1 ~o)Inu, (B, ]+ (o, +ay )[z (1-8)Inuy, (B, 7)]

+ o[> (1-8,)(1 = 8,) Inu, (B, )]+ a,[ Y, (1 =6, )1 = 8y) Inuy, (B, )]
iely iel;
+(a +a, + CZ3)[Z(1 — 6, )1 =6, Inu, (B, )]

lely

(o t+a, +a3)(Z{5w +06,,(1-06,)]Inu,(8,7))
+(a, - 1)[2 Sy Inuy, (8, 7)] * (o + a5~ 1)[25” Inu, (B,7)]
+(a, + oy “‘1)[252:' Inuy, (B, 1]+ (e —1)[25” Inu, (B, 7)]

iely iel,

+3°8,(1=8,) In[(u, (B ) =y (B 7)™ ]

iel;

+ Zszl' (1 - 61;)111[(1‘11 (Bs 'Y))a' B (uzi (B, 'Y))a‘ }

iel,

(4.10)
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On differentiating (4.10) with respect to o ,,a,,0; in turn and equating to zero,
we obtain the following likelihood equations:

—-‘[ZSII + 261,(1 621)]+ Z6n +k, +\'V‘(&,,ul,zlz,6,,52)=0;

y iely iely 3 iely

2 2 li 2821+k2+“’2(6‘25"u“216n62):0’
0('2 iel, iely 3 iel,
and
———25,,52,+ 25,,+ > 8, +ky =0.
3 dely & el a, a? iel,
4.11)
where

9

Wl (&hu]ouzaal a62) = 2;621(1 s 6]i) [u”(B,’Y)]al lnu“ (B"‘c{'i) m[uzi(B’Y)]: lnuzi (B"Y)
lel, 4 [, (BN — [y (B

Wy gyt t1,3,8,) = 18, (1-8,.) [, (B VI Inu,, (Bag') —[uy (B, “/)]:z Inu, (B,7)
iel, : [, BT —[uy, B

2

ky = Zlnuw(ﬂﬂ)'*zlﬂuz(ﬁ#)+251152,-(1—5z,~)lnu.,-(ﬁ,7),

iel; iely iel,

k, = Zlnuﬂ(ﬂﬂ’) "‘Zlnul(ﬂJ’)+Z5li521(1"51/)lnuzr(ﬁs}’)a

el iely iely

k3 =Zlnu,,(ﬁ,y)+21nu2,(ﬂ,7)+Zlnu,(ﬂ,y),

iel iel, iely

(Bt +Led)

and u, =u,(B,y)=1-¢ 2 k=1,2.

These three equations have not explicit form; therefore, their solutions are
numerically obtained using Newton-Raphson method as will be seen in Section 5.
They are solved simultaneously to obtain &,,&,andd,. For simplification we

assumed that B and y are fixed known.




The asymptotic variance-covariance matrix of (&,,d&,,a;) is obtained by
inverting the Fisher information matrix with elements that are negatives of
expected values of the second order derivatives of logarithms of the likelihood
function. In the present situation, it seems appropriate to approximate the
expected values by their maximum likelihood estimates [see Cohen (1965)].
Accordingly; we have the following approximate variance-covariance matr ix

where
8*InL 1
ay, = or? :”—[Z5n+z5u(1 o))+ z 22511
Ofl i 1odedy iel, ( a3) iely
+v,(&,,1,,1,,0,,0,),
o’InL
Ay 77 90 = Ag 2591""2521(] 5\:)]’*’ 22 2i
az ENEACH 2iiel| iels iely
+v2(&2,ul,uz,5,,52),
o’InL 1
a33:—‘ a 2 = A2 Z:é‘lib‘Zi+ ~ A 2251i+ ~ A 22 29
&3 g dnas 5 el (o, +a5)" iq, (a, + iel
3%InL
a;; == =0,
12
oa,0a, |, . .
13020y
- o*InlL
G Sl
%00 |, a8, \H as)" i,
_ 0’InL 1
a”“—a 0 TR 22521’
&,00, &,84,6;5 (0!2 +a3) iel,

v <auu.,u2,6,,6 238, (1 8y LB [ BT Dty (Br) = Iy (B 1)1
lel, ([u“(B,y)]“‘ =[u,, B, I

and
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b Gt 1,8,,8,) = B, (1-55,) [, (B,N)* [y (BaY)];2 [Inu, (B,Y); lr:“z, BN’ ‘
iel, (o, (BoN]™ — oty B.,I™)

Now we state the asymptotic normality results to obtain the asymptotic
* confidence intervals of «,, @, anda;. 1t can be stated as follows:

[Wr(@ —o)]—> Ny, I (@) as n—>o (4.12)
Where I7'(c) is the variance-covariance matrix, a=(2,,8,,a,),and a=(x,q,,0;).

Since o is unknown in (4.12), [/ (@) is estimated by I7'(&); the asymptotic
variance-covariance matrix that defined above and this can be used to obtain the
asymptotic confidence intervals of ¢, , and ;.

5. Numerical Results

To illustrate the results, a numerical example is given where the MLEs, their
approximate variance- covariance matrix, relative bias, mean square error and
asymptotic confidence intervals are determined using Mathcad (2001) software.
Thirty seven observations from BGLER distribution (X, X,) have been obtained
from Sarhan et al. (2011) and are listed in table (1). Two samples of thirty seven
observations are selected at random from, exponential distribution with different
parameters 0, =2.5 and 6, =3.5 where Y,~exp (6,), i=1,2 are also listed in

i

table(1).  After censoring the sample observations with the generated
timesY,,i = 1,2, we observe (¢,,,8,,(,;,6,) that defined in Section 4 as in table
(2). From The likelihood equations (4.11), the Maximum likelihood estimators
(MLEs) are obtained by iterative technique of Newton-Raphson using Mathcad
(2001) software, their approximate variance- covariance matrix, relative bias,
Mean Square Error (MSE) and a 95% asymptotic confidence intervals are listed in
table (3).

Table (3): The estimates, Relative Bias, MSE, Confidence interval and variance- covariance

matrix
Parameter MLE Relative MSE Confidence Variance-Covariance matrix
Bias Interval
2, 0.846 0.046 0.002152 (0.783-0.91) 0.039 0.00076 - -.0.005
a, 0.534 0.034 -0,001169 (0.491-0.577) .. 0.00076 0.018 - 0.003
o, 0.307 0.00741 0.000055 (0.274-0.341) -0.005 -0.003 0.011
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Table (1): Samples observations from BGLFR distribution and Exponential distribution with

6,=25and 8, =35

No- | x, X, 3y Y2 to. X X2 b4 Pe
] 026 | 0.20 0.6 0.08 20 0.34 0.34 0.26 0.06
2 063 | 0.18 0.66 0.22 21 0.53 0.39 0.05 0.47
3 0.19-1 .0.19 0.21 0.08 22 0.54 0.07 0.02 0.06
4 0.66 | 0.85 0.42 0.15 23 0.51 0.28 0.25 0.53
5 0.4 0.4 0.08 0.09 24 0.76 0.64 0.31 0.09
6 0491049 0.7 0.16 25 0.64 0.15 0.06 0.36
7 0.08 | 0.08 0.14 0.54 26 0.26 0.48 0.1 0.11
8 0.69 | 0.71 0.48 0.24 27 0.16 0.16 0.00128 0.09
9 039 1039 0.96 0.19 28 0.44 0.6 0.2 0.6
10 ] 082 1 048 0.77 0.08 29 0.25 0.14 0.53 0.05
11::{.0.792 1072 0.00462 0.51 30 0.55 0.11 0.07 0.19
120 :0.66 | 0.62 0.85 0.2 31 0.49 0.49 0.39 0.24
131025 | .0.09 1.89 0.1 32 0.24 0.24 0.16 0.01
14 | 041 { 0.03 0.25 0.55 33 0.44 0.30 1.89 0.17
15 | 016 | 075 0.2 0.56 34 | 042 0.03 0.52 0.21
16 1 018 | 0.18 0.72 0.1 {35 0.27 | 0.47 0.21 0.05
171022 | 0.14 0.32 0.24 36 0.28 0.28 0.07 0.22
18 | 042 | 042 115 0.0097 37 0.02 0.02 0.29 0.0049
19 1036 | 052 0.1 0.54

Table (2): values of (1‘“ s 5” b 52:‘) after left random censoring

el q T Jy %, fe |5 1, Sy 9,

1 060 1020 |0 1 20 0.34 0.34 Lo 1

2 066 1022 |0 0 21 0.53 0.47 1 0

3 021 1019 |0 1 122 0.54 0.07 1 1

4 0.66 | 0.85 1 1 23 0.51 0.53 1 0

3 0.4 0.4 1 1 24 0.76 0.64 1 1

6 0.7 049 10 1 25 0.64 0.36 1 0

7 0.14 105410 0 26 0.26 0.48 1 1

8. 0.69. 1071 1 | 27 0.16 016 |1 1

9 0961039 190 1 28 0.44 0.6 i 0

10 0.82::].0.48 1 1 29 0.53 0.14 0 1

11 072 1:0.72 1 1 30 0.55 0.19 1 0

12 0851062 10 1 31 0.49 0.49 1 1

13 1.89-1°0.1 0 0 32 0.24 0.24 1 1

14 041 -] 0.55 1 0 33 1.89 0.30 0 1

15 0.2 075 [0 1 34 0.52 0.21 0 0

16 0721018 {0 1 35 0.27 0.47 1 1

17 91032102410 0 36 0.28 0.28 1 1

18 1.15 1 04210 1 37 0.29 0.02 0 1

19 0.36. ] 0.54 1 0
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6. Conclusion

In this paper we have provide a review of the new bivariate generalized
linear failure rate distribution whose marginals are generalized linear failure rate
distributions. This new distribution is a singular distribution, Sarhan et al. (2011)
concluded that it can be used quit effectively instead of the Marshall-Olkin
bivariate exponeritial model or the bivariate generalized exponential model when
there are ties in the data.

We have obtained the moment generating function for the BGLFR
distribution and then obtained different joint and marginal moments for this
distribution. And we have considered the maximum likelihood estimators of the
unknown parameters of the BGLFR distribution when both components of the
bivariate variable are subject to left random censoring. The associated asymptotic
variance-covariance matrix for the unknown parameters was derived. To illustrate
the results, a numerical example was given where the MLEs, their approximate
variance- covariance matrix, relative bias, mean square error and asymptotic
confidence intervals were determined using computer facilities and Mathcad
(2001) software.
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Estimating and Planning Constant Stress Accelerated Life
Test for Generalized Logistic Distribution under Type-1I
Censoring

A. F. Attia *H. M. Aly 1 and S. O. Bleed t

Abstract

This paper presents estimation and optimal design of Coonstant. Stress Accelerated Life Test
(CSALT) under type-II censoring. The maximum likelihood (ML) method is applied to
obtain the ML estimators of the parameters of generalized logistic distribution. The scale
parameter of the lifetime distribution Is assumed to be an inverse power law function of the
stress level. The Fisher information matrix, the asymptomatic variance-covariance matrix,
the confidence bounds, the predictive value of the scale parameter and the reliability func-
tion under the usual conditions are obtained. Moreover, the optimal values of the fraction
of failure units are specified according to the D-optimality criterion. Finally, numerical
studies are introduced to illustrate the results.

Key Words and Phrases: Accelerated life test, Constant Stress, Type-11 censoring,
Mazimum likelihood Estimation, Fisher Information Matriz, Optimum Test Plan,
Generalized Logistic Distribution.

1 Introduction

Life data analysis involves analyzing lifetime data of a device, system, or component
obtained under normal operating conditions in order to quantify their lile charac-
teristics. In many situations, and for many reasons, such data is very difficult, if
not impossible, to obtain., The reasons for this difficulty can include, the long life
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times of today’s devices and the developments of new technologies need more accu-
rate estimation of reliability of a device or systemn in a short time. A common way
of tackling this problem is to expose the device to sufficient over stress (e.g., temper-
ature, voltage, humidity, and so on), or forcing them to fail more quickly than they
would under normal use conditions to accelerate their failures. Therefore, the failure .
data are analyzed in terms of a suitable physical statistical model to obtain desired
information on a device or performance under normal use conditions. This approach
is called Accelerated Life Testing (ALT).

The most common ALT loading is constant stress, step stress, and progressive
stress (for more details, see Nelson (1990)). In constant stress accelerated life test
(CSALT), the stress is kept at a constant level of stress throughout the life of the test,
i.e., each unit is run at a constant high stress level until the occurrence of failure or
the observation is censored. Practically, most devices such as lamps, semiconductors
and microelectronics are run at a constant stress.

Many authors have studied statistical inference of CSALT, for example, see Mec-
Cool (1980), Watkins (1991), Abdel Ghaly, et. al. (1998), El-Dessouky (2001), and
Attia, et. al. (2011). Additional to the statistical inference studies, optimum CSALT

plans were studied for different lifetime distributions based on different censoring
scheme; for example, Nelson and Kielpinski (1976) studied optimum ALT plans for
normal and log-normal life distributions. Nelson (1990) reviewed statistically opti-
mal and compromise plans for the single stress ALT planning problem. Yang (1994)
proposed an optimal design of 4-level constant-stress ALT plans considering different
censoring times. Chang, et. al. (2010) dealt with Weibull distribution. Attia, et. al.
(2011) studied optimum ALT plans considering type-I censoring data. However, no
studies have been made on estimating or planning (optimal design) CSALT using the
Generalized Logistic distribution (except Attia, et. al. (2011)).

Generalized Logistic (GL) distribution is used as the name for several different
families of probability distributions (see, Johnson, et. al. (1995)). The inain feature
of this distribution is expected to be useful in many more practical situations, for
example, in extreme value event evaluation, in hydrological risk analysis, in a quanta
response data, to model the data with a unimodal density, and in analysis of survival
data, (for more details, see Tolikas (2008), Tolikas and Gettinby (2009), Shabri, et.
al. (2011), and Tolikas (2011)).

This paper is organized as follows: The underlying distribution and the test
method are described in section 2. Section 3 introduces the ML estimators of the
model parameters with their properties. Optimum failure test plan is developed in
Section 4. The numerical results are presented in Section 5.

e
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2 The Model

2.1 The Generalized Logistic Distribution as Lifetime Model
The probability density function (pdf) of a three-parameter generalized logistic dis-
tribution (Molenberghs and Verbeke (2011)) is given by

f(z) = aye® (1 + -ée“"'")"("H), —00 < T <00, a,v,0>0. (2.1)

The reliability function takes the form

7 oz

R(z) = (1 + ge )%, —oco<x <00, a,v,0>0. (2.2)

and the corresponding failure rate is given by

h(z) = aye®* (1 + -g-e”)‘l, —00 < T <00, a,v0>0 (2.3)

2.2 Assumptions
We assume the following assuinptions for the CSALT procedure
e A total of N units are divided into n, ng, ... , ng units where Z;?:l n; = N.

e There are k levels of high stress V;, 7 = 1,...,k in the experiment, and V, is
the stress under usual conditions, where V,, <Vi<... <V} .

e Fachn,, j=1,...,k unitsin the experiment are run at a pre-specified constant
stress V;, i=1,..,k .
e It is assumed that the stress affected only on the scale parameter of the under-

lying distribution.

e The failure times z;j, t = 1,..,7;8nd j=1,...,k at stresslevels Vj, j = 1,... ,k
are the 3-parameter generalized logistic distribution with probability density

function
f(wij) ajﬁ’Y) 9) = O‘J"Yeajmij(l + %eajwij‘)‘(e‘*-l)’ —00 < Lij < 00,

aj,1,0>0,i=1,..,r5, j=1,..,k. (2.4)

—

” -
¢ 31 )
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o The scale parameter o, j =1,...,k , of the underlying lifetime distribution
(2.4) is assumed to have an inverse power law function on stress levels, i.c.,

/'*
a; = C'S]‘-D, C,P >0, where S; = ‘7,
2
vi=TI V7, and b; = —— ' (2.5)
j=1 ’ ! 2_]';/:1 Ty

where C is the constant of proportionality, and P is the power of the applied
stress.

3 Maximum Likelihood (ML) Estimation

Considering the common assumptions (2.2), and assuming that the experiment is
terminated at a specified number of failure units 7; (r;<ny), 3 =1,.., k, the likelihood
function will be as the following form

L ﬁ ng ! H(#SP C'S (1 f)/ C’S T ) (9+1)]
= 1 e 7 (] 4 — Y
j:l{ (ny 7"1)' =1 ! 9

(1 -+ JeOF )ty (31)
The log-likelihood function

]nL—-A+1nCZTJ+Im'Z7J+CZZ§‘ T — (0+1)

g=1 =1 j=114=1
zzm(u g0 i »-92(77,] ri)in(L+ 2% r), (3.2)
J=1li=1
where, Z;?__.l rilnS; =0, A= }:;?:1 ln[ﬁf%ﬂ] ~

3.1 ML Estimation of the Parameters

The first derivatives of the log-likelihood function (3.2) with respect to the unknown
parameters C, P, y and 0 are

75

kT k
oIl _ T zzs w— (041) 5526~ 03 (05— r)6ns (3.3)
oC C j=1i=1 j=11i=1 j=1
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=

0111 L k k
= 0{2 zau 6+1) Z:IZlnS & — Z(n] Ti)nS;& i} (3.4)
J i= 7 1 =1
dlnL 1.F k T ;
5 = (S = (0+1) 3> vy = 0> (ng — i)y} (3.5)
v Y= G=1i=1 i=1
AlnL K 0+1 :
T 20 5ij(—9"' vij = Tig) + (1 = 13) (Vg5 — Try5), (3.6)
5=11i=1 =1

_aP . 9. —CSPxzi\-1 @b
Where, §ij— Sj Ti4 Vijy Vij= (1 -+ ;8 7 ‘7) ) frjj“‘ Sj a,,‘jj Vrjj;

- 9. ~CSfmrjy-1 P - _
Vpyi= (L+ 2777 5) 70, 035 = Sjailnas;, mi=—In(1 —vi;), and mp j=—In(1 —vp;).

The numerical solution of the equations (3.3) to (3.6) are placed in section (5.1).
The second partial derivatives of the log-likelihood function (3.2) with respect to the
model parameters C, P, v and 0 are as follows

2In L ok 9(6 + 1 L CSPa,
__{(1 QZ] )szlzj CS ¥4

Cz ’Y j= =1i4=1
6 & -
e ) (3.7
InL r
ap? ”O{_X; 2“@'((9 + 1)€;(Cois(1 — viy) + InS;) — 0] +
j=li=

k
0> " (nj — r3)niinS;(Coryi(1 — vry5) + InS;)}. (3.8)
j=1 :

2 k k
381;121-’ 2 {Z (0 + 1)2} Z Vz', ;('n] - Tj)l/ﬁjj}. (39)
2 k
851;2L - Z ZVU Y4+ (1+ 9)(1 ~ Vi) — Z—:(nJ - Tj)z/fjj . (3.10)
J=1 = j=t
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?In I, {z":i 6+ 1)6.:(Cou(1 )+ InS,) I+
= - i (Coi(l — vy nS;) — o
oCcoP P J J y j J
8
Z 73)6r35(COri(L = vay5) + InS5) 1. (3.11)
A% L k k
0oy _‘{(9 +1) 231251] — i) + 0> (nj = 715)6ri(1—15)} (3.12)
g i= g=1
L b + 1) b
= —{ &iji(L (1 — ) — 75 ;56,3 }- 3.13
6089 jZ; IX: J 7 §=: J) J ]} ( )
9?2 InL - k k
e {(6+1) Ei(1—vi)inS; + 0 —75)r,5
apa,y 1212 ¥) J j; J ]
(1 — vp,)inS;}. (3.14)
0%In L (9 + 1)

op00 o3-S~ a0y ins, + Z

ge=lii=1 =1

frjjurjjlnSj}. (315)

InL 1 1) & 5

5700 7 2 1; ii(1— (1—vy)+ ;(”j — 1)V} (3.16)
where o,,; = .S’ ,,;inS;. Therefore, the elements of the Fisher information matrix
for the MLE can be obtained as the expectations of the negative of the second partial
derivatives,i.e., ,
S2UnL  BnL  %nL  9%nL

ac? cOp BBy 3¢l
fu fiz fis fu DL PAnL HAuL
5 Op 8pdy Opo0
F______ ./22 f23 f24 :_E ) (3‘17)
faz  fa 8%inL - 9%UnL
\ faa 5% 0700
8%inlL
5072

The asymptotic variance-covariance matrix for the MLE is defined as the inverse
of the Fisher’s information matrix (3.18), i.e.,

2= 1 (3.18)

T

e )
Y

L
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3.2 Prediction of the Scale Parameter and the Reliability
Function

To predict the value of the scale parameter o, under the usual condition stress V,,
the invariance property of MLE is used (for more details see, Meeker and Escobar
(1998) ), i.e.,

v ; k . T
ZE, Vv :H‘/.jj, bj:zk (319)

&=CSsP s,

The MLE of the reliability function at the lifetime zo under the usual condition stress
V.., is given by

Ru(@) = (1+ gete) ™ (3.20)

4 Optimum Test Plan

A test plan is usually designed before conducting an accelerated life test. Test plan
helps in accurately estimating reliability at operating conditions while minimizing test
time and costs. A test plan should be used to decide on the appropriate censoring
time and the number of test units that need to be allocated to the different stress -
levels. This section describes optimum test plan that minimize the determinant of
Fisher information matrix for specifying the best choice of the values of the fraction of
the failure units that fail at each stress level according to the D-Optimality criterion
(Gouno (2007)). Let A; = % be the fraction of the failure units that may fail at each
stress level V;,7 = 1,...,k , then the optimal values of A;,j = 1, ...,k at each stress
level V;,j = 1,...,k can be obtained by solving the following equation

o|F 3 .
—c'?l*)-\.-_] =0, j=1,..,k (4.1)
Y
The determinant of F and the derivation of the equation (4.1) are placed in Appendix.
The numerical solution of the equation (4.1) is obtained in order to get the optimum
value of the fraction and the number of the failure units that fail at each stress level

V;,j = 1,2 as will be shown in section (5.2).

5 Simulation Studies

This section presents the numerical solutions to obtain the MLE of the unknown
parameters C, P, v, and 8, their mean squared errors (MSE), relative absolute biases




(RAB), Lower Bound (LB), Upper Bound (UB), the estimated of scale parameter «,
and reliability function R(wxo) under normal use conditions Vy. Also, it presents the
numerical solution to determine the best choice values of the fraction of the failure
units.

5.1 MLE under Type-I1 Censoring

The numerical solution is performed according to the following steps

o For given values of C, P and stress level Vi, j =1,2,3 , the values of aj, 7 =
1,2, 3 are calculated according to the equation (2.5).

o Generate a random sample of size N from the 3-parameter generalized logistic
distribution and obtained the random variables z;;,{i = 1,..,7;, 1 = 1, ok}
for given values of nj,r;,7 = 1,...,k , and different initial guesses of the true
parameters a, 7, 0 say ag, 0,60 -

e Based on the values of nj,ry, Vi, zi5,{i = 1,..,15, ] = 1,...k }and V,, the
MLE, and their MSE, RAB, LB, and UB, in additional to, d, and R,(zo), are
obtained. '

e The steps are repeated exceed 150 times until getting the MLE as shown in-
table (5.1).

The numerical results which are placed in tables (5.1) to (5.4) are based on n, =
40,ny = 20,n3 = 5,11 = 36,72 = 19,73 = 4,V4 = 0.75,V, = 1.5,V = 225 and
V. =0.5.

Table 5.1: The MLE, RAB and MSE
C() P() Yo 90 Parameter MLE RAB MSE

0.8 1.0 1.0 1.0 C 0.8060 0.0075 0.00004
P 1.3202 0.3202  0.1025
07 0.8634 0.1366 0.0187
6 1.2887 0.2887 0.0834
oy 1.1940 0.1083 0.0136
Qg 0.4782 0.1123 0.0037

o3 0.2800 0.2204 0.0063
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Table 5.1: The MLE, RAB and MSE (Cont.)
Co P v 6y Parameter MLE RAB MSE

1.0 1.0 08 1.0 C 0.9930 0.0070 0.0001
P 1.2585 0.2585 0.0668
¥ 0.6820 0.1475 0.0139
0 1.3508 0.3508 0.1231
o 1.4443 0.0724 0.0095
o 0.6037 0.1035 0.0049

o 0.3624 0.1927 0.0075
C 0.9662 0.0338 0.0011
P 1.2929 0.2929 0.0858
v
0

1.0 1.0 1.0 0.7

0.7971 0.2029 0.0412

0.9534 0.3620 - 0.0642
(o %) 1.4198 0.0542 0.0053
Qg 0.5795  0.1395 0.0088
a3 0.3431 0.2358 0.0112
c 1.0068 0.0068 0.0001
P 1.3174 0.3174 0.1007
v
0

1.0 1.0 1.0 1.0

0.8627 0.1373 0.0189

1.2918 0.2918 0.0852
oy 1.4903 0.1066 0.0206
(0%} 0.5980 0.1120 0.0057
a3 0.3505 0.2192 0.0097
C 0.9662 0.0338 0.0011
P 1.4929 0.2441 0.0858
v
0

10 1.2 1.0 0.7

0.7971 0.2029 0.0412

0.9534 0.3620 0.0642
aq 1.56069 0.0542 0.0060
o 0.5354 0.1395 0.0075
a3 0.2923 0.2358 0.0081
C 1.0169 0.0169 0.0003
P 1.5674 0.3062 0.1345
v
0

1.0 1.2 13 1.0

1.1362 0.1260 0.0268
1.2572 0.2572 0.0662

o1 1.6215 0.1344 0.0369
oy 0.5471 0.1206 0.0056
ag 0.2898  0.2423 0.0086




Table 5.2: The Confidence Intervals
Co Po v 0o Parameter Variance L.B UB
0.8 1.0 1.0 1.0 C 0.0132  0.6170 0.9950
P 0.0840  0.8434 1.7970
¥ 0.0676  0.4357 1.2911
8 0.1085  0.7468 1.8306
1.0 1.0 08 1.0 C 0.0205  0.7575  1.2285
P 0.08530  0.7781 1.7389
o 0.0400  0.3530 1.0110
0 0.1084 11725 156291
1.0 1.0 1.0 07 C 0.0256  0.7028 1.2296
r 0.0878 = 0.8056 1.7803
¥ 0.0103  0.2700 1.3242
f 0.0500  0.5857 1.3211
10 10 10 1.0 C 0.0207 0.7701 1.2435
P 0840 0.8406 1.7942
v 0.0676  0.4350 1.2904
P 0.1085  0.7499 1.8337
1.0 1.2 1.0 0.7 C 0.0256  0.7030 1.2294
P 0.0878 1.0055 1.9803
5 0.1027 0.2699 1.3243
0 0.0500  0.5856 1.3212
1.0 1.0 1.3 1.0 (6 0.0209 0.7791 1.2547
P 0.0800 1.1021 2.0327
v 0.1295  0.5442 1.7282
9 0.1084  0.7156 1.7988
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Table 5.3: The Asymptotic Variance-Covariance Matrix
Co Py v 6o Parameter C P v 0

08 1.0 1.0 1.0 o 0.0132 0.0098 0.0107 -0.0245

0.0840 0.0107 -0.0302

0.0676 -0.0464

0.1085

0.0205 0.0118 0.0068 -0.0303

0.0853  0.0065 -0.0307

0.0400  -0.0314

0.1084

0.0256 0.0160 0.0243 -0.0257

0.0878 0.0190 -0.0232

0.0103 -0.0438

0.0500

0.0207 0.0122 0.0134 -0.0306

0.0840 0.0107 -0.0302

0.0676 -0.0464

0.1085

0.0256 0.0160 0.0243 -0.0257

0.0878 0.0189 -0.0232

0.1027 -0.0438

0.0500

0.0209 0.0124 0.0250 -0.0309

0.0800 0.0178 -0.0286

0.1295 -0.0713

0.1084

1.0 1.0 08 1.0

1.0 1.0 1.0 07

1.0 1.0 1.0 1.0

1.0 1.2 10 07

10 1.2 1.3 1.0

©2 Qo2 TQT2 T2 Qs Q=2 v

Jp———
,/M \x

( 39 )
. 2 /
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Table 5.4: Estimates o and R(wo)
under normal conditions
Co Py v b G, g Ru(o)
0.8 1.0 1.0 1.0 2.15648 0.009 0.4952

0.2  0.3939

1.0 0.1039

2.0  0.0133

10 1.0 08 10 26935 0.02 05422

0.4  0.2985

1.2 0.0470

2.5 0.0015

10 1.0 10 07 20201 002 0.5284
0.4  0.3659

1.2 0.1369

2.5  0.0226

10 1.0 10 1.0 26935 0.007 04953
0.03 0.4798

0.1 0.4331
1.0  0.0634
10 1.2 1.0 07 2693 001 0.5301
0.2 0.3961
1.0 0.0768
2.0 0.0078
10 1.2 13 1.0 3.2838 0.02 04187
04 0.1714
1.2 0.0147
2.5 0.0002

From the results of the tables (5.1) to (5.4), we observe the MSE of the scale
parameter «;, j = 1,2,3 decreases as the stress value V;, j = 1,2,3 increases. Also,
it is decreases when the values of Co and the values of o incrcases at the same values
of Py and 6p. In addition, the reliability decreases when the mission time zg increases,

and it is reduced when the values of Cg, Py increases and the values of 7o, 0o increases L
at the same mission time. Moreover, there is an inverse proportional relationship 0
between i, and Ry(zo) at the same mission time. {3;

s
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Table 5.5: The Optimum Values of )}, r] and GAV
at (C=1,P=1,vy=1,0=1)
N n nyg 1 T2 Al Ay s T} GAV
105 57 48 50 46 0476 0.438 0.143 15 0.000007550
995 150 75 130 73 0.578 0.324 0.279 63 0.000000070
300 170 130 150 128 0.500 0.427 0.350 105 0.000000050
400 235 165 221 166 0.553 0.415 0.205 82 0.000000004
500 370 150 321 165 0.642 0.330 0.549 274 0.000000002

Table 5.6: The Optimum Values of A{, r{ and GAV
at (C=1,P=1,7y=1,0=14)
N ny ng 11 T At Az A Ty GAV
105 57 48 55 46 0.524 0438 0.563 59 0.00001340
995 150 75 130 73 0.578 0.324 0335 75 0.00000012
300 170 130 150 128 0.500 0.427 0.401 120 0.00000008
400 235 165 221 166 0.553 0.415 0.287 115 0.00000001
500 370 150 321 165 0.642 0.330 0.549 274 0.00000001

Table 5.7: The Optimum Values of A}, 1 and GAV
at (C=1,P=15,y=1,0= 1.2)
N ni T2 T1 T'9 )\1 )\2 /\; 'I"f GAV
105 57 48 55 46 0524 0.438 0.562 59 0.0000078000
995 150 75 130 73 0578 0.324 0.316 71 0.0000001000
300 170 130 150 128 0.500 0.427 0.329 99 0.0000000600
400 235 165 221 166 0.553 0.415 0.260 104 0.0000000100
500 370 150 321 165 0.642 0.330 0.542 271 0.0000000096

Table 5.8: The Optimum Values of X}, rj and GAV
at (C=08, P=15,7y=1,0 =1.4)
N 115\ Tlp T1 T /\1 )\2 /\T ’I‘I GAV
105 57 48 55 46 0.524 0.438 0.563 59 0.000008570
995 150 75 130 73 0578 0.324 0.335 74 0.000000080

300 170 130 150 128 0.500 0.427 0.398 120 0.000000050
400 235 165 221 166 0.553 0.415 0.287 115 0.000000010
500 370 150 321 165 0.642 0.330 0.546 273 0.000000009

/mw“m%
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Table 5.9: The Optimum Values of A}, 7j and GAV
at(C =12, P=14,v=1.2,0 =0.7)
N ny ng 1M T A Ao A ] GAV
105 57 48 55 46 0.524 0.438 0509 54 0.000010070
995 150 75 130 73 0.578 0.324 0.247 56 0.000000110
300 170 130 150 128 0.500 0.427 0.370 11  0.000000060
400 235 165 221 166 0.553 0.415 0.145 58 0.000000010
500 370 150 321 165 0.642 0.330 0.568 284 0.000000007

5.2 Optimum Test Plan of Failure Fractions

To illustrate the procedure of optimum test design, a numerical example is given by
Supposing a simple constant stress test was run to estimate the optimum value of the
fraction of the failure units. The stress levels to test units are V; = 1 and V5 = 2. The
optimum fraction of the failure units is determined by solving equation (4.2). Tables
(5.5) to (5.9) presented the optimal fraction of the failure units,the number of failure
units and the Generalized Asymptotic Variance (GAV) at different values of N. As
seen, the results show less than half of the units will fail under the stress V1 , and the
others will fail under the stress Vo , because of A] is taken the values between 0.1 and
0.4. In table (5.9), when N = 225 , there are 56 units will fail under the stress Vy ,
73 units will fail under the stress V5 , and 96 will be censored. Also, we observe that °
G AV decreasing as the sample size increasing.

6 Conclusion

This paper presents the MLE of the CL distribution under type-II censoring with scale
parameter that is an inverse power law function. The ML estimation, Fisher infor-
mation matrix, the asymptomatic variance-covariance matrix, the predictive value of
the scale parameter and the reliability function under the usual conditions stress were
obtained for various combinations of the model parameters. In additional, the corre-
sponding optimum value of the fraction of the failure units are obtained numerically
by the D-optimality criterion. GL distribution have been extensively used in many

different areas and it is very useful in a wide variety of applications. Since, standard

Logistic, four-parameters extended GL , four-parameters extended GL type-I, two
parameter GL , type-I GL , Generalized Log-logistic,standard Log-logistic, Logistic
Exponential, Exponentiated Exponential (for >0), Ceneralized Burr, Burr III, Burr
¥ distributions are special cases from the GL distribution then their results of the
MLE and optimum test plan become particular cases of the results obtained here.
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A Appendix

The determinant of F is given by

|F| = (fsafas — f3a)(Finfoa = fa) = (fasfaa = foafaa) (fi1 fas = fizrs)
+(f23f34 = foaf33)(f11foa — fraf1a) — (frafaa — frafaa)(f13foe = fr2f2s)
+(f1afaa — f33S14)([1af22 = fr2foa) = (frafoa — fosaa)(frafos — frafos) (A1)

The derivative of || for obtaining the optimum value of the fraction of the failure
units A;, j = 1,...,k is given as follows

?J/CI (f33fas = f30)(finfz + fi1fop — 2f1212) + (fagfaa + foafag — 2[34fa4)
(f11fa2 = fTa) = (foafaa + fasfis — fouSaa — faaf30)(Frifos — frafis) —
(fo3faa — foafaa)(finfos + fi1fas — fiofis — frafis) + (f23faa — faaf33)
(f{1f24 + fllfétl - f{2f14 = f12f;4) + (f43f34 + f23fé4 = f21>4f33 o f24fé3)
(f11f2a — fr2f1a) — (fr3fas — Frafaa)(fisfor + frsfan — fiafos — frafas) —
(fisfaa + Srafia — flafsa = frafad)(frafor = frafas) + (Srafas = fasfra)
(fiafaz + frafao — flafou — frafan) + (fiafsa + frafoq — fasfra = fasf1a)
(frafoz — frafad) — (f13foa — fosf1a)(Flafas + frafos — fizfos — frsfad)
—(fiafoa + fiafon — fashra — Faafin) (frafon — fiafoa), (A.2)
where, fi; = N(&z — 76~—05ij,1.,- 2ih fog = —NCInS;& ;(InS; + C(1 = t4,)j0r;5)s
33“ D(1+6y r,]) fia = .9 r;’ fia = —NO&;;(inS; + C(1 = vry5)0v;5),
fla= =itg =56 (L= vryg), Jia = —N&ivms fas = *A'[rcglns $ryll = Vryi),

— — —N2
f24 - —‘NCI/T 39155 f34 1/1]7
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On the correlated ruin problem with boundaries

El-Shehawey, M. A, and Al-Shreef, Gh. A.

ABSTRACT

A more general form of correlated ruin problem with various types of boundaries such as
elastic boundary, partially-reflecting boundary, partially-segregating boundary, and so on are
defined, and closed-form formulas are derived for the ultimate absorbing probability as well
as the expected duration. Some very simple closed forms which immediately lead to exact and
explicit formulas are presented as special cases.

Keywords: Gambler's ruin problem; correlated random walks; elastic boundaries;
ruin probability; expected duration

1. Introduction
Gambler’s ruin type problem when results of consecutive game are correlated is

examined in Mohan (1955)and Mukherjea and Steele (1986), it is useful in describing a
number of physical phenomena, See De la Selva (1988), and references therein. The
problem was essentially formulated as follows: Suppose that a gambler starting with a
capital of / units plays against an opponent whose initial capital is K —/ units. The
game proceeds by stages, and at each game, conditional on winning the previous
game, the probabilities that the gambler wins or loses the next game are p,, ¢, and

conditional on losing the previous game these probabilities are p,, ¢,. Thus the
gambler’s ability to win or lose is governed by the transition probability matrix:

win: - loss

win (P 1 4 )

loss- \dy P
where p, +¢, =1= p, +q,. The games go on for a while until either the gambler loses
all his capital or wins all his opponent's capital.

Here, we generalize the correlated ruin problem by introducing the following
assumptions:
(1)- The current fortune is 7, 0<i< K.
(2)- We take into account the possibility of staying with thc same fortune.
(3)- The probabilitics of winning, losing, and neither winning nor losing the next
game, depend on winning or losing the previous game.

(4)- The transition probabilities are governed by
S p,, if theprevious gameis winning
Pr{wmmng‘rhe next game} = : . SR
q,s if theprevious gameis losing

{ neither winning nor } {r, ,  if the previous gameis winning

losing the next game #,,  if theprevious gameislosing
,  if the previous gameis winnin
Pr {losing the next game} = {q, P © &

p,, if theprevious gameislosing
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with p g, +r, =1, /= 12,

(5)- At the origin, the gambler is reduced to penury; at the next game the gambler
goes broke (ruined) with probability 1—a, —&,, win the right to spin again
with probability w,, or start again with one unit capital with probability &, .

(6)- At the boundary K, the gambler reaches his objective; at the next game his
adversary may be go broke with probability 1-w, -6, , win the right to spin
again with probability @, , or start again with a capital of X —1 units with
probability &, . '

Notice that, contrary to the classical problem, here the process can remain in the same

state after a transition, the transition probabilities are depend on the previous game,

also at the boundary states 0 and K , it is possible to start, to stay, to leave or to
reach.

This problem is analogous to a correlated random walk with various types of
boundaries. It's defined for n > 1, as a sequence of random variables S;,5,,5,,...:

(a)-S,=i,iess={01, .., K-1LK};

B)-S, =X, +X +.+X, , n=0;

©-Pr(X,, =1lx, =1) =p, Pr(X, =-1]X,=1)=q,
Pr(X,, =0lx,=1)=r, Pr(x, =0lx, =~1)=r,
Pr(X,, =X, =-1)=q,, Prlx,,=-llx,=-1)=p,;

n+l

p;+q,+r, =1 j=12, with the following modifications at the boundaries.

When the particle reaches the boundary state u,(u =0or K ) it is absorbed with
probability 1-@, &, at Oand 1-w, -6, at K , reflects (to the state v +1 or u-1)
with probability &, and &, respectively, or remains at the boundary state u with
probability @,, , respectively. Absorption being interpreted as the ruin of the
gambler or his adversary.

While the above sequence of random variables {S, }f;o does not in general
possess the Markov property, it can be easily shown that the sequence of ordered pair
of these random variables: (S, S,),(S,,S, ), (S;,S; ),... is indeed a Markov chain. See
for instance Mukherjea and Steele (1987).

Basic properties of correlated random walks such as transition probabilities and

first passage times have been long considered in a number of papers. For instance,
Goldstein (1951) proposed and studied a correlated random walk model in which the
step probabilities depend on the direction of the preceding step. Seth (1963) gave
return probabilities and first-passage time distributions for symmetric correlated
random walks. Cane (1967) investigated the effect of the initial conditions on the
mean and variance of position afters steps. Jain (1971) generalized these results to
the non-symmetric case. Proudfoot and Lampard (1972) obtained a generating
function of occupation. probabilities for a correlated random walk with an absorbing
barrier. Renshaw and Henderson (1981) presented occupation probabilities and a
diffusion approximation. Gillis (1955) developed a d-dimensional version, and
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conjectured it to be transient for all d >3, Gillis’ conjecture was proved in fossif
(1986). A comprehensive list of references for correlated random walks, that also
includes several other interesting applications, can be found in Chen and Renshaw
(1994). Other results on correlated random walks and boundary problems include Jain
(1973), Mukherjea and Steele (1987), Weiss (1984), Lal and Bhat (1989), Chen and
Renshaw (1992), Zhang (1992), Béhm (2000), Allaart (2004), Richard (2006)and Allaart
and Monticino (2008).

The correlated random walk is called symmetric (i.e. symmetric w. r. to transition
probabilities) if p, =p, =p, q,=q,=q , p +q <1. Then at the end of each step there
is a probability p of a step being in the same direction as the preceding one and a
probability g of the direction being reversed, p +¢g <1.

In the casep,=q,=p, q,=p, =9, p+q <1, the correlation is zero, and the
walk becomes classical, the steps are to the right with constant probability p and to the
left with a constant probability ¢, p+¢ <1, i.e. The directions of different steps are
independent of each other. In particular, if p =g , then the walk is equivalent to the
well-known symmetric (non-correlated) random walk, i.e., the particle moves at each
step either one unit to the left or to the right with probability p .

Here we have used the following notation:

0, (i) = Pr(losing a game, with partially-segregating, partially-
_ reflecting boundary probabilities @, and 5,, respectively),
O (i ) =Pr (Winning agame, with partially~ segregating, partially-
reflecting boundary probabilities w, and 6,, respectively) )
a, (7 ) = Pr(losing a game ultimately, with partially-segregating, partially-
reflecting boundary at 0] the previousgameis winning) ;
ay (i ) = Pr(winninga game ultimately, with partially-segregating, partially-
reflecting boundary atk [ the previous game s winning) ,
and Do (i), by (i) are also defined similarly as a,(i), ax (i), respectively, but

given that the previous game is losing.
Let ¢,, and ¢, be the probabilitics of the gambler begin as if the previous game is

win or loss, respectively. So that

00 (1) =, (i) +erbo(i)s and Qg (1) =cag (i)berbe (i), (1)

The objective of the present paper is to give closed torm formulas for the
probability, 0, (i) "Qy (i )", starting from i, the gambler eventually losing all his
capital with partially- segregating, partially- reflecting partially- absorbing boundary
probabilities @,, &, andl-a, —3&,, respectively "the complementary probability of
ruin with partially-segregating, partially- reflecting, partially-absorbing probabilities
w,, 6, and 1—w,-3,, respectively", for 1<i <K -1, of the present correlated
problem as well as the expected duration. This work is a generalization to previous
works; it is apparently not covered by the literature.

e ———
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We organized the rest of the paper as follows. in Sect. 2, various lypes of
boundaries with some special cases are introduced. Section 3, devoted to find the
probability of ultimate ruin. Some special consequences are given in Section 4. In
Section 5, the expected duration of play with some special cases are obtained and
some numerical examples are introduced in section 6.

2. Various types of boundary states

In this section a rigorous probabilistic two-probability-parameter model of a
diffusion barrier is presented that describes comprehensively reflection, absorption
and segregation phenomena at a diffusion barrier, As a special case, assume that the
initial state 7 is allowed to start from the boundary 0 or K, with probabilities :
Do, =6,0), T® Oy and py, =@,0;; +0; 0, ;-
where &, denotes the Kronecker delta. As introduced in Feller (1968); p. 430, sce

also El-Shehawey(2009) and El-Shehawey and El-Shreef (2009), the reflecting barrier
in random walk is defined as a special case of an elastic barrier, it is modified to be at

i=12 and i=K-1/2 , and the particle is not allowed to reach the boundaries.
Instead an elastic barrier, situated at the point —1/2 (or at K +1/2) on the x-axis
between the positions j =0 and j =—1 (or j =K and j =K +1), is defined by the
rule that from the position j =0, the particle moves with probability &, to position
j =1, with probability o, it staysat j =0, and with probability | -8, — @, it moves
to j=-1 where it is absorbed. (i.c. the process terminates) or from the position

j =K , the particle moves with probability 8, to position j =K -1, with probability :

o, it stays at j =K ; and with probability 1-6, —w, it movesto j =K +1 where it
is absorbed (i.e., the process terminates). This means that the state j =0 (or j =K )
‘s called an elastic barrier, when the process reaches the state 0 (or K ), the
probabilities of remaining there, reflecting and absorbing at 0, respectively are @,
5, andl-6,-w, 0<6, o <l (the probabilities of remaining there, reflecting and
absorbing at K , respectively are w,, 6, and 1-6,-1,,0<0,, &, <1 ). The elastic
barrier we mean the barrier is partially absorbing- partially segregating- partially
reflecting at 0 if &, and @, run from 0 to 1 (at K if 6, and @, run from 0 tol).

Special cases for the boundary states:

(2) -For 0 <, <1,8,=0 (or 0<w, <1,6,=0) we have partially absorbing-
partially segregating barrier at 0 (or at K ). ,

(b)-For o, =1-6,, 08,0, <1 (or w, =1-6, , 06,0, =1 ) we have partially

segregating- partially reflecting (non-absorbing) barrier at 0 (or at K ).

(c)-For @, =0, 6, =1 (or &, =1, @,=0 ) we have totally reflecting (non-absorbing
and non-segregating) barrier at 0 (or at K ).

(d)-For 8 =0, o, =1(or §,~0, @, ~1 ) we have totally segregating (non-
absorbing) barrier at 0 (or at X ),

(e)-Fot @, =0, 0<d <1 (or @, =0, 0<&, < 1) we have partially absorbing-
partially reflecting at 0 (or at X ).

(f) -For o, =0, &, =0(or J, -0, @, =0) we have totally absorbing bartier at 0 (or
at K ).




3. Probability of ultimate ruin

It is easy to see that the probabilities a, (7 ), and b, (i) (ag (i), and by (i),
i €SS satisfy the following recurrence relations:
a, (i )= pyay (i +1)+ 1,0, (i ) +q, by (i 1)
bo (i) = pybo (i =1) 41,00 (1) +q, 0, (i +1)]
fori e {1, 2,.,K —1}, with the boundary conditions

by (0)=[6,/(1-@,)] & (1) +(1-6,/(1-,)). (3.2)

(3.1)

a (K)=[6,/(1-m,)] by (K ~1), (3.3)
and

ag (I)=pyag (i +D)+ra, (1)+q,b (i -1) (3.4)

by ()= Py (1 =) 41b (i) g, a (i +1)] ‘

for i €{1,2,..,K —1}, subject to
be (0)=[6/(1-o, )] ac (1), (3.5)

a, (K)=[8,/(1-0,)] b (K ~1)+(1-8,/(1-0,)). (3.6)
Solving the recurrence relations (3.1) with (3.2) and (3.3) "or (3.4) with (3.5) and
(3.6)" systematically, (see the appendix for more details) we obtain for p, +g, <1

and p, +¢, =1
: : (1-00,)0 " ~(1-0y )y
:__l_ = 7 ?
(/) a (1) (1_0202)1)‘"“1—%(0',*Uz)(l“gz)/(l_gl)

Ny (1-0,0,)0 ' = (1-0,) LV
Bll=l b l)on ot e o V) 3-8

where

3.7)

o)

Ul:pz(p.+q,)’Uzzqz(pﬁrql),Gl: X @
p:(p2+qz) ql(p2+q2) l_a)l 1—&)2
In the symmetric correlated game, p, =p, =p,q,=q, =q and p +q <1, we get
i . (o, -1)(i -K)+0o,p/q
ali)=1-a, (i)= , 3.9)
)=t 0= N G =) & J+ o,
. . (0, -)(i+1-plg-K)+o,p/q
boli)=1-bp ()= . (3.10)
=1 )= -Gl -2 ~K o, bl

In the case of symmetric boundary probabilities for the correlated game,
3,=8,=8, 0, =w, =00 0,=0,=0=6/(1-w), we get
R e U L

a,(i)=1-a, (i)= R (e (3.11)

(1-00v,) v " =(1-0)v/'v,

(o-0v,)+(1=ouv, )0 (3.12)

bo(1)=1=by (1) =




In the two cases symmetric correlated game and symmetric boundary probabilities,
5,=8,=8,w,=w,=w, py=p,=p,q,=q,=¢q and p+q <1, we get

ali)=l-a, (i)= (Oﬁﬁl)(’l"K)J“UP/f] |
o(1)=1=ay (i) o (-F) (o )pl (3.13)
uli)=1be ()= (U(;lv)«(ll)al:l\f)/z (—UK+)14)~1(:/};/Q ' (3.14)

In the case uncorrelated game, p, =q, = p,q, =p, =q aad p +q <1, we have
Sh (-o)[[(ex ~a/p)/(1=2)](a/2)" + /) |
(1“01>[(02 "Q/ID)/(I"“UZ)](Q/P)A : ~(ovalp ~1)
a (1) =by (1)= [(1"02)/(1‘(?1)](0:(]/}) "1)+(1"02)(4/1))i1\,_1 .
[(1-02)/(1-0)) [/ ~)+(a/p~o2)(a/p)
Hence, it is found that O, (i ) , the probability starting from i, the gambler eventually

losing all his capital with partially- segregating, partially- reflecting, partially-
absorbing probabilities @,, &, andl-w, —&,, respectively "the complementary

probability, O, (z’ ), of ruin with partially-segregating, partially- reflecting, partially-
absorbing probabilities @,, &, and 1-w, -&,, respectively", for 1<i <K -1, is

now given by

. (3.15)

(3.16)

(1- a0, = (1-a, e, +c,00,)0, 7!

[(1 ~0,)(e1 -0,)/(1- 0, )] +(1=0,0, )0

pi+gyslandp, +q, <1,
o, plg +(o, —1)[(1’ ~K)+(1—p/q)c2]
0,(1)=1-0¢ (1)=1 (o, -D[1-(p/g)/(1-0,)-K |+o,p/q
Pi=P,=P:q =9, =qandp +q =1,
(1-a)[[(2-a/p)/(1=0:)](a /)" ' +(alp) |
[(1-0)(o, ~alp)/(1-03)](a/p) " =(or(a/p) 1)’

PL=q, = 0,9, =Py =4 andp +q <1,

(3.17)

L
withu,,0,, 0, and o, as in (a).

If the gambler starts from the origin (i.¢. without initial capital), the probability of
winning the game capital with partially- segregating, partially- reflecting, partially-
absorbing probabilities @, , 5, and1-w, - &, , respectively is
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(1-0,)[ (o ~0,)/(1-0,)+1]
(1-0,)(e ”Uz)/(1"01)+(1“02U2)01
p,+g, sland p, +¢, <1,
(1-0,)(p/9)/(1-01)
Ok (0)=c,0 (02 '1)[1—(17/‘])/(1 'O_l)“K]“PO-z plq
P =Py =00 =9, =qandp+q <,
(1-a)[(era/p-1)/(1-01)+(a/p)]
(1-0,)(ova/p -D)/(1-a))+(a/p=0.)a/p)"”
P =q, =P, =P, =qandp +q 1.
If the gambler starting from the boundary X (i.e. with initial capital is X against an
opponent without initial capital), then
—1+a (o,-0,)/(1-0)+v" v, }
(1-0,)(o, ~02)/(1~a,)+(l—azuz)ul’<"
pi+q <landp, +q, <1,

[ [k -1+(p/a)/(1-0)-p/a] ]

K-b?

(3.18)

0, (K)=c(1-a){| " (o D= (p/a)/1=0) -K T+ 2p/a G.19
P =P, =P4 =g, =qandp +q s,
b (ov9/p=D/(1-0)+(a/p)"” }
(=) (oalp -D/(1-a)+(alp-x)alp) " |
L Py =G, =P, =P, =qandp +q <1,
Notice that the probabilities O, (i )i € {0,K}, are
1-0,0,)0f ! -(1-0,
L (1—02)(;——1)2)/)(1—ol)i(l—o?zuz)u,""‘ "‘}
_ py g slandp, +q, <1,
o, -)(1=-K)+o,p/q
0,(0)=¢, e L(Uz —1)[(1—(1)/)(1()/(1—)G,)—-K]+02 pla —1} (3.20)
P =P, =Dsqy =9, =qandp +q <1,
[ _a-aleam)o-)ale) " alr] |
N [0=a)(e:-a/p)/(1-0)](a/p)" ~(ara/p=D) |
k P =q,=Dp:q, =P, =qandp+q =1,
and
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o o, (1-u, v
(1—62)(61~z)2)/(1—c71)+(1~c7202)ul
o,p/q

(Uz—1)[1~(p/q)/(l——a,)-K]+azp/q)

0u(K )=y =Py =P =d, =qandp Ta Lo g
oi(1-5,) [(o:~a/p)/(1=:)|(a/p)" " +(a/p)"

’ l (l“al)[(‘jz"J/P)/(l“az)](Q/l’)A_l—(U:Q/P“l)

P\ =4, =D:q, = Py =gandp +q <1,

ce 0 hgy stand p, g, S

withv,,v,,0, and o, as in (a).

4. Some special consequences

Many interesting special cases can be derived from the general formulae (3.7) -
(3.17) through as appropriate choice of the boundary probabilities or the transition
probabilities, some cases are listed below

(i) The case o, =@,=0, 0<5 <1, 0<6, <1, the two barriers are partially

absorbing-partially reflecting, that is when the gambler is reduced to penury, at the
next game the gambler goes broke or start again with one unit capital with,
respective probabilities1— & and . When the gambler reaches his objective at the

next game his adversary may be goes broke or start again with capital of K -1
units with, respective, probabilitiesl—&,and &,. In this case we obtain the

complementary probabilities of ruin as
(1——52)[(51 ~0,)/(1-8,)+(¢, +czu,uz)uli“‘]
[(1-8,)(6 —v,)/(1=6) | +(1-8,0,)u* ™
p+q, <landp, +q, <1,
(5, ~0)[1=1 ~(p/a)/(1-8)~(1-pla)es]
Ok (1)=1-00(1)=1 (& ‘1)[1'(17/(])/(1”51)‘[(]”"521)/(1 ’
P =P =P, 4, mqandp g <],
1-84/p-(1-8)(a/p)

[(1“51)(‘52 "“Y/P)/(l“3‘2)](‘]/17)1(-l "(51‘1/11 "1)’
L P =42 =Dsq1 =Py =qondp 1 g =k,

@.1)

and

'(1_52)[(5! _Q2/[1|)/(l'“5!)+(c| RE quz/Pl‘Il)(pz/pl)’_‘]
(]-_52)(5l _Qz/‘]t)/(l'ﬁl)"'(]"quz/qn)(Pz/Pl)K-l '
O (1)=1-0, (1) = p,+q,=1j =12 “.2)
(1-8,)(i +8/(1-4))
(1-8,)[K +5,/(1-8)]+4,

We see that with the appropriate change of notation the second result in the formula
(4.1) and the first result in the formula (4.2) agree with that of Zhang (1992).

H

moEp, =P =¢, ~q andp = ¢q.

(i) The case &, =0,0<5,,m,a, <!, the barrier at Ois partially absorbing-
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partially segregating, that is when the gambler is reduced to penury, at the next game
the gambler goes broke (ruined) with probability 1—e,, win the right to spin again
with probability @,, at the boundary K, the gambler reaches his objective; at the next
game his adversary may be go broke with probability 1-w, —3,, win the right to spin
again with probability w,, or start again with a capital of K -1 units with
probability &, . The complementary probabilities of ruin are

(1-0,)[(e, +e,u0,)v™ -, |

(1-0,0,)v " -(1-0,)y,
(10, +(c,-)(1-plg)]
(1-0))[K +plg-1]+o,plq’
(1-0,)|(a/p) -1]

(¢/p-0)a/p)" -(1-0,)

, b, +g, <landp, +q, <1,

Py =P, 7P, =4, =qandp+q <1, (43>

0 (1)=1-0, (1) =

s P =g, =psq, =P, =gandp g <1,

and

(1-0.)[(e, +e. p.a:/pa)(pa/p) " ~a:/,]
[ 2P, Hq, =landp, +q, =1,
0.(1)=1-0,(1)=1 (-2@:/a)p/p) -(1-0.)a./a, (4.4)

Kiolll-0) TPy TP = = dp=qg:
K+O‘2/(l——o‘2) Pi=P, =P 474,79 80dp=q

(i) In the case 6, =0,0< 6,,m,,0, <1, the barrier at K is partially absorbing-
partially segregating. The complementary probabilities of ruin are
(1-0)(c, +vve,)u" =(v,-0,)
(1=0)v " ~(v,~0))
(1—@)(1‘ +e, (1-—p/q)~—1)+p/q
(1-0)(K-D+p/q
1-0,q/p-(1-a)(a/p)
1-0,9/p—(1-0,)(a/p)"

Pi+g, sland p,+g, <1,

O (i):l-Qo(i)z P =D, =Pyq, =4, =qandp+g s, (45)

P =0, =D:q, =P, =qandp+qg s

and
(1"0'1)(01 +c, quz/P;q;K)SP;/P;)H —(Qz/ql ”'O'l)’pj +¢1, =1,j =1,2
Q,(i)=1—Q (i)= (1"0-1)(Pz/p|) —(Qz/ql 'O-l) (46)
f : (1=0,)i +o,
TN T P =D,=P,q,=4,=q andp =q.

(1-0)K +0,”

(iv) The case w, =0, 0< 5, <1 and 0<J,,mw, <1, when there is a partially

absorbing- partially reflecting barrier at 0. The complementary probabilities of ruin
are
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(1-0,)[ (e, +e,u0 )7 + (6 - v, )/(1=6,) ]
(1-0,0,)0 " +(6, =0, )(1-0,)/(1-5)) ’

p, +q, <landp, +¢, <1,

(1-0,)[i ~(1-plg)e,+p/q (1-8)-1]

O, (i):l—QO(i): (1~02)(K +p/(/ (1~5,)~—1)+62 rlg ’ 4.7)
Py =Py =Pq, =q, =gandptg sl

(1-8.q/p)-(1-6)a/p)
(1“51)[(62"q/p)/(l"az)](q/p)“‘((5151/]7_1)’

L P1=q2=P,q‘=pz=qandp+q <1,

and
(1-0,)[ (e, +e, paas /P )P/ p) "+ (8 =0:10,)/(1-4, )]
(l—o‘z'qz/q,)(pz/p,)k.n' +(4, —qz/f].)(l"az)/(l—51)
0, (i)=1-0,(i)= p,+q, =landp, +q, =1,
(1“62)[i +5;/(1‘51)]

(1-0,)[K +5,/(1-8)]+0,

(4.8)

P =P, =piq, =g, =q andp =q.

(v) Inthe case , =0, 0<9, <1, 0< 8,0, <1, when there is a partially
absorbing- partially reflecting barrier at K . The complementary probabilities of ruin
are
(1=9, )[(c, +e,00,)07" +(o, -0,)/(1=0; )]

(1—5202)1),""+(a,~uz)(1~52)/(1—0,) ’
p,+q, Slandp, +q, <1,
(1-8,)[i +(1-p/a)e, +plg(1-0,)-1]
0, (1)=1-0,(i)=1 (1-8,)[K +p/q(1-0,)-1]+4,p/q
p=p,=p4 =9, =q andptg =],
(1-0,a/p)-(1-0)a/p)
[(1=0.)(6,~a/P)/(1=8)(a/p) " ~arg/p+1
P =¢,=p;q,=p,=q andp+q <1,

4.9)

and :
(1’52)[(01 +c, pz(]z/}7|‘]|)(pz/.l7|)M +(°’. -qz/ql)/(l~a,)]

(1"52(11/41)(1’2/17!)”—‘ +(1_52)(O-| ——qz/ql)/(l—o“)
0. (1)=1-0,(i)= p, +q, =landp, +q, =1, (4.10)

(I—-52)[i+a,/(1—-a,)}

(1-8)[X +a,/(1-0,)]+6,”

p=p,=p,q,=q,=q andp =q.

(vi) The case w, =0and 6,=0, 0<6,,®, <1 (w,=6,=0, 0< 8, @, <1) when
there is a totally absorbing barrier at 0 (at X). The complementary probabilities of
ruin are coinciding with the formulae (4.3), and (4.4) ((4.5), and (4.0)) .

Note that the results in the case p, =q, =p,q,=p, =g andp =q ; are coincide with
that in the case p, =p, =p,q,=¢q,=q andp =¢q .




5. Expecied duration of play

Let 4, and B, denote the expected duration for the game (whose initial capital is
i) with the previous step game to 7 is winning and losing, respectively, then

A, =pd, ., +qB,_ +nrnd, +1, (5.1)
B; =p,B, +q,4,,,+1B, +1, (5.2)
with the boundary conditions
B ==y, (5.3)
1-w,
Ay =—§—2——B,\,_l. (5.4)
1~-w,

When reaches the boundary 0, the gambler is reduced to penury; at the next game the
gambler start again with one unit capital with probability 5, and the expected duration
at 1 is 4,, goes broke (ruined) with probability 1-, ~&,, or win the ’fightnt'o spin
again with probability @, (note that the reflection from 0 to 1 is not a game and
needs no time, so we need not add 1 in the boundary condition); when reaches the
boundary K, the gambler reaches his objective; at the next game his adversary may
be start again with a capital of K —1 units with probability &,, and the expected
duration atX —1 is B, ,, goes broke with probability 1—m, —&,, or win the right to
spin again with probability w,, (note that the reflection from K to K -1 isalsonot a

game and needs no time, so again we need not add 1 in the boundary condition).
This system of non-homogeneous difference equations of first order with constant
coefficients can be solved via the substitution

A, =hi +1+4] and B, =mi+n+B/. (5.5)
This leads to
[(6], Jrqz)/(q,p2 ——qul)]i +[X +u"Y ]/Z,
4, = py+q, <land p, +q, <1, (5.6)

[qiz +X1/(1“0'1°'2)]/Zl> P =D, =D, =g, =qandp +g <],
and .
[(@+2:) (i +)~(pi+22) (apr-0:1)

B, = +[X+YUMI]/Z’ pi+q <land p,+g, <1, 5.7

(4% +2(g-p)i +oi(K-1Y,/(1~03) |2,

DI=D,=Dq, =, =qandp+q <],

where
X = Y, (O.I “Uz)[(ql +q,)(0'2 ‘I)K -0, (pt +pz)]+vll< (l"o-zuz)[(% +q2)(a-l “1)+P| +pz] 5

Y =(ql+q2)(02-—l)(K+1)(1-—0',)—(p,+p2)(1~0,<72)>
Z :(qlpz _QZPI)[(I—GZ)UI (Jl_uz)+UIK (1—0202)(1‘0‘)]’
X, =0q (K ~1)' ~20,(p ~q)(K ~1)+o,0, ~¢K ",
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V=gl o, (K =1} 20,p. Z,=2q p 3pq . and v,v,. 0, 0, asinf{a).
Let D, be the expected duration for the game with initial capital / and suppose
that D, is finite. Then D, can be derived from D, =¢ 4, +¢,B, .

Special Cases:
Case 1:If p,=q, =p. q,=p,=q and p+q <1, then the expected duration is
D, =iflg-p)+[ X, +(a/p) Y, /2. (5.8)

where

X,=0, (‘7//))K_1 (q/p—02)+(q0'|/p—~1)(1\’ (Jz—l)—GZ)?
Y, :(I—UI)[K (O‘Z ~1)—02]~0"l (l-az),
Z,=(a-p)[(1-0)(ao/p-V)+(a/p) " (a/p ~o,)(1-0))]-

Case 2:If p,=q,=p, ¢,=p,=q, p+q=1 and 5 =0, 1 =1,2, then the

expected duration is
s i ___1
! J— £ (C]/p)K 1 p+g =l
D, =3q-p 4q-p(q/p) -1 (5.9)
i(I(—f), p=q ::1/2'

Formula (5.9) agrees with that of Zhang (1992).

Case3:If p, =q,=p, q,=P,=49, P=4 =1/2 , ¢, +¢, =1, then the expected
duration is

D.:‘iz+K(K—1)0'1(1—02)/(1—0,)+i[1(2—02(K—1)2+0‘l(1—o'2)/(1—crl)] o
: (1-0,) K +o/(1-0)+0, | '
Cased: If p,+q,=1 p,+q,=1. By putting p, =a,q, =/ ’_>q1/‘b =P
2./, = Py thus g, +q, =1-a+pB, pi+p,=1+a~p and qp,—g,p, =1-a-f.
Let ¢, +c, =1. Then the expected duration is
_(1—~a+ﬂ)i+2(ﬂ—a
l-a-pf

D, )es X+ (e +6,) Y, )/ Zy, (5.11)

where

X, =(op-D)[(1-a+p) (o, -1)K ~o,(l+a-B)]+

(p—0)[(1-a+pB) (o, -D)+(1+a-H) ],
Y, =(1-a+pB)(c,-1)(1-0,)K —0,(1+a~p)(1-0,)
+(1-0,)[2(B-a)+o,(1-a+ )],
Z3=(1~—a+ﬂ)[(1-02)(0,,0,—1)+p2’<“'(p,—‘0'2)(1—0'1)].
Case 5: If p,+q,=1, p,+q, =1.Byputting p,=a,q,=p —q,/q, = P>

pz/p,sz,thus q,+4, =l-a+p, p1+Pz:1+a—IB and 91}72’"9’21)1:1“0‘_5-
Let ¢, +¢, =1, o, =0, i =12 then o, =48,,7 =1,2, and the expected duration is




D, = (1—a+p)i +2(B-a
I~a-pf

where
X4=(5l,01—1)[(1—05+[3)(52—1)1<~52(1+a~ﬂ)]+
-5,)[(1-a+B)(8, ~)+(1+a-B)]p"
~8)K - 5,(1+a-B)(1-6,)+
(1-6,)[2(B-a)+ 6, (1~ a+p)],

Zy =(1—a+ﬂ)[(1~52)(51p1 i )+:02 (pl "52) 1*51)]‘
Formula (5.12) agrees with that of Zhang (1992).

(5.12)

C7+[X +(c\p +e,y )p’ Y ]/Z
Y, =(1-a+ B)(S, -1

6. Numerical examples

In this section, we discuss some numerical examples (using mathematica progr am)
for the effects of correlation for the present problem for example we consider the
following particular cases:
The case one: @, =0, w, =0, 5 =0 andg, =0, the two barriers are perfectly

absorbing, using formulas (4.1) and (4.2) respectively, we get:
(i) For p,+q,<1,p,+q, <1, the complementary probabilities of ruin become

0 (1)=1-0,(1)= 2"

For p,+q, =1, p,+q, =1 the complementary probabilities of ruin will be

_Qz+[cl +c, 2L Pad> )( J
; . q
QK(I):1~Q0(1)= - o
_QAJ{&_)
4, \ P
The case two: 0 < o,,, <1 and 0< 8,8, <1, the two barriers are partially absorbing-

partially segregating- partially reflecting, using formulas (3.17), (5.6) and (5.7) for
() p+q,sLp,+g,<1  and (i) p=p,=P:4,59,79 -

(c, +co0,) 0

K-
=0, + U,

(i)

Some numerically results for these cases are shown in table 1

Cse | 0, |6, | o |@ | K ile e | Pild) P4 Q, (’) D,
o o o | o @m0 05|05 05 02|04 |02 0.000967341 | 179924
. 100 T 5 107103 021040103 0268066 | 228312
o o o [ o [oou]Zuo]osTos 02 o809 [0.0] 0999999 643,
100 170 10710305 ]05] 0505 0.3 2100
‘ T000 1900 105 105 [ 05 |02 04 | 0.1 0999997 | 912997
E 04 | 08105 | 0.1 060107 03] 0.1 ]02] 02| 01 ] 0999805 | 939811
o3 o7 oa | on 1H000 (300 (0.5 05T 02 04702 | 04 | 0.1029%4 2499035 10°
2107102 |02 oo T 70 1030701 [08][ 0.1 08| 0896504 | 748229

(table 1)
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7. Appendix

From equations (3.1) we get the following difference equation
by (pz +4)d, (i + 2) +(“P1 (Pz +q,) =P, ([J, +Cj,))ao (i +1) +p, (1 +q,)a (i }=0. ()
Putting a, (z‘ ) = A’ in equation (*), the following characteristic equation follows
PPy +02) A+ (=1 (2 +4,) - o (21 +01)) A+ Py (pr +0,) =0
p.(p+a,)

It can be easily obtain 4, =land 1, = —————=.
(P, +4,)

The general solution of (*) is
i
+ o
(10 (i):1)|/'{11 +V2/12' :\)1 +V2(p2 (I)I qi)} » (:ﬁ;ﬁ)
p(p:+4,)
where v, and v, are constants.
Substituting from (**) into (3.1), we get b (i) as
(r+a) \(2a(pira))”
: q9,\P, 4 PP Y oskok
A ] e (++%)
q,(p,+¢,) \ (P, +4,)
From the boundary conditions (3.2) and (3.3) we can calculate the values of v, v, as

follows

. o (1-o,0,)

(1-0,0,)0" " +(o, —0,)(1-0,)/(1-0)’
. (0.-1)

(1-0,0,)0" +(o,-v,)y, (1-0,)/(1-0)
Substituting form v, v, into (**) and (***) formula (3.7) and (3.8) follows.

Yy

Vs

Conclusion
We have presented general form of correlated ruin problem with various types of

boundary such as elastic boundary, partially-reflecting boundary, partially-segregating
boundary and so on, and closed-form formulas are derived for the ultimate absorbing
probability as well as the expected duration. Some very simple closed forms which
immediately lead to exact and explicit formulas are presented as special cases
depending on the relationships between the transition probabilities and the boundary
condition probabilities.
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Cumulative Exposure Model Based on Type II Hybrid Censored

Data for Burr Type XII Distribution
Abd-Elfattah, A. M. 1, Essawy, A. 2 and Mubarak, Sh. 3

Abstract: In this article, we consider the estimation problem for a simple
step-stress model under hybrid type II censored data from Burr type X1
distribution. We use the maximum likelihood method to obtain the estimators
of parameters with respect to a cumulative exposure model. In addition,
asymptotic variance and covariance matrix of the estimators are given.
Furthermore, confidence intervals of the estimators are presented. The
performance of the findings in the paper is shown by demonstrating some
numerical illustration through Monte Carlo simulation. Finally, we present
examples to illustrate all the methods of inference discussed here.

Keywords: Burr XII distribution; Cumulative exposure model; Fisher
information matrix; Hybrid censored data; Maximum likelihood method; Step
stress testing;

1 Introduction

In many situations, it may be difficult to collect data on the product and
may have a high reliability under normal conditions. For this reason, the
Accelerated Life-Testing (ALT) experiment can be used to force these
products to fail more quickly than under the operating condition. Therefore,
the(ALT) experiments have become important technical structures in
reliability and survival analysis. A special class of the (ALT) is called the
Step-Stress Testing (SST) which allows the experimenter to choose one or
more stress factors in a life-testing experiment. The examples of stress factors

include humidity, temperature, vibration, voltage, load or any other factor that
directly affects the lifetime of a product.
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Epstein (1954) discussed a hybrid censoring scheme in which the lift-
testing experiment is terminated at a random time T, = min{t,.,, T}, and only
the failure time before T, are recorded, where 1 =7 =n and 0 < 17, <o,
. Compared to the conventional type-I censoring scheme, the termination time
here is at most T,, and we refer to this as type-I Hybrid Censoring Scheme
(HCS). If T, = max{ly.n, 7,}, we would refer to it as type-II (HCS) since it
would guarantee that the number of failure times is at least .

Nelson (1980) studies accelerated life testing step-stress model and data
analysis. Miller (1983) presented optimum simple step-stress plans for
accelerated life testing, and Bai (1984) presents optimum simple step-stress
accelerated life tests with censoring. Nasar (1996) developed optimal
accelerated life test designs for Burr Type XII distribution under periodic
inspection and type I-censoring, assuming that the mean lifetime is a log-
linear function of stress. Also, Gupta (1998) studies hybrid censoring schemes
with exponential failure distribution, and Watkins (2001) studies the inference
in simple step-stress models. Childs (2003) studies the exact likelihood
inference based on type-I and type-II Hybrid censored samples from the
exponential distribution. Banerjee (2006) studies inference based on type-iI
hybrid censored data from a Weibull distribution. and Balakrishnan (2007)
studies exact inference for a simple step-stress model with type-II hybrid
censored data from the exponential distribution. Abd-Elfattah (2008) devoted
to the estimating failure time data under step-stress partially accelerated life
test based on type I censoring that using the tampered random variable model
proposed by De Groot (1979). Balakrishnan (2009) studies exact inference for
a simple step-stress model from the exponential distribution under time
constraint.

2 Model Description

2.1 Notation

ALT Acceerated Life Testing,.

SST  Step Stess Testing.

HCS Hybrid censoring scheme.

pdf  Probability density function.

cdf  Cumulative distribution function.
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G(t) Cumulative exposure distribution function.

g(t) Probability exposure density function.

Sg, Sy Stress levels.

n Identical units under an initial stress level sq.

r<n and0 < 1, < 1, < o0 are fixed in advance.

tym < tam <e..< tpnThe ordered failure times of the n unit under test.
7, A fixed time before which the stress level is changed from s, to S.
t,., The time when the r‘" failure occurs.

T, A fixed time before which if the rth failure occurs the experiment is
terminated at time 7.

T, The random time when the life-testing experiment is terminated.
N; Number of units that fail before time T, at stress level 5.

N, Number of units that fail before time T, at stress level s;.

M Number of units that fail before time T, at stress level s;.

¢;, k The shape parameters of the Burr type XII distribution.

F  Fisher information matrix.

L(.) Likelihood function.

logL(.) Logarithm of likeihood function.

MSE  Mean square error.

ARBias Absolute relative bias.

RE Relative error.

2.2 Assumptions :
Suppose that the data come from Burr type X1I distribution, and we

consider a simple step-stress model based on type-II HCS with only two

stress levels sy and s1. The probability density function (pdf) and cumulative
distribution (cdf) for Burr type XII distribution are given by, respectively
fi(t; c;) = ikt (1 + gy~ >0 k>0 =12,
and
Fitie)=1-(1+t)™* t>0 ke¢>0 i=12
Then, we have the cumulative exposure distribution (cdf) G(t) as follows,

(1)

(2)
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Gl(t) :Fl(t), O_<_t<T1,
G(t) = o
() G, (t) =F, [(t»rl)—kff}, T, St <,

hence, by using (1), it can be rewritten,
G () =1—(1+t)k 0=t<Ty,

k

G(t): %CZ“
Go(t) =1—{1+{t—713+74 , Ty St < oo,

The corresponding probability exposure density function becomes
g:1(t) = f1(t) 0=t <Ty,

(91

IO =N g =1 {(t —1)+ r:} T St< o,

therefore, by using (2), it can be rewritten as follows,
g) =
g (t) = ket (A + )Y, 0=t <1y,

=(lc+1)

€y cp=1 cy Co
gz(t)=kcz{t—r1+'ci2] *ll+(t—rl+riz> } T St < ™.

Based on the type-II HCS, we have n identical units under an initial stress
level so. The stress level is changed to sy at time T, and the life-testing
experiment is terminated at time 7, if the rt" failure occurs before T,
otherwise,the experiment is terminated as soon as the " failure occurs. Thus,
the termination time in this situation is a random variable given by

: T, = maX{tr:n' Tz}:

Then, it is evident that,
M= {r — Ny, Ty <Utlrn

NZI tr:n S Tz;

and
T, = {tr:n' T2 < tf:nr
y =
TZJ t‘r:n S TZ'
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We will observe one of the following three cases for the observations:
o Case 1: If t,..,, < 74 < T, we will observe

b orr < bpap oo < gy ST < Cyypam <oor < Enpanpm S T2

o Case 2: If 1, < t;., < T,, we will observe

tim <o <typn STy <Uypprm <o <l <o <lyganpm T2

e Case 3: If 1, < t,.,,, we will observe

b <o <lyym ST1 <lyprm <o <Iyanym = T2 < Iyt 41m
<<ty < 0.

3 Maximum Likelihood Estimation
From the cumulative exposure distribution function (3) and the
corresponding probability density function (4), we obtain the likelihood

function of ¢;,c, and k based on the type-1I hybrid censored sample as
follows,

Ny R
n!
L(c;, k|t) = e ﬂ 91(tin) H g2 (tin) | * [1 — Go (T F
2 i=1 i=N1+1
0< tl:n <. < tlen < T4 < tN1+1:n << tR:ﬁ = Tz, (6)

where R = N, + M. By using (3) and (4), thus the likelihood function
becomes,

{ v..
L= (n’jR), [n ket (1 + 72y WD)

- e\ G2—1 eg Caq-(kHD)
* | T, 41 Feco (ti:n — 17yt T?) , [1 + (ti;n — Ty + T;2> ]

k(n—R)

- 61 2~
* 1+(T2_T1+T;2> ] ’

0<t, <. < tNltTl =S < tN1+1:n <L L tgn B T, (7)
Therefore, the logarithm of likelihood function is:

= logL(c;, k|t) = IOg 5t Z log[lcy t5271 (1 + ¢52) ~0+D)]




+ Yy, 41 log | ke, (ti:n =Tyt T;Z) ]

—(k+1)

- _(‘;l_ Cy
+Z§=N1+1 log 1+ (ti:n — Ty F ,[iz) ]

k(n-R)

€1\ ‘21
+log [1 + (Tz — 1y + ‘ciz> } ) ‘ (8)
hence, it can be rewritten
R 1
= log i + Z log(c,k) + Z log(c,k) + (¢ — 1) Z log(tsn)
i=Ny+1 i=1

-—-(k+1)Zlog(1+t Y+ (6 — 1) z log{m Tl—f—rl}

i= N1+1

—(k+1) z log{l—l-(ln T1+T1> ]

i=Nqi+1

—k(n — R)log {1 + (Tz -7+ T?) } (9)

To simplify, replace the parameters cq, C; by @, respectively and put the
following expressions,

T, = max{tyy T2}, P =tiplogtin, Q=7

a
A=[1+t%] B= [1+ tic:zn]’ C= ltr:n —Tq + T’f]r

a o
D= [tim—rl-i—rf], E= [TZ — Ty +’L"f}.

Then, the logarlthm of likelihood functlon is:

log ( T Z log(ak) + z log(Bk) + (a — 1) Z log(tim)

i= N1+1
—(k+ 1)2 logB + (8 — 1) Z logD — (k + 1) Z log[1 + D]
i= Ny+1 i= Ny+1
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~k(n — R)log[1 + E#]. (10)
We obtain the estimators of @, f and k by differentiating (10) with respect to

a, B and k respectively and equating to zero. Thus,
Ny Ny

of

== (n— R)log[1 + £ z logB — Z log[1 + D8] = 0,
i=

9E N, k(n—R)QEF! -

¢ a  [L+EF] +Zlogt‘"“(1+k)23

vl 3, f-wn 3 e

i-N1+1 i= 1+

o u [ko-REflogs -]\ &

i=N1+1

B logD—==
a(l p’) DP[log ]
Zl =N;+1 D (k + 1) Zl =N;+1 (W) = 0. (11)

Since the closed form solution to nonlinear equations (11) is very hard to
obtain, therefore, we use the MATLAB program to solve the previous

nonlinear equations simultaneously to obtain @, f and k. The results are listed
at Table 1.

4 Asymptotic Variances and Covariance Matrix
The asymptotic variance and covariance matrix of maximum likelihood
estimator are given by the elements of the inverse of Fisher information matrix

as follows,

9%InL
@ =52
Y L') 060;00;
Unfortunately, the exact mathematical expressions for the previous
expectation are very difficult to obtain. Therefore, Fisher information matrix is

given by

- 4%InL
(@) = {_ aeiae,-}'

which is obtained by dropping the expectation on operation E and replaced




a, and k with @, B and k respectively, Cohen (1965). The asymptotic
variance covariance matrix (F) for the maximum likelihood estimates can be
written as follows,

_ 9L #°InL a%InL
ok? ok o ok ap
_ d%InL _ 9%InL d%InL
F = da ok da? dadp
9L 0%mnL  0%lnL
Ip ok ap o B2
where,
£ Ny y k(n—R)Q*E*!™%  k(n—R)(f —~ 1)Q2EP-2
da? a? (1 +EF)? -~ BUL+ER
N.
k(n — R)Qlogr, £~ L }j Plogt; (P\)2
G(1 + EF) ( ) - B B
(k + 1> ZR: {(ﬁ e e QlogrlDﬁ‘l}
r B B)2 B
B L 1+D (1+ DF) 1+D
B-1) vR Qlogrs _ (Q\?]
+ —FZ‘_ l=N1+1 D E :
e [1 . a0?(( E8 \* [ EP
e m e RleeR ) oy 1+ EP
a?Qlogr; a?Q%|( EF 2¢ 0
k(=R e 0
B’E RPEX|\1+EP 2 D
L=N1+1
& 1 «012( DB D \?
e 3 Lo [ 25
(et d). °8” ~pDl |1+ DF <1+Dﬂ).
1=N1+1
- ,
Df \[a?Qlogr, a?Q?
~(k+1) Y Qlogs; . & ¢
, 1+ DE B3D B3D?
l=N1+1

2aQ . a?Qlogt aQ \?
+(ﬁ - 1) Z§1+1 {BBD + B4-D . —— (,B’ZD) }'
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%L EP~? Ny P @R QP
ok da —(n - R)Q <1+Eﬁ) — Liz1 g ~i=Ngtl {1+DB } (15)
0% . EF _aQ] _ R pF _ o
akop (n—R) (1+Eﬁ> [logE ,BE] {=Ny+1 {(1+Dﬁ) [logD BD]}' (16)

P _ - myodfioge - 29| (o S
saap - RO {[ 085 ~ ﬁE] ([1 n E3]2> +aplogny (1 T Eﬁ>}

() 5 3
i=N;+1
—_ R 2
(559 S (-0

R

1+ Y 10 (%%) [logD _ %%]}

i=Ni41
Ny
pE-t -1
(k1) ) {Q (1 . Dﬂ) [ng —————————“(BﬁZD )Q]}
{=Ni+1
B-1
U, e ) )
9%E R
T | (18)

Consequently, the maximum likelihood estimators &, and k of a,p and k
have an asymptotic variance covariance matrix defined by inverting the Fisher
information matrix F and substituting i =(a&,p,k) for 8 = (a,pB,k), see
Table 2. :

5 Confidence Interval of Estimators for Burr-XII distribution
under Data Type-II hybrid Censoring

In this section, we construct confidence intervals (Cls) for the unknown
parafneters a,f and k for larger sample sizes under data type Il-hybrid
censored. Let the unknown parameters 6 and assume that
Lo = Lo(typ-+rtnm) and Ug = Ug(tim .-, tnm) are functions of the sample

el “””"““"%&\
# . ~,
{68
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data ty.p,. .., tyy, then a confidence interval for a population parameter g is
given by
‘ Pl[Lg < 6 < Ug] =6,

where Lg and Uy are lower and upper confidence limits which enclosed 6 with
probability 8. The interval [Lg, Ug] is called a two sided 1006% confidence
interval for 8. For large sample size, the maximum likelihood estimations,
under appropriate regularity conditions, are consistent and asymptotically
normally distributed. Therefore, the two-sided approximate 1006%
confidence limits for the maximum likelihood estimate @ of a population
parameters 6 can be constructed, such that,

P[—ZS%SZ]:&

where, z is the [—1—99—%:—6-)-] standard normal percentile. Therefore, the two sided
approximate 1008% confidence limits for a population parameter 6 can be
obtained, such that, '
P[6 —zo(8) < 0 < 8 + za(0)] = 6.
Hence, the two sided approximate confidence limits for @, and k will be
respectively as follows,
Ly=8&—z0(@) U,=a-+zo(a),
Lg=f-z0(f) Up=p+za(B),
Ly=k—zo(k) U= k + zo(k).
Therefore, we use the MATLAB program to calculate the confidence intervals
for the unknown parameter 8 = (a, 8, k) at 95% and 99%, see Table 3.

5.1 The numerical algorithm
In this section, we describe the algorithm to obtain the Type-II hybrid

censored sample, and the estimators &, B, k. In addition, the absolute relative
bias (RABias), mean square error (MSE) and relative error (RE).
Step 1: Given n, 1, T4, T, and initial values for the parameters a, f and k.
Step 2: We generated a random sample of size n from uniform(0,1)
distribution, and obtain the order statistics U; .y, ..., Un:n such that,

{Ulzn <...< Un:n}
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Step 3: Find N; such that,
' UNl:n s1- (1 + Tg)WK < UN1+1:n

Solve the above inequality to get the failure times of units from unite 1 to
unite N;. Hence, the failure time under Burr XII distribution of unils
becomes,

_ir

1
tim = [(1 —Upp) k= 1] where 1<i<Nj. (20)

Step 4: Next, we generate a random sample of size m = n — N; from
uniform(0,1) distribution, we obtain the order statistics Vy.p, ..., Vp:m Such

that,
{Vlzm <...< Vm:m}

Step 5: Find M and T, such that
A. Ifr < N,, then M = N, and T, = 1, where N, is obtained from

the inequality
ﬁ —~J
VNz:m =1- (1 + (Tz P Tl) ) < VN2+1:m

B. Ifr > N,, we have the following two situations:
B If Vp_pon <1—(1+(r,—7)f)" then M =N, and
T, = T, where N, is obtained from the following inequality,

: ~k

B2. IfVy_ym > 1 — (14 (r, —7)f) " then M =1 — N,
and

1
T, =T, + [(1 —Veongm) ©— 1] ,

For 1 < j < M, we then set

1
. 1
— B
tyytjm =T1 [(1 - Vj:m) o 1] , (21)
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Step 6: Based onn, 1, Ny, M, T4, T, and order observations,

{tl:n' e U Oy 1 - o tN1+M:n}
we solve the system of nonlinear equations (11) to obtain the estimators of the
unknown parameters &, f and k.
Step 7: Repeat steps(2) to (6) H times and arrange all &, £ and k in ascending
order to obtain

(@W,...,alm), (AW, AU} and (RO,... R0},
Then, we get the estimators as follows,

o~ 1 S 2 1 IR ~ | -
a’ = EZ;_I:]. a[h]’ ﬁ = EZZI=1 ﬂ[h] and k = ;I_Zgzl k[h].

Step 8: Substituting the values of parameters @”, f* and k* to get the absolute
relative bias (RABias), mean square error (MSE) and relative error (RE).
Furthermore, the asymptotic variance and covariance matrix and two-sided
confidence intervals of the estimators are obtained.

6 Illustrative Examples

In this section, we give illustrative examples by using small and
moderately large samples in order to illustrate all the methods of inference
described in this paper.
Example 1:
We consider the following data when n = 15 with 7y =3, a =15, f = 3.1
and k = 0.25. Therefore, the failure times of units as follows,

0<t<rt, |0345 05008 06183 0.8920  2.8862
T, <t<T, |3.6719 4.3621 5.0755 5.1415 52476 56978
7.3561 ~ 7.9017  10.8733  11.8854

(20)

(21)

In this case, we fixed time 7, = 7 and 7 = 9,12, we obtain the estimator of
0 = (a, [)A’, E) as follows,
&=1283 f=2545 k=0271 when r=9,
&@=1272 (=268 k=0279 when r=12.
Note that, when 7 = 9, we have T, = max{to,s, T} = max{5.1415,7} =7
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since Ny =5 and M =6, similarly, when r =12 we have
T, = max{ty.45, T2} = max{7.3561,7} = 7.3561 since N; = Sand M = 7.

Example 2:
We consider the following data whenn = 25 withty =3, a =1, = 2.5 and

k = 1. Therefore, the failure times of units as follows,

0<t<ty |0.0295 0.0443 0.0634 0.0769 0.1071 0.1763 0.2018 0.2239 0.3157
0.8907 0.9604 1.0019 1.0905 1.3625 15632 1.6155 2.1444 2.4806
T <t<T1y [26028 39285 4.0302 4.2787 4.3029 4.7425

7.1931

In this case, we fixed time 7, =7 , we obtain the estimator of
6 = (@, ,[?, I’E) as follows,
@=0876 f=1545 [=1061 when r=14,
Note that, when r = 20, we have T, = max{t,¢.5, T} = max{3.9285,7} =
7 since N; = 19 and M = 5.

7 Conclusion

In this paper, we have considered a simple step-stress model with two
stress levels from Burr-XII distribution when the data are type II hybrid
censored. We have derived the MLEs of the unknown parameter 6 =
(a,B,k). We have also proposed procedure for constructing the estimator
beside RABies, MSE and RE of it, see table 1. Moreover, the variance and
covariance beside Cls for 0 at 95% and 99%, see table 2 and 3. Hance, we
present the results of a Monte Carlo simulation study carried out in order to

compare the performance of the method of inference described in section 5.
Since, we chose the values of parameter 6 to be (1,2.5,1) and (1.5,3,1.25)
respectively, for different (n, 7). The parameter f§ increases the estimates have
smaller MSE and RE, as the sample size increases the RABais and MSEs of
the estimated parameters decrease, see table 1. For this reason, the ML
estimates provide asymptotically normally distributed and consistent
estimators for the parameters. Asymptotic variances of the estimators are

P
/,4/” e
7 F 5
72



decreasing when the sample size increasing, see table 2. The following precise
conclusion have been reached, f3 is larger than « for each increasing n and 7, k
increases as r increases when n decreases, in general k decreases when n
increases in size. We have observed that case (I) is the best for estimation
relative to case (IT), see table 1. Variance and covariance decreases when size
n increases, the first case (I) is best for variance relative to case (II) which is
based on type II hybrid censored data, see table 2.
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Table 1: The RABais, MSE and RE of the parameter 6 = («, B, k) based on
hybrid type II from Burr XII distribution.

(n,r) Case 1 (1,2.5,1) Case 2 (1.5,3,1.25)
0 g RE MSE | RAbias ] RE MSE | RAbias
(15,7) « |1.0336 | 0.0150 |0.0225 |0.0336 | 1.9968 | 0.5019 | 0.5668 | 0.3312
B |2.3340 | 0.1804 |0.2035 |0.0640 |2.7601 |0.2514 |0.5690 | 0.0799
k | 1.0153 | 02161 | 0.0467 |0.0153 |1.1769 |0.2034 | 0.0646 | 0.0585
« |1.0894 |0.2036 |0.0415 |0.0893 |1.5013 |0.2446 |0.1346 | 0.0008
(15 ,9) B | 21549 [ 02578 |0.4153 |0.1381 |2.8872 |0.1516 |0.2067 |0.0376
k |1.0651 |0.4013 |0.1611 |0.0651 | 1.1617 |0.2495 | 0.0973 .| 0.0707
@ | 1.0032 | 02177 |0.0474 |0.0032 |1.6274 |0.2566 |0.1482 | 0.0849
(15,14) | B |2.1070 | 0.2802 |0.4906 |0.1572 |2.7095 |0.2529 |0.5758 |0.0968
k | 11105 | 02637 |0.0696 |0.1105 |1.0158 |0.2442 |0.0932 |0.1874
« 109899 |0.1014 | 00103 |0.0102 |1.6361 |0.1916 |0.0826 | 0.0907
(25,10) | B |2.4362 |0.1401 |0.1227 |0.0255 |2.3756 |0.2504 |0.5644 | 0.2081
k | 09998 | 02422 |0.0587 |0.0002 |1.2945 |0.1535 |0.0368 | 0.0356
: « |1.0604 | 02154 | 00464 |0.0604 |1.4614 |0.1335 | 0.0401 | 0.0257
(25,14) | B |2.3048 | 0.2546 |0.4051 |0.0781 | 24684 |0.2844 |0.7281 |0.1772
k [1.0027 | 0214 |0.0458 |0.0027 |1.3274 |0.2693 |0.1133 | 0.0619
« | 1.0445 | 0.1593 | 0.0254 |0.0445 | 1.4902 |0.2036 | 0.0933 | 0.0066
(25,18) | B |2.0805 | 0.2305 |0.3321 |0.1678 |2.7284 |0.1606 | 0.2322 |0.0906
k |1.0308 | 01585 |0.0251 |0.0308 |1.2288 |0.1094 |0.0187 | 0.0169
@ |1.0760 | 0.1499 | 0.0225 |0.0760 | 1.6313 |0.2078 | 0.0972 | 0.0875
(35,14) | B [2.2839 |0.2122 |0.2813 | 0.0864 |2.6634 |0.2149 | 04158 |0.1122
& | 1.0007 |0.1649 | 0.0272 |00007 |1.1757 |0.2221 |0.0771 |0.0594
a« |1.0875 | 0.1925 |0.0371 |0.0875 |1.3433 |0.1608 | 0.0582 |0.1045
(35,24) | B |2.0672 | 0.2065 |0.2666 |0.1731 |2.1588 |0.2934 |0.7749 |0.2804
k | 1.0516 | 0.2497 |0.0623 |0.0516 | 1.2659 |0.1164 |0.0212 |0.0127
a |1.0929 |0.2319 |0.0538 |0.0929 |1.5665 |0.1672 |0.0629 |0.0444
(35,31) | B |2.3910 | 0.1875 |0.2198 |0.0436 |2.5461 |0.2469 | 0.5484 | 0.1513
k | 10469 | 02223 |0.0494 |0.0468 |1.2579 |0.1263 |0.0249 | 0.0063
« | 1.1058 | 0.2151 | 0.0463 | 0.1058 | 1.5225 | 0.0904 | 0.0184 | 0.0149
(40,16) | B |2.2514 |0.1816 |0.206 |0.0994 |2.1616 |0.2991 | 0.8053 | 0.2795
k 09244 |0.1758 |0.0309 |0.0756 |1.3433 |0.1462 |0.0334 |0.0747
« |1.0031 |0.1264 |0.0159 |0.0031 |1.5847 |0.1441 | 0.0468 | 0.0565
(40,28) | B |2.2545 |0.1984 |0.2459 |0.0982 |2.5058 |0.2391 |0.5146 | 0.1648
k |1.0260 |0.1865 | 0.0348 | 0.0259 | 1.3303 |0.1947 | 0.0592 | 0.0642
@ |1.0898 | 0.2285 |0.0522 |0.0898 |1.4712 |0.1392 |0.0436 | 0.0192
(40,36) | B |2.3996 |0.1951 |0.2378 | 0.0402 |2.3592 |0.2574 |0.5962 | 0.2136
k [1.0191 | 0.2386 |0.0569 |0.0191 |1.1914 | 0.1953 | 0.0596 | 0.0469
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Table 2: Asymptotic variance and covariance of estimates based on type I

hybrid censored data.

(n,n) Casel (1,2.5,1) Case 2 {1.5,3,1.25)

] a I4 k a I k
& | 0.0937 |-0.0445 |-0.1695 | 0.1145 |-0.0510 | -0.1900
(15,7) B |-0.0445 | 0.1743 | 0.1399 |-0.0510 | 0.2265 | 0.1705
k |-0.1695 | 0.1399 | 1.3328 |-0.1900 | 0.1705 | 2.2743
& | 01170 |-0.0243 | -0.1809 | 0.1182 | -0.0348 | -0.2157
(15,9) # |-0.0243 | 0.0756 | 0.0601 | -0.0348 | 0.1316 | 0.1079
k 1-0.1809 | 0.0601 | 0.8258 |-0.2157 | 0.1079 | 1.9284
@ | 01227 |-0.0180 |-0.1799 | 0.0952 | -0.0428 | -0.1908
(1514) | g |-0.0180 | 0.0653 | 0.0457 | -0.0428 | 0.1647 | 0.1417
E |-0.1799 | 0.0457 | 0.8339 |-0.1908 | 0.1417 | 1.6762
@ | 00621 |-0.0118 |-0.1179 | 0.0796 | -0.0181 | -0.0987
(2510) | 4 |-0.0118 | 0.0396 | 0.0334 |-0.0181 | 0.0835 | 0.0529
E |-01179 | 0.0334 | 06711 |-0.0987 | 0.0529 | 0.9131
T & | ooeo0 |-00127 | -0.1018 | 0.0843 | -0.0174 | -0.1136
(254) | § |-00127 | 0.0448 | 0.0346 | -0.0174 | 0.0658 | 0.0463
%t |-0.1018 | 0.0346 | 0.5548 | -0.1136 | 0.0463 | 1.1514
@ | 0.0598 |-0.0114 |-0.0856 | 0.0736 |-0.0167 |-0.1151
(2518) | § |-00114 | 0.0419 | 0.0289 | -0.0167 | 0.0734 | 0.0516
%t | -0.0856 | 0.0289 | 0.4645 | -0.1151 | 0.0516 | 1.1650
@ | 0.0406 |-0.0090 | -0.0669 | 0.0495 | -0.0169 | -0.0830
(35,14) | g |-0.0090 | 0.0328 | 0.0246 | -0.0169 | 0.0634 | 0.0506
% |-0.0669 | 0.0246 | 0.4042 | -0.0830 | 0.0506 | 0.9267
@ | 00457 |-0.0095 | -0.0671 | 0.0555 |-0.0094 |-0.0640
(3524) | g |-0.0095 | 0.0320 | 0.0235 | -0.0094 | 0.0418 | 0.0249
%t |-0.0671 | 0.0235 | 0.3496 | -0.0640 | 0.0249 | 0.4604
@ | 00438 |-0009 |-0.072 | 0.0552 |-0.0139 |-0.0862
3531) | p [-0009 | 0032 | 00242 |-0.0139 | 0.0554 | 0.0418
& |-0072 | 0.0242 | 0.4436 | -0.0862 | 0.0418 | 0.9163
@ | 0.0326 |-0.0091 |-0.0585 | 0.0518 |-0.0097 |-0.0566
(40,26) | g |-0.0091 | 0.0321 | 0.0257 | -0.0097 | 0.0450 | 0.0267
k| -0.0585 | 0.0257 | 0.3357 |-0.0566 | 0.0267 | 0.5769
@ | 0.0384 |-0.0065 |-0.0612 | 0.0524 | -0.0110 |-0.0722
(40,28) | § |-0.0065 | 0.0247 | 0.0174 | -0.0110 | 0.0486 | 0.0328
t 1-0.0612 | 0.0174 | 0.3271 | -0.0722 | 0.0328 | 0.7661
@ | 0.0376 |-0.0085 |-0.0649 | 0.0445 | -0.0121 | -0.0640
(40,36) | f | -0.0085 | 0.0289 |0.0229 |-0.0121 | 0.0446 | 0.0325
| -0.0649 | 0.0229 | 0.3877 | -0.0640 | 0.0325 | 0.5546
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Table 3: Confidence bounds of the estimates at confidence level based on
type II hybrid censored data 95% and 99%.

(n,r) Case 1l (1,2.5,1) Case 2 {(1.5,3,1.25)
] (L,U)boundl (L, U)bound 2 SD (L,U)boundl (L,U)bound 2 SD
(95%) (99%) (95%) (99%)
a | (0.7469,1.3204) | (0.6561,1.4111) | 0.1463 (0.8879,3.1056) | (0.5372,3.4563) | 0.5657
(15,7) B 4(1.5134,3.1666) (1.2519,3.4280) | :0.4217- | {1.3584,4.1619) .| {0.9149,4. 6053) | :0.7152
k 1{0.5928,1.4378) | (0.4591,1.5715) | 0.2156 (0.6997,1.6541) | {0.5487,1.8051) | 0.2435
« 1{0.7307,1.4480) |{0.6172,1.5615) | 0.1830 (0:7822,2:2204) | (0.5547,2.4478) 1 0.3669
(15,9) B-(1.0883,3.2215) (0.7509,3.5589) | - 0.5442:1.(2.0239,3.7505) (1.7509,4.0236) |-:0.4405
k | {1.8413,0.2888) | (0.0433,2.0868) |-0.3960 (0.5753,1.7480) (0.3898,1.9335) | 0.2992
a | {0.5766,1.4298) | (0.4417,1.5647) | :0.2177 (0.9154,2.3393) (0.6902,2,5645) | 0.3632
(15,14) B1{0.9706,3.2434) {0.6111,3.6029) | 0.5798 |(1.3356,4.0834) {0.9009,4.5180} 1 0.7010
k 1(0.6411,1.5799) | (0.4926,1.7283) | 0.2395 (0.6319,1.3996) | 1{0.5106,1.5210) | 0.1958
a 110.7920,1.1877) | (0:7294,1.2503) | 0.1010 (1.2401,2:1321) | (0.9833,2.2889) | 0.2531
{25,10) L | (1.7611,3.1112 (1.5475,3.3248) 0.3444 | (1.5567, 3.1946) | (1.2976,3. 4537) 1 04178
ke | (1.4746,0.5250 (0.3748,1.6247 0.2422 | (0.9286,1.6603) | (0.8129,1.7759) | 0.1866
a | (1.4657,0.6550 (0.5268,1.5939 0.2068 | (1.0763,1.8465) | (0.9545,1.9683) | 0.1965
(25,14) 5 11(3.4921,1.1175 (0.7415,3.8677) | 0.6058 | (1.1601,3. 7768) (0.7462,4.1906) | 0.6675
k [(0.5834,1.4221) (0.4507,1.5548) | 0.2140 J_(O 6853,1.9694) | (0.4822,2.1725) | 0.3276
a 1(1.3443,0.7447) | (0.6499,1.4391) | 0.1530 0.8919,2.0884) | (0.7026,2.2777) | 0.3052
(25,18) B | (1.3060,2.8551) (1.0610,3.1001) | 0.3952 1,9483,3.5084) | (1.7015,3.7552) | 0.3979
I | (1.3355,0.7261) | (0.6297,1.4319) | 0.1555 (0.9641,1.4935) | (0.8803,1.5773) | 0.1351
a | (0.8228,1.3292) 0.7427,1.4093) | 0.1292 | (1.0771,2.1855) | {0.9018,2. 3608) | 0.2827
(35,14) B |(1.3345,3.2333) 1.0342,3.5336) | 0.4844 | (1.5854,3.7414) 1.2444,4.0824) | 0.5500
k [(0.6774,1.3240) | (0.5751,1.4263) | 0.1650 (0.6513,1,7002) 0:4854,1.8661) | 0.2676
a | (0.7514,1.4236) 0.6451,1.5299) | 0.1715 | {0.9838,1.7028) 0.8701,1.8165) | 0.1834
(35,24) B | {1.5154,2,6189) 1.3409,2.7934) | 0.2815 | (1.6509,2.6666) 1.4902,2.8273) | 0.2591
k |(0.5728,1.5304) | (0.4213,1.6819) | 0.2443 | (0.9824,1.5494) | (0.8927,1.6390) | 0.1446
« | {0.6763,1.5095) | (0.5446,1.6413) { 0.2126 (1.0926,2.0405) (2.1904,0.9427) | 0.2418
(35,31) B 1(1.4972,3.2847) {1.2145,3.5675) ;|  0.4560 (1.3992,3.6929) | (1.0365,4.0557) | 0.5851
k |(0.6209,1.4728) | (0.4862,1.6075) | 0.2173 | (0.9488,1.5671) | (0.8510,1.6648) | 0.1577
o 1(0.7389,1.4728) | {0.6228,1.5889) | 0.1872 (1.2604,1.7846) (1.1775,1.8675) { 0.1337
(40,16) | B |{1.50702.9958) (1.2715,3.2312) | 0.3798 | (1.5344,2.7888) | (1.3360,2.9872) | 0.3200
k |(0.6133,1.2355) | (0.5149,1.3340) | 0.1587 | (1.0353,1.6514) | (0.9378,1.7488) | 0.1572
« |(0.7554,1.2508) | (0.6770,1.3291) | 0.1264 | (1.1948,1.9746) ‘| (1.0714,2.0980) | 0.1989
(40,28) | B |(1.4101,3.0989) | (1.1429,3.3661) | 0.4308 | (1.4868,3.5248) | (1.1644,3.8471) | 0.5199
k |(1.3879,0.6641) | (0.5496,1.5024) | 0.1847 | (0.8800,1.7806) | (0.7375,1.9230) | 0.2298
« |(0.6778,1.5017) | (0.5475,1.6320) | 0.2102 | (1.0659,1.8765) | (0.9377,2.0047) | 0.2068
(40,36) | B |(1.4643,3.3349) | (1.1684,3.6308) | 0.4772 | (1.5148,3.2036) (1.2477,3.4707) | 0.4308
k |(0.5529,1.4853) | (0.4054,1.6328) | 0.2379 | (0.7268,1.6560) | (0.5799,1.8029) | 0.2370
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Parameters Estimation of the Two-Parameter Gamma Distribution
Using Different Methods

Elsayed A. Elsherpieny* Ahlam M. Saad*

Abstract

In this paper, the estimation of the unknown parameters of the two parameter
gamma distribution using quasi-likelihood, quasi-Bayesian,” principal of maximum
entropy (POME), and Bayesian estimation are considered. A simulation study is
obtained to compare between then.

Keywords: Quasi Likelihood; Quasi Bayesian Likelihood; Principal of Maximum Entropy
(POME); Gamma distribution. '

Introduction:

To define the likelihood function, we have to specify the distribution form of
the observations, but in many situations the exact distribution of the observations is
unknown. To define a quasi likelihood function, according to Wedderburn (1974);
we need only to specify a relation between the mean and variance of the
observations, and the quasi-likelihood function can then be used for estimation.

Ashour et al (1992) introduce a theoretical framework of Bayesian likelihood
when the form of the distribution of the data is unknown. While the quasi likelihood
plays the role of the likelihood function to define a quasi posterior likelihood

function on the parameter space.

Also the Principle of Maximum Entropy (POME), according to Jaynes (1968)
this technique can be used o obtain the minimally biased probability distribution.
Inversely, if it is desired to fit a particular probability distribution to a sample of data,
then the POME can uniquely specify the constraints or the information needed to
derive that distribution. The distribution parameters are then related to these
constraints. [Singh and Guo (1995)].

We obtain the maximum quasi-likelihood estimators of the unknown
parameters of the two parameter gamma distribution, For comparison purpose, we
consider the MLE obtained by Choi and Wette (1969), and the POME estimators. The
quasi-Bayesian estimators of the unknown parameters of the two parameter gamma
distribution are considered. It is assumed that the scale and the shape parameters
have Gamma priors, and they are independently distributed. For comparison purpose
we use Bayes estimators which performed by Pradhan and Kundu (2011).

*Institute of Statistical Studies & Research, Cairo University.
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We investigate the performance of the proposed estimators through a

simulation study.

The rest of the paper is organized as follows; Section (1), provide quasi-
likelihood estimation of the Gamma distribution. Section (2), quasi-Bayesian
estimation of the gamma distribution. Section (3) the POME estimation of the
Gamma distribution. Section (4) discuss the comparison through a simulation study.

1. Quasi-Likelihood Estimation of the Gamma Distribution

According to Wedderburn (1974), suppose that we have independent
observations x;, (i = 1,..n), with expectations y; and variances Var(z;) « V(u;)
where V(.) is some known function. Suppose that, for each observation ; is some
known function of a set of parametersfy, ..., Bi. Then for each observation the quasi
likelihood functionQ (x;, i;) @ = 1, ...n is defined by the relation

0(Qixiph) _ X — M
ol V(u)

Ox;, ) = fu ou; + function of x; only (1.1)
V() '

We derive the quasi-likelihood estimators for the unknown parameters of the
Gamma distribution. Consider the pdf of the Gamma distribution with shape

parameter @ and scale parameter A is given by

a

A
fx) = Ta x% 1 exp(—Ax), 0<x<oo, a,A>0 (1.2)

the expectations is given by

E(x)=%=p, Var(x) =4 =2 V()

where V(i) = w2, thus for a sample of n observation, the quasi-likelihood funotion is
given by (1.1)

n
i=1%i

Qlx; ) = — o n logu
thus, substituting for u,

3
Ly o Zi=tXid
Qi) = = 2= nlog
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T . . 0 aqQ du
The quasi-likelihood estimators of aand A are derived as: 2 9ok

da du oa
9@ _ 9Q du . ‘
— = — — respectively, thus,

d =
a iy dp 0a

da a?
a0 Lixi on
FEYE B awan ]

Equating the two derivatives to zero, we can obtain the quasi-likelihood estimator of
a,A as

f;.____%_’_‘_i | (1.3)

2. Quasi-Bayesian Estimation of the Gamma Distribution

According to Ashour et al (1992) to construct a posterior distribution, the
likelthood function could be replaced with the natural exponential of the quasi
likelihood function, the posterior distribution denoted by, f**(8, ©|x) can be
constructed as,

£ 0,01 < | [exple 0] 9(6,0). 2.1)
i=1

where Q (x; 4, @), is defined by (1.1), u = u(6), 8 = (64,0,,...,0,), 6; € 6, 0 is
the parameter space, i =1,2,..,n and @ > 0. A set of Bayes estimators for the
unknown parameters can be obtained with respect to some loss functions, using the
marginal densities of (2.1) by integrating out one or more of the unknown

parameters.

To obtain the quasi-Bayesian estimators of the unknown parameters of the
gamma distribution given by (1.2), it is assumed that, the scale parameter

A follows Gamma (a; b) and the shape parameters a follow Gamma (c; d) and they
are independently distributed. Using the quasi-likelihood function after substituting
for u, and then exponentiated to be obtained as

n
A a
exp(QQi )} = exp{ =Y x E- nlog;}
= ¢
The posterior density function of (a; 1) given the data and the previous
priots is obtained by (2.1) as
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A - T
exp{~ i1 % - nlog }ac Lg-da pa=ip=bd

fla, Alx) =

oo ~0Q

)
Jo 1o ew{— i1 % 7~ nlog

>R >R

} a¢~te—da pa-1e-bA 4} do

The marginal posterior distributions of @ can be obtained as,

© n
1 Z A
h(al X) = Tj exXpy - X 'C'Z' a”(”‘c)“l g~da pnta-i e‘b’l da
i :
. 0 i=1 . .

where 1 / Alis the normalized constant,

r R I'(n+a)
Ay =fexp{~da}a nte-l - — da
a

The marginal posterior mean could be expressed as a quasi-Bayesian
estimates of the shape parameter o where,

I exp(~dajamrre —TUE AL gq
Si=ltiy g
Blalx) = — < aF(n + ag ! 22)
fo exp{ -da }a "*¢1 wra a4

n
e

the corresponding Bayes risk is
Var(alx) = f [a — E(a]x)]? h(al x) da.
0

The marginal posterior distribution of A can be obtained as, A(A] x ).

fred
1 YAy
h(A[x) = A—f exp { - _-’:-;—‘—-}a*(n%)'—l e=da gnta=1,-bA go
2
0

(r o1 A
Az — f J expq - ” a—(n~c)~1e-da An+a-—1 e—b/l da dA
0.0

The marginal posterior mean is the quasi-Bayesian estimate of the scale
parameter A denoted as

|
E
L
o
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1[0 nLx A
EQAx) = Zf f exp{— %—{L}a‘("‘c)"le"‘i“ At e=bAdada, (2.3)
2
o0

the corresponding Bayes risk is

Var(Ajx)

1 o« 00 7:1_ . /1
= A—f f (A= E@lx)) exp { - —ZL—";&——}M("‘C}* e~da pnta~le=bd g da.
2
00

A numerical technique is needed to evaluate the above estimates.

3. Principle of Maximum Entropy Estimation of the Gamma Distribution
Jaynes (1957) formulated the principle of maximum entropy (POME),

expressed by Shannon (1948) as

H(f) = —fmf(x; 0)Inf(x; 0) dx  with foof(x; Odr=1 31

where H(f) is the entropy of f(x; 6), and can be thought as the mean value of
—In f(x; 6). Using the (POME) method we can estimate the unknown parameters of
the gamma distribution.

3.1 Construction of the entropy function
Using (1.2) in (3.1), thus the appropriate constraints can be obtained. The pdf
of the Gamma distribution corresponding to the constraints could be derived as;

f(x; 6) = expl—ay — aylnx — a,x] (3.2)

S : i P A 't a
where ag, a4, a,, are Lagrange multipliers, which yields; ag = ln—c-fl—_a?, then
2

substituting for a, in (3.2) and compare it with (1.2), we can obtain 1 — a; = « and
a, = A4, so the entropy function can be defined as

Hf)=—-(1—-ay)Ina, +InT(1 —ay) +a E(lnx) + aE(x).

3.2 Relationships between Distribution Parameters and Constraints
According to Singh and Chowdhury (1985), the relationships between the
distribution parameters and constraints are obtained by
a

E(x) = E(lnx) = —InA + Y(a).

¢ w1 )
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In order to get a unique solution, additional equations are needed which can
be obtained by, differentiating the zeroth Lagrange multiplier with respect to the
Lagrange multipliers. using (3.2) the zeroth Lagrange multiplier can be written as,

ap =In fow exp[—a,lnx — a,x} dx

dag d%a, dag 2a,

—a—‘—l—z = —FE(Inx), 5—&;5 = Var(lnx) and —a—a—; = —E(x), 52 =Var(x), A
Also and the zeroth Lagrange multiplier can be written as a, = ln%%__—f;ll—)
da, 0%ag . dag (1—ay) 0%ay (1—ay)
Eri Y(a) +1Ina,, a7 Y(a) and SPR G S e

Therefore equating the previous equations with the corresponding one , and then
substituting (1 — a;) = @ ,and a, = 4 to these four equations, one gets,

1

B Var(Inx)' (3.3)

=)

[Var(lnx)] !

76) (3.4)

A=

4, Simulation study

_ We investigate the performance of the proposed estimators using quasi-
likelihood estimation and quasi-Bayesian estimation methods through a simulation
study using (1.3), and (2.2), (2.3) for different sample sizes. For comparison purpose,
we computc maximum likelihood estimators given by Choi and Wette (1969) , and
the (POML) estimators using (3.3), (3.4), and Bayes estimators which performed by
Pradhan and Kundu (2011). We choose the prior parameter values, to be a = b = 5,

c=225andd = 1.5. In all these cases, we generate observation from a gamma
distribution with @ =1.5andA =1, In all cases we report average estimates
obtained along with mean squared errar in parentheses, all the results are hased on
1000 replications.

e —
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Table (4.1): The average values of the (MLE}, Quasi-Likelihood ((Q-L) and the
(POME) estimates. In each cell, the first and second entry corresponds to a and A

respectively.
n MLE MSE Q-L MSE POME MSE
10 2.03 1.585 1.474 0.035 1.489 1.068
1.445 1.048 1.016 0.033 1.059 0.657
05 1.815 0.607 1.482 0.024 1.332 0.928
1.266 0.397 1.011 0.016 0.928 0.267
20 1.717 0.362 1.485 0.018 1.258 0.357
1.185 0.229 1.01 0.011 0.867 0.182
X 1.663 0.254 1.495 0.015 1.217 0.297
1.143 0.158 1.017 0.008 0.836 0.143
30 1.626 0.185 1.496 0.013 1.184 0.266
1.114 0.125 1.014 0.007 0.811 0.132
50 1.572 0.096 1.492 0.007 1.137 0.224
1.067 0.063 1.009 0.004 0.772 0.104

Table (4.2); The average values of the quasi-Bayes estimators and the Bayes
(Lindley). In each cell, the first and second entry corresponds to a and A

respectively.

n Quasi-Bayes MSE Bayes (Lindley) MSE
10 1.532 0.056 1.218 0.119
0.99 0.005 0.806 0.045
5 1.523 0.04 1.316 0.092
0.993 0.004 0.854 0.037
95 1.51 0.026 1.447 0.059
0.997 0.002 0.957 0.042
1.505 0.013 1.520 0.031
50 0.999 0.001 1.015 0.017
Conclusion:

The simulation results suggest that;

I- The quasi-Bayes procedure results could be obtained if we know the mean
and -the variance ‘of the distribution, so ‘it ‘could be used to estimate the
unknown parameters of the two parameter gamma distribution.

2- The quasi-likelihood estimators of the unknown parameters of the two
parameter gamma distribution perform better than the MLEs and the principal
of maximum entropy estimators assuming our case study.




The 46" Anunual Conference on Statistics, Computer Seiences nad Operntion Reseavch 26-29 Pree 2011

3- The quasi-Bayes estimation works better than the maximum likelihood and
the principal of maximum entropy estimation.

4- The quasi-Bayes estimators of the two parameters of the Gamma distribution
works very well as Bayes estimators using Lindley (1980) approximation
which performed by Pradhan and Kundu (2011).

5- It is observed that as the sample size increases in all the cases the mean
squared errors decrease; it verifies the consistency property of all the
estimators for the shape and scale parameters.
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Inference for Partially Step Stress Modified Weibull
Model Based on Censoring Schemes

Elsayed A. Elsherpieny* Marwa Ahmed El — Agroudy**

Abstract:

This paper is concerned with estimating the parameters of the modified
- Weibull distribution for Type I censored data under Step — Stress Partially
Accelerated Life Testing (SS — PALT). A simulation procedure was developed to
study the properties of the estimators.

Keywords:
Modified Weibull distribution, Type I censoring sample, step — stress partially

accelerated life testing,

1. Introduction

It’s becoming highly important in the continually developing manufacturing
design world and industry to learn more about the lifetime of products and materials.
To obtain information about the lifetime of materials, a sample of such materials is
selected and then subjected to more sever operating conditions allowing it to fail
more rapidly, hence lifetime information would be gained. Such operating
conditions are called stresses. Stresses can be temperature, pressure, vollage, cycling
rate, humidity, etc. Testing the lifetime of materials under such scheme will be cost
and time effective as the tested material will take less time to fail saving both money
and effort during the process, a process that is called accelerated life testing (AT.T).
Other means of life testing is Partially Accelerated Life Testing (PALT) which
allows test units to run firstly under normal conditions, and the survived units are
then subjected to accelerated ones. One main type of PALT is Step — Stress PALT.
Gocl (1971) introduced the concept of Step — Stress PALT in cstimating thc
acceleration factor for exponentially and uniformly distributed data, Maximum
likelihood and Bayesian techniques were used. Then in (1979) Goel and DeGroot
used the Baycsian approach to estimatc the paramcters of the cxponential
distribution in Step — Stress PALT. Nelson (1980) developed statistical models for

ALT from Step — Stress test using maximum likelihood approach in parameter
estimation. The models were applied to the Weibull and Inverse Power Law
distributions but can also be applied to other ALT models. He explained the models
* Institute of Statistical Studies & Research, Cairo University

** Faculty of Management Technology, German University in Cairo (GUC)
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he developed using Step — Stress data on time to breakdown of an electrical
insulation. Afttia ef. al. (1996) estimated the parameters of the Weibull distribution
for type I censored data in Step — Stress PALT using maximum likelihood
estimation. Ismail (2004) used maximum likelihood and Bayesian techniques in
estimating the parameters of the Pareto distribution in Step — Stress and Constant —
Stress PALT for type I and type II censoring. The parameters of the Burr type XII
distribution under type 1 and type II censoring were estimated using maximuin
likelihood and Bayesian methods by Said (2008) in Step — Stress PALT.

The objective of this paper is to estimate the unknown parameters of the
Modified Weibull distribution (o, p,y) along with the acceleration factor /3 using
maximum likelihood estimation, Estimation is done for type I censoring under step —
stress partially accelerated life testing. The mean squared error (MSE) and the
Absolute Relative Bias (RABias) for the three parameters and the acceleration factor
are also obtained. A numerical study to examine the behavior of the parameters is
conducted, and for that Mathematica 8 was used.

The rest of the paper is organized as follows. Section 2 introduces the Modified
Weibull distribution and the Step — Stress PALT test plan. The maximum likelihood
estimation for the distribution and the Variance — Covariance matrix are described in
section 3, The numerical study is applied to the theoretical results in section 4. And
some conclusions are summarized in section 5. References are provided at the end
of the paper.

2. The Model and Test Method
In this scetion we introduce the moditicd Weibull distribution and the Step - Stress
PALT test plan we used in this research.

2.1 The Modified Weibull Distribution:

Sarhan and Zaindin (2009) introduced a new three parameters function that
they named the Modified Weibull model. The new model included one scale and
two shape parameters. Such a model generalized some of the mostly used
distributions in analyzing lifetime data. Those distributions were: Linear Failure

Rate Distribution, Rayleigh Distribution, Exponential Distribution, and Weibull
Distribution.

The cumulative density function of the Modified Weibull distribution with a scale
parameter  , and shape parameters p andy is defined as

F(x;a,p,7) = —et=e?l x>0

Where y >0, a, p20such thata+p0>0.
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The Modified Weibull distribution has the following probability density function

Fxa,p,0)=(a+ pyxr Jeberre)
The survival function of the Modified Weibull distribution 'takes the form
S(x;a, p,y) =e 5Py x=20
The distribution’s hazard rate (failure rate) function is defined as:
h(x o, py)=a+pyx’™, x>’0)

2.2 The Test Method:
Under the Step — Stress PALT technique, the test starts when a sample of

size n units is put to test under normal conditions until a pre-specified timing
(switching point) 7 is reached when then the survived units are subjected to the
accelerated conditions till the end of the test which terminates at also a pre-
specified time 7.

If by a pre-specified time r the test units have not failed they are then
subjected to the accelerated conditions. This means if a test unit has not failed by
time 7 (the stress change time); the test condition is then switched (or changed) to a
higher stress level (accelerated stress) till the end of the test. This switching is to
allow multiplying the remaining lifetime of an item by the inverse of the
acceleration factor 4. In such a case, the total lifetime of a test item ¥ passes through
two phases, the normal use phase and the accelerated one. Accordingly, the total
lifetime Y of an item is defined as

T T2
t+pfNT-1) T>r

where T is the lifetime of a unit at normal use conditions. The definition was
proposed by Goel and DeGroot (1979).

3. Parameters Estimation
In this section, the maximum likelihood estimation approach will be used to
estimate the parameters of a Modified Weibull model based upon a sample that is
Type I censored and the asymptotic variance-covariance matrix will be obtained
also.




3.1 Maximum Likelihood Estimation

A modified Weibull model has probability density and cumulative density
functions (pdf and cdf respectively) defined as:

Flxa,p,p)=1—e 0" x>0
y>0,a,p20 a+p>0

and,
[, ) =la+pyx Jermr k0
With the following reliability function:
R(x)=1=F(x)=e 5"

In partially step — stress ALT, a sample of » units is tested under normal
conditions until a specified, predetermined time 7 (switching time) is reached. The
survived units are then subjected to accelerated conditions and failure data will be
recorded. The test terminates when the censoring time 7 is reached.

The lifetimes of the test are assumed to follow the Modified Weibull distribution
with scale parameter a , and shape parameters pandy.

Therefore the probability density function of the total lifetime ¥ of an item is given
by:

<0

JFW)= (a+p7y"‘)e“”"”' 0<y<t
o py e+ ply-r) |etrpombolanor sy

Where,

I

T <zt
e+ g T T>r
and 4 is the acceleration factor.

The observed values of the total life time Y can be described as
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Yy < Y ) <L Yy <7< Yin +1) <L Vin, +n.) <77, where n, is the

number of failures under “use conditions” (normal conditions) and #,is the
number of failures under “accelerated conditions”.

Two indicator functions &,, and §,, are defined such that

1 . 2
! {O othervise

2§

I (y;s7) L (T<y, =n)
0 otherwise

Since the n lifetimes are i.i.d (independent and identically distributed), their
likelihood function is defined as follows:

L= f:l [fl (7 )]6“ [fz ()’1)]% {R(T])}gl' 3“

. r=1\ -ay-py n
=]l latpry, |e

i=1
i

X {(a + P }/(T + ﬂ(y' i z-))"“ )g_a(r+'g(y'~r))‘/”(f+ﬂ(y,-r))" }
¥ {P. zalcrpln=c)=ple+pn-2)) }EuEz:

3

Where 6, =1-6,and 5 =1-5,are the number of survived units under “use’
and “accelerated” conditions respectively.

When dealing with the maximum likelihood function, it’s much easier to deal with
its logarithmic form. So taking /n of both sides, the function becomes:

lnL:Z}&i ln(a +pyy:_l)+;§“ (—ay,. - py:)+z;52, ln(a +pylc+ B0, —r))’"l)

+> 8 (-ale+ By =)= ole + Ay - )
+(2=n, ~n,)-ale + g ~0)- ple + Blg -7 )

where,

n H o —
251, =n,, 262, =n,, Zé‘u 02 =h—H,~H,
i=1 i=l i=1

N ALA A

The maximum likelihood estimators a,p,yand B for the parameters

a, p,y and B are obtained by solving the system of equations consisting of the first




partial derivates of the logarithmic maximum likelihood function with respect to

a, p,yand B when equated to zero.

The first partial derivatives with respect to a, p,y and £ are obtained as follows:

5 u 5 5 n
lnL"Z : 251: Vi +Z 2 o '2521 (T+ﬂ()’f“7))
1=l

r1a+p;/y =t 7 atpy(e+ply, ~7))
—(n—n“ —n,,)(TJrﬂ(]—r))

r -1

oL 5 TV Z 5,743 5, e+ ply 7)) S5, (4 Bl -5

op i=l a+p}/yi i=l 0+P7(T+:B()’i “T))) i=l

~(n=n, —n )+ 8- o))

olnL ¢ py +p7y lny z

Ty e

o, SEb O serle il el o)
a+pye+ply 1))

=22 ple B0 =) Inle+ Ay, ~0)

< ~n)ple + Blr =) Infe + Bl ~1))

>.8, py Iny,

ll

aln L i pr =D+ ply, -2)) "y, -7)
P a+pyle+ply, -7)"

—zo;,[ ~o)tpr(e+ B - 0y )]
- (n -n, —na)(a(n o)+ py(c+pl-2) " —r))’

Equating the derivatives to zero we obtain a system of non — linear equations that
can't be solved in explicit form. Therefore numerical solution using Mathematica 8
was suggested to obtain the maximum likelihood estimators of the parameters
a,p,y and the acceleration factor 4.
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3.2 Variance — Covariance Matrix

The asymptotic variance-covariance matrix of the estimated parameters

A AN

(e, p,7,f)is obtained by inverting the information matrix consisting of the
negatives of expected values of the second order partial derivatives of the
logarithmic  likelihood function. The elements of the asymptotic variance-

covariance matrix can be approximated by Cohen’s (1965) result :

i E{aZ lnL(Q)} A )

26,00, 96,00,

0=6

Therefore, the elements of the approximate information matrix are given by the

second order partial derivatives of the logarithmic likelihood function with respect

to a,p,yand B are as follows:

'lnL & 1 < 1
- 35— Sy, _
. . (a +py y,H)Z - (0‘ +py(c+p(y, ~ o)) ’)2
-1
bl s, ] Y ey Bl o)
1

oadp 1 A(mﬁ?}/“)z 5 ek prle+ Al -0
)

=1 71
9InL s s py, +pry, Iny

_‘“"“=“Z l Ry

Oady i (a+p7y.' )

35, L B0 =) oyt PO ) ine + B, -7)
(=) (+ B+ By, -o)yf

L _ o pylr -1+ b -2) b ~7)

2f

9adf  ia e+ prle+ply, - o))
- ié'z, (/v,. - r) - (n - n,,v— 1, )(77 - r)
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omL_ &, T, ¥ e+l o)
’ - li 2i . y-1 )
opoa (a + pyy)f-l)z i (a +py(c+ ply, — 7)) ')

oint_ 3 5_(2’“1__.,75 e+ =) f
g (MM y,'_’“l)_ T ool B, )

[y:_] + ;/y:—l Iny, )(a + pyyiy—lj —(;f ylr'l)(p‘ylr’l + pyy:"l In y,)

olnL &
= 6y 2
5p a}/ i=1 (a N oy y}'—‘)
“Z‘Sli ¥ In y,
i=]

2

- (e prte+ Bl -2
=308, e 4 A0y =) e + B0, =) =1, =)o+ pla =) nle + plo )

=]

ainl

0pop
35, b -0+ Al o) =) Z -l + B0 =) oy =D+ =) 7y, =)
" (et prle+ Bl -

. ‘;Z'lé‘zl rc+Bl, ) b —0)=n—n, —n)re+ Bl -2) " (n-1)

yl r=l
oIl $5 2y, rery v o il
= M 7 = 2] Ry
Orda  ia (a+p7y.’“‘) = et prler B, -
(7 vy arpry)-(py tor o un)
2 n v ny i - i i ! N
Yop e \“*PYJ/, ) i=l

e (@ By e+ B, =) e+ By~ D)8 - Pl + p, - ) )
a+ prle+ pO -2

=38, e+ By, = 7)) Male + By, —7) = (n=n, =n,) (¢ + Bln—7)) .In(e + (7 - 7))
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'InL
oy’

-1 y-1 2 -1 7=l y-l y-1 ¥l -1
" [/)y, Iny,+py ny,+py(ny,) . }-[mwy, }—[py, PV Y, lny,pr, +pry Iny
5
; 1 -l 2
(a+p}/yi )

Z 5‘,( (ny) y') |

+ye, HEE Lo+ Bl =)™+ prle+ By, ~o)) Infe + By, 7))
i (a+P7’(T+'B()’i _T))H)Z

—i Gy [,0 (T + [))(.Vi - T))y (]n(r + [)’(y, - T)))z J

o=, ) G Bl =5 {nle s -]

onL :}fjaz,G‘B_F {p 7(7—1)(T+ﬂ()u-T))H(J',—f)}

Oy off 13 (Q’+p }’(T+/3(y,-r))"')z

S 7 (+801-0)" 0480, p (04800~
= =) [0 7 (e - nespla-) i (cral-0) 0]
'L & prly-Ye+ply, —1)"

——=-3, Suly, =t)=(n—-n, ~n,)n-1)
9800 = e +p7(f+ﬂ(y,-—f))’"') Z -

2’InL Z =0+ B0, ), -7).T-8.7(c+ b, 7))

P 5 : (a+py(r+ﬂ(y,—r))’”')2

z %:52’ [}’ C+B0, =) - T)]‘ (n=n, - nu)[Y(r + B -7 (- r)]
) ne + B(y, = 7))

e ET-5 oG+ pl ) +py G+ Bl -
i=1 (OH'/)}’(T'*‘ﬂ(YJ‘ )) )

—iaz,[pwu, —) (5, =e)+ 7 e+ By, =) (v, ) inle + By, —7))]
s I oG+ Bla-2) =)+ prln-o)e+ Blr =)™ tn(e + Bl -7)]
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L o |prr=DG -2+, )", -7) [7-5lor -1+ 80, -7) ", -7)|
B> i (ot prleply, =0T
S5l or -0 Bl =) O = m, —n ey (=Dl Bla=) 7 0 —o)]

i=1

Where
L=(c+ ply, - 2) " +y(+ By, ~0)) " Ine + By, 7))
F=plc+ply - ) pylc+ By, —2))” In(c + By, - 7))

B=a+py(e+ply-7))”
H=ple+ply, —2) ™ n(e+ By, —o)+p e+ By, - 2)) " - Ine + By, 7))
+py(in(e + B0, - ) e+ Bly - 2))
G=ply 1)+ Bl =), =)+ prly =)z + Bly, =0 "0 ~7)nlz + fly, - 7))

+ AP\, =T y—l'M
py e+ pb, - ) t+ By, -7)

S=py@=+p0, -0 (-7
T=a+pylc+ply,-7)"

E=pl-0C+80,-0) 0= )+ pr e+ Bl =) " (i —2)
+py(y =0y, )+ B, —7)) 7 Inle + Ay, - 7))

Since the maximum likelihood estimates of the parameters are being used in
finding the variance-covariance matrix according to Cohen's(1965), the parameters
a,p,v,and g inthe second order partial derivatives of the logarithmic likelihood

A n

function shall be replaced by their estimates a, p,;A/ ,and f8

Numerical Illustration

When conducting an estimation experiment it is requisite to study the
characteristics of the cxpressions derived for the estimators. To do so a simulation
study is performed. In this paper the simulation study is performed using
Mathematica 8. The behavior of the resulted estimators of the acceleration factor
and the Modified Weibull parameters has been studied in terms of the Mean
Squared Error (MSE) and the Absolute Relative Bias (RABias).
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Three different sample sizes were used, that arcn =10, n=20, and n=50.
Also different combinations of initial values for the parameters are used while the
acceleration factor B was set fixed at 1.5. The different combinations are
(@=2,p=15y=13), (a=25p=25y=13), and (a=3,p=15y=13).
Censoring time under normal conditions 7 (also known as the switching time) is
set in advance to 0.3 and the test termination time 7 is set to 1. The Kolmogorov
Smirnov goodness of fit test was also conducted to guarantee that the generated
random numbers follow the Modified Weibull distribution. Two significance
levels were used, that’s” is 1% and 5%.

The resulted MSE values for the parameters and acceleration factor are
displayed in the following tables;

!——(2_, 15,13 15 * | (25, z.slj :;,01.5) P | (3,1.5,13,1.5) **
MSE | RABias | MSE | RABias MSE RABias
a | 753634 |0307597 | 7.949 | 0.5169044 | 13.2469 | 0.586204
p| 783951 | 157422 | 134181 | 12284 | 137918 | 1.529993
v | 02677 |o0210127] 08628 | 0.004758 | 0.9015 | 0.0360077
5 | 66247114 | 37.34727 | 16920.4 | 55.60567 | 7444.0274 | 411966

*:500 trials,

*% 100 trials




n=20

(2,1.5,1.3,1.5) *

(2.5,2.5,1.3,1.5)

(3,1.5,1.3,1.5) *

MSE RABias MISE RABias MSE RABias
a 8.0922 0.6699345 5.8069 0.8581124 8.5774 0.883583
P 4698990.253 71 7.8098 1.04834 4.0104 1.07423
Y 0.9399 0.14698 0.2728 0.175245 0.16498 0.203263
B 3377.3179 31:83205 1 120333565 | 160.33331 {1 10456.9212 56.05236

Significance level 1%. * 500 trials, ** 100 trials

n=20

(2,1.5,1.3,1.5) *

(2.5,2.5,1.3,1.5)*

(3,1.5,13,15)*

MSE RABias MISE RABias MSE RABias
a 13.4182 0.88219 6.5848 0.8353152" 7.8599 0.93436
P 12.3805 0.969861 9.2227 1.08082 2.2496 0.999904
Y 0.4903 0.11943 0.1217 0.24598 0.1327 0.207948
b 3069.7622 29.94447 6452.8583 46.33241 11342.0565 52.645867

Significance level 5%. * 500 trials, ** 100 trials

7 %
s

S
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(1.5,1.5,1.3, 1.5) ** (1.5, 1?15,;:1???, 1.5) % (2,15,1.3,1.5)*
MSE RABias IVISE RABias MSE RABias
L 7.38998 0.489217 6.6578 0.627048 6.7378 0.997803
£ 9.6181 1.289953 8.4223 ’ 1.155173 4,7632 0.849984
Y 0.3059 0.184686 0.8052 0.11134 0.7549 0.126129
£ 1 1237.6308 | 21.239207 § 1328.6315 | 21.97689 } 1956.5841 | 28.449627
m level 1%.; * 500 trials. ** 100 trials

4. Conclusion

After conducting the numerical study it was noticed that an increase in the
values of &« and presults in a decrease in the MSE values of aandp, and an
increase in the MSL values of yand fat a sample size of 10. When the sample
size is raised to 20, all MSE values decreased except for the acceleration factor, it
scored an increasing value in such a situation. At fixed values
of(a=3,p=15,y =1.3), the MSE of the Modified Weibull distribution’s parameter
decrease but not the acceleration factor. It was generally .noticed that the
acceleration factor’s MSE decreased w hen sample size increased. At fixed values
of pand ybut increasing ones of o , the MSE for the acceleration factor increased.
Increasing the sample size in the case (¢ =2,p=1.5,y =1.3) led to a decrease in the
RABias values of the acceleration factor and the two shape parameters but an
increase in the value of the scale parameter.
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The Empirical Probability Generating Method for Intervened

Poisson Distribution Based on Rapid Estimation

Elsayed A. Elsherpieny* Ola F. Abd El- Mabsod*

Abstract: In this paper, we introduce the rapid estimation method using the
empirical probability generating function, and finding asymptotic covariance
matrix for the intervened Poisson distribution. Numerical illustrations are
considered to studies the properties of estimators.

Keywords: Empirical probability generating, intervened Poisson distribution,

rapid estimation methods, asymptotic covariance natrix.

1- Introduction
The intervened' Poisson distribution (IPD) was introduced by Shanmugam
(1985) as a replacement for the zero truncated Poisson distribution (ZTPD), in
order to model rare event count data, when some intervention processes may
alter the mean of the rare event generating process under observation. Scollnik
(1995) carried out a Baycsian analysis of these data using thc Gibbs sampler
and adaptive rejection sampling.
1.1 Empirical Probability Generating Function
Nakamura and PerezAbreu (1993) defined the empirical probability

generating function as follows, if x,,...,x, be random sample from a discrete

distribution F(x)over 0,1,2,...with corresponding probabilities

p(x,), k=0,1,2,..then the empirical probability generating function as,

G, ) =/m¥ " forte[0]]
i=l

1.2 Properties of Intervened Poisson Distribution - o

For investigating the properties of IPD, let ¥ be the number of cholera
cases in a household, the event is not observable since the observational
apparatus is activated only when ¥ >0, Y is the random variable of a rare

event, it is appropriate to consider the ZTPD for the positive integer- valued ¥

*Institute of Statistical Studies & Research, Cairo University




with probability function form as follows
Pry =y)=(’-1)"6"/y!, y =1,2,..

Where 6> 0is called the incidence parameter. in ihc exampie of choleia
incidence, health service agencies and others have to use various preventive
treatments; these treatments have the effect of changing @ from the incidence to
another. Shanmugam (1985) assumed that such effects due to changing 6 to
pB, such that, E(Z)=p0, where 0<p <ois an intervention parameter, and
7 is the number of cases that occurred after the preventive treatments were
applied. Note that Z is a Poissen random variable with mean p8, ¥ and Z are
stochastically independent. He assumed that the observational apparatus has
kept a record of the random variable X = ¥ + Z which is the total number of

cholera cases that occurred all together, then the pdf of X is

Pr(X =x)=§Pr(Y=x —iPH(Z=ilf =x-i)
1e~p9
€’-1

where x = 1, 2..., we shall call the pdf in (1.1) an intervened Poisson

[a+p) -p" o7 /x! (1.1)

distribution, the mean and variance of IPD can be represented as
p=EX)=0[p+1+E’=D"]

and
o =var(X )=pu—e’ (e’ -1),

with probability generating function (PGF)

POl (00
the ﬁrstrde’rivative of PGF is
Gl =F ™ €+ pbt) - pB) (12)
where,
L
e ?-1)

The second derivative of PGF is




G"(t)=F(@e*" (°Q0p+t(6p)")~(6p)") (1.3)
1.3 Maximum Likelihood Estimation For Intervened Poisson Distribution
The maximum likelihood method can be introduced as following:

let x,,x,,..,x,be a random sample of size n from IPD distribution, the

likelihood function of IPD is

e -pb X

n 0
L= 1+ p)" - p* ,
geg_l(( Py =P

and the In of the likelihood function will be

L=< @ o
nl=In +p)i - ph

geo—l(( P -p )x!

2 e . PN

= In(——((+p)" - p")—)

= e =1 x!

=> (- pO-In(e’ -D+In((1+p)" - p™)+Ing* —Inx 1),
i=]

and,

InL =(-npf-nine’ -1+ In((+p)" —=p")+ Y x,In6-> Inx!) (1.4)
i=l i=l i=1

Differentiating (1.4) with respect to 8, p ,and equaling it by zero, then

o in

olnL ne’ i

n Xl~l___ x,—l
and alan___ne_‘_Z(x,.(Hp) ; xip )
op im ((+p)" —p")

Putting -QE;—L— =0, we get
op

ne? 2%
o i=l
—np-—— +45—=0
e’-1 0

7 a+py =20
w (+p-p")
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It is noted that, there is no explicit solution ford, p, so computer facilities and
numerical methods are needed to obtain these estimators.
1.4 Rapid estimation for discrete distribyations
Kemp and Kemp (1988) suggested estimators based on the EPGF. The
methods involve solving estimating equations obtained by equating the EPGF
and PGF at a fixed finite set of values, then :
EPGF(t))=G(,), i=12. (1.5)
Additionally, they explain how to choose ¢, and 7, they suggested that this

choice was restricted as —1<¢, <1, such that the following cases obtained

i- If 1, — ¢, then the estimating equations become

EPGF(t,)=G (),

(1.6)
EPGF'(t,)=G'(t),
and if ¢, — 1, implies that EPG(t,)=G(t;) which can be written as
EPGF'(1)=G'(1), (1.7)
then, the first moment equation can be obtained as
X =u(i,6) (1.8)

which is one of the ML equations by a power series distribution, when both

t,and ¢, tend to unity, the equations tend to
EPGF'(1)=G'(1)
EPGF"(1) =G"(1),

(1.9)

which are the estimation equations for the method of moments.

ii- When r, »land 1, =0, (1.5) tends to (1.7), and also from (1.5) getting the

next equation
fo=p.(3,0) (1.10) -

which are the equations for the mean and zero frequency method.




iii- When ¢, — 1and 1, — -1, (1.5) tends (1.7) and from (1.5) also getting the

next equation
5SS =P (L0) (1.11)

which are the equations for the method of even-point.

Moreover, the equations estimating can be formed by equating

corresponding both EPGF and PGF; the derivative, G () , and the logarithmic
derivative, M, give
dar
EPGF'(t,)=G'(t,), i=1,2 (1.12)
and
EPGRG) GGy (1.13)

?

EPGF(t,) G(,)
Respectively, when f =1land ¢, —1both (1.12) and (1.13) limit to the
method of moments, putting 7, —1 and 1, > 0 in (1.13) gives the method

of mean and ratio of first two frequencies. This dose not exhaust the
possibilities, useful new procedures can arise from the use of values other

than -1,0,1 for ¢, and/ or 1,,and also from using mixed pairs of equations,

(1.5) fort, and (1.13) for ¢,.

2- Rapid Method for the Intervened Poisson Distribution

Accordingly, we use the method of Kemp and Kemp(1988) for the IPD
to solve estimating equations obtained by equating the EPGF and PGF, we
obtain the methods of estimation namely: the method of moment, the method of
mean and zero frequency, the method of mean ratio of first two frequencies,
and the method of even point appear when we choose different value of ¢ and

t,such that-1<¢, <1,i =1,2, we apply these methods to IPD, when ¢,,1, —>1, by

using (1.9), then the moment method form 1is




v =0p+0+0(’-1)" (2.1)
p=t (e -1
and,
0_2 :S2
2
S =X —¢e
( _1)

) (2.2)

- W2 é
X -5 =e (—
el

substituting for 7, =1, ¢, =0 ,then we get ¥ =, f, =p, ,yrespectively. This is

called the second rapid estimation method; this is illustrated in detail as follows

X =0
then
p=X e -0, 23)
0
and,
fi=p
from the proprieties of PGF, we can obtain
i ef— pB
=G'(0) =
=t 0= ae )
then
e *po/pa(e _ (2.4)

The third rapid estimation method, which is called even point method, it
can be performed by setting 1, -1, ,=-1 , we get » f, => p, , this is

illustrated in detail as follows

e
p=tee -1y, 2:5)
6

and
Zfzx = ZPZx (2.6)

using the proprieties of PGF, we can get




sz_r :—é[G(‘%)Hj (2.7)
where
e (=’ -1)
G(—l)————»—epg(eg_l) (2.8)

substituting G (-1)in (2.8) by (2.7), we get

25 o —1==e 7 /e (e ) 2.9)
the fourth Rapid estimation method ,can be obtained by setting ¢,=0, 1, =1
fi=e” = pfer (" -, ~{2.10)
and,
Soxftit=>"xp " (2.11)
Doxp, ()7 =G'() (2.12)
Setting ¢ =-1in (2.6), substituting in (2.11) and (2.12), respectively, we get
> (=D)"xf, :_.;;;_.1—:—~_(e R (LA ) (2.13)
x e’ @ -1

3-Asymptotic Covariance Matrix

Dowling and Nakamura (1997). Introduced a compact form for the

asymptotic covariance matrix as follows

S0)=4"OBOA O 3.1
where,
200,0)  261.0.0)
15}
YO a6te,0,0m) _aG'a:(e,p)) G-2)
00 op
and,

B@)y=u"G"" (0, pN+G'tt" (0, p))~G'(,(8, p))G (" (6, p))

where,

2
tt7=(t‘ ’*’.2), A (3.3)
14,




According to them, we expand this compact form of the asymptotic
covariance matrix by applying this from to [PD, and we try (o obtain
illustrative form for the asymptotic covariance matrix by differentiating PGI as

follows

G'(th) G'(rltz)J

G'(ttT,(Q,p)):(Gl(t ) 6y

and,

LD
Clew

form(1.2),(1.3) we can write above equation as,

F(epg,} (66(14-,091‘,2)'“109)) F(el’ﬂtu2 (8‘9(1'!-,091‘1[2)",06))} (3.4)

G'(' ,(8,p) = )
Fe" (e?(1+ pbtt,) - pb))  Fe?” (e’ L+ pbt;)—po))

Fer™ (e“’(1+p9h)-P9))] (3.5)

G (:,(e,p))=(F(epaz(eo(l+pgfz)~p9))

G'(t,(0.p0G "¢ .(0.p)= (gll 81z )

Ea En
where,
gu=F*[e" @+ por) - pO) |
g = F? [ €2+ pbt) - pO) |7 €U+ p0r) = pO)
gy = F2 e+ pb1,) - pO) [ e (1 + plt;) = pO) |
g = F2[("™ 1+ pO1,)— p)) ]
and,

&0 _[ Fe™ (°(20p+12@p)) - Gp)")  Fe™" (e"(zep+tlt2<9p>2>~(ep>2>]
Fe? 0°Q8p+, )~ (@p))  Fe™™ Qoo +2@)-(0p)) )

from above equation and (3.3), (3.4), (3.5), we obtain

b, b
B(t)=(b” b‘ZJ, (3.6)

St |
o




where,

by, =t2F (e (e°(20p +12(Op)*) = (Op)?) +11,F (™" (e (20p+1,1,(8p)*) ~ (Op)*)
+F(e/’0’lz (66(1+p0112) _pe))_};‘Z [e,ﬂei: (eﬁ(] + pgtl) —‘p(l))]z s

by, =t Fe”" (e’ (20p+11,(0p)) - (Op)*)+11,F (e PO (e ® (20p +12(8p)*) — (Bp)*)
HF(e e (1+ pll ;) — pO)) —F [e™ (e’ (1+ po1,) - p0) e (e (1 + pbt,) ~ )

bay =11, (" (€ (2600 +1](Bp)')~(6p)') +17F (7 (¢ (20p +1:4,(6p)") = (60)")
(e e (14 pOtyt,) = pOY) ~ F2 [ (e 1+ pbty) = p) J[ o7 1+ pbly) - pO) ]

and,
byy =1, (e (0" (20p +11,(60)") ~ (Op)) 417 F " (¢ (20p +13(69)") - (9P)")
HF (e (o714 pOr]) — pO) ~F* [ (¢ L+ pbty) - pO)) |.

from(1.2),get that
9GW) _ g [®@E’-1)][e™ (ot 2+ por +0)+1)—(p+p't0))]

00
~[e" @+ po)~ pO) || U+ p)e ™ - pe®

and,
oG '(t 2 (/] 2 2
—ap(—l =F[(%(’-1)][e® (€26 + p(6t))-(6+0 p)]
—[e?" °(+ ptt) - po) |[ e **** —6e® |
than,
T ' S A(t) =(Zn ' Zn), ) (37)
where,

a, ==F*[ (%’ =1)|[e™ €’ (p1,(2+ pbr, +O) + D)~ (p+ p'to)]
~[e" e+ p0r)~ pB) ][ 1+ p)e " ~ pe®

a, =—F*[(e®(’~1)][e™ (20t +p(61,)") - (6 + 6" pr, )]
—-[e P e’ (1+ pbt,) —-p@)][é’e 7540 _ Ge 3”]
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ay =-F[ ("’ 1) ][’ (p1y 2+ pOt, +O) +1) = (p+ p'1,0)) |
[ @+ plt,) - pO) |1+ e = pe |

and,
a,, =—F* [(e #(e? —1)][e % (0 (200, + p(01,)") — (0 + Hzptz)]
~[e?(e? 1+ por;) - p0) ][ 6" ~ e %]
from (3.6), and (3.7) we obtain the asymptotic covariance matrix for
IDP by using EPGF.

4- Simulation Study

In this thesis, we perform and obtain the performance of the unknown
parameters of the two parameters intervened Poisson distribution, using the
method of the first rapid method (ME), the second rapid method, the third rapid
method, the fourth rapid method, with a comparative study between the
previous methods of estimation.

The simulation study is performed depending on different sample sizes,
particular n=10, 20, 30,and 50. All the results are depending on 1000
replications and with different parameters values of the @, p, and calculating
the mean and median values of the parameters, the comparison bases on the
criteria of mean square error as a measure of deviation for mean, and the
median absolute deviation as a measure of deviation for median.

It is observed during the simulation, that there are outliers among the
estimated parameters values, so it is noted that estimated values using first
rapid method, the second rdpid method, and fourth rapid mcthod have cxtreme
for both @ and p, additionally, the MSE for these methods denotes the high
variability, but it is noted that both of third rapid method and ML estimation are
closed to initials values for both @ and p, moreover they are more efficient
among other methods. Accordingly, we can not bound the ML estimation for
the rapid estimation methods.

Fur avoiding the outlier eflect on the comparison among the different

estimation methods for parameters, we have to depend on the median as a




robust or reliable estimation of center iendency for the estimated parameters,
and MAD as robust measure for estimates values deviation.

Table (1) contains, the median values of the first rapid method (ME), the
second rapid method, the third rapid method, the fourth rapid method , and ML
for =1, p=009, along with the MAD's between brackets,

Table( 1) The Simulation Results Based on The Median (N=10, N=20)

Methods N=10 N=20
0 p 0 P
0.938 0.197 09 0.267
The first method(ME)
(1.015) (1.015) (0.86) (1.058)
0.018 55.96 0.16 6.164
The second method
(0.014) (53.908) (0.154) (4.36)
0.804 1.027 0.767 1.0301
The third method
(0.064) (0.23) (0.051) (0.141)
1.216 0.922 1.5 0.741
The fourth method
(0.823) (1.21) (1.27) (0.739)
0.975 0.351 0.926 0.353
ML

(0.0049) | (0.00042) | (0.043) | (0.000334)

It is observed that, at in n =10, for @, the median values of the first
rapid method (ME), the third rapid method, fourth rapid methods, and the ML
estimates are closed to the initial values, the ML estimates lie between the first
and the fourth rapid method estimates. According to MAD for error, it is noted
that ML estimation is the most efficient among the estimation methods, but the
third rapid method is the most efficient estimation among the rapid estimation
methods. For p, the third and the fourth rapid methods are the closed values
to the initial. the ML estimates lie between the first and the fourth estimates.
According to MAD for error, it is noted that the third method and ML are more
efficient as estimations for § and p .

At in n =20, for 6, the median values of the first rapid method(ME), -

the third rapid method, and the ML estimates are closed to the initial values.
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The ML estimates lie between the first and the fourth estimates. According (o
MAD for error, it is noted that ML estimation is the most efficient among the
estimation methods, and the third rapid method is the most efficient among the
rapid estimation methods. Forp, the third rapid method, and fourth rapid
methods are closed to the initial values, the ML estimates lie between the first
and the fourth rapid method estimates. According to MAD for etror, it is noted
that the third method and ML are more efficient as estimations for 6 and p.
Table (2) contains, the median values of the first rapid method(ME), the
second rapid method, the third rapid method, the fourth rapid method, and ML
,for6=1, p=09, aiong with the MAD's between brackets
Table( 2) The Simulation Results Based on The Median (N=30, N=50)

N=30 N=50
Methods ) P ) p
0.9 0.351 0.905 0.534
The first method(ME)
(0.863) (1.087) (0.865) (1.216)
0.208 4.66 0.241 3.896
The second method
0.177) (2.608) (0.135) (1.54)
: 0.765 1.030 0.77 1.032
The third method
(0.041) (0.141) (0.041) (0.093)
2487 0.368 2.775 6306
The fourth method S
(2.069) (0.351) (2.296) (0.292)
ML 0.8265 0.3650 0.87447 0.432
(0.015) (0.057) (0.0064) (0.0037)

It is observed that, at » =30 and n =50, for 0, the median values the

first rapid method(ME), the third rapid method, and the ML estimates are
closed to the initial value of @ , the ML estimates lie between the first and the
third sets of estimates, taking in consideration that the first rapid method is the
closest. According to MAD for error, the ML and the third rapid estimation are

more efficient than other methods. For p, the third rapid method is the closest




value, the ML estimates lie between the first and the fourth rapid method
estimates. According to MAD for error, the ML and the third rapid estimation
are more efficient than other methods.

Conclusion:

According to the simulation study results, the first rapid method, third
rapid method, and the fourth rapid methods bound ML estimation with
different combination at different sample sizes basing on median. The third
rapid method is the closest to the initial value for both p and & whether we
base on median or mean, and it is the most efficient among the rapid estimation
methods for both p and @ whether we base on MSE or MAD . On the other
hand, the second rapid method is the worst method among the rapid estimation

methods.
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On The Kumaraswamy- Gumbel Minimum Distribution
El-Sayed A. El-Sherpieny ' Mohamed A. Ahmed

Abstract:
In this paper, the Kumaraswamy — Gumbel minimum (kw-Gu) distribution as a special

model from the class of Kumaraswamy Generalized (kw-G) distributions is considered. Some
properties of the density function (pdf), as the cumulative distribution function (cdf), moments,
quantiles, the median, the mode, the mean deviation, the survival function, and hazard function,
are obtained. Also, the entropy, order statistics, L-moments and parameters estimation based on
maximum likelihood are obtained. Numerical illustration is used to study the properties of the
parameters.

Keywords: Kumaraswamy generalized distributions, moments, order statistics, L-moments,

entropy, maximum likelihood estimation.

SRR

1. Introduction :

LT

I R

Cordeiroa and Castro (2010) presented the class 0f Kw-G distributions where the

pdf of the class of kw-G distributions was presented as follows:

f(x)=abg(x) G(x)aul{l—G(x)a} ca,b>0, —00 < x <o (1)
and the cdf is:

b
Fuyﬂ-h-Guyﬁ :a,b,>0,~00 < X <0 2)

Then, if a is real non integer, an expansion for density function of the class of kw-G

distributions will be

© J 2
JE)=gx) T T ow, G, ®
i,j=0k=0 "7

. i+1)-1)(b-1)(Jj
R

A simplified expansion for F(x)" was used by Cordeiroa and Castro (2010), as follows:

where,

Fe)Y = ¥ d @b G, @

where,

TGOS [’}-nw SRS Ladar (wb](m)(p]
’ w=0\Y m=0p=g m )\ p )\
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For integerb >0, the index / stops at b —1 and for integer ¢ >0 the index ; stops at

a(i +1)—-1.
7. The Kumaraswamy- Gumbel Minimum Distribution
The pdf and cdf of the Gumbel minimum (minimum extreme events) distribution

with location parameter p > 0 and scale parameter ¢ > 0 , respectively are :

g(x)z—l—eXp{x_ﬂ—exp(x_/j)} s x, He R ,0>0 (3)
. o o

g

and,

‘G(x)zl—exp{—exp(x_#)}; x,ueR,o0>0 - (6)
o

Substituting from equation (5) and (6) into equation (1) yields the probability density

function of the kw-Gu distribution as:

- a—1
f(x)=ab ~1—exp{x —'u—exp(x —,u)} 1——exp{—-exp(x v’u}H
o o o JJ{ o)

-a ‘
1~[1—exp{~exp(x_'u)} s ab,o>0 , —0<x,U< ® (7
o

Substituting from equation (6) into equation (2), yields cumulative distribution

function of the kw-Gu distribution .
b

. Yol
F(x)=1- l—ll—exp{—expLx"#J}J s a,b,>0,—0<x <0 ®)
o

It is noted that, when a =1 they give the pdf and cdf of the exponentiated minimum
Gumbel distribution. For a=1 and & =1 equation (7) and (8) give the pdf and cdf of
the ordinary minimum Gumbel distribution.
General Expansion for the kw-Gu Distribution Density Function:

A general expansion for the kw-Gu distribution density function can be yielded by

substituting from equation (5) and (6) into equation (3) as follows:
o

) - _ I
- 1 2 exp{x— 7 —exp(k #)} [exp {— exp(x ,U)H )
> iy ] o o o

i,j=0




where,

i (al+D-1)(b-1 o
W, .(a,b):(—l)l+1ab a ) s 3 ! w. . =1
bJ J f i j=0J+1 "/

For integer b >0, the index i stops at b —1 and for integer a >0 the index j stops at
a(i +1)-1.
3. Some properties for the kw-Gu distribution

3.1 Moments

In this section some properties for the kw-Gu distribution will be calculated as

follows:
Moments of the kw-Gu distribution can be given simply from (9) as follows:

© @ i J 5 -
ul = xr,_l-. oW, [exp{—-exp(x 'U]H exp{x 'U—exp(x 'u)}dx
o i_q b/ o) o fo)

~00 i,j=0
Then,
o0
u= 3 woo T (10)
ij=0 "7
where,
XMy x—p
o8] e o - o
'Izl— Igcfe Je e 0 ¢ dx
0%
Using the following substitutes
x— U x— U

1
u=e 9 , du=e 9 —dx , x=ptolnu
o

yields,

w . .
I=| (u+olnu)’ e (7+1)u du
0

Using binomial expansion yields:

(__a)m(/‘)lur——m I(m’J) (11)

m

;
I= ¥

m=0




7 —{j+1ju

(Inu)Me du

where

<o — R

"on =
Now, I(m,)can be calculated by using the following fact, as it was presented in

Prudnikov, et al.(1986), Nadarajah and S. Kotz .( 2004) :

2 m .
I(n,j)= (———] [(w‘)“ “r (a)} L a=1 (12)
0 a
where m =0,1,2,--- and (1+,)>0.
Then from equations (12) and (11) into equation (10) yields,

. o0 I . . m _
u= 3 W % (-c)’”['Jp’“’” (3—] [(1+j) af,(_a)} ca=1 S (13)
ij=0 ) =0 m oa) L

and it can be summarized from equation (12) as :

g
lop =7
Iy =G+ A pl-a+ )y (a4
1 .___[In(l+j)]2+2yln(1+j)+ A
2,7) 1+ /) 1+ A+j) 1+ /)6

where, v is Euler constant

From equation (13) and r =1 yields that:
[0 0]
B 2 M K #lop*e ](l,j))]
and substituting from (14) into the last equation, yields:

E(X)= ; w, .{’u -—O’( v +ln(j+1)j:|
i,j=0 LT |j+1 Jj+1 Jj+1

Similarly,

oo , 2 : 2 2 ) 11 2
EXM= 3 w, o (,y , linG; +0] w2t 27InGis )} #
i,j=0 ] j+1 j+1 6.j+6 j+1 j+1

2o ¥ +ln(j+1)
Jj+1 Jj+1

where W, j(a,b)=(—1)i+jab[a(H_l)—l)(bflJ
’ J

1
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3.2 Quantile function and The Median

Starting with the well known definition of the 100 q-th quantile, it is clear that
=P(X<x )=F(x); x >0,0<g<l
g= P = g q

Quantiles of the kw-Gu distribution can be yielded by equating the cdf with q:
b

a
q=1- 1——(1—exp{—exp(xm’u)}] ca,b,o>0,—00 < x, 4 <0
o

Then, xq =pu+0oln {— ln(l—awll—bwll—-qﬂ

Obviously, by substituting q by 1/2 (the second quartile) the median will be got. So,

the median is 1
M=uy+oln|-In l—al—-b\/%

3.3 The Mode
The mode of The kw-Gu distribution can be got by differentiating the normal

logarithm of equation (7) with respect to x as follows :

ot (- T] T

l-a a1—2b
et i) ] 5

2--2b

e oo T

a

where, u = exp(x —£ )
o

Then equating it with zero .

| e R

l-a all=2b
- e fi-e] [lm[l_e—u] }
2-2b

+(a~1)ue"u[1~e"u:|1—2alil—{l—e“u}a] —;——:O




But the last equation is a nonlinear equation and does not have an analytic solution
with respect to x, Therefore, we have te solve it numerically.

If x, isazero of f (x), then f"(x,)<0

Now,
7/"(x)=B'1- B2+ B'3,
where,
12-2b
2-2a a
Bl:(l——“—J[l—e‘“] {1{1—{”] z
g o a
| 1-2b
_ _ -—qa 14
B2=(b-1ue “[1—e “] {1-—[1% U ]
- ~ql-2a _qa 2'21)1
B3=(a-1ue ”[1-e “} 1—[1——e “] -
a
Then,

e o o A e
-—;la—u{l—(l—e””)a}2_2b[1_6~u]2”2"
e[S (P

1_%b[1—e—“]1__a

——;—(b—l)e—”uZ {1—(1—(“)‘,}1_2b[1_e—“:|1_a

Lae (b-—l)(2b—1)_(a—1)(b—1)e_2u uZ[l_(l_e—uﬂ

J[l—-(l—e_u)”]zb a[l—e_u]a

1-2b

|
|




+——1;(a—1)(2[)_2) TE [1-«(1_3‘11)0} 1_2b[1_e_u}—a

3.4 The Mean Deviation

Basically, the mean deviation is a measure for the amount of scatter in X, Generally,

the mean deviation about the mean and about the median is expressed respectively by

5, (0= |x—p| f(x)dx  and  5,(0)= [ |x=M]|f(x)ax ,

-0
where t is the mean and M is the median.
These measures can be expressed easily by:

SN =2u F)-2T(w) and 5(X)=p~-2T(M)

q
where T(q)= [ xf(x)dx

— 0

from equation (9) the last equation will be:

1 o0
oij=0 "

where,

I(q) = ‘f x {exp{— exp(x;“)H ! exp{x;'u -exp(x;”]}dx

— 00
Using the following substitutes into the last equation :
x— U x-
u=e 9 ,du=e 9 —dx,x=pu+olnu
(¢}

then, E




expilq~u)/ o} expllq - )/ o}
I(g)=0pu | exp{-u(j+1)} du+o’ ] (Inu) exp{—u(j+1)} du
0 0
Calculating the first integration yields:

exp{(q— )/ o} )
ou [ exp{-u(j+1)} du= (‘7 # {] WGXP{’(./ + ])exp(q H )H
0 +D o

However, the second integration
exp{(q — 1)/ o}
o’ | (Inu) exp{~u(j+1)} du
0
needs to a numerical integration. Finally,

'__l__°°, op | Y é—ﬂ
T(Q)_O'i’jzzoni’j{(j-ﬂ)[l exp{ (j+1)exp( = )H

exp{(q - )/ o}
+o? ) (Inu) exp{-u(j+1} du
0
Clearly, F (1) are easily calculated from equation (8) and from T(q) the measures
8,(X) and 6,(X) can be easily calculated .

4. Order Statistics
A simple random sample X;, X;.., X, given from the kw-Gu distribution where

X’s are i.i.d random variables , Arnold et al.(1992) , The density fy.,(x,) of the u-th
order statistic, for u=1,2,......,n is given by:
J(x ) u—1
£ ) £ ey 1o P ) |

. . . U Blun—u+l u
Using binomial expansion, )flelgs ’ )

s (x,,>=———fi’i"—)—-——"i”el)"(”;”JF(x,,)””*‘ 15)

u.n ﬂ(u’n_u+1)v=0
from (6):
utv-1_ = q
F(xu) - Z dq, u+v_1 (a!b) G(xu)
g=0
where,
u+v-—1/y+v-1 0 © wb)(ma)(p
d .. @h= ¥ ( j(—l)w > T (—1)””’”‘1( )( MJ
g, u+v w0 w m=0p=gq m pPJ\4
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Substitution from (6) in to last equation, yields:

q
Cu+v—1_ 2 _ _ Yo T H
Fx) = X e, @) [1 CXP{ exp( - ]H
g=0
Then,
q X, — s
F(xu)””"1= 2 H,,(a,b) [exp{—ew[ e M (16)
, s=0 o
where, H o o= (DS g) ® d b
as = (s qEO g urv—1?

Substituting from (9) and (16) into (15),yields:

J
[o¢] —
1 ¥ W, j [exp{— Cxp(xu #]H
O ;s 3 e} VI —
s l)j T O exp{’xu :u _exp(xu :u)}
(s} o}

fuin(x"); Bu,n—u+l)
n-u v n—u d X, —H ’
Z ("1) Z H(q,s) exXp —exp( )
v=0 V. J)s=0" g
Then,
1 ® n—u v(n-u) 4
52 My 2B ) 2
fo(x)= i,j=0 v=0 s=0
un " Bu,n—u+1)
(17)
s+ 7 -
. |exp __exp(xu’lu\]l CXpr“_ﬂ—cxp(x"_./l)
o ) Lo Lo
where,

(it T a(i+1)-1)(b-1) . s[4 ©
wi’j(a,b)-( 1) ab( ; G SqEOdq’uw_l(a,b)

Moments of Order Statistics

Basically, moments of order statistics, Arnold et al.(1988)., is defined by :
r <
B )= | 5y fn (),

Substituting from equation (17) into the last equation yields:




(/r ) | Z ’i“ 1 n -
- W -
wn' oo B u,n-u+l); i =0 LIy 20 v

0 L 5+j _ L
[ x7 exp{wexp(f\ “ #]1 exp T M —exp('-x-”—mﬁJ dx
S 7] o [ o o U

Using the following substitutes into the last equation:

X— U x—U
u=e 9 ,du=e © iabc,x:,qualm,l
o

yields,

@ n—u v[n—u

bX Wi > (=D v g

E(Xr. )ZI:J:O v=0 Z s ] (18)
u:n Bu,n—u+l) s=0

where,

o0
I=[(u+olnu)” exp{—(j+s+1)u}du
0

Using binomial expansion for (u+ o lnu )", yields:

[ =
m

M

m

(o )m(r),ur_ml(m,j +5) (19)
0 |

where,
I(m,j+s) =j(lnu)"’ exp{~(j+s+1)u} du
0

I(m, j+s) can be calculated by using the following fact as it was presented in

Prudnikov et al.(1986), Nadarajah, S. and Kotz, S.(2004)
5 )"
I(m, j+s5) =(—a——j [(1+j+s)_a F(a)} ja =1 (20)
a

where, m =0,1,2,---, and (1+j +s5)>0.

Combining equation (18), (19), and (20) yields:
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«© n—u , (=)
S ow. o3 1) [ J
j:() o/ vy =0 v

. ; q
Ex’ =L H,.
( “5’7) g W n—-u+l) SEO )
, ) o m _
) (a)’"(')y’ " (—a ) s @)
m=0 m 0 «a
On the other hand,
_ . -1
I(O,j+s)-—(l+]+s)
_ , -1 . B . -1
](1,j+s) ==+ +s) [In(+j+s)]-A+j+s) "7 o1
) 2 , 2 2
[ _[n(1+ j+35)] +2)/ln(l+j+s)+ % N 7w )
(2,)+5) A+ j+s) (1+ j+5) (1+j+5) (+j+5)6

Then at r =1 yields,

e
E(Xu.n):__;,jzo vo=0 v.=0
: L (u,n—u+l)

OHW-“[(’”( 0,j+5) 7 1,,-+3)H

s

Substituting from (21) in to the last equation, yields:

> w, ."i”(—l)"["‘“)

Bx )=bi=0 bIy=0 Y4y [y InUxseD)
uin Bun—uil) - 2o s+l js+l ) js+l
Similarly,
® n-u n-u
Eo mer (V)
E(XZ. ): I,_] :0 v =0 Z H( .
u:n B (u,n—u+l) s=0 =

o[ I Gersed] &t 2yl GtstD
J+s+l] J s+l 6 (j+s)+6 J s+l

2 H .
s - 7 +ln (J+s+1)
J+s+l J+s+1 JjHs+l

where, v is euler constant.

|




5. L-Moments

L-moments are linear functions of expected order statistics, and L-moments is
defined as it was presented in Hosking (1990), Abd el- Sattar (2009),by
A =@ Y [ =0,
g+l =@t 1§O(— ) ¢ Oy s1orge1) &7 O
The first four L-moments are

— ~Lmy _ox =1 -
'AI"E(XI:I)’AzﬂzE(AZ:Z 2‘/\1:2)’ )'3—3E(X3:3 2X2:3+X1:3)

_1 _ _
Ay =g By g =3X5 4435, 4 =X y)
Therefore,
o0 q :
/’{‘lz Z wi . Z H(q,s) {""O‘( : Y +1n(.j+S+])J+ : H ]
i,j=0 J o9 JAs+1 j+s+l1 jHs+1
where,

g (it a@+1)—-1)(b-1 osfa) 2
ul.’j(a,b) -1 ab( j ; ,Hq,s—( ) Sqéodq’l(a,b)

1 )
d 1(a,b)= 5 (1)(_“1))41 ; CZ(:J (_1)m+p+q [M b) (ma) (pj
K w=0 w ln:Op:q m p q

Hence, 4,,4, and 4, can be obtained similarly.

6. The Survival and Hazard Function

Generally, the survival function of the kw-Gu distribution is:
b

Sy =1 1- {1 —exp {_ exp(—)-c—;—_’—u—)}}a

Hazard function is expressed by

ifenl oo G ol on( )
~foosfenl 7))

H(x) =




7. Reényi Entropy
The entropy of a random variable is a measure of variation of the uncertainty, The

entropy has been used in various situations in science and engineering, the Rényi

entropy is defined by:

10;{ ?/(x)pdx}

- 0

eR(p):l",O

Substituting from equation (7) into the last equation, yields:

eR(p):_l._Iog T (M)p[exp{x _ﬂ—exp(u)” {l—exp{—exp[x—
o o o o

lI-p |
RV-CRS) 1
1~[1—exp{—exp(£—:ﬁj}:l : dx
g

If a and b are real non integer, and using binomial expansions, ,yields:

—~1
1 o o x = )P
ep (p):1 log| ¥ no | _{exp( ’u]:l

P i,j=0 J oo P g

?ly‘[e"p(x ;#H *l,;exx){%j +,0)exp(x - )}dx}

o

u ]Hp(a -1

where,

n = (ab)P (p(a—l)wi](p(b—n}(_l),.”
i ! J i

Using the following substitutes into the last equation:

X — i X — I
u=e 9 ,du=e © la’x
o
yields,
1 [e0] 0 1 . ©1pel )
eR(p)=I——log 2 nij I 20—1 [(]+p)u] exp{—(j+p)u} du
P =0 "0 te
Finally,
(p=——log| ¥ ‘ r(p)
ep(p)= og R P




where , m, | =(ab)” [p(a—p +aij (p(b'—l)J(_l)wj

. Jj i
8. parameters Estimation for The kw-Gu Distribution
The purpose of the present section is to estimate the kw-Gu distribution parameters
based on maximum likelihood method.
Given the iid random variables X1,X,,...... ,X, from the kw-Gu (a,b , u, o)distribution
Hence force, let 8 is the parameters vector
X, — M X, — U

! !

Suppose thaty, =e 9 , v,= 9

then the likelihood function will be:

l

n
b |:Z( )} a-1 aab—1
o il n{l—o—ﬂﬂ
o i=1 i=1
Hence, the 1og likelihood function will be:

1——1

Differentiating £(@;x) with respect toa yields:

atwx) n, 3 log{ 4, } -5 Gl — (22)
da 4 j= i=

Differentiating £(@;x) with respect tob yields:

. n —u, ¢
9.t Ox) _n + > log 1- [l—e ui] : : (23)
0 b b ;-1

Differentiating £(6; x) with respect to ¢ yields:

-, 3

66(6 x) Z [_+__ :l_i u e (a1)- a(b-1) 24)
= o-1~e_ui l:] "”i}_a_
—e 1

Differentiating £(6; x) with respect to o yields:
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- u
oL (a,b,u,0;x) _ n oy [1_11 ]l_l_v_, ue @1 alb-1) (25)
oo ’ - U / —-a

o o ] o i _
{1 —e W ] -1
The Variance Covariance Matrix

—,u) , and B:exp{—exp(x’ -,u)}
o

Let 4= exp(xi
o

™

l-e

Then the second partial derivatives of ( is :

__Z(b—l)Zl 1-B>! ‘(11’3_)191;1‘1(1_—13)_ai2

i=]

2| (1=B)'In(1-B)" (A=-B)In(1-B)" | 0 S,
+Z{ (1-B)° -1 li—ey 1] J(a ) )gn( )

Fe_
ab? b?

~B)* In(1- B)"

= Snfi-0- ]S - B @-nTma-p S

dadb i=] i=

¢ :___ L BA(p-x) (b~ 1)Z BA(u—x,) +a(b~1)z": BA(u-x)In(l-B)

dadoc o*45 (B-)) o’ 1 o' G 1 a

~1{(B- -1{(B-n(1-B

(T T

*L a3 BA(u—-x,)

obdc o S[ 1 Jez-y

(1-B)
1& B4 (b-D& B A a(b—l) B A In(1- B)

aaa GZ:B boe {:( ——l)[ ! 1} %:B 1 12(1 B)*

1=’ : _)[a—B)“*} o




o' ¢ n 1 & | (a —1) (-
5 T A+;— A(/l*‘X)‘i‘ Z

a,uéa—a o’

x)AB (a—l) AB
(B-1) o2 Z(B—l)

i= =1

(a—l)z(,u—x)/l B (a-—l)z(,u—\)/l B’ a(b——l)z AB

S 5o o N
(B I)Ll e 1}

a®~D (u=x) 4B ab$ (=) 4B
Z(B—l) R Z(3—1) L,
(1-B)° (1-B)*

a(b~1)>: “(,u—x,.)AZBZ _az(b—l)i (u-x,) A* B’
o N 1 ~ 3 ( . 1 2
'(B-1) [(1—3)” } (B )(1- B) ‘{ -—-~1]

a- B
L ad BA
0bou (e fymn (B"l)!: 1 a_l}

(1-B)

L, (a-Dy BA  (a- S BA @) B A
o’ Z(B ) o? Z o’ Z(B 1?

_a(-DH¥ B4
ST —

g
B-Da—n




(a- \iA"B(/z—x,r

o' ¢
_——+——Z(,u—\)(/1—l)—~——Z(,u—\) A+ 31

i=1

(a—l)ZAB(;z )u) (a—l)ZAB(/J x,)? 2(a ZAB(,U x,)
S (B-1)

AB(u-x)"  2a(b-DY AB(u—x,)

Lab-D3
O' Z( “1) 1 ~1 0'3 i=1 (B—-l) 1
(1-B)° (1-B)°

a(b-l)z A* B (p—x,)° +a(b~1) no A B (u-x,)’
I AN EEY i o'l L "
(1-B)° (1-B)*

L@ (G- A2 B (u-x,)°

4 2
o o a+l _____1__ -
(B-1)(1-B) ‘:(l "By 1}

i=l

Let 0 is the vector of the unknown parameters (a,b, 4,0), The element ofthe 4 x4

information matrix I(a,b, 11,0) can be approximated by:

0’ e(e)l
06,00, 100’

Iij(é) =T

and I' (a,b, i, o) is the variance covariance matrix of the unknown parameters
The asymptotic distributions of the MLE parameters
Jn @, -6)~ N, (0,17 (@8) ,i=1,...4
and, the approximation 100 (1- o) % confidence intervals for the unknown parameters

based on the asymptotic distribution of the Kw-Gu (a,b, 4,0) are determined,

b, £Z \I7NE) Li=14

respectively, as

R

a th
where z, is the upper (7)  percentile of a standard normal distribution




9. Numerical Illustration:

A numerical example will be given to illustrate the new results of the kw-Gu
distiibution, This example is about MLEs of parameters of the Kw-Gu distribution .
The algorithm for obtaining the parameters estimates will be described in the following
steps:

Step (1):Generate a random sample of size n as follows :uj,u,,....,u, by using the
uniform distribution (0,1)
Step (2): transform the uniform random numbers to random numbers of the Kw-Gu

distribution by using the following quantile function for the kw-Gu distribution:
x, =p+0In {—ln(l~%—b\/l~u1| ,0<u<l

Step (3): Solve the equations (22-25) by iteration to get the maximum likelihood

estimators.

Step (4): Calculating variance covariance matrix of the Kw-Gu distribution and
confidence intervals

Example

In this example 60 random numbers were generated by the Mathcad package which

calculated MLEs and variance covariance matrix of the Kw-Gu distribution from

initial values:a =2, b =3, u=10, o=2 as follows

a 1.754 10.819 248.819 24764 12.229
b| 110.865 248.819 8.045x10° 883.662 302.53
= 5 var =
al 112.076 24764  883.662  99.246 30.916
&l 12115 12.229 302.53 30916 14.06
Confidence intervals
Parameter
Significance Level Upper Lower
Estimation
a=0.05 a 8.201 -4.693
a=0.05 b 186.664 -164.933
a=0.05 H 31.602 -7.449
a=0.05 o 9.465 -5.235




10. Conclusion

A new distribution, so-called the Kumaraswamy Gumbel Minimum (Kw-Gu)
distribution, is caculated and studied some of its general mathematical and statistical
propetties.

The Kw-Gu distribution generalizes some distributions in the literature and it is an
important model for analysis of extreme value data, because of the wide usage of the
gumbel minimium distribution as a type one extreme value distribution . The new

model contains (as special sub-models) : the exponentiated minimum Gumbel and the

Gumbel minimum distributions.

Finally, the Kw-Gu distribution provides a rather flexible mechanism for fitting a wide

spectrum of minimum extreme value world data sets.
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