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values of the x 's (hetroscedasticity case). A correction method with the
hetroscedasticity case will be the subject of a forthcoming study.
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the bias and the standard error. All computation done by using EXCEL
and SPSS programs.

As for the two applications presented in this article, a comparison
between their results reveals the following; The adjusted data method
showed superiority in both applications, followed by the modified
regression calibration method.

Also it is noted that the correction methods presented in this article
may be classified into three groups; The first group includes the
adjusted data and the modified regression calibration methods. The
adjusted data method depends on transforming the observed values
Wy, Wy oo s W10 X, X, vy X, Under certain constraints. The modified

regression calibration method depends on estimating the values of the
explanatory variable using the least squares method at different values
of m , where m is the number of the replicate measurements of the
observed values. The adjusted data method performed well in all cases
of the simulation study , since the corrected estimators for this method
had smaller biases and standard errors compared than the biases and
standard errors of the other corrected estimators, followed by the MRC
method. The converse is found for the second group which includes the
corrected least squares and corrected score function methods. These
methods depend on correcting the moments of the explanatory variable
and the cross products of the dependent and explanatory variables. The
third group includes the simulation-extrapolation method. This method
depends on adding the generated measurement errors to the observed
data to create the values of the explanatory variable. Although the
corrected estimators for the simulation-extrapolation method had the
best performance in the linear regression model (see Ibrahim (2005),
these estimators had a moderate performance in most cases and a worst
performance in the remainder cases of the simulation study.

Finally, all correction methods assume that the variance of each
u, ;i=12,..,n is the same for all values of the explanatory variable
(homoscedasticity case), but from the medical application presented in
section 4, it is noted that the measurements are influenced by many
factors. Moreover, the measurements may be taken in different times
using more than one instrument by more than one doctor or nurse. So,

the values of the measurement error variance o, may depend on the

I
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(I1) For sample size n = 400
1. The MRC estimators have the best performance in the first case,
followed by the AD estimators, and vice versa in the second case.
2. The SIMEX estimators have a moderate performance in the two
cases.
3. The CLS and the CSF methods do not perform well in the two
cases.
(111) For sample size n =800

1. The AD estimators have the best performance in the two cases.

2. The MRC estimators have a moderate performance in the first
case and a worst performance in the second case.

3. The SIMEX estimators perform poorly and are worst in the two
cases, followed by CLS and CSF estimators respectively.

In general; The AD estimators performed well in all cases, followed
by the MRC and SIMEX estimators respectively. The performance of
the CLS and the CSF estimators are poor. The MRC and AD estimators
have the least standard errors in all cases compared to the standard
errors of the estimators of the other methods. ‘

6. Conclusions

This article presented corrected least squares method and an
extension of the corrected score function method, suggested by
Nakamura (1990), to estimate the parameters of the polynomial
regression model when the model (1.3) is applied. A modification of
the regression calibration method, suggested by Carroll and Stefanski
(1990), is also presented. The adjusted data method, suggested by Jeff
and Stefanski (2000), and the simulation-extrapolation method,
suggested by Cook and Stefanski (1994), are discussed to estimate the
parameters of the polynomial regression model when the explanatory
variable is measured with error.

Two applications are introduced to compute the corrected estimators
of the parameters of the quadratic regression model, when the model
(1.3) is applied, for the different correction methods presented in

sections 2 and 3, and to compare these corrected estimators in terms of




1. The performance of the computed estimators from the different
correction methods is not the same.

2. The values of the corrected estimators computed for MRC and
AD methods are close, and similarly for CLS and CSF methods.

3 The AD estimators are almost superior to other estimators as
they have smaller standard errors than that of the other corrected
estimators.

4 The SIMEX estimators have the largest standard errors

~ compared with the other estimators.

5, Simulation Study
A simulation study is performed to compare the corrected estimators
in terms of the bias and standard error for the used correction methods
of the coefficients of the regression model
y=1+x-05x"+e , (5.1)
with o? =0.25. The true data x,, X, ..., X, Were generated from a
normal distribution with mean zero and variance one. The values of
Ji» Vys e » ¥, 1€ computed using (5.1), then the OLS method is used to
compute the true estimated values of the parameters. The model (5.1)
was simulated with three different sample sizes, n = 200, 400 and
800. For each sample size, the values of the true data were
contaminated with one of two levels of measurement error variance
02 =025 and g, =0.5.
From tables (2a)and (2b)in the appendix it is noted that;
(I) For sample size n =200
1. The AD estimators have the best performance because they have
the smallest biases compared with the other estimators in the two-
variance-cases.
2 The MRC estimators have a good performance in the first case
(o) =0.25) and a worst performance in the second case
(o2 =0.5).
3 The SIMEX estimators have a moderate performance in the two
cases.
4. The performance of the CSF estimators is poor in the two cases,
followed by the CLS estimators.




o 4 Clalasd! o

From the records of the patients received at the Nephrology
department-Zone A in New Kasr Al-Aini Teaching Hospital during the
years 2007 and 2008, a sample of size n =100 patient records is
randomly selected. For each patient 5 measurements for systolic blood
pressure and the Jevel of the creatinine in blood are taken from the
record of the patient. The scatter diagram of the level of the creatinine
in blood, y, and the observed systolic blood pressure, w, showed that

the relation between the two variables is nonlinear. With correct
measurements, assuming that y has a quadratic regression on x. Then,

the desired quadratic regression model is

2

Yi = Z/B_/xlj +e

(4.1)
j=0
At first, o} was estimated using (1.8), and it is found that

6l =156.2.
The naive estimated quadratic regression model is

y,=-67.03854 +0.92305 w, — 0.00285w;
(18.306)  (0.255)  (0.001)
and the estimators of the parameters are found statistically significant
at = 0.05

The correction methods presented in sections2and 3 are applied to
this data set. Table (a) shows the corrected estimators of the

parameters of the model (4.1) and their corresponding standard errors.

i=1,2,3,..,n

Table (a): Values of ,[30, ,é] and ,B ,» and their corresponding

standard errors (*) for different correction methods

The correction method

CLS CSF MRC AD SIMEX
Bo 4.480 4.482 -12.864 -13.251 28373
SD” | (2.643) (2.754) (1.987) (1.651) (4.860)
B, 0.0145 0.035 0.214 0.136 -0.276
SD (0.042) (0.050) (0.038) (0.037) (0.065)
B, |-0.0000117 | -0.00001 | -0.00057 | -0.00001 | 0.00086
SD | (0.00004) | (0.00004) | (0.00007) | (0.00005) | (0.00021)

From table (a) we find that:




h=1 sh

. 1 & . .
Gﬂ,:;ZUﬂ ]——0,1,2
7. 1f we Consider the values of ,th as a dependent variable and 7, as an

independent variable, then using the values of ﬁjhand n,, an

extrapolation function is fitted , which can be linear or quadratic
according to the best fit. :
8. By extrapolating the resultant function to the case where 77 =—1, we

obtain the SIMEX estimator, which is consistent for g, j =0,1,2.

In the applications that are performed in this paper, the SPSS
program was used to generate pseudo errors, new data sets and
to calculate the estimators of the parameters of the quadratic
regression model and their corresponding standard errors. 77 was

taken the values 0.2, 0.4, 0.6, 0.8, 1.00, 1.2, 1.4, 1.6, 1.8 and 2
respectively. At cach value of 7 the pseudo error vectors were
generated 100 times, 1. e. b=100. The extrapolation function of second
degreef(ﬂj ): a, +an+ an’; j=0,1,2 was fitted by the least
squares method using the points 0.2, 1 and. 2, and extrapolated to the
point 77 =—1 to compute the corrected estimators of the parameters of
the quadratic regression model when the model (1.3) is applied.

4. Medical application

In the medical field, many metabolic measurements are measured
using instruments such as the manometer which measures blood
pressure, the thermometer which measures temperature. These
measurements are influenced by many factors. Most of these factors are
related to the patient such as exhaustion, nutrition, smoking,
psychological status. The other factors belong to surrounding
conditions during taking the measurement and imprecise instrument.
So, these measurements are often measured with error.

In this application, the systolic blood pressure is selected as an
explanatory variable x, and the level of the creatinine in blood is
selected as the dependent variable .

Due to the measurement errors the observed fallible systolic blood
pressure is w where w = x +u and u, is the measurement error.
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5. Repeating steps (2)-(4) until the estimated values of the
parameters ['s converge.

6. Calculating the standard errors of ,B's as sample means of the
standard errors computed in step (4).

In the presented application in this paper, a macro unit was added to
the EXCEL program to find the roots of equation (3.6), and this
program was used to apply the Newton-Raphson method. The SPSS
program was used to estimate the parameters.

3.3 Simulation-Extrapolation (SIMEX) Method

Simulation-Extrapolation method was presented by Cook and
Stefanski (1994). 1t is performed as follows;
1. In addition to the original data set, a number of data sets, say Z, are
generated each with successively larger variance of measurement
errors. These levels of the variance of measurement errors are
calculated by the formula

(l+77,,)0': h=12,..,z (3.7)
where
0<m <1 < o <7

2. At the hth level of variance of measurement errors, h=1,2,...,Z, a
large number, b, of independent error (pseudo error) vectors

[U,]~ NO,(1+7)0?) 1=12,..,b (3.8)

are generated and added to the observed w's to obtain a new data sets.
3. For the / th new data set, the least squares estimator ﬁj,,, and its

standard errors 6'/.3 :1=1,2,..,b ; j= 0,1, 2 are computed.
fht

4. Calculating the sample means of the estimated values ,Bj,,, and their
standard errors G, as follows;

1& - . 1
= E; B and &; =
5. Repeating the steps (2) - (4) for all valuesof 7, ; h=1,2,..., z.

6. Computing the sample mean of the estimated standard errors 6[] as
h

~

b
B, > 6, J=012

follows;

|
f
|

1
-
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These estimators define the constraints under which the likelihood
function is for the unknown x,, x,, ..., x, . Given that U ~ N(O : 0'3) and

only w,w,,..,w, are observed, the likelihood for the unknown

xl, xz, vy X, 1S
(w,—-.\',)Z

L 1 h 2a3

Swix)=11

= O,N2T
n

Since the negative log likelihood is proportional to Z(w, - X, )2,
i=]

then the objective function, to minimize this sum of squares subject to
the moment and cross- product constraints, is

1 h 2 , 2 n l n ,
g==>Y(w, —x ) + Z— A, —in —m |+ D= A, | =Xy, —m,
2= g 11 =1 e 1o
(3.5)

where A, 4,,.., 4, are Lagrange multipliers, and the constants are

included to simplify derivatives.
Differentiating ¢ with respect to x,, 4, 4, .., 4 and setting the

first partial derivative equal to zero gives
X, —W, +Z/1x"+z/14+,x y,—O i=1,2,..,nm (3.6)

and putting the other partial derivatives in a (6 6) diagonal matrix A ,

where the diagonal elements are n{lix, —ml] [ Zx }

n i=l n i=t

1o n
[ Yxl - 7713} [ Zx jl, n[le,y, - mn} and
3lni= n = 7 is

I: Zx Y, - 2,}respectively.
n i=t

Then the steps of this method are:

1. Choosing initial values of 4,, 7 =1,2,..., 6.

2. Solving equation (3.6) to estimate the value of x,.

3. Using Newton-Raphson method to estimate the new values of
A's.

4. Applying the OLS method to estimate the parameters ['s and
their standard errors.




3.2 Adjusted Data (AD) Method

Adjusted data method was presented by Bay and Stefanski (2000) to
estimate the parameters of a quadratic regression model. The naive
least squares estimators follow from solving the least squares
equations:

n n n
nﬂo +/B|Z]Wi +:B2Z]:wi2 :Z]yi
= i= i=
n n n n
;Bozllwi +IBIZ;4W;'2 +IBz Z;W? :Z;Wiy,
i= I= = I=

Jin ﬁl:w? + 5 'Z']W? + f, ’ZIIWII = i:wlzyi
Though E(w) and E(wy) are unbiased estimators of E(x) and
E(xy) respectively, the remaining estimators are all biased since
B(x’)=E(w)-o;
E(x*)= E(w')-302E(w),
E(x*)= E(w')- 602E(w?)+ 50 and
E(x’y)= E(w'y)- c2E(y)
Thus, the estimated parameters will also be biased. To reduce this
bias the observed data w,, w,, ..., w, are transformed to x/, x,, ..., x,
such that

n

m = E(x")= E(x") r=1,2,3,4

r

and
m, = E(x"y) = E(x’y) r=12

The estimators m, and m,, are found by using Hermite Polynomials
(see Cramér (1961) and Stefanski (1989)) as follows;

m, = E(x)=E(w)
x')-3
) )
= E(xy) = E(wy)
=E w’

m, = (x )—1— (
= B
E(“
(x*y)= E(wy) - (07 + 1)E()

) ol -1
E(w3) 3(c? +1)E(w)

+3=E(w')-6(c? +1)E(W )+ 02 (507 +6)+3

x (
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= Var(x,)
And
Var(xnn) = E(xlzm ) - [E<x|‘m )]2 = E<W3n) - O-: - [E<M)im )]7 = Gi - 03

If xu is estimated by wa , then equation (3.1) becomes

0_2 - O_Z O_Z _ 2
. - Wy T W, "
E('xim /M)im) =Xm p) Wi + 2 Wi,
W, U‘V
9 w m
- o - —
Cn 42T~ ) i=1 2, (3.4)
‘V”l
where
— 1 n ) 1 n —
W = ""Z"’V"" and O-“’m =TT Z(wim o Wm)
1 il n—1i

2. The values of y, and E(x,, / w,) are used to estimate the

parameters of the polynomial regression model (1.1), using the
ordinary least squares method, when the model (1.3) is applied.

The modification of this method is sketched as follows;
- Appling the steps (1) and (2) at m=1,2,...,5, 10 compute 3, and
6; 3i=012.

A simulation study was performed to show the effect of the
values of m on the biases of the corrected estimators of the parameters

of the quadratic regression model. Table (1) in the appendix shows
some results of this study (section 5 presents the details of this study).
From table(l), we find that; when n =200, 0’=0.25 and o, =0.25
the corrected estimators have minimum biases at m =2; when
n=400, c2=025and o, =025 the corrected estimators have
minimum biases at m =5,and so on. So, the optimal value of m differs
from case to case.

- Calculating the corrected estimators B,'s and their corresponding

standard errors as follows;
~ ~ 1 5 ~
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3. Alternative Estimators of the Parameters (II)

This section presents modified regression calibration, adjusted data,
and simulation-extrapolation estimators, as alternative estimators to the
biased and inconsistent least squares estimators, of the parameters of
the polynomial regression model, when the models (1.1) and (1.3) are

applied.

3.1 The Modified Regression Calibration (MRC) Method

From equation (1.3) we find that the relation between x and w is
linear. So, we can regress x on w (see Carroll and Stefanski (1990))
to obtain %, = 4, + a,w,, using m replicate measurements of w,, where

l m
W, =— Z Wi,
M h=t

Carroll and Stefanski (1990) suggested using a suitable number of
m , m=4or 5. The resultant equation is used to calculate the estimated
value of x,;i=1,2,3,..,n, then using the estimated values of
x's and values of y's to estimate the parameters of the model (1.1)
when the model (1 .3) is applied. At a given value of m, this method is

performed as follows; _
1. The least squares method is used to estimate the parameters a,

and g,. The mthestimated valueof x,;i=1,2,3,..,n is
E(x /w, )= a,, +a,w, i=12,..,n (3.1)

m m Om tm m

where

1 »m
Wi = ZWimh
m h=1

And the mth ordinary least squares estimators of a,and a, are given
by

aOm = ;/n - a _V;m (32)

m

alm = COV(xm, ’ M)i'") — Var(xim) O—"'m B O-“ (3 .3)
Var (wi"' ) Va" (wim ) (o3 2

Since
COV(X W,-,,,) = Cov(x"”,[x,m +u,, ]) = COV(x X )+ Cov(x‘ u,,,,)

im? im >V im im?
4
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And if the theory of M-estimators (see Huber 1981) is applied to
U (,[.3, ol,w, X>’ then the unconditional distribution of _ﬂﬁ_mf is

asymptotically normal with mean f and variance

val(‘ ) 1@ X, y) C(é, X, X>' ](g, X, Z)" (2.25)
where

Il (_ X, y) is the Fisher information matrix, and it is estimated by
corrected observed Fisher information I L w, y) which is equal to

6.

CL X, y) is the unconditional variance matrix of U" (_ B,0,w, y)

and it is estimated as follows;

(:’(,_Q, X, Z)’:%Z’,[U@aj’ Gl w, )_)). U@W, G, w, )_)H (2.26)

Then
Var@u) 62w)! CA’(\ B, x, ~_). (62w)" (2.27)

Solving the equation 522—])([30,,3,,@ olw, y) we obtain an
o

¢
estimate of o’

A 1 n 2 A ) 2 ~
=18 (-] ol -
J:

I’l i=l
a:@(ézf;z’ W -snotf,~28, v 2B+ 6B S w ) (228)

By the same way, we can obtain the corrected estimators of the
parameters of the po]ynom1a1 regression model of degree k>3 when
the explanatory variable is measured with error.




The estimating equations for the corrected score function estimators
are constructed by setting these partial derivatives equal to zero and
putting the resultant equations in matrix notation

~

. % _
LWB, =Y (2.23)
where
B n n 5 ) 7]
n W, >w —no,
i=1 i=]
n n ) ) n 3 ) n
W=|Sw, Zl:w, - no, }:] w, —3no, le,. ,
i=1 i= . i= i=
h 2 2 hn 3 2 H n 4 2 n 5 3 4
}:l:w, - no, Zl w, — 3nauZ;W, le, - 6nanz;w,' +5n° o,
Je= = = = I= =

gy.-
Y= ;w,y,
)le,?yi T )’IO':iy,.
L=l i=l
Then
A}“, =Wy (2.24)

In fact, U;. (,50, B, B, ol w, y); j=0,1,2 may be rewritten, in
matrix notation, as follows;

U'(g, ol,w, Z) =—12—[w’z—w/w,8]+ —}—7—g

o’ ~" o’

n
=U\fB, o,,w, y)+—c¢
O-u
where
1 1 1 1
I _
wo=lw, w, w, wo|,

2
W, w, w, w




where

$lw-np,ln-na, 213)

cls

2.2 Extension of the Corrected Score Function (CSF) Method

Corrected Score function Method was presented by Nakamura
(1990) for linear regression model. In this subsection an extension of
this method is derived for the polynomial regression model. The log
likelihood function of the polynomial regression model of second
degree, of unknown x,, X,, X, ..., X, and By, £, 5, is

1 & 2 Y
20? ; (yi ;ﬂ,x,)
(2.19)
The corrected score function method depends on finding the
corrected log function L’ (ﬂo, B, By ol W, y) , which depends on w
not x, such that:
E[L (B, B, B,y 02w, y)|= LogL(B B B0l % y) - (220)
If we assume that _
Cov(u,,uj)zo Vi#jandi,j=1273,...,n (2.21)
Then, under assumptions (1.4)—(1.7),(2.21) and using equations
(2.4)-(2.8)and (2.10)-(2.12), we find

2
(g otms) = Tiogan oot 5 (5 $] |
Jj=

n

logL(ﬂo,ﬂ,,ﬂz,af,x,y)z . log 27 —g—logaf——

20“,2 il

L[ noipr —onarprs v v swols; |
20, i1
1 n "
- 2o [2”0:ﬁ2§ Yi— 2’70_3160182 - 61’10':,5],52; Wi]

e

(2.22)
Then finding the corrected score function U* (,HO, B, By, ol w, y) by
differentiating L' with respectto £,; j=0,1,2, i.e.

*» a » .
Uj(ﬂo’ /Bn ﬂpO'j,W,y): L(/Boaﬂn ﬂvozaw’y) ]:09172
op,
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and so o; Then, oglvious]y, H = X'y . The estimating equations for
the corrected least squares estimatm—'s are constructed by replacing
X'X and X'y by D and H in equations (2.1) respectively to get
Dj = (2.13)
b, (2.14)

The OLS estimator of ¢’ in model (1.2) using x is known to be
(see Johnston (1972))

620 = [zl y-B, X% ’J_z] (2.15)

Replacing XIZ and ém by H and _,l@_mrespectively, in equation

(2.15), we obtain the corrected least squares estimator of o

. 1 al
Cous == [ yy-B,4H ]
n
1 ! / -1
--ly'y-#' D'H] (2.16)
o L

Since (see Johnston (1972))
ﬂolv é ( ) Xlg

var(p,)

Thus
= el ey xve]
) (X' X' Ex'eex]x'x)'
ince X'e= /L—Xé)zX/Z"X/Xé
LE(x'ed X)=E(X'y - x'X p)x'y - X'x p)
E(H _Dgc/s)(ﬁ—"Décls)(

15 (g Y- pp]
Then the variance of _ﬂ_m

Varlf )= D"V D" (2.17)




0 o _
dy=2, % =2, W =n
i=1 i=l
n n
dOl = le = x: = wl
i=} i=}
h 2 n 2
dy, = d,, =d, = ] X = Z‘ w, —ho,
i= =
n 3 h 3 1 n 3
d,=dy=d,=d, = 2 X =Y w'-3nory w- 2 Y

Zw —-6no —42 Zu——Zu +6n'o,
and so on. Then, obwously, D X'X .
Similarly,
i wy, = ‘" (x, +u,) r=0,1,2,..,k

n (2.
=2 (2.10)
> Wy =X %Y, (2.11)
Wiy, = 3 xly, +no. 2y, (2.12)
i=]

and so on. Let us consider the (k + 1)x1 vector H , where the element
(p, 1) is given by h,; p =0,1, 2,....,k. The element A, is calculated

from the observable w, such that A =i xy,. Solving

pl
i=l

equations (2.10),(2.1 1),(2.12), ... one by one for x/y,we find that

hox ’—‘; x?yi 221 w?yi =§yi
2

n

%%=2 WY,
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(X X) é(}/ﬁ - X X (2' 1)
where
o n n 2 I k 7 ™ n 7
’? ‘Xl xl Z xl z yl
i=| i=1 i=l i=1
h " 9 h 3 n k+] i
X, X X; X, Xy,
i1 i1 i1 i1 il
X'X=|. : : . and X'y =
5ok & kel k2 Sk Sy
+
‘lx‘ lel 'Ixi ‘lx’ ;xlyl
i= = I= I= =

From Equation (1.3), we find that

S w=3 (x+u) r=0,1,2, ..,2k

=> [Z(j } r=0,1,2,..,2k (23)
Using equation ( )Iz)nd assumptions (1.4)-(1.7), we get
5wl =% ot = 24
,", W, =i"l X, (2.5)
ﬁw,?:ﬁx +no (2.6)
’Zn; W, =’"l +3nofli; x,.+,i U (2.7)
Y ow' =) x +6n0Y x +4Y x zu+zu (2.8)

i=] i=1 i=1 i=1

and so on. Let us consider the (k+1)x (k+1) matrix D , where the
element (p,q) is given by d, ; p,g=0,1,2,..,k(see Cheng and

Schneeweiss (1998)). The element d, is computed from the

observable w, such that = x. Solving

i=]

equations(2.4),(2.5),(2.6), ... one by pne for xf”" we find that




simple linear regression model, when the explanatory variable is
measured with error. She recommended to use estimators of the
corrected score function and simulation-extrapolation methods as
alternative estimators to the least squares estimator (LSE) in
application.

Whereas the linear regression model has found extensive treatment
in the literature, the polynomial regression model has received only a
little attention despite the fact that it is perhaps the most natural
extension of the linear regression model.  The present research is
directed towards introducing corrected estimators, of some correction
methods, of the parameters of the polynomial regression model, when
the explanatory variable is measured with error, and comparing
between these corrected estimators of the parameters of the quadratic
regression model when the model (1.3) is applied. So the remainder of
the present research is organized as follows: Section 2 presents the
corrected least square method and an extension of the corrected score
function method to calculate the corrected estimators of the parameters
of the polynomial regression model (1.1) assuming that the model
(1.3) is applied. Section 3 presents a modification of the regression
calibration method, adjusted data and simulation-extrapolation
methods to compute the corrected estimators of the parameters,
assuming the models (1.1) and (1.3) are applied. In section 4 the
correction methods are applied to real data set in the medical field. The
simulated data sets are used to compare between the corrected
estimators, for these correction methods, in section 5. Conclusions are
drawn in section 6.

2. Alternative Corrected Estimators of the Parameters (I)

This section presents the corrected least squares and corrected score
function estimators, as alternatives to the biased and inconsistent least
squares estimators, of the parameters of the polynomial regression
model, when the models (l.l) and (1.3) are applied.

2.1 The corrected Least Squares (CLS) Method
When the true values of x,; i=1,2,3,..,n are known, and the

OLS method is used to estimate 3, the estimating equations are




The ordinary polynomial regression model is
k
yo=2 Bxlve  i=1,23..n (1.1)
=0

In matrix notation

where i _
1 x X x; 5, ] [y, ]
X, X . X B, b2
X =|. , , . |, B=|. |and y=
e 7,

ande,'s are independent N(O,af) and uncorrelated with the x,'s. The
model (1.1) assumes that x,~ N(,ux,af) and independent of e, and x,
is the true value, i. e. x, is measured without error. Assume that the
true value x, can not be observed precisely or directly, instead, the
imprecise w, is observed, where

w,=Xx, + U, i=1,2,3,...,n (1.3)
where .
E(u)=0 and E@’)= 0}  i=1,23,..,n (1.4)
and
Cov(xi,u,):O i=12,3,..,n (1.5)
Cov(y,,u,)=0 i=12,3,..,n (1.6)

Cov(e,,u,.)=0 i=12,3,..,n (1.7)
If m replicates are available, for each unit i, then the estimated
value of o> would be (see Carroll et al. (1995))

ﬁ:i(wlh - ;i )2
6_2 o d=1 B (l .8)
' n(m—1)

Ibrahim (2005) compared the estimators of the maximum
likelihood, corrected score, simulation-extrapolation, semiparametric
likelihood, regression calibration and grouping methods of the slope in




s Researc

The problem of estimating the parameters in the regression model of
a response variable yon an explanatory variable x from observations

on (y, w), where w is the measurement of x, is a case of what has

historically been called the errors-in-variables problem. It is well
known that the presence of this error in the explanatory variable makes
the ordinary least squares (OLS) estimators inconsistent and biased.

There are many suggested methods to estimate the parameters in
this case, see Cochran (1968), Koutsoyiannis (1973), Feldstein (1974),
Kendall and Stuart (1979) Fuller (1980), Anderson (1984), Hwang
(1986), Schafer (1986), Hill (1992), Jang and Eltinge (1997), and
Schafer (2001) for the linear model case; Armstrong (1985), Stefanski
(1985), Stefanski and Carroll (1987), Whittemore and Keller (1988),
Nakamura (1990), and Hutchison et al. (2000) for the generalized
linear model case; Walter and Fuller (1982a,b), Chan and Mak (1985),
Stefanski (1989), Cheng and Schneeweiss (1998), Bay and Stefanski
(2000) for the nonlinear model case; Stefanski and Carroll (1985) for
the logistic model; Cook and Stefanski (1994) for linear, nonlinear and
Jogistic models; Prentice (1982) for the Cox regression model case.

Eltinge et al. (1994) presented some explanatory analyses of
differences between income and expenditure values reported by single
person consumer unites in the U. S. Consumer Expenditure Interview
Survey, when the reported income is incorrect.

Biemer and Atkinson (1995) proposed a general estimator for
estimating the measurement error bias and its variance for some
characteristics such as population mean using two-phase sampling
design.

Olson and Kennedy (2006) studied the relation between
nonresponse error and measurement error using data from a survey of
University of Maryland Alumni. They found that nonresponse bias
exists and that measurement error bias exists, but that the nexus of the
two is not as clear cut.

Peytchev (2006) presented two-stage model for estimating
measurement error. This model is shown to provide the ability to
obtain estimates for causes of measurement error bias, such as
differences between interviewers or survey protocols, and estimates for
how these and other causes affect measurement error variance.




On the Estimation Problem of Parameters of the
Polynomial Regression Model When the
Explanatory Variable is Measured
with Erxror

Farid Naguib Guirguis*

ABSTRACT

For the polynomial regression model in which the explanatory
variable contains measurement error, the correction methods for
attenuation estimators of the parameters are considered. The corrected
least squares method, an extension of the corrected score function
method and a modification of regression calibration method are derived
to obtain the corrected estimators of the model parameters. The adjusted
data and simulation-extrapolation methods are also presented for the
same purpose. A comparalive study between the resulted estimators in
the case of the quadratic regression model is performed using real
medical data as well as a simulation study. The results reveal the
superiority of the corrected estimators of adjusted data and modified
regression calibration methods over the corrected estimators of the other
methods. "

1. Introduction
Theory of regression models assumes that the explanatory variables
are all measured without error. Unfortunately, most of the actual data
are rarely of this quality. The field of errors of measurement is of
growing importance since the recent rapid in data-gathering projects in
political, economics, social and medical sciences are producing a lot of
data containing variables which are obviously difficult to be measure
correctly, such as:
- Personal abilities like intelligence score and language ability.
- People's behaviors like opinions, feelings and motivations.
- Metabolic measurements like blood pressure, temperature, pulse
and glucose. "
The statistical consideration of regression models containing
measurement errors began as early as 1877 (see Fuller (1987)).

* Benha University, Faculty of Commerce, Department of Statistics
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Abbreviations

~ ANN: Artificial neural networks

DA: Discriminate analysis
LDA: Linear discriminate analysis
KLT: Karhunen-Loéve transform

- KNM: k-nearest mean .
kNN: k-nearest neighbor technique
MSE: Mean square error
PCA: Principle components analysis
SSE: Sum square error




In the experiment, we designed a traditional neural network without any
modification and designed a modified test neural network based on a previous
formula .We found, after calculating results, a new approach which is better than
classical approach of increasing neural network learning efficiency by efficiency
ratio 97.8%, approximately 5.8 times as of classical approach as well as the time of
classical approach 11.3 times the time of the new approach for each image
~separately. Accordingly, we achieved the main objective of research; it is higher
efficiency and lesser time.

Also this technique can increase the possibility of recognizing miss-detections
and miss-classification of faces. This technique of face recognition in
computerized images opens the way widely for informational and operational
control for command centers for all levels, before, during and after operations for
collateral continuously events analysis consequently make best decisions. It can
use this technique can be used in drugs contention, construction planning and
border surveillance. Also this technique can use in iris recognition, detecting
petroleum oil wells, water artesian wells, detecting secret tunnels, control
underground trains, detecting seismic waves and detecting changes in plate
tectonics.

¥ Where and when it was so decided that the multivariate analysis
techniques has already contributed What does not produce much to
doubt in increasing the efficiency of the artificial neural networks.
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Figure 5 Experiments Results Graphs

6 Conclusions

In this paper, we proposed a new algorithm for face recognition based on
technique of neural networks modified learning dataset by (Integration between
PCA and LDA) which is developed. This technique consists of two procedures: (1)
automatic faces detection (II) automatic faces recognition and identification by this

technique.
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co‘mpletion of the learning experiment by classical approach under go 1.8 sec
,consequently the new approach excel at a time also, where the time classical
approach 11.3 times the time of the new approach for each image separately.
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MSE =Y [(OUT- Actual results )2] - MSE is measure of accuracy Mean square error
(MSE) is used as a measure of how well the neural net has learnt.

SSE = sum square error is the sum of square of the difference between face output
(expected) and the actual output from the ANN , SSE represent Performance
function.

Duration measured by decisecond =10"" second.

. We derive from these results that a modern approach is more effective than

traditional approach but its duration is longer. This is normal because learning in a
modern approach takes many steps to execute a total learning operation but it is
more effective. '
In the next results graph we find a same context; in traditional approach the
learning curve started from bottom and increased to top discretely and alternated
quickly to bottom continuously. The explanation of this result is that the learning
operation walked without directing parameters. The learning stared to grope for in
blind area so it initiated moving unsteadily, then found some directing parameters it
thought it a correct road of recognition. It did not take long before detecting
fuzziness directing parameters and it stared fall down quickly or rather steep slope
in curve and the level of efficiency 16.8349 % .

Regarding the modern approach graph, it started by higher efficiency because
providing it with directing parameters by modified input vector through (PCA+LDA)
so it detected some faces; it started increasing in learning propagation so the
results improved and it became stable and the level of efficiency 97.8% .

From the above results we find that the effectiveness of modern approach of
learning is better and higher in spite of its long duration that can be disregarded
because of the present computers speeds. :

We used sample of 5 grayscale faces images for performance classical
approach experiment and counterparts sample of 5 grayscale fuzzy faces images,
and also used 3 groups for performance new approach experiment each group
contain sample of test images as follows:

1- 151 color faces

2- 131 color non faces

3- 52 color eyes .

Although experiment use modern approa h under going to duration is 530 dsec to
equal 1.5868263473 dsec for each image alone, but this duration is surpass the
performance duration 90 dsec of classical approach and equal 1.8 sec for each
image alone, This is done by dividing the spent time on the number of images as
follows :-

1. 530 dsec and the number of colored images of 334 using the modern

approach product would be 0.15868263473 sec for each image separately.

2. 90 dsec and the number of images 5 using the performance classic approach

would be 1.8 sec for each image separately.
Despite the apparent difference in time of the learning completion, which bias to
favor of classical approach only that the apportionment of the time on the number
of images and their quality, we have shown that the time of the completion of the
learning experiment by new approach is under go 0.15868263473 sec and time the




5 Experimental Results

- Already we completed experiment using software designed and manufactured

by researcher called "AmounRaa Neuro Face" in desktop computer with
processor Core™2 Duo 3.4 Gz , 2 GB DDRAM .The program receive inputs of
color and mono images or capture images from motion detect of human faces and
others faces, So proceed learning by two approaches (modern (PCA+LDA) and
traditional) and calculate mean square error (MSE), sum square error (SSE),
efficiency and duration of learning operation.
The feed-forward neural network was trained with the back-propagation learning
algorithm during 500 epochs with learning rate 0.9, we performed two different
experiments. In the first experiment, we use traditional approach of back-
propagation algorithm without any changes. In the second experiment, we use
traditional approach with modification of input dataset (vector) as previous concept
After doing the experiments on a modern approach of neural networks learning by
mixture of some multivariate analysis techniques (PCA+ LDA) and comparing it
with traditional method of learning, We noticed the following results:-

_Approach | . K -
. T I Modern Approach |- Traditional Approach
Measures : , ’ ‘ ‘ . =

"MSE ' 0.007936579 0.000725832653220399

SSE : 2.000018 0.003629163266102

| Efficiency Experiment 1 - 97.4% 27.068 %

~ Duration 1 600 d.. 90 d..,

Efficiency Experlment 2 ‘ 97.8% 16.8349 %

Duratlon 2 s 530 deoq 90 dee.

‘ Duratlon

(Of Each Image alohe) 1.5868263473 dsec 18 dsec

Efflclency Trend line

Equation (1) y =2E-07x + 2 y = -0.0224x + 1.7686

Efﬂmency Trend lme

Equation(2) y = 3E-07x + 2 = -0.0191x + 1.5054

Table 5.1 Results of experiments that show differences between
traditional approach and modern approach

Where:- Efficiency = Number of success faces identification <100
total number of faces
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every iteration in order to minimize the cost function or the mean square error
between the output vector and the face vector.
Input for hidden layer is given by

net, = 9 X,W,, (4.1)
z=1

The units of output vector of hidden layer after passing through the activation

function are given by
1

n = (4.2)
1+ exp(-net,,)
In same manner, input for output layer is given by
net, =Y h,w,, (4.3)
z=1
and the units of output vector of output layer are given by
o, ! (4.4)

T 1+ exp(-net, )
For updating the weights, we need to calculate the error. This can be done by

K
E= %Z(OI = tl)2 (4.5)
i=1

If the error is minimum than a predefined limit, training process will stop; otherwise
weights need to be updated. For weights between hidden layer and output layer,
the change in weights is given by
Aw, = adh, (4.6)
Where a is a training rate coefficient that is restricted to the range [0.01,1.0], h, is
the output of neuron j in the hidden layer, and &,can be obtained by
. s, =(t -0, X1-0,) (4.7)
o,and t, represents the real output and face output at neuron i in the output layer

respectively.
Similarly, the change of the weights between hidden layer and output layer, is

given by
aw = o, X, (4.8)
Where g is a training rate coefficient that is restricted to the range [0.01, 1.0}, x,
is the output of neuron j in the input layer, and &, can be obtained by

k
S =x,(1-x,)>.6,w, (4.9)
J=1

x, is the output at neuron i in the input layer, and summation term represents the
weighted sum of all §, values corresponding to neurons in output layer that

obtained in equation (42).
After calculating the weight change in all layers, the weights can simply updated by

w,(new)=w,(old)+Aw, (4.10) See [11]
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2. Second way, we obtained the combined distance vector by appending the d”C4

vector and d-?* vector:

d={dfCA,"',d,CCA,deA,"-,d:\"DA} (32)
Where N is the number of images in the face database. If C is the number of the
identities, also called classes, an identity C is associated to each couple

(d7°4,d'P%)  j=1,..,N.

After computing and ordering the combined distance vector d, we can use our two
algorithms as follows:

First, the KNN Algorithm:-
The most frequent identity among the first K components of d is selected.

% If the combined distance vector follows the eq. (3.1), then the algorithm is called
‘M-KNN” or "Mean-KNN".

% If it follows the eq. (3.2), then the algorithm is called algorithm “A-KNN” or
"Append-KNN",

Second, the NM Algorithm:-

% We compute a template for each identity in the database.

<+ We selected the calculated average image for both PCA and LDA
representations. The distance vectors o and d“® are composed by C
components instead of N.

% These vectors are combined according to eq. (3.1) or (3.2).

% The identity associated to the smallest combined distance is selected.

« If the combined distance vector follows the eq. (3.1), then the algorithm is called
“‘M-NM" or “Mean-NM".

If it follows the eq. (3.2), then the algorithm is called algorithm “A-NM" or “Append-
NM". see [7], [10]

4. Learning Algorithm (Back-propagation)
Learning process in Back-propagation requires providing pairs of input and
face vectors.

The output vector o of each input vector is compared with face vector ¢t. In case of

difference the weights are adjusted to minimize the difference. Initially random
weights and thresholds are assigned to the network. These weights are updated
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3. lmages are well-aligned frontal view and clearly represent their hosts. They
have low output on their own networks. These images will be used as both
positive examples for their own networks and negative examples for other
networks.

4. Images are not well cut and not can represent their hosts clearly. They have
low output on their own networks. If they have high output on some other
networks, they will be included as negative examples for other networks.
Otherwise they will be ignored.

Once we get these new images, we add them to training examples and retrain
the neural networks. Recognition errors will be corrected and the total performance
will be improved. While adding some examples from a specific individual will
improve the performance of this the own network, it will also influence the
performance of other networks. In our experiments, the network training process
continues until no significant recognition errors are found. See [11]

Integration of LDA and PCA for Face Recognition

Now, we suggest a new approach in which the integration of the two
multivariate analysis techniques, PCA representation ("eigenface" approach) and
LDA representation ("fisherface" approach) is considered. The integration of LDA
and PCA techniques in the field of the face recognition can be applied as the
following steps:

1. Representation of the face accord'n% to the PCA and the LDA approaches.

2. The distance vectors d”4 and d“?* from all the N faces in the database are
computed.

3. The final decision, these two vectors are combined according to a given
combination rule.

Two algorithms for the integration model we considered, these are:

& K-Nearest Neighbours (KNN algorithm).
& Nearest Mean (KN algorithm).

The First step, we normalize the distance vectors d”* and d-P in order to reduce
the range of these distances in the interval [0, 1].

The second step is to compute a combined distance vector d that must contain
both PCA and LDA information's. To do this we can use the following two ways:

1. First way, we obtained the combined distance vector by computing the mean

vector:
d={d:’CA+d:.DA d;CA;thA} (3'1)

2 s ’

Where di2%= uC7'y| , dph= @,C7'x; Arethe Mahalanobis distances.

And dPA=x7 ,diSe=a are the Euclidian distance.




1. More capable of distinguishing image variation due to identity from variation
due to other sources such as jllumination and expression.

-Suppose there are C classes

- Let y; be the mean vector of the class i, i= 1,2,....,C

- Let M; be the number of samples within class i,i=1,2,....,C

C
-LetM= ZM, be the total number of samples, and
i=1

Within-class scatter matrix

My

C
NS, - p)x - )T (2.2)

=1 J=1
Between—class scatter matrix

C
(Sp has at most rank C-1) S, =Y (s - p)(p—1)"  (2.3)
I=1

SW

-

C
= -1—2,11, (Mean of entire data set)
C i=1

Note: The types of distances can be calculated as follows:-
% dLPA= x,° is actually Euclidian distance.

% dlpA= 4 c'u7 is actually Mahalanobis distance, which is distance to measure
dissimilarity between several groups. See [10]

2.4 Training Set

After the neural network structure is set, the most important thing is to prepare
the training examples. In the beginning of the training, we select a number of
pictured images from each face that are well aligned frontal view. Any of them can
represent their host clearly. All the images here are extracted or cut by the image
detection code. These images will be used as positive examples for their own
networks and negative examples for other networks.

Here we only deal with images which assume that they are always images. In
our tests, most of the time the image detection code can find the image if it exists.
The database is not supposed to handle non-image images because in our
situation it is unnecessary and it will make network training very difficult.

After the basic neural networks are created, we run them over new images from
the individuals in our database. If the image fails to pass the image detection test, it
will be ignored. If the image detection code reports image in the image, it will be
applied to the image recognition code. We check the recognition result to find more
images for training. Here each image will fall into one of the four categories as
following:

1. Images have high output on their own networks and low output on other
networks. No action here.

2. Images have high output on both their own networks and some other
networks. These images will be used as negative examples for other
networks.

N
N




2.3.1 Methodology
Suppose X1,Xzy-..c00eee Xm are M x 1 Vectors

I .
& Stepl: x=—) X
p M; !

4 Step 2: Subtract the mean @, = X, - X

& Step 3: From the matrix A= [0, 0, 0u] (NxM matrix), then
M

compute C= -—A%Zgﬁ,,ﬂ = AAT

n=1

(Sample Covariance matrix, N x N ,characterizes the scatter of the data)
4 Step 4: Compute the eigenvalues of C: 4, >4, > > Ay
& Step 5: Compute the eigenvectors of Cru,>u, > >Uy
Since the C is symmetric , u, > u, > > u, from the basis(i.e., any vector x

actually (x,-?),can be written as linear combination of the eigenvectors).
X, - X =bqustbaiztees..en..s byun= Y. bu,

b, =Ul(x-X) @2.1)

4 Step 6 : (Dimensionality reduction step)
Keep only the terms corresponding to the K largest of

eigenvalues Xp—X= ib,u, where K < N
=1 b1
The representation of x; ;§ into the basi.s usUz,...... uk is thus
by

Note: The types of distances can be calculated as follows:-

- df%= @} is actually Euclidian distance.

df%= @,C~'x} is actually Mahalanobis distance.

2.3.2 PCA and classification
PCA is not always an optimal dimensionality-reduction procedure for
classification purposes.

2.3.3 Second, by using LDA technique

What is the goal of DA?
1. Perform dimensionality reduction “while preserving as much of the class
discriminatory information as possible’.
2 Seeks to find directions along which the classes are best separated.
3. Takes into consideration the scatter within-classes but also the scatter
between-classes.




This paper introduces is divided into parts as follows: Input data generation by
computerized images is described in Section two. Possibility of using modified
neural networks for automatic faces pattern recognition is described in section
three. Presentation a concept of principle components analysis and steps of
applying integration between PCA and LDA are sketiched in section four.
Description of automatic face detection is presented in section five. Automatic
face recognition by new technique is described in section six. Conclusions are
drawn in section seven.

2.1 Principal Components Analysis

In statistics, principal components analysis (PCA) is a technique that can be
used to simplify a dataset. It is a linear transformation that chooses a new
coordinate system for the data set such that the greatest variance by any
projection of the data set comes to lie on the first axis (called the first principal
component), the second greatest variance on the second axis, and so on. PCA can
be used for reducing dimensionality in a dataset while retaining those
characteristics of the dataset that contribute most to its variance, by keeping lower-
order principal components and ignoring higher-order ones. The idea is that such
low-order components often contain the "most important" aspects of the data.
However, this is not necessarily the case, depending on the application [5]. PCA is
also called the (discrete) Karhunen-Loeve transform (or KLT, named after Kari
Karhunen and Michel Loéve) or the Hotelling transform (in honor of Harold
Hotelling). PCA has the distinction of being the optimal linear transformation for
keeping the subspace that has largest variance. This advantage, however comes
at'the price of greater computational requirement if compared, for example, to the
discrete cosine transform. Unlike other linear transforms, the PCA ‘does not have a
fixed set of basis vectors. Its basis vectors depend on the dataset. See [11]

2.2 Linear Discriminate Analysis

Linear discriminate analysis (LDA) and the related Fisher's linear discriminate
are used in statistics to find the linear combination of features which best separate
two or more classes of object or event. The resulting combinations may be used as
a linear classifier, or more commonly in dimensionality reduction before later
classification.

LDA is closely related to ANOVA (analysis of variance) and regression analysis,
which also attempt to express one dependent variable as a linear combination of
other features or measurements. In the other two methods however, the dependent
variable is a numerical quantity, while for DA it is a categorical variable (i.e. the
class label). See [11]

2.3 Face Recognition Using (PCA+LDA)
2.4 First, by using PCA technique

The goal of PCA is to reduce the dimensionality of the data while retaining as
much as possible of the variation present in the dataset.




In our approach we can use the integration between PCA and LDA for increasing
learning efficiency of networks

Modern day computer imaging systems are capable of comparatively high
resolution by utilizing synthetic aperture processing methods. The motivating
requirement is to employ computer imagery as an aid in finding comparatively
small mobile or relocatable faces. The need is to detect faces, cue the analyst,
classify/recognize faces, and identify faces if possible. This presentation will
address four areas:

4 Face detection

< Face discrimination

& Face classification/recognition

& Performance prediction of recognized Faces

It has been found through experience that the logical and computational

problem can be significantly reduced with the detection/discrimination approach
prior to classification/recognition/identification. It needs a gross technical support of
these basic objectives, such as speckle filtering, super resolution, effects of image
compression, coherent change detection, and synthesize skin , segmentation and
classification.
We propose an artificial neural network (ANN) architecture for post-processing of
faces field data. This architecture is a feed-forward neural network model modified
by integration between PCA and LDA, which is learned by using the back-
propagation learning algorithm on two features extracted from the data in the vision
field, the computerized images supporting this training data. This approach uses
data from a calibrated some faces to train the corresponding neural network, which
is then used for faces detection over much larger faces. This trdil by computerized
images shows that the trained network architecture can be effectively used in faces
which are distances remote from the calibration faces. It is also effective when
tested with the images obtained with digital cameras which have different
characteristics from those which were used to collect the network training data,
shown in Figure 1. =~ see [11] :

New Approach (PCA+LDA) Overview

Test N Variables Classification
Images (LDA)

Integration
of PCA and
LDA

: . . m<N
Dimensionality [l variables

Reduction
(PCA)

(Reduced)

Training Face
Images
By New
Algorithm
&ANN

Face
Recognition

Figure 1 New Approach Overview
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Face Recognition Using Integration between Multivariate Analysis
Techniques And Artificial Neural Networks

Abd Alfattah.M.Kandel, Sahar Adel Raafat
Fared Naguib Guirguis, Hazem Abd Aghafar Souror

Abstract

Face recognition are used in many aspects applications. But this technique
suffer from many important shortcomings of the most important the learning
efficiency which negatively affect the reliability of use. This paper presents a
modified algorithm for face recognition by using integration between feed-forward
neural networks and multivariate analysis techniques are principle components
analysis (PCA) and linear discriminate analysis (LDA). Many data preprocessing
algorithms used for training a basic feed-forward neural networks showed
commonly results perhaps were better than other algorithms, After using
integration between a feed-forward neural networks and multivariate analysis
techniques (PCA#LDA), the expected result is the best efficient and effective
algorithm. The face recognition will be most efficient with this proposed system.

Keywords: Face Recognition, Neural Networks, Pattern Classification, Pattern
Recognition, Distances, Feed-Forward, PCA, LDA.

1. Introduction

The modern sciences applications use some computerized techniques
including face recognition. Face recognition is an approach to the detection and
identification of faces. Over the last few years the most researches are not
effective enough for face recognition problem due to the inefficiencies of the
algorithms used to represent faces. The face representation was performed by
using two categories. The First category is global approach or appearance-based,
which uses holistic texture features and is applied to the face or specific region of
it. The second category is feature-based or component-based, which uses the
geometric relationship among the facial features like mouth, nose, and eyes
implemented feature-based approach by a geometrical model of a face by 2-D
elastic graph. Another example of feature-based was done by independently
matching templates of three facial regions (eyes, mouth and nose) and the
configuration of the features was unconstrained since the system didn’t include
geometrical model.
Neural networks are the most famous approach use for face recognition because it
includes a property of pattern recognition. But the applicable force of the neural
networks depends on learning efficiency.

1- Professor of Statistics , Benha University.
~2- Professor of Statistics , Benha University.

3- Department of Statistics , Benha University.

4- Department of Statistics , Benha University.
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H,:n,>0
By performing Z-test, We have the calculated Z =0.66 and
Zooy = 2:326.
Then the null hypothesis is accepted at o« =0.01.

8.Conclusions

In this paper, the mixed two stage randomized response model and
its stratification RR model are proposed, which are more
confidentiality than Mangat and Singh (1990) and Kim and Elam
(2005) models. We determined the optimal sample size and the optimal
allocation for the stratified random sample in the case of minimizing
the variances of the estimators. An application for the suggested model
is presented to estimate the proportion of informal marriage among the
student in the university level. There are several issues which support
future researches, using the mixed two-stage randomized response
model to estimate the proportion of a sensitive attribute like tax
evasion, drunken driving, gambling, drug abuse, and bribe taking.
Estimation of the proportion of a sensitive attribute from the mixed
two-stage randomized response model using Expectation—Maximization
(EM) algorithm and comparative studies on costs per sampling unit
under the different randomized response techniques.
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n, =252 and n, =138

7.3 Results
The estimated probabilities are:

.76 ~ 40
0 =-"2-03016 0, = =0.2898
17 950 and 27138

where 6, is the estimate of the proportion of ‘““Yes” answers in the
sample from the ith stratum, i =1, 2.

Equations (5.2), (5.3), (5.4) and (5.5) are applied, and the results are
shown in table (3)

Table (3): Proportions of informal marriage

Proportion of informal Variance of proportion of
marriage informal marriage
Male 7?5‘ =0.0340 V(73'SI )=0.00260
Female 7%S2 =0.0153 V(7Ars2 )=0.00488
Population 7g =0.0273 V(%s)=0.00169

The results in table (3) reveal the following;

1. The estimated proportion of informal marriage among male students
in the sampled population is 0.0340 with variance 0.00260 .

2. The estimated proportion of informal marriage among female
students in the sampled population is 0.0153 with variance 0.00488.

3. The estimated proportion of informal marriage among students in the
whole sampled population is 0.0273 with variance 0.00169 .

4. The estimated proportion of informal marriage among male students
is greater than that of the female students.

7.4 Test of hypothesis
To test '
Hy:7n.=0
versus
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students registered at the faculty of commerce, Benha University
during the academic year 2008/2009 is N =16626 allocated into
N, =10749 male and N, - 5877 females. From previous field experience
has indicated that satisfactory results can be achieved with sensitive
question  proportion  equal 02(x0.1) or 08(x0.1). So we
chose P, = 0.4 and P,=03 for the first device, and M, =08 and
M, =0.7 for the second device (see for example Riad (2002)).

7.1 The randomized device

There are some questions concerning the problems that some
students have. This can not directly be asked because many students
consider it personal. One can not blame them for feeling this way, but
there is a real need for information about these problems in order to
help them. We now have a way that makes it possible for students to
give information about these problems without telling any one about
their real situation. As mentioned before, for each stratum, there are
two stage randomized response model. For the stratum i;i=1,2 the
randomization device R, consists of three statements; One deals with

the problem, the second is completely unrelated and the third is “Go to
randomization device Ry, " The randomization device R, also consists
of two statements. One deals with the problem, and the other is the
negative sensitive question. Only one of these questions is selected by
chance and answered. For the stratum i, the interviewee does not know
which of the questions it is. Having two boxes, each box contains 100
cards of identical size which are simply shuffled very well, then the
interviewee chooses one card randomly, opens the chosen card, and
then reads the question. The interviewee answers only with “yes” or
“no” and doesn’t tell the interviewer which question is being answered.

7.2 Determining the sample size (choice the sample)

Since there is no prior information on proportion of informal
marriage among teenagers (ﬂ'x[) and assuming that the cost of
conducting the survey is fixed, so we take (7, = 0.5), standard value
(z=2) and error (d =005), according to sample size, a sample of
n =390 students was required. Using proportional allocation to allocate
the total sample size into the two strata, we obtain
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Taking partial derivatives and solving the system of equations

9% _y i=1,2,..,k,
on,
oo
oA

Using the fact that n = Skgn, , it follows that
i=1

|

W, [(ﬂs, (1 _ﬂs,)+ﬂ)/ci] i=1, 2,.“’k (6.3)
Swllr, a-m)+ B)e]?

i1

and

B |

(C - c)s wlz, =5+ 8)e]
=l (6.4)

n=

N

> m, 0 -7,)+ pe]

Since 7,;i=1,2,..,k are unknown, they would be replaced by

either a suitable suggested values or by 0.5 if no information is
available. In general, informal marriage is perceived to be an illegal
and socially undesirable behavior, then, in the next section, we are
using a stratified mixed two stage randomized response model to
estimate the proportion of the informal marriage among teenagers.

7. Application |

This study is designed to estimate the proportions of the informal
marriage for male and female students, and the proportion of the
informal marriage in the whole population of undergraduate students in
the faculty of commerce, Benha University. We assume that the study
population consists of two strata (male and female) i.e. k=2. The
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6. The optimal sample size, n, and the optimal allocations

of the stratified random sampling model.

In stratified sampling it is often of interest to find the values of the
sample sizes n, 1y, .., " , SO that the variances of the obtained
estimators are minimum, under fixed cost, or the cost is minimized
under the assumption that the variances of the estimators are
predetermined. Consider the case of minimizing the variances of the
estimators assuming that the cost of conducting the survey is fixed.
Suppose that we have a linear cost function given by

C=c+g (6.1)
Where
¢, is the variable cost of interviewing an individual from stratum i

and
¢, is the general fixed cost of the entire survey.

We would like to find the value of n,, n,, ..., 7, which minimize the
variance of 7 subject to a fixed cost. Thus, we have the following
optimization problem

) ”S:(l_”é‘:)+[_4M1Pr(1‘P/)”s,]“'[MiPi(z‘Pi(Mi+2))]

min X ¥
Hawmy 121 n, n[2M P71

subject to
k
C =co+ Q, cin,
i=1

Using the method of Lagrange multipliers, we can equivalently have
the unconstrained minimization problem

min  ®(n,, ny, ..., By, A)
[T

Where

M~

e -7y) [4M,B( =Ry, 1M A F(M, +D)]
” n[2M, BT b

}L(CO + éc,. n, — C) (6.2)

D1y 01y A) = W1 {

T

Let
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6= Bn, +(1-2P)+ Mz, +(1-MN1-n )] i=L2. .,k (51)
where 6, is the proportion of ‘““Yes’’ responses and =z, is the true

proportional of respondents with the sensitive trait in the sample from
stratum ;.
The maximum likelihood estimate of 7, is

7’1‘. _éi-R(l_M/)_—(l_ZPi) (52)
! 2M,P, |
where 6, is the ML estimate of the proportion of ‘“Yes’’ answers in the
sample from stratum i. Since each 5, has a Binomial (r,,6,), then #, is
an unbiased estimator for 7, .and the variance of #, is

m, l-n,) |-4MP(-P)x,|+[MP@2-PB(M, +2))
o n [2M,P]?

!

Var(ﬁs) =
t7m

5.3

Since the selections in different strata are made independently,(ther)l
the estimators for each individual stratum can be added together to
obtain an estimator for the whole population. The maximum likelihood
estimator of =z, , the proportion of respondents with the sensitive trait,
is
6-p(-M)-(-2R)
] 2M,P,

M

k
#, =L wi, =

(54)

—~
1

k
where, w, = N,/N;i=1,2,..,k,sothat >w, =1. Then #, is an unbiased
i=l

estimator for z,. The variance of the estimator #, is

M=

Var (7%3 )m = !

7, =7,) |-4M.p(-P)x, [+[M,P (2 - B0, +2))
”[ o n 2MPT }

W

(5.5)
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stage randomized response model the following observation can be

withdrawn:
{- The modified two stage randomized response model is more
efficient than Mangat and Singh two stage randomized response
model.
2. The mixed two stage randomized response model is more efficient
than the modified two stage randomized response model.

Thus, we may conclude that the proposed mixed two stage
randomized response model is more efficient than Mangat and Singh
two stage randomized response model.

5 A mixed two-stage randomized response model using

stratification
Let the population of size N be partitioned into k strata of

k "
sizes N,;i=12,..,k, where N =3 N,. A random sample is then
i=1

selected by simple random sampling from each stratum. In the first
stage of the survey interview, each individual respondent in the sample
from stratum i is instructed to use the randomization device R,, which

consists of a sensitive question (S) card with probability P, its

innocuous question card with probability 1-2F, and a direction card

“Go to the randomization device R,’’, with probability F;. The
respondents in the second stage of stratum i are instructed to use the
randomization device R,, which consists of a sensitive question with
probability M, and its negative question with probability 1-,. The
respondent should answer the question with a ‘“Yes’’ or “‘No”’ without
reporting which question card he or she has in order to protect the
respondent’s privacy.

Let

n, be the number of units in the sample from stratum i ,

n  be the total number of units in all samples drawn from all strata,
k
where n= 3 n,.
i=1

Under the assumption that the ““Yes’” and ‘‘No’’ reports are made
truthfully and P, and M, are set by the researcher, the probability of a

«“Ves’’ answer in stratum i for this procedure is
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From table(l), it is noted that the proposed model is more efficient

than Mangat and Singh (1990) model in most cases, i. e. proposed
model is more efficient than Mangat and singh model when

P+ M2=07.

An efficiency comparison of the mixed two stage randomized
response technique and the modified two stage randomized response

technique is done.
The variance of the mixed two stage randomized response model is

7, (1 ~7), [-4MPQ - P)r,] +[MP(2 - P(M +2))]
n n[2MP]*

Var (fzs ) =

m

(4.4)

The percent of Var(#,)/Var(#,),is computed, given the relative

efficiency of (#, )m relative to 7,

m

Var(#,)
Var(z, )m

Since »n and M did not affect the computation of the percent RE , we
used » = 1000 and M = 0.6. Table (2) Shows the value of the percent
relative efficiency for different cases of 7 and P. From table (2), it is

noted that the proposed mixed model is more efficient than the
modified two stage randomized response model.

Percent RE = 100

Table (2): The efficiency of the mixed two stage randomized response
model relative to modified two stage randomized response model

s

p 0.1 0.2 0.3 0.4 0.5 0.6

0.11494.0742 | 590.2771 | 740.0602 | 1006.599 | 1616.379 | 4451.236
0.2 | 1548.487 | 1702.985 | 1929.929 | 2280.540 | 2873.563 | 4058.739
0.3 | 4669.857 | 4836.298 | 5143.94 | 5648.413 | 6465.517 | 7858.524
0.4 | 22485.95 | 22255.58 | 22666.51 | 23792.89 | 25862.07 | 29386.83

From table (2), it is noted that; The mixed two-stage randomized

response model is more efficient than the modified two stage
randomized response model.

From previous comparison among Mangat and Singh (1990) model,
the modified two stage randomized response model and the mixed two
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(=) (-P) - M- (- M) - P)]
= = : 4.
Var (& W T kM —1+2P( - M) (4-1)
The variance of modified two-stage randomized response model in
the special case of the proposed model is

w (- 7,) . [P+ M1 -2P)l( - M)A -2P)+ P)

A7) = “4.2
var(f,) " a2 —1+2M( - 2P)° (4.2)
Let
G =Var(#,),, - 1’-—-(-1-’-1:—’5)
and

F =Var(#,) - ’_’—-(l’-ql'-”—)

The ratio G/F is used to compute the relative efficiency (RE) of
the proposed model, based on the estimator 7, with respect to the

Mangat and singh (1990) model, based on the estimator 7, . The value
of G/F is

[P+ M -2P)[( - M)A~ 2P)+ P|
P-1)+2M(1- 2P))?

M -1+2P1-M)

- ) - M) - (- P (—;"%)]

The following table shows the percent value of G/F. In these
comparisons, it is assumed that: (P1 =P, = P)= 0.1,0.2,0.3,0.4 and
M=0.1,0.2,0.3,0.4,0.5,06,0.7,0.8,0.9

GlF=

Table (1): The efficiency of the modified two stage randomized response
model relative to Mangat and Singh model(1990)

P =P, =P

M 0.1 0.2 0.3 0.4

0.1 90.00594 20.19318 | 63.55172 | 24.51691
0.2 80.19318 5713306 | 23.90422 | 10.96866
03 6355172 | 2300422 | 1523109 | 407.8818
0.4 2451601 1096866 | 407.8818 | 5308.333
0.6 323.7956 1019118 | 3727.232 | 23126.32
0.7 235.2621 606.3657 | 1929.509 | 10770.73
0.8 2317374 | 577.6602 | 1761.130 | 9359.26
0.9 295.8491 8005774 | 2489.653 | 13065.43




X, =1 ifthe i-th sample element reports a "yes" answer.
X, =0 ifthe i-th sample element reports a "no" answer.

2 0=Pi(X, =1)=Px, +(1-2Pw+PMn, +(1~MY-nr)
As 7 =1, we find that
0=Pr(X,=1)=Pr, +(1-2P)+ P[M=z, +(1- M)l -x,) (3.1)
where 7z is the proportion of “Yes” answers for the innocuous question.

Then, the formula (2.1) can be rewritten as

0=n2MP]l+PQ1-M)+(1~2P) (3.2)
and the probability that the respondent reports a "no" answer
Pr(X, =0)=1-6 (3.3)

Since X, is Bernoulli () and X,,X,,..., X, are independent and
identically distributed i.i.d.. Then ¥, X ; = n, is Binominal (n,8). Thus,
i=1
the Maximum likelihood (ML) estimator of 7 ; is

ﬁ _6-P@l-M)-(1-2P)
! 2MP

(3.4)

where 6 is the ML estimate of the proportion of "yes" answer in the

sample. Sincenf has a Binomial (n,0), then the estimator #, is

unbiased . The variance of 7; is

var(s,), = ™ (-z), [-4MPQ - P)r,]+ [M]; (2 - P(M +2))]
n n[2MP]

(3.5)

4. Efficiency comparison

A numerical comparison is performed to investigate the
efficiency of the proposed estimator relative to Mangat and singh
(1990) estimator. This comparison is made to determine under which
conditions one of them will be superior. The Variance of Mangat and
singh (1990) estimator is
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Since X, is Bernoulli (¢) and X,,X,,..,X, are i.i.d (independent
and identically distributed). Then iX, =p, is Binominal (n,#). Thus,
i=]

the Maximum likelihood (ML) estimator of 7 is

# =é"P2“(l'P1“P2)( ~]M)
ST P —1+2M(0 - B - P)

(2.3)

where & is the ML estimate of the proportion of "yes" answer in the
sample. Since n6 has a Binomial(n,6), then the estimator 7 is

unbiased. The variance of g is

) [B+m@-p-p-M(1-R-F)+B]

A — ﬂ:s (1 - ﬂs
Varlf )t AP —1+2M(1-P - P 2.4)
In case of (P, =P = P) and P <0.5 , the variance of 7; is
Var(s,) = ™ (-x) [P+aG-2P)0- M) -2P)+ P] 2.5)

n n2P-1+2M(1-2P)"

3. A mixed two-stage randomized response model

A single sample of size n is selected by simple random sampling
from the population. Each respondent from the sample is provided with
two randomization devices. The randomization device R consists of
three statements. The first statement is that “I belong to the sensitive
trait group” (with probability P ) and the second is “I am a member of
the innocuous trait group” (with probability 1-2P) and the third is
“Go to randomization device R, ” (with probability P ). The
randomization device R, consists of two statements, which are “I
belong to the sensitive group” and “I do not belong to the sensitive
group” with known probabilities M and 1- M, respectively. The
respondent should answer the question with a "yes" or "no" without
reporting which question he or she has in order to protect the
respondent's privacy. Under the assumption that these reported yes and
no are made truthfully, let
ms  be the true proportional of the population with the sensitive

characteristics.




randomized response model and a mixed two-stage randomized
response model. The efficiency comparison between proposed models
and Mangat and Singh (1990) two-stage RR model, are presented in
section 4. A mixed two-stage randomized response model using
stratification is given in section 5. The optimal sample size, n, and the
optimal allocations of the stratified random sampling model are derived
in section 6. An application of the mixed two-stage randomized
response model using stratification to estimate the proportion of
informal marriage among the students in the university level is given in
section 7. Section 8 is devoted for conclusions.

2. A modified two-stage randomized response model

A single sample with size n is selected by simple random sampling
from the population. Each respondent from the sample is provided with
two randomization devices. The randomization device R, consists of

three statements. The first statement is that “I belong to the sensitive
trait group” (with probability P, ) and the second is “I do not belong to
the sensitive group” (with probability P,) and the third is “Go to
randomization device® ” (with probability 1-P-P,). The
randomization device R, also consists of two statements, which are “I

"belong to the sensitive group” and “I do not belong to the sensitive
group” with known probabilities M and 1- M, respectively. The
respondent should answer the question with a "yes" or "no" without
reporting which question he or she has in order to protect the
respondent's privacy. Under the assumption that these reported yes and
no are made truthfully, let

T be the true proportional of the population with the sensitive

characteristics.
X, =1 if the i-th sample element reports a "yes" answer.

X, =0 ifthe i-th sample element reports a "no" answer.
0= P(X, =1)= Ry + B(1-75)+ (1R - B)[Mry + (1~ M)(1-75)]  (2.1)
And the probability that the respondent reports a "no" answer is

Pr(X, =0)=1-6 (2.2)




different from open or direct surveys was needed to make people
comfortable and to encourage truthful answers.

Warner (1965) introduced the randomized response (RR) model as
an alternative survey technique for socially undesirable or
incriminating behavior questions in order to reduce response error,
protect a respondent’s privacy, and increase response rates. Warner’s
model draws respondents using simple random sampling with
replacement from the population. It requires the interviewee to give a
“yes’ or ‘“No’’ answer either to the sensitive question or to its
negative depending on the outcome of a randomizing device not
reported to the interviewer. Greenberg et al. (1969) introduced the
theoretical framework for unrelated question randomized response
model that is a variation of Warner's (1965) RR model. The unrelated
question RR model has one question that asks about a very sensitive
trait and a second question that asks about an innocuous (or non-
sensitive) trait. Mangat and Singh (1990) proposed a two-stage RR
model in which each interviewee (who is selected using simple random
sampling ) is provided with two randomization devices. The first one
consists of two statements : (1) ‘I belong to the sensitive trait
group’’(with probability P) and (2) ‘‘Go to the second randomization
device?’(with probability 1-P). The second randomization device also
consists of two statements, which are ‘‘I belong to the sensitive group”’
and ““I do not belong to the sensitive group’’ with known probabilities
M and 1— M , respectively. Kim and Elam (2005) introduced  stratified
to Mangat and Singh’s (1990) two-stage RR model. Nayak and
Adeshiyan (2009) developed an approach for comparing RR
procedures, taking both respondents' protection and statistical
efficiency into account. They showed that Mangat and Singh (1990)
compared variances of their estimator and Greenberg et al's (1969)
estimator without holding equal respondents' protection. Similarly, they
compared the variances of Warner's estimator and their estimator, not
taking respondents' protection into account. The present research is
directed towards introducing new randomized response procedure,
based on Mangat and Singh (1990) two-stage randomized response
model, to increase the respondent confidentiality and to make him feel
more protective. So The remainder of the present research is organized
as follows: sections 2 and 3 introduce a modified two-stage
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A mixed two-stage randomized response model: An
application to the phenomenon
of informal marriage

Sahar Adel Mohamed” Farid Naguib Guirguis®”
Mahmoud Mansour Mohamed®

Abstract

A new randomized response procedure is proposed based on
Mangat and Singh two-stage randomized response model and keeps the
respondents’ confidentiality. The basic idea of the suggested procedure
is to increase the respondent confidentiality and to make him feel more
protective, since his response is to be given after using three questions
in the first stage not two questions, as Mangat and Singh model and
Kim and Elam model suggested in their designs. The proposed model is
extended to the stratified sample. The optimal sample size and the
optimal allocation for the stratified random sample in the case of
minimizing the variances of the estimators, are derived. An application

for the suggested model to estimate the proportion of informal marriage
~among the students in the university level is given.

1. Introduction

Researchers often use sample survey methodology to obtain
information about a large aggregate or population by selecting and
measuring a sample from that population. Data obtained from surveys
are affected by two main sources of error; The first is the sampling
error that results from taking a sample instead of enumerating the
whole population; The second type of error is the non-sampling error.
The main sources of non-sampling error in any survey are non-
response bias and response bias. Non-response bias arises from
subjects’ refusal to respond and response bias arises from giving
incorrect responses. When open or direct surveys are about sensitive
matters (e.g., tax evasion habits, addiction, drunken driving and
abortion), non-response bias and response bias become serious
problems because people do not often wish to give correct information.
In order to reduce non-response and response bias, a survey technique
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6. Conclusions

This paper considers the main basic idea of the theory of Single-index models. The
principal part of this paper is devoted to the estimation of the index coefficients. Four
methods have been applied. All considered estimators are root-n consistent and the most
have been proven to be asymptotically normal, Theoretically, M-estimator get some very nice
properties. Particulary, they are efficient and do not require strong assumptions on the
distribution of X, contrary to direct methods. In addition to, they. supply the bandwidth
needed for the nonparametric estimation of the link function. On the other hand, direct
estimators are much more easy and fast to compute, since they do not require solving any
nonlinear optimization criterion. The simulation study shows that the M-estimators
outperform the direct ones.Among the direct estimators, the only one which gives
satisfactory results seems to be the weighted average derivative estimator. Once the index
coefficients have been estimated, the estimation of the link function is done via standard
nonparametric regression methods. The rate of convergence of this estimator is the usual rate
of the univariate nonparametric regression.
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Y, =glX/ p)+e,.

with
g(x) = sin (x),
p=2,
B=(1,2),
g~ N(O, [),
and
Xi~N(0,D)

The normal distribution of the error term implies that the semiparametric maximum
likelihood (SML) exactly amounts to the semiparametric least squares (SLS).

The sample size n is set to be { 50, 100, 200} with 500 Monte-Carlo replications are
drawn in each case. The Nadaraya-Watson estimator is used as a kernel estimator with
Epanchnikov kernel.

The following table(1) shows the expectation and the standard deviation of ,é, for
each method.

n=50 n=100 n=200

Estimation |  £(3)  s.oe(s) | E(B)  sepevlB) | E(B)  stpev(p)
Method

SLSE 1.69 2.65 2.25 1.16 2.10 0.47
PMLE 1.64 246 2.20 1.18 2.11 0.58
ADE 084 2.84 1.42 2.51 1.57 3.12
WADE 1.72 2.30 2.07 2.07 2.24 1.04

Table(1): The expectation ‘and the standard deviation of B, using the semiparametric least squares (SLS),
Pseudo maximum likelihood (PMLE), average derivative (ADE), and weighted average derivative (WADE).

From Table(1), it is noted that once the sample size grows, the M-estimators (SLSE
and PMLE) become clearly better than the direct ones. On the other hand, for small sample
size (n=50), the WADE estimator seems to be the best estimator with small bias and smallest
variance. Nevertheless, this estimator is subject to the curse of dimensionality when p is
larger than 2. A surprising feature is that the variance of ADE does not decrease with
increasing the sample size n. The method of ADE is numerically unstable, so that no reliable
estimation seems to be possible from it when n becomes large. Finally, the SLS method is
totally equivalent to PMLE method, it is shown that the first one is slightly better than the
latter one, when n is sufficiently large.

L




Ho: E[Y\X=x]= G(x'B)
versus ' (26)
H,: E[Y\X=x]=g(x'PB).
The link function, G, under Ho is a known function while the link function, g, under H, is an
unspecified function.

Specification of the parametric model can be tested by comparing the nonparametric
estimate of E[Y\X"p=v] with the parametric fit using the known link G. The test statistic is
defined =as;

=Sl B - ol il b )- ol ) @n

where g_, is a leave-one-out Nadaraya-Watson estimate for the regression of Y on the

estimated index values, h is the bandwidth used in the kernel regression. w(.) is a weight
function that downweights extreme observations.

Hardle et al. (2004) showed that under some suitable regularity conditions, the
statistic T is asymptotically distributed as a N(0, ol) where ol denotes the asymptotic
sampling variance of the statistic.

Fan and Li (1996) proposed a consistent test which is based on the analysis of the
residuals, with

e, =Y, -glx/B)
It'is.shown that:
Ble\ X =x)= E(,\ X = x,)- Elg(x/ B\ X =x )
=m(X,)- g/ B)

which equals zero iff Ho is true. Hence E{[E(e, \X =x, )]2}2 0 and the equality holds only
under Ho. This property will be the basis of the test.

Delecroxi et al. (2004) developed a test which is based on geometrical arguments.
They proposed a test statistics which can be built on a measure of the variability of integral
averages of the function m(.) over hyper cylinders whose axes are orthogonal to the potential
index vector of the model. '

5. A simulation Study

The practical performance of different methods of estimating the unknown index
vector P will be investigated. The data {(X,.,Y,.),i = 1,2,....,;1} are independent and drawn from
the following model: ‘ : ‘

HH
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B= g jo
with
no, !
}(0) = ZYI(O)(U/(EI) []/(0)) Vs (23)

<

where the superscripts (0) and (1) denote the observations from the subsamples according to

T=0 and T=1. The estimator in (23), in the simple case that Y is a binary, is /n -consistent

and can be improved for efficiency by a one-step estimator. (See Korostelev and Muller
(1995); and Hardle et al. (2004)).

Horowitz and Hardle (1996) extended: the above approach to the multivariate-
categorical T and an arbitrary distribution of Y.

3.3 Bandwidth Selection

Selecting the bandwidth h is needed since the practical performance of the estimation
method depends significantly on it. Delecroix et al, (2003) proposed an empirical rule for
selecting h, they introduced the following criterion to be maximized:

$(p, h)=-,'1—'_z'l\P(x,§-, (x7p) (24)

where ¥: R>— R is a function verifying some mild regularity conditions. (See Delecroix et
al. (2003)). The criterion in (24) is maximized with respect to h, i.e.

(,5’, l;)= arg max .§'(ﬁ, h) 25)
B .

It is shown that this method produces a root-n consistent estimator of B and an asymptotically
optimal estimator of h, i.e.

hih -1,

opl
where £, is the theoretical optimal value of the bandwidth.

4. Testing the single-index model (SIM)

Although the unknown nature of g provides a great flexibility for the model, the
hypothesis in Eq.(2) remains somewhat restrictive: geometrically, it amounts to say that the
regression function is constant when the regressors are varying along any direction

orthogonal to B. Horowitz and Hardle (1994) designed a test that considers the following
hypotheses: '
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argument of the function. Eq. (17) shows that & equals y up to scale. A one way to estimate &
can be used also to estimate y up to sclale.
Powel et al. (1989) used the density f(.) of U as the weight function, i.e.

w(u) = f(u) (18)

This estimator is sometimes referred to a density weighted average derivative estimator
(DWADE). .

For deriving this estimator, the concentration will be on using the weight function in (18).
Powel el al. (1989) showed that:

n 2L A
5=—;ZVL,(U,-)Y,-, (19)
=l
Where V , is estimated by: :
¥, = (-07, luho0df (), 20)
Here, the 9, f,, (u) are the partial derivatives of the multivariate kernel density estimator:
b | U u, =U u "U,/
0, = N3 K| s e 21
)= 2P ( o h, } 2y

It is shown that the estimator S has asymptotically normal distribution under some regularity
conditions and it achieves Jn -convergence. (See Powell et al. (198)).

Second: A model with both continuous and discrete variables

Derivatives can only be calculated if the variable under study is continuous. Thus the
WADE method fails for discrete regressors. A case with only one dichotomous variable will
be introduced to the model. The model in (16) is extended by an additional term as follows:

Er\u,T)=gU"y)+178 22)

With U the continuous and T the discrete part of the regressors. Simply, that discrete part is
supposed as a univariate binary variable T and that Y is binary as well. In this case, the
model "split" into two submodels
E[r\u,T]=Ply =1\U,T]=gWU"y) if T=0, .
E[r\u,T)=Plr =1\U,T]=gU"7 + B) if T=I.

There are in fact two models to be estimated, are T= 0 and one for T=1. It is noted that y will
be estimated from the first equation only, and the difference between the two indices is
exactly B.

Korostelev and Muller (1995) proposed a very simple estimator.They showed that the binary
regressor variable can be estimated by




(el 1ces
and Operations Research 2009

estimator is asymptotically efficient. Klein and Spady (1993) illustrated this method in the
case of binary response models. They showed that if Y being binary, then:

g(XB)=E[Y\ X =x]= p[y =1\ X = x]
which lead to the following conditional distribution of Y given X:
£, 0\ X)=g(xB) (1 - g (X))
The estimator of f is thus given by

= argmax 3. {t loglg ) o)+ (1- ol ~, (8]

3.2.3 Weighted average derivative estimation

Although their many advantages, M-estimators admit an important drawback: they
require solving an intricate optimization problem in a high dimensional space. A different
type of estimator will be considered with two advantages:

(1) Any distributional assumption on Y will not be needed.
(2) The resulting estimator is direct. i.e. non-iterative.

In spite of slightly worst theoretical properties, direct estimators are highly attractive,
as they provide the estimator on an analytic form. Furthermore, the average derivative
method is only directly applicable to models with continuous regressors.

The basic idea is to identify B as the average derivative and thus the studied estimator
is called average derivative estimator (ADE) or weighted average derivative estimator
(WADE). The following notation will be used:

X=(U,T)

for the regressors, where U is a q-dimensional refers to continuous variables and T is a p-
dimensional of discrete or categorical variables. Two models will be considered:

First: A model with a d-dimensional vector of continuous variables only, i.e.,
E[r\ x]=m(U)=g{U"y). (16)
The vector of weighted average derivatives § is given by |
5 = BV, UV} = By WUy (7)

Where V, (U)= (a,m(U), ....... ,aqm(U));" is the vector of partial derivatives of m(.), g is the

derivative of g(.) and w(.) is a weight function, and 0, is the partial derivative w.r.t. the jth




density of Y given X depends upon B and g. It is supposed that the conditional density
depends on X only through XB. The likelihood is defined as follows:

L) =TT¢s (X 1) =180\ X5 = XT B (X)) (n

where £, ;(.) and €, ,(\ ) denote to the joint and conditional distributions of X and Y,
respectively and f is the marginal density of X. Hence the log-likelihood is:

11, (B)= Soge,, (1, \ X8 = XI B)+ Y log £ (X)). ' (12)
i=| i=1

The term Zlogf(Xi) does not depend on g and B, so that maximum LLg(ﬂ) amounts to
i=1

maximization Zlogéw()’, \ X = X,). If g was known, the maximum likelihood estimator
i=}

of B should be given by the following maximization problem:
B = arg max > logt (1, \ XB = X/ ). (13)
fe =

- Standard theory of maximum likelihood estimation implies that B is JJn -consistent,
efficient and asymptotically normal under regularity conditions.

Nevertheless, since g is unknown, B’ is not feasible. This problem can be overcome

by replacing g in (13) with its Nadaraya-Watson leave-one-out estimator, thus forming a
pseudo-likelihood.(See Klein & Spady (1993); Weisberg & Welsh (1994); and Delecroix et

al. (2003)).
The pseudo-likelihood estimator (PMLE) is given by:

/= arg max 3108 € 3y, (1, \ XB = X[ B) (14)
8 i=1

If the conditional distribution of Y given X is not known, it can be estimated
nonparametrically as follows:
, .
ZK Y;__YjKXiﬁ_X;ﬁ
n h h

v, 0\ xB=x!p)=" —
X/ B-X;P
5

(15)

i#]

which is a kernel estimator of the joint distribution of (X"B,Y) divided by the classical kernel
estimator of the marginal density of X'B. Delecroix et al. (2003) showed that the resulting
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w(X, )[Y/ - é(_,)<X,T ,3)]2 (N

S |-

i=1

where g, is the leave-one-out Nadaraya-Watson estimator of g assuming the parameter B

would be known. (See Ichimura (1993)). The estimator g(_,)(X,"V,B) appearing in criterion (7),

is a weighted Nadaraya-watson estimator, becomes

Sl >K[L?7X_€]

izj

v T Yf ’
Z w( Xj )K(i(_'_ﬂ_;_f’_g)

i#j

gyxrB)= ®)

With h denotes a bandwidth and K, a scaled (compact support) kernel.

The choice of the weight function w affects the effecienvy of the estimator. Newey
and Stocker (1993) found the efficiency bound for semiparametric models. In a single-index
context, SLS estimator achieves this bound if

B
w(x) = e ©)

If o?(x) is unknown, a consistent estimator &%(x) has to be used in (9). Such an estimator
can be obtained using the following two-steps procedure:

e First: estimate B by ,@,, the minimizer of the unweighted version of (7), which is a

root-n but inefficient estimator.
e Second: Let e; be the ith residual from the estimated model,i.e.

A~ T A
€ =Y/'g(-/)(Xi ﬂl) (10)
And set & (x) equal to a nonparametric estimator (e.g. the Nadarya-Watson estimator) of
the mean regression of e? on x. It is noted that if a function V is known such that

o*(x)=v|g(x" ),

,& will be computed first by taking the weight function w to be identically equal to 1 as

above. Then in Eq.(8) w(X} is replaced by {V[g(X"ﬁ)]}_l in order to compute /3. (See
Horowitz (1996)).

3.2.2 Semiparametric maximum likelihood (SML)

Another optimization method is based on the parametric maximum likelihood
methods. In the single-index context, the joint distribution of X and Y and the conditional

|
%
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It will be shown that B can be estimated withan # ? rate of convergence in probability,

i.e. there exits estimator ,H such that

(8 —ﬁ)=0p(n’%], 5)

which is the typical rate of convergence for parametric estimators. Besides, it is well
known that no nonparametric estimator of the regression function can achieve this rate.
The convergence of ﬁ is thus faster than the fastest possible rate of any nonparametric
estimator of g. Hence, the estimation of g is direct via standard methods once an
estimator of P is known. It is noted, however, that an important attraction of g , is that the
model remains flexible enough, but as this nonparametric estimation is done on an
univariate index m, the curse of dimensionality is avoided.

3.2 Estimation of

Many methods of estimating have been proposed in the literature. Estimators of f
can be classified according to whether they require solving nonlinear optimization problem
(M-estimator) , i.e. indirect estimation or direct estimation. There are two essentially
different approaches for this purpose:

1. An iterative approximation of B using semiparametric least squares (SLS) or pseudo
maximum likelihood estimation (PMLE).

1I. A direct (non-iterative) estimation of p using the average derivative of the regression
function. i

Two important particular M-estimators will be examined, which are generalizations
of the parametric least squares and maximum likelihood estimators.

3.2.1 Semiparametric least squares (SLS)

As in the parametric least squares problem, the idea is to minimize the mean square
distance between the observed values Yi and the values given by the model g(x,.r yij ) If g
was known, the classical least squares estimator is given by

g =argmin >l )t - glx/ o) @

where w(.) is an appropriate weight function, and arg min (.) means that the function (.) has a
unique minimum value at . ,

To employ the nonparametric technique to substitute the (inner) unknown conditional
expectation, a univariate consistent smoother will be used. For simplicity, a Nadaraya-

Watson estimator will be used. In the single-index context, the least squares criterion to
becomes:




The SIM in (2) is more restrictive than a fully nonparametric model, so it 1s important
to show if the index x' 8 and g(.) are identified and estimable nonparametrically. It is shown
that the index and the function g(.) is restricted to a suitably small class of functions.

Matzkin (1992, 1994) gave some examples of suitable classes of functions. Each
contains some single-index models but none contains all. Thus the single index specification
contains models that are not within Matzkin's classes of identifiable, nonparametric,
structural models that are not single-index models. Similarly, there are identifiable,
nonparametric, structural models that are not single-index models. Therefore, Matzkin's
classes of identifiabl, nonparametric, structural models are neither more nor less general than
the class of single-index models.

3. Estimation of the single-index model(SIM)

It is assumed that g(.) and P of the single-index model (SIM) are identified. The
strategy of estimating the SIM is based on the following procedure:

a- Estimation of B by ,é .
b- Computing the index values 7 = XB.
c- Estimating the link function g(.).

The estimation of the link function g(.) will be presented first, which is based on
H=Xp3.

3.1 Estimation of g(.)

Suppose that B is known. Then g can be estimated using a univariate nonparametric
method for the regression of Y on 77= X" f, various methods are proposed. (See Hardle

(1990); and Linton(1994)). This paper uses kernel estimators. Although it is well known that
it is not the more efficient one, the Nadaraya-Watson kernel estimator is used in many
situations because of its easiness of implementation and interpretation and its mathematical
tractability. (See Nadaraya (1964); and Watson (1964)).

Let {(Xi,Yi), i=1,2,....,n} be the sample and define 7, = X/ 3. Let K be the kernel

function usually taken to be a bounded symmetric probability density and h is a bandwidth ,
i.e. a smoothing parameter. Then the Nadaraya-Watson estimator of the regression function

g ()=, 3)

where




with increasing dimension of X (the so-called curse of dimensionality), difficulty in
representing relationships graphically, and the inability to make predictions at points X
outside the support of the observed X values. (see Carroll, et al. (1997); and Horowitz
(1998)).

Semiparametric models propose a mix of both approaches, while permits 10
compensate for their respective drawbacks. They are characterized by a twofold
parameterization, say 0 and vy, where 0 lies in a finite-dimensional space ® and v lies in an
infinite-dimensional space I'. One of the most popular semiparametric model is the SIM.
SIMs relax some of the restrictive assumptions of parametric models, in addition to achieve
dimension reduction and, thereby, large estimation precision of E[Y\X=x] when X is
multidimensional. Finally, SIMs are often easy to compute, and their results are easy to
interpret.

In section(2) a formal definition of SIMs and identification conditions are given.
Section (3) presents the main estimation procedures in the SIM context, while section (4)
considers testing the single-index hypothesis. A simulation study that permits to compare the
practical performances of these procedures is presented in section (5). Finally, section (6)
introduces the conclusions and discussion on this work.

2. Definition and identification conditions of a single-index model(SIM)

In a single-index model, the conditional mean function E[Y\X=x] has the form:

EX\X =x)= g(x"',Bl @

where Y is a scalar random variable, X is a pxl random vector, and B is an unknown px1
constant vector and g is an unknown function. The inferential problem in (2) is to estimate B
and g from observations of (Y, X).

It is noted that the model in (2) is indeed a semiparametric since B lies in a finite-
dimensional space, and the function g belongs to a functional space so that it can be seen as
an infinite dimensional set of parameters. (See Ichimura (1 993)).

Restriction must be imposed in order to make P and g uniquely determined by the
population distribution of (X, Y). Ichimura (1993) showed that p and g are identified if:

« g is differential and not constant on the support of x"p.
» X admits at least one continuously distributed component.
» The support of X is not contained in any proper linear subspace of R”.

«Bef withf={pe R : Y =1},

1f some covariates are discrete, then two other conditions are needed:

« Varying the values of the discrete components must not divide the support of x" B into
disjoint subsets.
» g must be a periodic function.
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On the Single-Index Model Theory
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Abstract
One of the most popular semiparametric regression models in literature is certainly
the single-index model (SIM). Single-index models generalize linear regression, where the
link function is kept unknown and has to be estimated via nonparametric techniques. In this
paper a complete summary of the theory of the SIM is introduced. Identification conditions,

estimation of the link function, estimation of the index and goodness of fit tests are - -

presented. Also, a simulation study permitting to compare the practical performances of
different estimators of the index is done.

Key Words:, average derivative estimator, generalized linear model, kernel smoothing, M-
estimators, semiparametric least squares, single-index model, pseudo-likelihood.

1. Introduction

A single index model (SIM) is a class of semiparametric models that can be considered as
a nonparametric approach to generalized linear. model (GLM), i.e.to generalize the known
link function in generalized linear regression to an unknown, nonparametric link function.
(See, Ichimura (1993); Rupport et al. (2003); Yatchew (2003) ;-and Hardle et al. (2004)).
Consider the model,

Y=W(X)+8,, (N

where Y is a scalar output, X is a p-dimensional vector of regressors, fn(.) is a function from
a subset of R” to the real line, and ¢ is an univariate random disturbance. The interest will
be in estimating the conditional mean function liY\X=x) from a sample {(Xi, Yi):

i=1,.....,n}. This function is also known as the regression function, is equal to m(x) provided
that Hg\X=x) is zero, as it is assumed in general,

Several main approaches can be considered to deal with this problem. First, one can
adopt the parametric modeling, assuming that m(.) and the distribution of € are known up to a
finite set of parameters. These parameters can be estimated using a least squares or by a
maximum likelihood method. While the parametric modeling is easy in computation and
interpretation of the results, it admits an important drawback, which is the lack of flexibility.
Also, the nonparametric approach has some drawbacks which include decreasing precision
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To sum up, R* has an upward bias which can be substantial in small samples,
but it is anyhow very unreliable, even at moderate sample sizes, because of its
dispersion. With less than fifty observations or so there is little point in quoting

R’ at all and once we are beyond such numbers the bias has virtually

disappeared
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Fig. (3) and (4) shows how the standard error

of ¢ is particularly stron
have at least twenty observation if

correlation coefficient are probably exceptional, but

hundred observations are needed to reduce the standard error to 0.03.

|
i
|

0 s - * T T
0 ‘ 100 150 200 250

Fig. (3) Standard deviation of R? as a function of T for k =2 and selected values of ¢
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Fig. (3) Standard deviation of R? as a function of T for k =3 and selected values of ¢

56

varies with ¢ , m andk, the effect
g. For a standard error of R? of 0.03 or less we must
#=0.9. Such high values of the true

with ¢ at 0.667, nearly two
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Fig. (1) Expected value of R? as a function of T for k = 2 and selected values of ¢
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Fig. (2) Expected value of R* as a function of T for K =3 and selected values of i




Table (2): Standard deviation of R? for selected values of k ,of ¢ ,and of T

k=2 k=3
$= 0.9 0.8 0.7 0.667 0.9 0.8 0.7 0.667

0.052 | 0.109 | 0.164 | 0.18 | 0.042 | 0.089 0.136 | 0.15

0.049 | 0.102 | 0.151 | 0.163 | 0.043 | 0.088 | 0.132 0.144

0.045 | 0.091 | 0.132 | 0.142 | 0.041 | 0.083 0.122 | 0.133

S

6

7 0.047 | 0.096 | 0.14 | 0.151 | 0.042 | 0.086 | 0.127 0.138
8

9

0.043 | 0.086 | 0.126 | 0.136 0.04 | 0.08 | 0.118 | 0.128

10 0.041 | 0.082.) 0.12 0.13 | 0.038 | 0.077 | 0.114 | 0.124

20 0.03 0.06 | 0.089 | 0.099 | 0.029 | 0.059 | 0.087 | 0.097

30 0;025 10.05 | 0.075 | 0.084 0.025 | 0.049 | 0.074 | 0.083

40 0.022 | 0.043 | 0.065 | 0.074 | 0.022 | 0.043 | 0.065 0.073

50 0.02 | 0.039 | 0.059 | 0.067 | 0.019 | 0.039 | 0.059 0.067

100 | 0.014 | 0.028 0.043 | 0.049 | 0.014 | 0.028 | 0.042 | 0.048

150 0.011 | 0.023 | 0.035 | 0.04 | 0.011 | 0.023 | 0.035 0.04

200 0.009 | 0.02 0.03 | 0.035 | 0.009 | 0.02 0.03 | 0.035

Fig. (1) and (2) shows that E(R?) converges- rather quickly to ¢ from above. R’
thus has a definite upwards bias which is however rapidly reduced as the sample
size increases. Very roughly the bias is about 0.03 or less with twenty
observations when we have one regressor (k=2), or with thirty to forty

observations with two regressors. But this is a rough indication only, as the exact

values vary with¢.




3. Numerical Computation of the Bias and the Standard
Deviation of R

- In this section we shall exhibit the result of numerical computation of the bias

and the standard deviation of R>. Observing these numerical results, we shall be
able to get a clear picture of the behavior of the first two moments for various

values of ¢ , ofm, and of k

Table (1): Mean of R* for selected values of k ,of ¢ ,and of T

k=2 k=3
= 0.9 0.8 0.7 0.667 0.9 0.8 0.7 0.667
0.936 | 0.865 | 0.787 | 0.76 | 0.958 | 0.91 | 0.858 | 0.84

093 | 0853 | 0.771 | 0.743 | 0.947 | 0.89 | 0.828 | 0.807
0.926 | 0.845 | 076 | 0.731 | 0.94 | 0.876 | 0.808 | 0.784
0.922 | 0.839 | 0.752 | 0.722 | 0.935 | 0.866 | 0.793 | 0.768
0.92 | 0.835 | 0.745 | 0.715 | 0.931 | 0.858 | 0.782 | 0.756
10 0918 | 0.831 | 0,741 | 0.711 | 0.928 | 0.852 | 0.773 | 0.747
20 | 0909 | 0.815 | 0.722 | 0.693 | 0.914 | 0.826 0'..738 0.71
30 0.906 | 0.81 | 0.717 | 0.69 | 0.909 | 0.817 | 0.727 | 0.701
40 0.904 | 0.808 | 0.715 | 0.688 | 0.907 | 0.813 | 0.723 | 0.697
50 0.903 | 0.806 | 0.714 | 0.688 | 0.905 | 0.81 | 0.72 | 0.694
100 | 0.902 | 0.804 | 0.712 | 0.687 | 0.903 | 0.806 | 0.715 | 0.691
150 | 0.901 | 0.803 | 0.711 | 0.687 | 0.902 0.804 | 0.713 | 0.69
200 0.901 | 0,802 | 0.711 | 0.687 | 0.901 | 0.803 | 0.712 | 0.689

ST Qo =3 N W




Lemma 1:
Hence, the asymptotic variance of R? to the order &, is given by

VR)=(m- m)d;? —2(n-1)(n- m)s;”°

(11)
+[3(n-2)-(n— m)j(n-1)(n- m)5 -0(d," )

Lemma 2:

From the connection between R? and R we have
T -1
—1~——-—— 1-R*
T ( )
Then,
_ T -1 _
E(R)=1-——(@1-E(R’
R T -K( (RY)

from equation (9) we get, the large 0 aSymptotic mean to the order 5{4
(n-— ni)&" +(n—m)(n-1)6;"

+(n —m)(n =2)(n =1)6;" (12)
—~(n —m)(n —3)(n-2)(n- ~1s;* +0(5 %)

o T -
E(RY)=1-
R)=1--7

And the large & asymptotic variance to the order 6{4 18

R e SR
V(R)=1-7—- -V & )

T K 13)

- . -2 - . -3 ’
(R =1- T -1 [1=(n —m)d" +2(n -D(n m)J,
~[3(n —2)—(r —m)j(n —1)(» —m)&;* +0(57%)

e  The proofs of these theorems and lemmas can be distained from the author upon request
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and the residual vector is

E=Y-XB=Y-X(XX)'X'Y
=[1-X(XX)" X']¥ = MY

©)
— ! ~1y7f
where M=1-X(X'X)"X
then
ee=YMMY =Y'MY » ‘ (6)
from (4) and (6) we can rewrite R’ as follow
n # k,NY A - ) *f * b - L
R’:l—-Y”MY* _Y _ YﬁMY _Y (]\fl M*)Y )
Y NY : Y 'NY Y NY
R2 _ YﬁINth )
YMNYﬁ (8)
' N =1 1 LL’
= s AT B syt
where N,=N-M ; T ’M—I—X(XX) X
Theorem 1:
The approximate first order moment (mean) of R? js given by
- ER)=1-(m-m)§" +(n-m)(n-1)6* - (n —m)(n - 2)(n - 16
~+(m-m)(n-3)(n-2)(n-1)5* - o(5) ©
where
1 K-1 T-1
6 L ’N T ser—— ]
S e T
Theorem 2:
The approximate second order moment of R’ s given by
E(R 2 )2 =1~ 2(ﬁ ~m)o; + ((rz —m)+(2n — 1)) (n-m)s*
—(2(n ~m)+@2n -2))(n = 1)(n -m )6,
+((Bn =6)(n —m)+(2n =3)(n =2))(n ~1)(n = m)5* +0(55) 10)
where
1, - -
51=_ﬂNﬂ m:-Ii—_l n-_—_-'_T_._._l

2 2 2




In view of the above problems with the exact resuls, obtaining the
approximate moments have been popular in econometrics since they are simpler
to derive, provide simpler expression, easier to calculate, and often provide
useful inferences. Further, the approximations that will be presented and used in
the present thesis are useful for the moderately large samples and they lie
between the often-unknown exact sample results, and infinite sample limiting
results, which are routinely discussed in textbooks and used in applied work even
though they give poor results for small and moderate large samples. |

The objective of the thesis is to derive easily computable expressions for the

mean and variance of R? in the standard linear regression model. To put this
sample statistic in propei‘ perspective we shall derive its mean and variance for’
various sample sizes under the standard assumptions of econometric theory. This
means that the regressor variables are regarded as given, non random constant.
In this respect the model differs from the élassical treatment of correlation in the

setting of a multivariate Normal distribution, and the result differ too.

2. The Larg9-5 Asymptotic Mean and Variance for R’and R’

We consider the standard linear regression model with Normal disturbances

as given in any textbook of econometrics.

Y=XpB+¢ _ ,0 MN(0,571) M
and YO MN(XP,0'D) @
y =X .
let o 3
Yy 1 .
E(Y)=E(~—)=——Xﬂ=,u var(Y)=var(-I-/—)=-—1—z--o‘zI=I
c) o and o) o
s0, we can say that,-
.Y 1
* Y B Bt - '—"‘X .
Y'O MN(#1)  where o, % g (4)
the familiar measure of goodness of fit,
R?=1-t% N=I-1LL
- YNY , where T




The Small Sample Properties of the Coefficient of
Determination and Its Adjusted Version in Linear
Regression Models

Ghazal Abdel-Aziz Amer, Alaa Abd-Elaziz, Soha Othman

ABSTRACT

In this chapter we consider the standard linear regression model with normal

disturbances as given in any textbook of econometrics, but we employ a slightly

non standard presentation, and so, we get a non standard presentation of R?,
The objective of the thesis is to derive easily combutable expressions for the
mean and variance of R? in the standard linear regression model. To put this
sample statistic in proper perspective we shall derive its mean and variance for
various sample sizes ﬁnder the standard assumptions of econometric theory. This
means that the regressor variables are regarded as given, non random constant.
In this respect the model differs from the classical treatment of correlation in the

setting of a multivariate Normal distribution, and the result differ too.

Key word: The coefficient of determination,

1. Introduction:

There are some téchniques for obtaining the exact moments of Econometric
estimators ahd test statistics, These techniques require the spéciﬁcation of the
density of the data vector Y, for example, no,n‘nal, and they provide the results,
which hold for any size of the data; The exact results are, however, difficult to
derive under a general non-normal framework. Even under a specified density
the exact expressions for the moments in many situations are sufficiently
complicated and do not lend themselves to further algebraic manipulation for
deducing any clear inference. In some situation, especially in the commonly used
empirical econometric models such as dynamic models, probit models, the
evaluations of exact expressions may be extremely difficult or cannot be derived

by the presently known mathematical and statistical tools.
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leading indicator could be found. The four indicators were selected among other
possibilities according to their fit, availability of the series required to construct
them and their consistency with economic theory.

From an econometric standpoint, the four indicators produce satisfactory one
step ahead forecasts in a root mean squared error sense or mean absolute deviation,
given the limited information on which they are based. All models proved a high
capacity to predict accurately the sign of 1 and 4 quarter growth rates. From an
economic standpoint, the variables in the models' cointegrating vectors and their
signs are consistent with what many economists believe about the Egyptian
economy. This enhances the confidence in the econometric results and shows
another aspect of the search of coincident and leading indicators exercise. Looking
for coincident and leading indicators of economic activity can be a useful exercise
to confirm the basic hypothesis regarding the relevant source of economic cycles in
an economy.
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IV.4 Conclusion Regarding the Econometric
Properties of the Selected Models

The main conclusions are the following:

o All the presented models have a good fit and do not seem to suffer from
co-linearity problems.

o All models pass successfully the misspecification tests.

e All models pass successfully the ex-post forecasting accuracy tests.

eModel | produces more precise ex-ante forecasts than the other 3
models. This highlights the importance of a good fit in forecasting
given that the rank in ex-ante forecasting precision matched exactly the
rank in fit.

o All models produce forecasts that are not biased. This is consistent with
the remark that the four models pass successfully the autocorrelation
tests. This may indicate that there is no need to correct the prediction

either upwards or downwards to improve the forecasting performance
of these models.

V. CONCLUSIONS

The two most commonly used methodologies to construct coincident and
leading indicators are the NBER and Stock ~ Watson (1989) (SW) approach. The
former is based on the work by Moor and Shiskin (1967), while the later adds an
econometric foundation to the NBER-DOC approach. Both of them rely on an
abstract concept of economic activity, which is referred as "the state of the
economy". The state of the economy is an unobservable variable that must be
estimated out of several available series, The estimate of the unobservable state of
economy is called a composite index of coincident indicators, and is a measure of
economic activity used by these approaches. Leading indicators aim to forecast the
behavior of this composite index of coincident indicators.

NBER and SW methodologies are subject to important and well known
criticisms. The NBER-DOC methodology has been mainly criticized because the
weights of the series in the indicators are calculated in an arbitrary fashion. The
absence of econometric techniques in the estimation of the weights makes it likely
that the information in a given dataset is not efficiently used. The new version,
SW, has overcome this criticism but the data requirements are typically too high
for a developing economy such as Egypt. -

In order to address these issues, a general methodology to construct
indicators that deals with the low number of observations available in this case was
proposed. Applying the methodology to the limited quarterly data available in
Egypt, four coincident composite indicators could be constructed but no reliable
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Table (4): Sign Accuracy, Root Mean Square Forecast Error,
and Mean Absolute Deviation for the final models

Sign Accuracy Root Mean Square Forecast Error | Mean Absolute Deviation
(number (for level, the unit in LE.mn. For | (For the levels, the unit is
of correct quarter and 4 quarter growth rate, | in LE.mn. For | quarter
sign the unit in percentage points.) and 4 quarter growth rate,
forecasts the unit is in percentage
over total points.)
number
of forecasts)
MODEL 10GR 40QGR Level ]QGR 40GR Level | I0GR | 40GR
Man: gdp -
PP_imports = g5 gos  187.5% |11724 | 209 |240 913.3 |1.59 |1.94
Agri- gdp
Man-: gdp —
Govt _reven—| 91 79, 87.5% 1545.1 2.39 3.18 1236.3 [1.89 |[2.48
Agri gdp
Man _gdp -
Trans _gdp 87.5% 91.67% |1619.5 2.81 3.32 11784 12.09 |2.37
Man _gdp ~
Govi_reven=| 8759 |87.5% | 1642.6 | 346 |3.13 13893 [2.93 1256
MP _exports
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growth rate for model 1 (as an example). In this figure, the predicted values and the
actual values are shown in the y axis while time is shown on the x axis. The dashed
lines are the actual values and the solid lines are the predicted values.

It can readily be seen from this graph, that there is no apparent bias in the
case of the first model i.e., there is no a tendency either to under predict or
overpredict actual value of real GDP.

Normality tests of the same type as used for the residuals of the regression
cannot reject the null of normality of the forecast errors of the level, one quarter
growth rate and four quarter growth rate at a 1% significance level in all models.
Based on these tests, the assumption that the errors came from a normal
distribution seems reasonable. Using this assumption, it can be tested if the mean
forecast error for the levels of real GDP, one quarter growth rate and four quarter
growth rate are significantly different from 0 using standard statistical theory. This
confirms the conclusion reached graphically: There is no significant bias can be
detected, the reason for this is that the autocorrelation tests for the four models
could not reject the null of no autocorrelation. ’

Looking at the sign accuracy and measures of forecast point accuracy of the
four models, it can be seen that the ranking of models based on fit (R is
preserved. Model 1 produces the most precise sign and point forecasts, while
model 4 the least precise. The capacity of providing accurate point estimates
diminishes substantially in model 4. The root mean square forecast errors and

means absolute deviations are greater in models 2, 3 and 4 than its levels in model
1.
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V.2 Misspecification Tests and ex-post Forecasting Performance

Table (3) below shows the p-values for the misspecification tests calculated
for the models. The table also shows the p-values for the parameter constancy

Chow test.
Table (3): Misspecification tests
Ex-post
forecasting
test
Model LM ARCH WH 1 Normality RESET Chow
Man _gdp -

PP _imports =14 98034 | 0.752399 0.70185 | 0.325358 | 0.378380| 0.864897
Agri_gdp

Man  gdp =
Govt reven - 0.34230 | 0.993177 0.80201 | 0.107266 | 0.65416 | 0.642157

Agrl “gdp
Man_ gdp - 0.85656 | 0.502506 0.820461 | 0.41208 | 0.520144| 0.703509
Trans _ gdp
Man _ gdp -

Govt _reven — 0.17252 | 0.326596 061897 | 0.66087 | 0.62244 | 0.874634
MP _exports

P- Values for all the misspecification tests are all above 0.0 in the table.
This means that the null hypothesis of the tests cannot be rejected at a 1% or 5%
significance levels. The conclusion from all these tests is that there is no
conclusive evidence suggesting that the models are misspecified.

P- Values for the parameter constancy tests are also above 0.05 implying
that there is no conclusive evidence to reject the null of parameter constancy at 5%
or 1% significance levels. Individual forecast errors t tests and recursive estimation
results confirm this conclusion,

IV.3 Ex-ante Forecasting Performance

The main ex-ante forecasting performance statistics of the models are
exhibited in Table (4). Figure (1) below illustrates the 1 step ahead performance in
predicting the level of real GDP, the one quarter growth rate, and the four quarter
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Model 2
D2RGDP = ~1.001 x DRGDP | +1.064 x D2Man _gdp +0.522 x DMan _ gdp _,
[T —test value) [-6.093] [9.735] (2.721)

+0.086%x D2Govt _reven +0.108x DGovt _reven_ + 0.377 x DAgri _gdp
[2.614] {5.713] [4.492]
-2.190x ECM _,
[-11.921]
Standard Error of the regression = 0.020909

Model 3
D3RGDP = -0.51% D2RGDP., —0.685x DRGDP_, +0.451x D3Man _gdp +0.4553 % D2Man _gdp
[T —test value] [-3.360] [=7.459] {3.207] [2.542]

+0.461x D3Trans _gdp +0.5098 x D2Trans _gdp._, - 2.4885x ECM
[6.275) [3.323) [-8.2455]
Standard Error of the regression = 0.023142

Model 4
D2RGDP = —0.403x DRGDP., +0.771x D2Man _ gdp + 0.146 x D2Govt _reven
[T — test value] [-4.802] [7:1764] [6.222]

+0.1991x D2MP _exports —1.637x ECM _,
[2.719] [-14.101]
Standard Error of the regression = 0.023018

The four models are presented in the error correction form. The coefficients
of the error correction variables are known as the feedback coefficients. These
cocfficients measure the speed of adjustment of deviations from the Jong run
relationships. The error correction variables are simply the deviations of real GDP
from the long run relationship.

In general, traditional t-tests show that variables are statistically significant
at the 5% and 1% levels. The standard errors of the regression reflect the good fit
of all models. For model 1 it is around 1% of the mean of the dependent variable.
For models 2.3 and 4 the same statistic are 2%.
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IV. Final Models and Their Econometric Properties

All results in this section are obtained using Ordinary Least Squares. Full
sample estimates and goodness of fit, misspecification tests, Ex-post forecasting

results and ex-ante forecasting results are presented next. A summary of the main
conclusions closes the section.

IV.1 Estimation Results and Goodness of Fit

The following Table (2) presents the estimation results of the final models.

A few notation clarifications are in order. X _j  denotes the jth lag of

variable X . / = 0 denotes contemporaneous variable. For the
man _gdp —trans _gdp model DiX, =X, =X, for j=0,1,23 and

i=3-J. For exampleD man_gdp,=man _gdp, , —man_gdp, ,. For the
other three models DiX, =X, -X,,.For example,

D2man _gdp_, = man_gdp, — man_ gdp, ,

Table (2): Estimation results for the‘ final models

Model 1

D2RGDP = ~0.826 x DRGDP,, +0.686 x D2Man _gdp +0.591 x Man _gdp_,
[T ~test value] [-8.93] ‘ [7.821] [4.323]

+0.326x D2PP _imports—0.371x DPP_ imports_, +0.433x D2 Agri _gdp

[(4.263] [-2.945] [10.807]
-2.099x ECM _,
[~20.887]

Standard Error of the regression = 0.017092
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Table (1): Unrestricted models ranked according to their R’

|

MODEL R Type

Man_gdp- pp_imports - agri_gdp 0.983147 C
Man_gdp-Covt_reven - agri_gdp 0.97461

Man_gdp - trans_gdp | 0.973298 C
man_gdp - pp_imports 0.973149 C
Man_gdp-Govt_reven-suez_gdp 0.97227 C
Man_gdp-Govt_reven-mp_exports 0.971619 C
Man_gdp-Govt_reven-pp_exports 0.97038 C
man_gdp - cur_expr 0.968196 C
man_gdp - Govt_reven 0.967400 C
man_gdp - Govt_reven 0.95668 C
pp_imports - agri_gdp — m2r 0.953955 C
pp_imports - agri_gdp - total_depr 0.953761 C
pp_imports - agri_gdp - quasimr 0.953445 C
man_gdp - cur_expr 0.94875 C
pp_imports - agri_gdp 0.93296 C
cur_expr—quasimr - fuel _exports 0.931425 C
cur_expr — quasimr - fu‘elﬂimports 0.930083 C
pp_imports - total_depr 0.929497 L
pp_imports - m2r 0.928144 L
cur_expr - qusimr 0.87249 C
cur_expr - mp_exports 0.860169 C
Suez_gdp - fuel_exports 0.83839 C

The two unrestricted models that could allow the construction of leading
indicators, as defined in this thesis are not selected because they have low fit, and
they failed-in subsequent analysis-in many of the important dimensions discussed
before. Finally, it can be shown that the model man_gdp - pp_imports -agri_gdp
(real GDP of manufacturing sector, volume of imports of primary products index
and real GDP of agriculture sector) encompasses all the other models including the
other three selected models.
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there are many candidate models for each possibility, it may not be
feasible to subject all of them to steps 4 and 5. Models can be screened
picking the first x models with the best fit for example. Other alternatives
are picking the one whose series are available faster or the ones that make
more sense from an economic theory standpoint. In this thesis, the four
selected unrestricted models satisty one or more of the criteria mentioned
in step 1 but there is no clear cut rule.

4. Using the estimated coefficients of the error correction mechanisms
obtained in the estimation of the unrestricted models. the models selected
in step 3 are written in the error correction form, Next, they are
simplified using the general to specific modeling technique. Writing
models in this way has the advantage of reducing the co-linearity usually
present among the different lags and easing the simplification process.

5. Forecast accuracy is assessed for the valid simplifications of the error
correction models obtained in step 4.

II1. The Selected Model

Table (1) shows the different unrestricted models ranked according to
their R? goodness of fit measure. Of the models presented in this table, only four
are selected, These are man gdp - pp_imports - agri gdp (real GDP of
manufacturing sector, volume of imports of primary products index and real GDP
of agriculture sector), man gdp - Govt reven - agri gdp (real GDP of
manufacturing sector, real total revenues of government sector and real GDP of
agriculture sector), man_gdp - trans_gdp (real GDP of manufacturing sector and
real GDP of transportation sector) and man_gdp - Govt_reven - mp_exports (real
GDP of manufacturing sector, real total revenues of government sector and volume
of exports of manufactured exports index).

These are all unrestricted models that allow the construction of coincident
composite indicators. As discussed before, there is no simple clear cut rule to select
among these models. A combination of fit and economic theory was given priority
in this selection. Fit is extremely important for forecasting performance and a clear
economic theory allows to gain confidence in the econometric results,

3




The steps towards the construction of the indicators are as follows:

I. A series that is individually cointegrated with real GDP for a given lag
length is used as a starting point. Then other series are added to the
regression one at a time. Once a variable is added, the expanded two
variables vector is tested to see if it is also a cointegrating one. Next, the
last added series is deleted and trying another one. This is repeated until
all the other series in the dataset are tested. The combinations of two
variables that appear to be cointegrated with real GDP as a result of these
trials are recorded. Next the process is repeated for each combination of
two variables that was found to be cointegrated. As a result, the
combinations of three variables that seem to be cointegrated with real
GDP are recorded.

With less restrictive data limitations, this search process are repeated
until the maximum number of variables that can be included for a given
lag length is reached. In this case, for a given starting variable and lag
length, the search process would stop at unrestricted models with three
variable cointegrating vectors. It must be reminded that each possible
unrestricted model error terms must be homoskedastic and the parameter
must be constant during the period under study. An additional condition
imposed is that the coefficients of the cointegrating vector relationship
must make economic sense. Both conditions are required to be accepted
as a valid unrestricted model.

The same process is repeated for every series that was found to be
cointegrated with real GDP. Only two and three lags are considered. This
step is completed by ranking the different unrestricted models according
to their R square measures. A good fit is a necessary condition for a good
forecasting performance and cited measure is one of the simplest ones
that can be used. Another possibility is the regression standard error.

2. The unrestricted models found in step one are tested to see if the
contemporaneous variables can be eliminated without a significant loss in
the fit using zero restrictions tests. If the contemporaneous variables can
be eliminated, it means that only past information can be used to obtain
an estimate of real GDP. Therefore, an unrestricted model that has this
property is considered to be a candidate to construct a leading indicator.
The lead time will be determined by the smallest time subscript that
enters the regression after step 4 is completed. If the contemporaneous
terms cannot be eliminated, then the unrestricted model is considered to
be a candidate to construct a coincident indicator.

3. After step 2, a list of unrestricted models ranked according to their fit can
be produced for each of the two possibilities: leading and coincident. If

P
~
EEN



Sy L OIGpUer o nees

and Operations Research 2009

[1. Some Key Methodological and Statistical Issues
I1.1 Data Sample

The choice of the data sample for estimating composite indices of coincident
and leading indicators for Egypt is dictated by data availability and change in the
structure of the economy. The data sample in this paper comprises 31 variables
from all sectors of the economy and cover the period from the fourth quarter of
1998 to the second quarter of 2006(i.e., 32 observations).

Series are classified as pertaining to one of the following four sectors: real,
financial, government, and external. All monetary and government variables are in
real terms. The external variables are expressed in terms of indices and are
constructed by using the data published by the Central Bank of Egypt, commodity
prices published by the International Monetary Fund (IMF) and the World Bank.
The information sources of all the variables used in this paper are summarized in
the APPENDIX .Most series are 1(1). A common transformation was performed to
the series before initiating the construction of indicators. The natural logarithm was
applied to each series to guard against non-linearities.

I1.2 Steps towards the Construction of the Indicators

The starting point in the construction of a composite indicator is the
formulation of an unrestricted model of real GDP using Autoregressive Distributed
Lag (ADL) type models. In simple terms, these models involve regressing the
desired dependent variable (real GDP) on lagged values of the dependent variable
and the current and lagged values of the independent variables. This model takes
the form:

p q :
V=B 2By + Y, L u, ~ 1id(0,0°)
=1 j=0

Because there are p lags on y, and q lags on X, , this is sometimes called an
ADL(p, q) model. The models are going to be estimated using Ordinary Least
Squares (OLS) for three basic reasons. ‘

Another issue is the choice of the number of lags to include in the ADL
models. The choice made was to include either 2 or 3 lags. Due to the data
constraints, a maximum of 12 parameters in any attempted unrestricted model are
estimated. This allow to have up to a three years forecast period to check the
forecasting capabilities of the different candidate indicators even though the first

forecasts are being calculated using models estimated with one or two degrees of
freedom.
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[. INTRODUCTION

The construction of Coincident and Leading Indicators of Economic Activity
(CLIEA) has a long tradition, starting with the work of Moore and Shiskin (1967).
The main purpose of the CLIEA approach is to address a problem that is specially
serious in developing countries. Economic time series, in particular real GDP, are
reported with a considerable time lag. In addition, the series are revised frequently
to incorporate new information. If the magnitude of these revisions is important,
first estimates may not provide a good approximation of the current situation and
direction of economic activity. This leaves policy makers and investors without
objective measures of the current situation and direction of economic activity.

The two most commonly used methodologies to construct coincident and

_ leading indicators are the National Bureau of Economic Research- Department of

Commerce (NBER-DOC) approach, and that of Stock and Watson (SW) (1989).

The former is based on the work by Moore and Shiskin (1967), while the latter
adds an econometric foundation to the NBER-DOC approach.

Although both NBER-DOC and SW methodologies rely on an abstract
concept of economic activity, referred to as "the state of the economy", which is an
unobservable variable that must be estimated out of several available series, they
differ in the strategies used to construct the coincident and leading indicators and
they are subject to important and well known criticisms. The NBER-DOC
methodology has been criticized on the basis of its lack of foundation in gconomic
theory ¥, and its lack of attention to the properties of the time series used . The
Stock and Watson methodology shares the shortcomings of the NBER-DOC
method, but it incorporates econometrics in the construction of indicators. While
this is a step forward, a problem of this latter methodology is that the econometric
techniques employed involve heavy data requirements which are not met in most
developing countries like Egypt.

In order to overcome both the methodological drawbacks of NBER-DOC
and the large data requirements of Stock and Watson, an alternative general
methodology is proposed and adapted in this paper to describe how to construct
composite indicators that produce level estimates of real GDP for every period,
using the limited quarterly series available for Egypt. A composite indicator is said
to be "coincident" when information of the series composing it up to time t is
required to calculate a point estimate of real GDP at time t. A composite indicator
is said to be "leading" by t time period, when information of the series composing
it up to time t-7 is required to calculate a point estimate of real GDP at time t. The
leading indicator is then said to have a lead time of 7.

(3) See De Leeuw in Lahiri and Moore (1991) for details.

(4) See Emerson and Hendry (1996).
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Time series of economic activity in developing countries, in particular real
GDP, are reported with important lags. Therefore, it is useful to construct
indicators that coincide or lead the actual direction and level of economic activity,
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This enhances the confidence in the econometric results.
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7 Conclusion

Fractional L-moments are a generalization of the trimmed L-moments. They can be
used in practice in a similar way as L-moments and trimmed L-moments. FL-
moments provide simple and effective ways of estimate the parameters and inferences
for distributions with heavy tails that the mean does not exist. Moreover, they take
account of the information at the tail of the distribution by giving less weight for the
values at the tails rather than giving them zero weight,

Some questions not addressed in this paper: first one is how to decide on the
degree of fraction. It is possible to decide based on the data themselves, This will be
discussed in a subsequent paper. The second on the quantile function, how many
terms are needed to obtain a usable approximation to population quantile function and
what is the optimal choice of s as a function of sample size?. Also, this will be
discussed in a subsequent paper.
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Tabled. Simulated biased and mean square error (MSE) of the shape and scale parameters
from Pareto distribution using FL-moment estimator with different fractional and number of
replication is 5000.

n=-0.75
Sample sizes
25 50 100 200

(e, ) Bias (MSE) Bias (MSE) Bias (MSE) Bias (MSE)
(0,0) 0.385(0.2164)  0.242(0.0948)  0.168(0.0520)  0.115(0.0287)
0,) -.020(0.1504)  -.053(0.0826) - -.045(0.0436)  -.031(0.0239)
(0,.05)  -021(0.1509) -.053(0.0828)  -.045(0.0436)  -.031(0.0239)
0,2) -052(0.2519)  -.033(0.1189)  -.022(0.0523)  -.006(0.0268)
(0,2.05) -052(0.2524)  -.033(0.1191)  -.021(0.0524)  -.006(0.0269)

o=1

Bias (MSE)  Bias (MSE) Bias (MSE) Bias (MSE)
(0,0 0.899(2.9800)  0.537(0.7273) ~ 0.302(0.1679)  0.196(0.1698)
(0,1 0.117(0.2603)  0.042(0.1022) -.001(0.0488)  -.011(0.0255)
(0,1.05)  0.116(0.2601) 0.041(0.1022) -.001(0.0487) -.01 1(0.0254)
(0,2) 0.086(0.2730)  0,053(0.1126)  0.012(0.0463)  0.005(0.0232)
(0,2.05)  0.086(0.2731) 0.054(0.1127) - 0.012(0.0463) ~ 0.005(0.0232)

Table5. Simulated biased and mean square error (MSE) of the shape and scale parameters
from Pareto distribution using FL-moment estimator with different fractional and number of
replication is 5000.

7 =—125
Sample sizes :
25 50 100 200

(a, B) Bias (MSE) Bias (MSE) Bias (MSE) Bias (MSE)
(0,0) 0.572(0.3793) " 0.475(0.2508)  0.427(0.1976) 0.401(0.1695)
((4R)) 0.245(0.1926)  0.144(0.0999)  0.084(0.0545) -.058(0.0553)
(0,1.05)  0.231(0.2349) 0.210(0.1121)  0.001(0.0564)  -.058(0.0555)
0,2) 0.136(0;2642) 0.081(0.1271)  0.028(0.0585)  -.039(-.0440)
(02.05) 0.069(0.2792)  0.052(0.1437)  0.013(0.0613)  -.039(0.0439)

o =1

Bias (MSE)  Bias(MSE)  Bias (MSE)  Bias (MSE)

0,0)  1239(5.7847) 1.024(2.3187) 0.949(2.1482)  1.86(33.015)
0,1 0.254(0.5118)  0.129(0.1790)  0.078(0.0841) -.001(0.0525)
(0,1.05)  0.199(0.441)  0.661(0.1957) 0.103(0.0960)  -.002(0.0524)
(0,2) 0.118(0.3871)  0.054(0.1381) 0.016(0.0595) 0.008(0.0342)
(0,2.05)  0.074(0.3710) 0.033(0.1570)  0.007(0.0620)  0.008(0.0341)




moments except for 7 < ~(ar + B + 2)and a + g is integer numbers. We consider this
as advantage of FL-moments over L-moments and TL-moments.

Solving above equations give

_2a+pB+3)-(p% +3aB+158+60 +18)r =)

7= (2a+28+6)+ (3 +6)=Ph

And
oo 2L(B+2) (@t p+n+3)

;L(za.ﬂ)
Tl +B+3)0(B+n+1)

We can estimate them using sample FL-moments as

2(a+ f+3)- (4 +3aB+158+6a +18))
(20 +24 +6)+(38+6)iD

ﬁ:
And
20(B+2) (o + B +7+3) ()
Tla+B+3)0(B+h+1) °

o=

For FL-moment estimators with different fractions (zeros L-moments, integers TL-
moments) bias and mean square error of estimates of the scale and shape parameters
were obtained using Monte Carlo simulation, Tables 3, 4 and 5 shows the results for
sample sizes 25, 50, 100 and 200 over a range of negative values of 7. As n

decreases and the tail weight of the distribution increases, larger amount of fraction
become preferable: where they have lowest mean square error. This is also true for & .

Table3. Simulated biased and mean square error (MSE) of the shape and scale parameters
from Pareto distribution using FL-moment estimator with different fractional and number of
replication is 5000.

n=-0.25
Sample sizes
25 50 100 200

(a, /3) Bias (MSE) Bias (MSE) Bias (MSE) Bias (MSE)
(0,0) -.144(0.0871) ~ 0.110(0.0420) 0.058(0.0199)  0.033(0.0100)
0,) -195(0.1679)  -.017(0.0491)  -.009(0.0264)  0.003(0.0129)
(0,1.05)  -172(0.1746)  -.017(0.0493)  -.009(0.0264)  0.003(0.0130)
0.2) -218(0.3263)  -.009(0.1014)  -,004(0.0492)  0.008(0.0256)
(0,2.05  ~229(0.3487)  -009(0.1018)  -.004(0.0493) ~ 0.008(0.0257)

o=1

Bias (MSE)  Bias(MSE)  Bias(MSE)  Bias (MSE)
0.0 0.120(0.1906) 0.149(0.1091)  0.079(0.0385) 0.033(0.0193)
0.1 0.065(0.1942)  0.019(0.0751)  0.013(0.0338) ~ 0.003(0.0168)
(01.05)  0.080(0.2058) 0.019(0.0751) 0.013(0.0338) 0.003(0.0168)
(0,2) 0.055(0.2398)  0.026(0.0876)  0.017(0.0409)  0.007(0.0197)
(0,2.05  0.050(0.2424)  0.026(0.0877)  0.017(0.0409) ~ 0.007(0.0198)




Some values of these weights given in table (2). From this table we see that the
trimmed L-moments assign zero weights for the extreme observation but sample FL-
moments assigns less weight for the extreme observations which capture more
information about the tail of the distribution.

Table 2: The weights of the sample FL-momentsl,("‘ﬂ), zg‘”’), and /§"‘B) for sample
size n =10 and different choices of & and f.

Est. W, W, W, W, Wy W w, W W, Wi

11(0,0) 0,100 0.100 0.100 0.100 0.100 0.100 0.100 0.100. 0.100 0.100

l(U) 0 . 0067 0.117 0.150 0.167 0.167 0.150 0.117 0.067 0

11(-99,-99) 0.001 0.067 0.117 0.149 0.166 0.166 0.149 0.117 0.067 0.001

s

150»0) -100 -.077 -.055 -033 -011 0.011 0.033 0.055 0.078 0.100
lgl.l) 10 -066 -.083 -.064 -.024 0.024 0.064 0.083 0.067 0
15-99»99) -001 -.067 -083 -064 -023 0.023 0.064 0.083 0.067 0.001

13(0.0) 0.100 0.033 -.017 -050 -.067 -067 -050 -017 0.033 0.100
lgl.l) 0 0.074 0.037 -.032 -.079 -079 -032 0.037 0.074 0
l§'99"99) 0.002 0.074 -.036 -.032 -.079 -.079 -.032 0036 0.074 0.002

6 Application
The generalized Pareto distribution with scale and shape parameters o and 7 has the
quantile function

Py =Z-Z(1-Fy
no

It is widely used model in fields such as insurance, finance and network traffic
distribution where these applications are most likely to be heavy tails. The Fractional
L-moments for the distribution via (9) are '

2e0) =5‘_[1_ Mo+ p+2)/(B+1 +1)],
! r(g+)r(a+p+n+2)

o) - ol (a+B+3)(B+n+1)

: 2I(B+2)0(c + 7+ B+3)

and

Aeh) ~o(p-1)(a+B+4)(B+n+ 1)
30(B+3)0(a +7+B+4)

When «, 3 are integer numbers the fractional mean of the distribution does not exist
for 7 <—(#+1) and so do all higher FL-moments. Hence, for the L-moments the
mean doe not exist for 7 < —1 and so do all higher L-moments. Also, when «,f are
fractional, the fractional mean exist for all values of 7 and so do all higher fractional

s




5 Sample FL-moments
We consider estimators of population FL-moments which are functions of order
statistics X, X5, s X,y Of @ random sample X, X,,..., X, of size n from the

In 2 wn

population via two methods.

5.1 The Direct Biased Estimator

W can write population FL-moments as

G e R [

This can be estimated based on one of the following plotting positions

i i-1 i-0.33
E(F)=——, Mod\F)=——r =
() n+l 0 ( ) n-1 o Med(F) n+0.38

See; Harter (1984), for example, if we used the E(F)

TlaB) _ c - r«k(a+k+1) r{r+a+B+1\& ( i ]a+k(n+1_i)ﬁ+r—k
Ir+l ..kgo( 1) n(r+1) (k]( r—k+p ; n+l 1 X

This form is very useful in proving the asymptotic normality of sample FL-moments.

5.2 Covariance Estimator
We obtain this estimator directly from (15) as

cov(x,T,(p‘“)(F;, ))+ E(X) r=0
L = (26)
| covl{x, T"NF)) rzl

Where F, is the empirical cumulative distribution function of x and E(x)=% the

usual sample mean. This estimator takes advantage of availability of covariance
function in many statistical packages such as S-plus, Minitab.

5.3 Weight Function
It possible to write the weight function for the equation (25) as following

(e, ﬂ)=i(—l)hk(;](ki : ;}(ﬂz;ik

k=0 (r+1{ " )
r+l+a+pf

) For »=0,1,..,i=1.,n




Ale.B)

r+!

2+ M+ 0)(a+2r(B+2)0(r +a+ f+2) AP
This is bounded where

ep) _ (r+)O(M +2)0(r +a+ UL(r+ B+ 1@+ f+3) 4

r+l

(24)

This takes advantage of L-moments ratio.

For example consider the Pareto distribution with (A =Z-Z(1-F. The FL-skewness
non
s ded o __~An-Ye+B+3)  and the scaled FL-skewness isFled = ~(a+2fn-1) ,
"y B+Na+y+f+I) (M+2fa+B+n+3)
Fora = f=1.05, oo o —1020( -1) , which exceeds 1 when 7<-1.9 and
9.15(7 +5.10)

approaches its limit 10.10/9.15 as 7 —>-2.05. While  ghwier_ ~(2=1)
" (7 +5.10)

approaches it upper bound 1 as 7—-2.05 and is equal to 0.906 whenz =-1.90.

As an example Table 1 shows the L-moments ratio and scaled FL-moments ratio for
the generalized lambda distribution

X(F)=a+f__c_:_(1_1__i

F)
b
Wherea, b, ¢ and d are the parameters; see, Ramberg et al. (1979).

Table 1 Scaled ratio FL-moment from generalized lambda distribution with different
choices of parameters. ‘

Parameters p ,?(LOS,I.OS) T F(|05|os) T ~{1,05,1.05) {1.05,1,08)

(a.b,d,0) (3 3 ) ( ) ( ' ) (76"’6 )
(0,1,0.75,0.75) 0,0) (0.017,0.008) (0,0) (0.003,0.00D)
(0,1,0.5,0.5) (0,0) (0.047,0.020)  (0,0) (0.011,0.0027)
(0,1,0.1349,0.1349) (0,0 (0.124,0.049) (0,0) (0.043,0.009)
(0,1,0.001,0.001) (0,0) (0.166,0.064) (0,0) (0.066,0.013)
(0,-1,-.25,-.25) (0,0) (0.272,0.099) (0,0) (0.138,0.025)
(0,-1,-.5,-.5) (0,0) (0.428,0.145) (0,0) - (0.273,0.046)
(0,-1,-1,-1) (0,0) (,0.286) (0,0 (0,0.132)

(0,-1,-1.5,-1.5) (0,0) («0,0.528)  (0,0) (0,0.354)

(0,1,0.001,0.1349)  (0.270,0.166) (0.125,0.050) (0.068,0.019) (0.044,0.009)
(0,1,0.195,0.921) (-.065,-.034) (0.037,0.014) (-.017,-.004) (0.012,0.002)
(0,1,0.154,0.002) (-.259,-.155)  (0.120,0.048) (-.063,-.018) (0.041,0.009)
(0,-1,-.001,-.1349)  (0.392,0.226) (0.218,0.082) (0.139,0.036) (0.099,0.019)
(0,-1,-.195,-.921) (-.907,-409)  (0.869,0.247) (-.830,-150) (0.808,0.106)
(0,-1,-1,-2) (0,0956)  (20,0.940)  (0,0917)  (,0.904)

We note from the table that, at some values of the parameters the L-moment ratios do
not exist. While, the FL-moment ratios exist for the same values. Thus, we conclude
that the FL-moments can expand the range of applicability of the method to include
more parameter values.




and ,ﬁgm atic

This is similar to L-moments ratio: see, Hosking (1990). L-moments ratio is bounded
by 1 in absolute value.
If the quantile function x(F) is differentiable, we can integrate (9) by parts

to obtain

(a.8) ( _1)’F(r+a+ﬂ+2 | FO’H B+l p(p+la+l)
A (r+1)F(r+a+1 r+ﬂ+1)~f -FYRY (F)ar (23)

Where x'(F) =1/ f(x) is the 1* derivative of quantile function, and

! atlfy B+ p(f+la+l)
[F=(1- FY PO (g = - F2 U= FY PG (F)
0 r

see, Abramowitz and Stegun (1972).

To obtain bound for the FL-moment ratio we find from (23) that

gan) o (=D +a+p+2)
! (r+1)1"(r+a+1) (r+,B+1)

J'Faﬂ(x) F(x)]ﬂH})r(_,LIH,aH)(F)dx

Where x'(F)=1/ f(x) and dF(x)= S(x)dx
Also

(a.B8) r(a +18+3) a+l _ +1
& "2r(a+2)r(ﬁ+2)_!F "@h-FEY s

Note that /%A (F) =1,
From Abramowitz and Stegun (1 972)

a+lﬂ+')(F‘)l ( MJ WhereM=maX(a,,5),

-1
Therefore,

Aas)| <

(2

(r=C(r+a+p+2) (r+M sl .
—(r+l)F(r+a+1)F(r+ﬂ+l) J-F @t~ Ffas

__ (r-Drl+a+p+2) (r+MJ2F(a+2) (B+2)
(+0C(+o+ 100+ A+ r-1 ) F(q+ﬂ+3)

i

Hence

e lﬁ‘i}”’k 20+ M + 1) (a + 2)C(B+2)0(r + + f +2)
AP ()M 20 e+ )T B+1(a+ 4 +3)

This bound could be greater than 1 for values of ¢ » B >0 also increase with

increasing value of r. To take advantage of limited values of ratio L-moment we
defined scaled FL-moments ratio as




Following Sillitto (1969) and Hosking (1990) we find from (19) that
0=lim,_,, [ F*(1-F) R} (F)dF =

gl - FY 5 (F)F (r+1)° 2Qr+a+ B+ )I(r+a+1)0 C(r+8+1) 2
b ( ) ( )d Z r!(r+a+ﬁ+1) (r+a+ﬂ+l) A

This can be written as

ey pY 2 T+ rB+)  pen
IF (- FY 5 (dF (@ +/3+1)1"(a+,8+1)ﬂ‘ !

o (7 +1) (2r+a+,B+1)F(r+a+1)F(r+,B+l) 2(ep)
-y Are
= Al +a+p+1T I(r+a+p+1)

Hence

‘ ) ~ Tla+)C(B+1) s
J-F 1= FY 5} (E)dF (@+p+)(a+p+1) ’

i(r+1) 2r+a+ B+ D0(r+a+1)T (r+ﬂ+1)/12<aﬂ)
e Alr+a+B+1)T(r+a+p+1)

From this equation we obtain

1
@B vy = (Fa(l— FY x? _ Cla+JC(B+1)  es)
FV@f(X) OjF (1= FY x*(F)dF (a+,8+1)1“(a+ﬂ+1)/1'

= lJ'F" 1= F) x*(F)dF - %UF“ (1-FY x(F)dFi\z

i(r+1) (2r+a+ﬂ+1)F(r+a+1)F(r+,B+l)/12(ap)

o A +o+B+1yT(r+a+pf+1)
When « = 8 =0 we obtain the variance of population in terms of L-moments; see,
Sillitto (1969), as ‘

1 ©
pOI(xy = o2 = [xH(F)F - 2 =X (2r + DAL,
) 0 r=|

It is clear from the representation of fractional variance in terms of FL-moments
that FY@?(X)>0.

4 FL-moments Ratio
We define the FL-moments ratio as

r@h) = ;(?—*ﬂ , r=23,. (22)




£F“(1 ~ FY PP PP FYGF = Plnta+ )(n+ g+1)
n(2n+a+ B+ 1)F(n+a +B 1)

Note that, 6, =1 for m = n and 3,,, =0 form = n.
The weighted mean square error is minimizing by choosing

o S rHDRrratfrl) oy
’ Fta+f+l

r+t

and the second derivative is positive where

Zi T(r+a+ (- + B +1)
for@raa+ B+ +a+ B +1)

>0
That
I
[FQ-FPIR(FPdF >0 as s—w
0

Forall r=0,1,2,...,,820 and s > o,

3.1 Fractional Mean and Fractional Variance

We define the fractional mean and the fractional variance which is the generalization
of the standard mean and variance of population in terms of FL-moments,
Corollaryl The fractional mean and variance can be defined as

o) _ yam __Tla+B+2) a1\

28 = g F(aﬂ)r(ﬂH)E[x(F)FA (1-F) ] (20)

And
) |
Fr@s) oy - 2+ (2r+a+ﬁ+1)r(r+a+1)r(r+ﬁ+1)/12£§.ﬂ)
() E& Plr+a+B+1PT(r+a+p+1) l @b

For «, 20,
Proof:

Whenr =0, we obtain the fractional mean from (9) as

T(o + 5 +2)

(@.8) . g(@B)
S T e e

)E[x(F)(l ~FY R’ ]

This is the usual mean weighted by power of cumulative distribution function
multiplying by a constant and'is equal to population mean u = E(X ) when the
distribution is symmetric and a = 4.

_T2a+2)
T T e +1)

(a.a)

e =y E[x(F)F“(l - F)"]




3 Representation of Quantile Function in terms of FL-
moments

FL-moments can be defined as the coefficients in the expansion of the quantile
function as a weighted sum of shifted Jacobi polynomial as L-moments, see Sillitto
(1969), Hosking (1986) and Hosking (1990).

Theorem 1: Let X be a continuous real-valued variable such that its fractional mean
is finite, quantile function x(F) and fractional L-moments A%/, r = 0,1,2,...then the
representation

2:()‘]1)27‘3&',& '1) aﬂ (8.a)
P i
“~ o rta+fB+1 wPRPE) (18)

This is convergent in the weighted mean square with weight function F° (1 - F )ﬂ .

Proof:
For the number of terms s

R(F)=x(F)-Y e, PP(F) | (19)
r=0 .
Our aim is to minimize the following
Min. [ F*(1- F) R} (F)dF

This can be written as

J:F"‘(I—F)”RZ(F)dF=‘EF“(I—F)”[ F) Zc P ]dF—
[Fe(-F)x 2(F 2£Zc Fo(1- F) x(F)P#=)(F)

r=0

33, [Fe(-F) PO (F) P (F)dF

r=0 v=0
_d g\ ,2 8 (r+C(r+a+ 1) (r+ B+1) (@)
oF (-F) 5 (F)ar Z,EOC’ H(r+a+5+2) "+1
icz T(r+a+1)0(r+4+1)
oo r@rra+ B (r+a+ f+1)

+

By using the following in the second term

(a.';;) r'F(r+a+/3+2 (B.a)
P () a+ )00+ B 1) J:[ V' (F)]dF

And the following orthogonal property of the shifted Jacobi polynomial




2.3 An Expression for FL-moments as a Covariance
Direct rewriting of (9) yield

o) = [T R )dF (13)
Where
r } k+1)(rYr+a+pB+1 )
T(ﬂ,a’) F — -1 k (a+ Fk+a _ r-k+f
2(F) M( y ——_———(P‘i‘l) K\ r—kep (1-F) (14)

Using orthogonality of the function Tr(/’ '“)(F )Vwe obtain

Cov(x(F)TP=)(F))+ E(X) r=0
Aeh) = | (15)

T+l .

Cov(x(F),T,(”'“)(F)) rzl

Thus FL-moments can be interpreted as the covariance of X and its rank. Also, this
representation yields a very useful inequality comparing the second FL-moments with
population standard deviation: :

A'(za'ﬂ) = Cov(x(F),ﬂ(ﬂ’“))= Cor‘f‘(x(F),7"1(”'“))0-,/"(,,“")0',( (16)
It could be shown that

E[F,, (i- F)“ ]= L6+ D)0 (a+1)
: r(p+a+2)
Using this we find

o (7o) (o + e+ B+ 1) (a + B+3)(28 + 1) (2a +1)
' 28+ Qo + 28+ 4 (8 + 1) (o +2)
Thus we obtain

Py UX\/(a + 1+ B+ B +a + S (2a +1)C(25 +1) an

28 +1)r Qe+ 28+ 4 (a+ )2 (5 +2)
o, is standard deviation of the population,

For example, whena = 8 =0, we obtain /L(zo,m <o /3, also fora = f=1,

A < 6 6735




where

R(ﬂ‘a)(F)-“— - ( )r—k F(r +a+1)1“(r+,8+1)

- ks _ r-k
TR CEVTSY ¥ e ey o (t-Fy™ (10

is the shifted Jacobi polynomial in the interval [ 0,1] and we assume that «, >0
although the shifted Jacobi polynomial is defined for &, f > 1.

Whena = =0, ,&?) is the L-moments, also integer values of «, /3, ,”;,ﬂ) gives
TL-moments.

2.2 Relations

In this section we use some recurrence relation of Jacobi polynomial to derive
corresponding relations between FL-moments with different degrees of fractional.

Relation 1
For r =0,1,2,....and &, 20

(r+1)r+a+B+2)A5P) = (r+1)(2r+a+ﬂ+2)/1,‘:(’+') +(r+2)r + g+ DA (11)

42

Proof:
From Abramow1tz and Stegun (1972) we find

n+l

(1= x)2n+a+ B +2)PE ()= 2n+a + )PP (x)-2(n + 1PEA(x)
This can be expressed in terms of shifted Jacobi polynomial as
(1 Wf2r +a+ B+ 2)PE () = (r 4+ a + )P ()~ (r +1)A, PlA(y)
Direct substitution of this expression in (9) gives relation 1.

Relation 2
For r =0,1,2,...and &, 20

(r+ 1)+ o+ B+ 2490 = (r+1)2r +a + B+ 2)A5) — (r +2)r + 2+ DAY (12)

r+1 r+2

Proof:
From Abramowitz and Stegun (1972) we find

(14 x)Y2n +a+ B+2)PEP ) (x)=2n+ B+ DPEA (x)+ 2(n +1)P, PeA)(x)
This can be expressed in terms of shifted Jacobi polynomial as

(1——u)(2r+a+,3+2)P,(’“"ﬂ)(u)=(r+a+1)Pr( Yu)-(r +1)P P (y)

r+l

Direct substitution of this expression in (9) gives relation 2.

A




Substituting equation (2) in (3) we obtain

r—l — .
/'{ill»lz) =r"]Z(___ 1) [i" 1]( (’ +tl +12)! -[:x(F)Frw‘—k—l(l B F)lz+k dF

P ko )+t —k~1)0, + k)

SR ere= e LG B IE

“ ko )(r+e,—k=1)(, +k

Clearly TL-moments is defined to Cauchy distribution where E(X,,) exist for
ty=t,=1 and reduce to L-moments whens =¢,=0, for example,

1
/ﬁo.o) =] = Ix(F)dF is the sample mean.
0

Note that the definition of TL-moments in (4) and (5) does not involve the
expectations of the ¢ smallest or the ¢, largest order statistics of the sample
sizet; +1, +r. Hence, the sample TL-moment assigns zero weights for these values,

This may lead to ignoring information at the tail of the distribution. To avoid this we
define the Fractional L-moments (FL-moments) from (5) as ‘

cqla,B) e S o r—1 F(I‘+(Z+ﬂ+1) rea—k=1 (1 \Bk
A0 =3 U r(r+a-k)r(/3+k+1)E[x(F)F -rrl ©

wherea, 2 0.
Next we look at expression of FL-moments in terms of Jacobi polynomial.

2.1 FL-moments in terms of Jacobi Polynomials
The Jacobi polynomial of degree # is defined by

SRRy (i (e OO AT R B o

—~2.7’-k=0 n-k

See, Abramowitz and Stegun (1972). They are orthogonal on the interval [—1,1] With

respect to the weight function (1 - x)* (1 + x)?. The shifted Jacobi polynomial can be
obtain from (6) via X =2F -1 as

(e.8) _ N 1)y nte n+ﬂ k(1 n-k
R 0 W S ®)

k=0

this is orthogonal on [0,1] with respect to the weight function ## (1-F).
By changing the variable in (6) and multiplying by constant we re-write (6) in terms
of shifted Jacobi polynomial as

@p ___ Mlr+atp+2)
" (o )+ A1

)E[x(F)F“ (1=FY P9 F), r=0J....ap20 (9)
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ends of the distribution which is reflected in the sample trimmed L-moments by
assigning these extreme values weight zeros. This may lead to loss of information. To
avoid this, we define the fractional L-moments which assign very small weight for the
extreme values. This could help in capture more information about the tail of the
distribution.

In Section 2 we define the fractional L-moments and give a condition under which
they defined, re-express the FL-moments in term of Jacobi polynomial, and proof
some relations between FL-moments with different fractional, express FL-moments in
terms of the covariance between the distribution function and its rank. The
representation of quantile function in terms of FL-moments and a proof that the FL-
moments uniquely define a distribution are given in Section 3. We give the definition
of ratio FL-moments and bound on it in Section 4. The estimation of population FL-
moments with different three methods is given in Section 5. The estimation of
generalized Pareto distribution based on FL-moments with different fractions is
illustrated in Section 6.

2 Fractional L-moments (FL-moments)
Let X,,X3,..,X, be a sample from a continuous distribution with quantile
function x(F), cumulative distribution function F(x) = F, = F, f(x) the density

function and let X, < X,, <...<X,, denote the corresponding order statistics.
Hosking (1990) defined the » " L-moment as '

=S ) e ' 0

~ using the standard form of expected value

‘ A
E(X,,)= r(’:]jx(F)F"‘ (I-F)Y~dF, rs<n )
0

see, David (2003) . Substituting this expressiqn in (1) gives
28 of 71 r! k-l ‘o
= - | X(F -
A =r k‘é( " T [x(F)F=41(1- FYdF
r=l —
=r'y (- 1)*(r L 1)(——1—'——— E[x(F)F"“”'(l - FY] 3)
k=l r ’

—k —1)}k! ‘

While L-moment enjoys certain robustness properties, it is not defined for
distributions which has infinite mean; for example, Cauchy distribution.

Elamir and Seheult (2003) extended the idea of L-moments to trimmed L-moment
(TL-moments) as

= r—1
A(rfl,’Z) = r_l Z(—l)k( k )E(Xr-+l]—k:r+1|+lz>’ r= 1’2""' t17[2 = 0’1’27"' C (4)
k=0




Fractional L-Moments

Elsayed Habib? Abd-Elftah Kandile'
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Abstract

Linear moments (L-moments) are used for measuring descriptive features and
make inferences of a probability distribution but its use is confined to a distribution
whose mean is finite, Trimmed Linear moments (TL-moments) are natural extension
of L-moments that do not require the mean of the underlying distribution to exist.
They do not involve some values at the extreme ends of the distribution which is
reflected in the sample TL-moments by assigning these extreme values weight zeros.
Therefore, the data at the tails of the distribution it will be ignored. This could lead to
the loss of information and should be avoided. However, Fractional Linear moments
(FL-moments) is defined as a natural generalization of TL-moments. FL-moments
take account of the data at the tail of the distribution where the sample FL-moments
captures all the information in the sample about the population counterparts by
assigning less weight for extreme values and provide simple and effective ways of
estimate the parameters and inferences for distributions with heavy tails that the mean
does not exist. The quantile function in terms of FL-moments as a weighted sum of

Jacobi polynomial is obtained. Also, the population FL-moments is estimated using
three different methods.

Keywords: Estimation; L-moments; Jacobi polynomial; Order statistics; Quantile function.

1 Introduction

As interest in statistical modeling using heavy-tailed distributions is increasing,
modeling the frequency of extreme events is of particular interest. In this connection,
an extensive L-moment methodology has been developed in support of regional
frequency analysis in environmental science, which treats the quantile of distributions
of variable such as annual maximum precipitation, stream flow or wind speed
observed at each site in a given network; see, Hosking and Wallis (1997) and for other
applications; see, for example, Pilon and Adamowski (1992), Sankarasubramanian
and Srinivasan (1999) and Elamir and Seheult (2001). TL-moments used by Elamir
and Seheult (2003) for the same purpose as L-moments and used by Karavanen
(2005) to estimate the mixture quantile of Cauchy distribution and by Leonowicz et
al. (2005) to study robust averaging of event-related potentials.

In heavy tailed distributions especially when the mean is not defined the L-
moments can not be used; see Embrechts et al. (1997) and Willinger et al, (1998). In
this case the trimmed L-moments would be useful where it is defined when the mean
is not existed. The trimmed L-moment does not involve some values at the extreme
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* Associate professor in the department of Management and Marketing, Business School, University of Bahrain,
* Assistant fecturer in the Department of Statistics, Mathematics and Insurance, Faculty of Commerce, Benha university,

|
1
};




models are almost coincident. While the coefficient of variation is best when §, §, are small for the

three models as shown in fig. (2.1) and fig. (2.2) especially for large i, r .

Coming back to the compound distributions of sums of truncated Puri and Rubin
distribution section we had present two groups of compound distributions. The first group is the
compound deterministic - Puri and Rubin (left truncated and non truncated) distributions, We see
that the coefficient of variation is best in the compound deterministic - left truncated Puri and

Rubin specially for large k as shown in fig. (3.1).The Second group is the compound Bernoulli -
Puri and Rubin (left truncated, right truncated and non truncated) distributions, We see that the
best model is the compound Bernoulli-left-truncated Puri and Rubin for different « especially

when we substitute k by a large number.

According to the best model in each group we can say that it is very useful for us when
using these models in different fields such as industry, engineering, queueing theory, the
reliability theory, electronics, medicine as in hospital administration and insurance risk theory.
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Thus the probability mass function (S, = ) of the random variable S is:

a ,§=0
p(Sy=s)=3 (1-a)!p [ ap ) .|
(l—aq) (T-agq -
With the following moments: .
i) Mean: E( SN )= p (3_22)
. ; ) } 2 2a q
| i) Variance: Var(Sy)=p [(l—a’) +; (3.23)

Comparison between model Ill, IV and V:

From the relations of the mean and variance we can compute the coefficient of variation

C(Sy) = _If_(ifx_)_z_ for each model, as it shown we draw the compound Bernoulli ~Puri and
VE (Sv)

Rubin distribution (non-truncated, left-truncated and right-truncated for different k). And it is easy
to compare between them. Takea = 0.1,0.2,0.3and 0.4 , p = 0.3,0.7 in fig. (3.2) and fig. (3.3)

respectively.

Cs(SN) -
16
25 o 14
1
15 . 048
1 / |
04
05 ! . v 02
0 | ' | : ' l '
01 02 03 w & 104 02 - .
3 Fig. (3.3)

Now, the best model is the compound Bernoulli-left-truhcated Puri and Rubin for different
o especially when we substitute & by a large number.

Conclusion:

After we present all the models in the two sections, the compound distributions of sums
of negative binomial and (left or right) truncated Puri and Rubin distributions, For each model, the
p.g.f., p.m.f. and the corresponding moments such as the mean, and variance are calculated and
more generally the descending factorial moments. Then we compare between the groups using
the coefficient of variation for each model.

Regarding to the compound distributions of sums of negative binomial distribution section
we had shown the compound binominal (left truncated, right truncated and non truncated ) —
negative binominal distributions using graphs in comparison among them , we find that the three
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3.4.1. Moments:
Now we can drive the moments of the compound sum SN using the previous probability

generating function as the following:
i) Mean:
pll-(k+1) a* +ka*' ]

E(S)=P ()] == T (3.19)
a +a
li} Variance:
Var(S,) = P"(1)+P'(1)-P(1)
) 3 —(k*—k-2) a* +(2k? —4k-6)a* —(k’=3k-2)a"’
P [—(kﬂ)a“+3(k+1)a““—(3k+2)a“*2+ka“*3—1
B (1-a)(1- a* + a**')?
+p[l—(k+l)a"+ka"” ] (3.20)

1-at+a*!
Var(Sy) =p’[Var(N)-E(N)]+ pE(N)
Using the compound theorem, and relations (3.19), (3.20) it is:clear that:
E(S,) = E(X,): E(N)
Cpll=(k+D) &' +ka' ]
i 1— a"+ ak+|
Var(S,) = Var(X,) E(N) +Var (N) (E (X, )
=p’[Var(N)-E(N)]+pE(N)
, 3a—(k —k-2) a* +(2k —4k-6)a" —(k*-3k-2)a*"
[—(kﬂ)a“ +3(k+Da* ' —(Bk+2)a’ P +ka? P -1 }
(1—a)(1—a* + a*'y?
+p[1-—(k+1za"+;ka*“ ]
1- a* + a**!

3.5. Model V:  Compound Bernoulli-Puri and Rubin distribution
(Special case of model Hll and 1V)
it is clear that we can obtain the compound Bernoulli-Puri and Rubin distribution as a
special case from model lll (the compound Bernoulli-left-truncated Puri and Rubin distribution)

when we putk =0or model [V (the compound Bernoulli-right-truncated Puri and Rubin
distribution).

/ N
So, the p. g. f. of the compound sum Sy = ZXi when X, has a deterministic random
i=l

variable and N is a simple modified Puri and Rubin random variable is given by:

1-a)? apz Y " a i
P (z)=a+ (-a) 6]2( P ]+p;z ‘( P J (324

1-aq <\ 1-agq l-aqg

.
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Remark 3.1:
Let &k = lin model lll, then it reduced to the compound Bernoulli — single left truncated

Puri and Rubin with p.m.f.:
p(Sy =5)=p(s)=(I a)za”’ p

__E__ Val"(SN)—p(l a) P (1“2(1)
|-« (I-a)’

and moments: £(S,) =

3.4. Model IV:  Compound Bernoulli-Right-truncated Puri and Rubin distribution
Let X, (i=12,., N )be an independent and identically distributed random
variables each has a Bernoulli distribution with p.g.f. and moments as given in model {ll.

Assume /N be a random variable having a simple modified right- truncated Puri and
Rubin probability mass function which is in the following form:

[24
- 1o n=0
l*a)Zan—l
l_a/(+ak+l

pR(n)z (
n=1,2,...,k ;a = parameter

k
clearly, Z Pr(n) =1 which is a probability mass function.

n=0
The p. g. f. of the random variable /V could be calculated as follows:
k 1 z(1-a* %)
P.(z)= Mz = N g(le@) L ) (3.16)
w(2) ,,Z(:)pk( ) (l—-ak+ /M) }: (I-)” (-az)
And its moments are given by:
[~(k+D)a‘+katt
E(N)= ( )k ke
l-a*+a*" : (3.17)

2a-krat +(2kT -2k -3)a* = (k* =2k -1)a**? + g2 — g2k
(I-a)(1-a* +a*')?

Var (N )=

N
Now applying the compound distribution theorem for the sum SN = ZX, when X,
i=l

has a Bernoulli random variable and N is a simple modified right-truncated Puri and Rubin
random variable, as given in Medhi (1982), the probability generating function of the compound

sum S, is calculated as follows:
Py (2) = By (P, 2) )
T [m(l--a)zW*"”“"“k(q*pz)k)} (3.18)
(I-a"+a™) (I-a(qg+pz))

1
3
o
1




3.3, Model lll:  Compound Bernoulli-left-truncated Puri and Rubin distribution
et X, (i=12,., N ) bean independent and identically distributed random

variables each has a Bernoulli probability mass function in the form:
p(x)=p g™ Lx, =01 .p+q=]l

The probability generating function PY( Z ) of X, is calculated as follows:

!

PXi(z):Zp(x,)-z"'=q+pz N CRED
x; =0
with moments given by:
E(X,)= P'(l)= (3.12)

2
Var (X ,) = P'(1)+ P'(l Y- P(1) =pg
Let N be a random variable having a simple modified left-truncated Puri and Rubin
distribution with p.g.f. and moments as given in model 1.

Now applying the compound distribution theorem for the sum SN = ZX, when X,

has a Bernoulli random variable and V is a simple modified left-truncated Puri and Rubin random
variable, as given in Medhi (1982), the probability generating function of the compound sum SN
is calculated as the following'

P (z)=(1~ a)Za Zq'“' ‘7! (3.13)

=0 =0

Thus the probability mass function p(Sy =) of the random variable Sy is:

p(Sy =9)=p(s) = (1~a)za’ "

3.3.1. Moments:
We can get the moments of the compound:sum S w using the previous probability

generating function as the following:
i) Mean:

E(Sy)=P; (7))
ii) Variance:
Var(Sy) = P'(D)Y+P'(1)- P(l)
_pU-a)lkta(l-k)]- plk—2ak-a’(1-k)] 3.15)
(1-a)’
Cleatly applying the compound theorem, and equation (3.14), (3.15):

E(S,) = E(X,)- E(N) = plk+a(l-k))
(1-a)

Var(S,) = V(X,) EN)+V (V) (E(X))
p(l-)lk+a(l-k)]-p*lk-2ak=-a’ (1-F)]
- (1-a)

p[k;a(l)—k)] | (3.14)




3.2. Model ll:  Compound Deterministic- Puri and Rubin distribution
(Special case of model {)
In model | (the compound deterministic— left truncated Puri and Rubin distribution) if we

putk = 0 it reduced to the compound deterministic ~Puri and Rubin distribution.
N
So, the p. g. f. of the compound sum S_v = ZX, when X, has a deterministic random
i=1

variable and N is a simple modified Puri and Rubin random variable is given by:

P (z)=a+(l-a) > oz (3.8)
i=0

Thus the probability mass function p(S, = §)of the random variable Sy is:

o ,5=0
p(Sy=s)=p(s)=40 . ,s=1
2o
(l—a)Y ac S=a,2a,3a,...
With the following moments;
i) Mean: E(Sy)=a (3.9)
i) Variance:  Var(S,) = 2]“ a (3.10)
-«

Comparison between model | and i:

Clearly from the relations of the mean and variance we can compute the coefficient of

variation ¢ ( Sy)= _KQ_N__)T for each modeAl, as it shown we draw the compound deterministic —
VE(Sy)

Puri ~and  Rubin distribution = (non-truncated and left-truncated for  different k). Take
a=0.1,0.2,03and 0.4

c(s
1_4(_ N )
1.2 4
14 /
0.8 4 //’/
: e a
0.2 4
0 ¢ T , T, . ' |
0.1 0.2 " . _
Fig. (3.1)

We see that the coefficient of variation is best for large k as shown in fig. (3.1), the upper
line is for compound deterministic ~Puri and Rubin distribution then for compound deterministic —
left-truncated Puri and Rubin distribution £ = 1,5 and 10 respectively.




tet IV be a random variable having a simple modified left-truncated Puri and Rubin
probability mass function which is in the following form:

pL(n):(l—a)a"“/‘ cn=kk+1,...
clearly, Zp,{ (n) =1 which is a probability mass function.
n=k
The p.'g. f. of the random variable N could be calculated as follows:
P(2) = (1-a) z*
v (1—crz) (3.3)
And its moments are given by:
a
E(N)=k+—— and Var(N)=——
(V) o (V) (=)’ (3.4)

N
Consider the compound sum va = ZX, when X, has a deterministic random variable

i=1
and Nis a simple modified left-truncated Puri and Rubin random variable. Then as given in
Medhi (1982) the probability generating function of the compound sum S v -is calculated as the

following:
- N i uitak
P (2) =(1- a);a z (3.5)
Thus the probability mass function p(S, = ) of the random variable Sy is:

Ik
p(Sy =s)=p(s)=(1-a)a” ,s=ak,a(k+1),...
3.1.1. Moments:
We can drive the moments of the compound sum SN using the previous probability

generating function as follows:

i) Mean:.
o
E(S, )=1§N(21 i =a{k+;& } (3.6)
ii) Variance:
e ) 2
Var( Sy )=P"(1)+P'(1)-P'(1) =a-f1—j—0%7 (3.7)

Using the compound theorem and relations (3.6), (3.7) itis clear that:

E(Sy) = E(X,)-E(N):a[k+ @ }
1-a

a’a

Var (Sy) =Var (X,) E(N) + Var (N) (E(X,))" = Toa)™
-

8




Comparison between model |, Il and {li:

Clearly from the relations of the mean and variance we can compute the coefficient of

V(Sw) for each model, it is easily that the three models are nearly
E S0

coincide for different $and &, . Taken = r = 20,25and 40, (9 =10.3,9, =0.1)in fig. (2.1), and
(9=0.8,9, =0.5) in fig. (2.2).

variation (S,) =

0(2-5(~_9,-) C(Sy)
- 0.35 4
0.235 \ 034 T — —_
0.22 4 \.\ 025
N 0.2 4
0.205 4 ’
\ 0.15 4
0,19 4
0.1 4
0.175 1 0.05 -
016 y : y 0 : .
20 25 40 r 20 25 40
Fig. (2.1) Fig. (2.2)

We see that the coefficient of variation is best when &, 9, are small for the three models
as shown in fig. (2.1) and fig. (2.2) for different n, r

3. Compound distribution of sums of Puri and Rubin distributions

Puri and Rubin distribution is one of the interesting distributions in engineering. We
introduce five different models such as the compound deterministic-Puri and Rubin (left-truncated
or non-truncated) distributions, the compound Bernoulli — Puri and Rubin (left truncated, right
- truncated or non-truncated) distributions.

3.1. Model I: Compound Deterministic-left-truncated Puri and Rubin distribution
Let X, (i =1,2,., N )be an independent and identically distributed random variables

each has a deterministic probability mass function in the form:

1 X, =a
]7( X )= {O X, #a
The probability generating function of X, is calculated as follows:
PXI(Z):ip(x)'z"‘:Z“ ‘ (3.1)
And its moments are: "
E(X)=P(1) =a 62

Var(X,)=P"(1)+P(1)-P(1) =0




€5 VS T ]

Lemma 2.1:
i _ - & Ck(ni), (), (1= H"
Z S(k) C:{_K (] _ lg)n/—.\ 9" = g Z (__ 1):11 m (/f)( ~/ (/”)( )
s=m-i m=0 ni m
(1) )

with (m‘)(o) = (nj)(o) =1
2.2.2. Factorial moments:

by = Els) = D0 (5) = Y. 5(5= D<=k + D p(s)

Hi

y=0
= ZZC}IN_l C; 19{(‘ i :9‘ )I(l - 8”)—i (-—l)’"v/ Z S(k)C/II’{-—‘\ (1 - 19)‘ 3:#«.&'
r

j=0 s=hi-ny

using Lemma 2.1

£ m m = ri- i r i AN nyi- (I’Il) (}’I) n
= S CDTCEA-9)" Y Y C 8 (1= 9) (1= 97) ! (=97 s W
m=0 i=0 j=0 (r”)(m)

2.3. Model lll: Compound binomial-negative binomial distribution
(Special case of model | and I)
It is clear that we can obtain the compound binomial-negative binomial distribution as a
special case from model | (the compound single left-truncated binomial-negative. binomial

distribution) when we includex =0 orx =nin model Il (the compound single right-truncated
binomial-negative binomial distribution).

N
The p. g. f. of the compound sum Sy :ZX, . 'when X, has binomial random variable

=l
with parameters (n,:9) and N is a negative binomial random variable with parameters (1, 9,) ., is:

P (2)= eI a- 8) ¥ (1-9)" 2 (2.14)

7=0_i=0
Thus the probability mass function (S, = ) of the random variable Sy given by:

p(Sy =8)=p(s)= .9([]—'&] Septerfa-9)-9'1  s=0,12,..
i=0

-4
With the following moments:
i) Mean: E(S, )= n&—’:(—l—;—'g—')— ’ (2.15)
§
ii) Variance: Var(Sy)=n8 (1~.53)r—(—1—§—£’—z+11282 C(—l—.—s%l—’i‘—)— (2.16)
1 1

Also, it is clear that the factorial moments can be found as:

Hiy = ZC,»N—] (1) 4y 959 (1-9) k=12,
i=0
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With moments:

n-|
E(Y) = n&‘(]__%ﬂ)_
&{ 13 (2.10)
Var(X,) = %—_(ﬂ}—) [I -nd"" +(n- 1)3"‘1]

Let N be a random variable having a negative binomial distribution with p.g.f. and
moments as given in modelf [.

N .
Consider the compound sum S/v = ZX,- when X, has a single right-truncated binomial
i=l

random variable with parameters (n,$)and N is a negative binomial random variable with
parameters (, 4, ). Then as given in Medhi (1982) the probability generating function of the

compound sum S, is calculated as the following:

9, '
) —_[1—(1—{9)(1-.9")"[[(1~9)+SZJ"-(9Z>"JJ

ZZZCH—I IC C,l,l,l. 19 (1 .9) (1_3 )—I( 1)/ /(1 Lg)n/ s'g\ s (211)
5=0/=0 /=0
Thus the probability mass function p(Sy, = §) of the random variable Sy is:
PBy=9)=p()=) Y .CI"CCH 9/(1-8)(1-9")" (=) (1- 9" ¢
: i=0 j=0
2.2.1. Moments:
We can drive the moments of the compound sum S ~ . using the previous probablhty
mass function as follows:
nr(l-=9)(%-39") . (2.12)

i)Mean: E(S,)= 908"
1

ii) Variance:

- - 2q20 _gn=ly2 _
Var(SN)_—.M[l_gn_nlgn—l +<n8"]r(1 3,)+n d(1-8"H" rQ 7.91) (2.13)
(=97 8 -7 g

Now by applying the compound theorem, its moments as given in Medhi (1982) and
relations (2.12), (2.13) we have:

B _ _nr(1-9)(9-9")
E(Sy) = E(X;)- E(N) 509"
Var(Sy)= V(X)) E(N)+V (N) (E(X,))*

.: 1’1,9(1'-—;9) [l_lgn unLgn~l +n[9n]r(1‘l91)+nz‘gz(l_g”—l)z r(l—'gl)

(1-9") 4, (1-97)° 9




ii} Variance:
The variance of the compound sum S‘.\, could be calculated as the following:
ESy) =25 p(s)
5=0
_n8(-9 r(=9) n’§* ra=9) . 9t r(1-8)
—a-9" 8 1-0-9" 8 |J-a-9T &
- n' g rz(l—gl)z_ n*9? r(t—
-g-9] & -a-9F 4
Thus from (2.6) and (2.7) we get the variance by: ‘
Var(S,) =E(S3) - ESy)’
ng__ r(l—S(){(]_3)+n8+ nd  nd } 2.8)
8’ 8 [~

(2.7)

Cia- 1-9's 1-a-9
Now by applying the compound theorem, its moments as given.in Medhi (1982) and
relations (2.6), (2.8) we have the following results:
nd r(l=
E(S,)=E(X,) E(N)=
(S) = EC) EN) = =5 =5
Var(S,) =V (X,) EN) +V (N) (E(X)*
- nd r1-48) (-9 +nd+ nd - g
-(1-9" 8 —a-91s 1-a-9"

2.1.2. Factorial moments:
In this section we calculate the k™ descending factorial moment where:

My = E(s) = is(/f) ps) = ZS(S =) (s=k+1) p(s)
§= §=0

'MS

[}
p=

icf”"’ Ci 9 (1=-9)1-(1-$"T" (=" 1= 9" ()

i=0 j=0

2.2. Model ll: Compound single right-truncated binomial-negative binomial distribution
let X, (i=1,2,., N ) be an independent and identically distributed random variables

each has a single right-truncated binomial probability mass function in the form:
lg\’, 1 '9 Hn=X;
p(x,.):C" (1 {9”) ,x, =1,2,..,n-1 ,0<8<]1
The probability generating function of X, is given as follows:

= . Ja-9H+z8) -[29"
PXi(Z)=§P(X)‘Z = T : 2.9)

£




Let N be a random variable having a negative binomial distribution with probability mass
function:

p(N =ky=CH 95 (1-9)* k=01,2,... ,0<9<I
and probability generating function:
N ) . 19 r
P 7)== C/H-/«l lgr 1_.‘9 7 k - I (23)
v(2) =2, C Sl0-9)e] L*(l—&,)J
Its moments are:
r(1-8) r(1- 9 :
E(N)=—~“§——‘" and Var(N)=—(—l’§—‘2 (2.4)

1 1

, N
Now consider the compound sum S, = Z X, when X, has a single left-truncated
=l
binomial random variable with parameters (n, %) and N is a negative binomial random variable
with parameters (7,4, ). Then as given in Medhi (1982) the probability generating function of the

compound sum S is calculated as the following:

P (2) =P, (P (2))

_— .9] r
1-(1- 'gl)PX, (2)

= Zizcil'w—l C; C:lj '9{(1 _’9|)i[1 __(1 _!g)n]-i (__Di-j (1 G !9)11/’-5 !9.\‘ Zs (25)

o Hj
=0 j=0 g=

Thus the probability mass function p(SN = S) of the random variable SN is:

pSy=5)=p(s)
= Cir""“l C'j Cr g/ (1- 19,)'[1 (="' D)7 1-9H""9 ,s=0,12,...
=0

i=0 4

2.1.1. Moments:
We can drive the moments of the compound sum SN using the previous probability
mass function as follows:

i) Mean:
The expected value of 5 could be calculated as:

@ g (-9 -
E(SN ):ZO:SP(S): 1_(’;_'9)/1 I( Lg l)
§= [

(2.6)
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binomial, Poisson and geometric random variables. Leon and Perron (2003) introduced exteremal
properties of sums of Bernoulli random variables. Utz, et al (2008), introduced compound Poissen
approximation of the number of occurrences of a position frequency matrix (PFM) on both
strands. Moger and Aalen,(2008),used the compound Poisson frailty distribution with random
scale to introduce regression models for infant mortality data in Norwegian siblings. Vellaisamy
and Upadhye,(2009), studied the sums of compound negative binominal and gamma random
variables. Stathis and Georgio (2008), introduced further improved recursions for a class of

compound Paisson distributions.

The objective of this paper is to introduce some interesting models of compound
distributions. For each model, we calculate the probability mass function of the compound sums
and its moments such as the mean, the variance and the more general relation of the descending
factorial moments. The paper really consists of two sections.

Section 2, includes three different models such as the compound single left-truncated binominal
— negative binominal distribution , the compound single right-truncated binominal — negative
binominal distribution and the compound binominal — negative binominal distribution as special
case. And the p.g.f, pmf. and the corresponding moments mean and variance, and the
descending factorial moments are calculated.

In section 3, we present five models. These models are: the compound deterministic ~Puri and
Rubin -(left-truncated or non-truncated as special case) distributions, the compound Bernoulli —
Puri-and: Rubin. (left-truncated, right-truncated or non-truncated as special case). distributions.
Also, their p.g.f., p.m.f. and moments such as the mean and the variance are given,

2. Compound distribution of sums of negative binomial distributions

It has shown by different investigators that the negative binomial distribution provides an
excellent model because it has a variance larger than the mean. Some of the common examples
of such behaviors are the frequency distributions of plant density. We present three different
models such as the compound binominal (non truncated, single left-truncated or single right-
truncated) — negative binominal distributions.

2.1. Model I: Compound single left-truncated binomial-negative binomial distribution
let X, (i=12,., N) bean independent and identically distributed random variables

each has a single left-truncated binomial probability mass function in the form:

,9,\’, (1 . l9))1--,\‘,
) :Cn v v 77 .
plx)=Cy =z -9

The probability generating function of X, is given as follows:

X, =1,2,..,n ,0<8¢<1

2 . L la-9yz8] -0-9)"
PX[(Z)-,\;J])(X) 2" = Y (2.1)
With moments:
9
E(X) =—2
1—(1-9) 2.2)

nsli-9)-[n8+Q ~o-9)"]
[-a-9T]

Var (X,) =




Compound distributions of sums of negative binomial
and truncated Puri-Rubin distributions

El-Arishy, S. M', Imam, T.A". and Salim, A. M.”

Abstract: Based on the compound distributions, we introduce some new models of the
N
compound sum S, =ZX, when N is random variable. These models are, the compound
=l .
binominal (single left-truncated , single right-truncated or non truncated as special case) -
negative binominal distributions, the compound deterministic-Puri and Rubin (left-truncated or
non truncated as special case) distributions, the compound Bernoulli — Puri and Rubin (left
truncated ; right truncated or non truncated as special case) distributions, which are of interest in
many fields such as industry, queueing theory, the reliability theory, electronics, medicine as in
hospital_administration and .insurance risk theory. For each model, the p.g.f, p.m.f.and the
corresponding moments such as the mean, and variance are calculated and more generally the
descending factorial moments.

Keyword: Compound : distribution, " truncated ‘distribution, discrete - distribution, :negative . binomial
distribution, binomial distribution, deterministic distribution, Bernoulli distribution; Puri-and Rubin distribution,
probability generating function, moments and factorial moments,

1. Introduction

N
The study of compound distribution of sum S, =ZXi of random variables is of
i=l
valuable interest especially in the truncated distribution case. It takes the attention of many
researchers in many fields such as industry, queuing theory, reliability theory of electronics,
medicine as in hospital administration and insurance risk theory and many other fields.
Many researchers were interested in studying the distributions of both the complete (non
truncated) and the truncated distributions of the compound sums and its applications, see for
example, Alaa, (2003), who introduced compound distributions of sums of single truncated
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