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with A? =1, A; =l-n, /;\12 =(l-r)l-r)-pgq.
Solving the difference equation (a), we have A =c; 4/ ™ + +e, 47 i
where A, = p , A, =q are the two roots of the corresponding characteristic equation.
Using the initial conditions: at i = j , A{ =1-r,then (1-r)=c4 +c,4,
andat i =j +1, A/ =1, then l=c,+c,,and
o==hf(h-h). er=h/(h-4).

Immediately formula (4.7) follows.
Solving difference equation (b), we get A} =c34| +c4d; , with h=p, A =q
Using the initial conditions :

Al =1, Al =1-r.
We obtain ¢y = ((r =)+ 4) /(4 = 4,), and ¢, ==[(r —r) + L)/(4 - 4,), and
formula (4.5) follows.
Solving the difference equation (c), using the solution (4.5)at i =L —1,i =L -2,
we have A

t 1 L L L-1 L-1
AL = [A=r)AE = 28+ Q- r))(r =)A= 227

'11 = 2’2
4P = —ap(r A - 2]
[(I“VL )(/11L “/121')*'((1"”’14 )r _rl)"qu)(ﬂ'lL“l "/12]“—1)

~qp(r-mH =27,

1
=4

AF =

and (4.4) follows.
Similarly, solving difference equation (d), we get

L L=i+] L—=i+] _ o
Ay =cshy +ced, , h=p, 4 =q.
Using the initial conditions Af a=1 Ai =1—r, , weget

res=(A+ 0 =m)(h=4) . eg=~(A+-r))/(A4 - 4).

Formula (4.6) immediately follows. This completes the proof.
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EJE Py = EE Py E E k(L ~k )fl?

LEXES le w41 k=541

~(c1y ™ ,(Lz)”‘ C(l+j)r(t+j-L)

C(s+)r(s+1-L)’

H H p Tk (1 ulﬁ)
k1 = 1. L L
S IV T(148) (145 -L)
_( 1) 77 ' _
L r@i)r@i-L)
Substituting into formula (4.23) we obtain the following explicit formula for the
determinant A/ defined in (2.1) with (5.1)

=3 [ oo =i )y () EEDEL L),

sel=lk=s4]

°

Substituting into proposition 4.7 we obtain the following expressions for the
absorption probabilities, starting from statei , for 1<i,j <L are

(1-i+L) i
B, =xTiFo) g - .
T M gy

6. Conclusions. Closed form expressions for the entries of the fundamental matrix of
the general MC-RW with absorbing boundaries have been presented using matrix

theory in which the transition probabilities are p,, =4,,, p, ,, ;=040 =,

Pu=PBPy1=9,yPy =1, Py =p,,With p +r+q,=1-a, p, +1r, +q, =1- 3,
0<e,f<l,and p, +r, +q, =1 for i €{2,...,L ~1} . This leads also to closed form
expressions for the mean number of step before absorption, the mean time to absorption as
well as the absorption probabilities, for any initial state i , in the two cases (1)- when the
states placed on a ring network and (2)-on one dimensional lattice segment, casea = 0 = B.
The results are generalizing previous works. Explicit expressions are also given for certain
models. The present results are especially useful if, for example, the absorption time or
the absorption probabilities for a specific initial state are of interest because only few
entries of the fundamental matrix must be determinéd in this case.

Appendix. Proof of Proposition 4.1.
Formulae (4.1) and (4.2) follow immediately from Theorem 2.1 after inserting

py i=1 g i=2,.,L-1 no =1
p; = , g = I=L Yor = i=2,.,L~-1°

p i=2,.,L-1 q;
r, di=1L
and solving the following corresponding difference equations: ~ ~
A =(1-r)A, —qpA] . 2<isj<L-1 (a)
Al =(1-r)A™ —gpAl2, i=3.,L-1 ()
Af =(-r)A " - 00777, ©
—(l r)A,+1 quHz, i=rL-1..,21 (d)
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aclone of L (7 =1, p+qg =1), proliferating cells is then found as the solution of a
gambler’s ruin problem:
PL) = [q/p:!—l _
la/p] -1
This probability shows that
()] for p > 1, the probability of exceeding L cells is nearly independent of L ,

being given by (2p -1)/p,

(i) for p <1, probabilities are exceedingly small unless L <10 , and

(iif) in the region of selective neutrality, p 0 1, a wide range of probabilities is
found depending on the precise values of p and L .

(cf. Feller (1968), Bell (1976), Beyer and Waterman (1979) and El-Shehawey (1994))

A second biological model that also leads to a birth and death process is applied to
an example taken from genetics.

5.2 Application to a genetic population model

We consider a genetic population model consists of a constant number of
individuals and the state of the population is defined by the numbers of the various
genotypes existing at a given time. The birth-death model postulates that at each unit
of time, one individual is chosen at random to die, and is replaced by a new individual
whose genotype is determined at random from those existing before the death. Thus
the number of individuals of a given genotype-the state of the population-can take any
of the values 0,1,...,L , and can change by at most unity during one birth-death event.
This model was introduced by Moran (1958). Actually, Moran considered as well the
more general case when gene mutation was allowed. Here, if mutation is assumed
absent, all individuals will eventually become of the same genotype because of
random influences such as births, deaths, mating, selection, chromosome breakages
and recombinations, i.e. there is no source for new genes, and once all individuals are
of the same genotype the population state remains unchanged thereafter. The
population behavior may in some circumstances be approximated by a MCRW with
absorbing states, ‘

The transition probabilities are (see Moran (1958) with a new notation), for

i,j = Oslr";L s

Pua =Py =i (L "i)/L 5
py =1-2i(L-i)/L, ;.1

The states 0 and L are absorbing, those in-between are transient.

Eigenvectors of the transition matrix P = ( p; ) , in terms of orthogonal polynomials,

and other properties have been studied by Watterson (1961).
Using the fact

Py =q; =P; =Py =1 (L _i)/L2 s
we get

(ié\?a
~3



(4.29)

( ) L~
(11) (L) i, prqg
a- -
r=q7 ar -l (4.30)
i(L+1-1) .
) p=q
. 2
and ,
L4l-i i L41-i v
a -1 a’ =1}a
‘“LTr“‘i“’P¢q’“=P/q, ( “? P tga=plq
Bom a & BL+I= a ‘“"1
L —-j+1 _ . i
L+1 P q. : 71 po=q.
“4.31)

These results, in the case p+g =1 agree with that of Kemeny and Snell (1976), and
Tosifescu (1980) (see also Wittenburg (1998), and El-Shehawey (2008), , (2008),,).

5. Applications

The present results are especially useful for studying many diverse areas, not only
in computer science and engineering but also in other disciplines such as
mathematics, probability and statistics, operation research, industrial engineering,
electrical engineering, agriculture, economics, demographic, education, biology,
genetics and so on. For example we consider two mathematical models for growth of
cancer tumor, and genetics,

5.1 Application to a Cancer Tumor

The first mathematical model to which our result in formula (4.31) has been
applied concerns the growth of a cancer tumor. A tumor is a non-inflamed abnormal
mass of tissue. A cancer tumor is thought of as arising from one wayward cell that has
lost the ability to control it self. This is the model used for certain simple cases. The
wayward cell starts reproducing without regard to the presence of other cells. The cell
progeny may all die before catastrophe overtakes the host organism, or may produce a
family tree of descendants (called a clone) large enough to be noticeable to the host
organism, in which case the descendants become a tumor. It is the tumor that is

noticeable, not the early cells that died without progeny. It is of interest to estimate
the time it takes for one wayward cell to reach tumor size. For information refer to the
articles by Bell (1976) and El-Shehawey (1994). _ _

In order to estimate the probability and the time for a single cell to become by
chance a macroscopic clone. Consider a birth and death process in which each cell has
probability p (0 < p <1)of dividing to produce two identical new cells, probability
r=1-p-q to stay without change, and probability g of dying or of becoming
irreversibly committed to a non-dividing state. For normal cells in a tissue that is not-
undergoing net growth, p =1. The probability, P(L ), that a single cell ever becomes
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Consider the periurbed particular case Py, =0y, Py, =0, 0, Py =40, =7
Pin=p, for i e‘{Z,.n.,L =1y, p+r+qg=1,py+r+q, =1, and p, +r, +q, =1.
Formulae (4.20)- (4.23) can be written as:

ng%, j = j = ]
1 ID4Yp 2p,  i= 128 jEL- 1 k
A +;.z é L (4.24)
Dy { ot ?, i=1j=1L
(DLDI P/ 128 i L jEL- 1
S(D5 D] )28 jEiE L1
! 2, = L,j =1
y = 5“2”;5%,?1 e l / , : (4.25)
ViID{" q,q™ /", i=L2£ jE£L-1
D{J-l’ s J =
r L 1o B j~2 4L .
Ay +pip™ "+ X pip’ AL, i=1
j:
T=—1L~< ZA b Tlg ¢ Z AbaaTp T, 2<i<L-1,  (426)
Ay =i+l
L1 A e ;
A" +q19” 7+ 2 q,97 7 AT, i=L
g j=2 ,
ALY, =l 2 i=1
By = %L_ A'L“q ,2si<L-l,and B, = ZL AHPL_' 2<i<L-1, (427
1 - Y .
quL 2’ i :L A[ ) 1 =L

where D , AF , AL, A,]-’ , and A{ are given as in Proposition 4.1.

Formulae (4.24) and (4.25) agree with that of Wittenburg (1998) (case 4, # A, ), (see
also El-Shehawey (2008),).

Explicit expressions for formulae (4.20)- (4.23) can be obtained for the homogeneous
CasePo; =00 s Pryij = OLuysLiit =4>Py =V s Py =P ol 6{1’2’""['}’17 +r+q =1,

as.
f(al,—iu_ /—/)( /_1) ‘ : -

, IS/, p#tqg,a=
Ry P LT Jip#g.a=plq

(aL-—IH _ l)(a’ _1)’
q (a - ])(ax“l - ])

(4.28)

izj,p#rqg,a=plq
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b e

ny = s=0k=s5t] - k=1 k=i , (418)
(.2411‘
J-v -l s i
i H  [14x -1 Zo HlPk quk
T= Z S=0k=s;l k=1 Z = k-s+ = I-ka
J=1 qu -"=l+l qu k =i
k=] k=]

i~ -l s
> 11 P [Tax L-1

,}_.S'—-Ok-sﬂ1 k=1 Hpk , (4‘19)

H‘Ik k=t

and the absorption probability at the origin is Bo =1.

4.5. General One-Dimensional Lattice Segment MC-RW Between Two

Absorbing Barriers
Consider a one-dimensional MC-RW on the nonnegative integers with absorbing

boundaries at 0 and L +1 which has transition probabilities p,, =0y, > Praj =OLa1)»
P, =q,, Py =t,,and p,, =p,,where p, +7, +q, =1 for i €{1,2,...,L}. In this case
Q =T is a tridiagonal matrix of order L . The following results are immediately
followed from Theorems 2.1, 3.1, and 3.2, with a=0=4.

Proposition 4.7. Closed form expressions for the expected number of occurrences of
state J prior to absorption, the expected time to absorption, and the absorption

probabilities, starting from statei , respectively, for 1<i,j <L, are

v DL ])I-lf‘l
E

ny = B (4.20)
Df+1Di,.| : Py
r YRR skl
i ) i i-1 L j-1
r..AAzZI p2 A{-lkn a5 +.4_LL_—Z Afﬂl'lpk , 4.21)
=] =j+1 1 j=i+l k=i
i A' -l ‘
1+1 qu ; and B, = Hpk , (4.22)

where

J 7 § =~
2 ( IT p. )(qu} 1<i,j <L 4.23)
k k=i

s= =1\ k =5+l
Formulae (4.20) with (4.21) agrees with that of Rudolph (1999) (see also Usmani
(1994), and El-Shehawey (2008),).
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5 Loy L $

g 4, 5% T Lot N FORV-YO-Y: -
sao[,;yurk k=1 LY P k=t R for i £ ] - (4 14)
fy = L1 L s ;Jﬁ’pk Ao L& T
= f

b

s=0k=5s+1 k=1

4.14)

L1l 5
Z H Py H 9 :
B, =ithosl kel | (4.16)
Z() kH 1 pk ﬂqk
Formulae (4.14), and (4.14), agree with that of Rudolph (1999) (see also El-Shehawey
(2008), ).

4.4. General One-Dimensional Lattice Segment MC-RW Between a Perfectly

Reflecting and an Absorbing Barrier
Consider a one-dimensional MC-RW on the nonnegative integers with absorbing barrier

at O and perfectly reflecting barrier at L with transition probabilities p, ; =005 Py =9,
py=r,adp,,=p ,q; =1,where p, +r,+q, =1 for i {l,2,...,L —-1}.The
following results are immediately follow from Theorems 2.1, 3.1, and 3.2, with
¢=0,f=0andq, =1.

Proposition 4.6. Closed form expressions for the expected number of occurrences of
state j prior to absorption, the expected time to absorption, and the absorption

probabilities, starting from state/ , respectively, for 1<i,j <L, are

@.17)

=

£
N
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4.2, General One-Dimensional Lattice Segment MC-RW Between Partially
Segregating-Partially Reflecting and an Absorbing Barrier

Consider a one-dimensional MC-RW on the nonnegative integers with absorbing barrier
at 0 and one partially segregating-partially reflecting barrier at L which has transition

probabilities py; =6y, Py =4,, Py =t and py g =p;, 1y +4q, = 1, where

p, +r +q, =1 fori €{l,2,..,L ~1} . Inthis case Q =T is a tridiagonal matrix of
order L . The following results are immediately follow from Theorems 2.1, 3.1, and
32,witha=0=f,and r, +q, =1.

Proposition 4.4. Closed form expressions for the expected number of occurrences of
state j prior to absorption, the expected time to absorption, and the absorption

probabilities, starting from state? , respectively, for 1<i,j <L, are

i-1 d-1 $ J-1
{ r” R e R | :
s=0k=s+1 k=1 k=i
Py =TT s (4.12) ,
Ui jo  apPi—gia i*j
k=1 s=0k=s+1"" k=1
Jj=1j=1 s

i-1 - 5

Z H Pk HQk L Z H «Ilan 4

Z._Zs-—Ok—sH k=l 4 3 520 }» k =1 I‘[ 4.13)
J=l qu cf =il qu ' k=i

and the absorption probablhty at the origin is Bo = 1 .

Formula (4.12) agrees with that of Rudolph (2001) (see also El-Shehawey (2008), ).
We see that with the appropriate change of notation formula (4.13) in the homogeneous case

g, =q.r,=r,p,=p, ke{l,2,.,L}, and p+r+q =1 agrees with that given, for
example, in El-Shehawey (2000, and 2008),, Neuts (1963) for the symmetric case p =q ,
1<i <L, and for the non-symmetric case p #qwhen i =L, with r, =8, ¢, =,
@ + [ =1, The latter solution contains an error which is corrected in Hardin et al. (1970),
and in the special case ¢, =g, and r;, =0 with Weesakul (1961), (see also Cox et al.
(1965), Feller (1968), Srinivasan et al. (1978), Iosifescu (1980)).

4.3. General One-Dimensional Lattice Segment MC-RW Between Partially
Segregating-Partially Absorbing and an Absorbing Barrier

~ Consider a one-dimensional MC-RW on the nonnegative integers with absorbing barrier
at 0 and one partially segregating-partially absorbing barrier at L with transition

probabilities p,, =8, py.y=4,, py =t;,and p,,,=p,, p; +r, =1, where

p, +r +q, =1for i €{1,2,..,L ~1} . The following results are immediately follow
from Theorems 2.1,3.1,and 3.2, with @ =0 = f,and p; +r, =1.

Proposition 4.5. Closed form expressions for the expected number of occurrences of

state j prior to absorption, the expected time to absorption, and the absorption
probabilities, starting from state i , respectively, for 1<i,j <L, are

52




7‘\}{5&“@5% £ )’ A

(= )p" =g )+ (=r) =r)=q,p)P" -¢")

1

Ay =

T Lt R A | R CR)
;1
A =] p =g ) —gD] i= 2L (4.5)
p-q
Af-: s (pl,~1+2 _g "”2)4«(7*mrL)(pL“i*‘lvqu"i*l)],i<—= Lo 121
p-q ‘
(4.6)
A{z;%;[pf””%qf“"”], 2<i<j<I -1 4.7)

Proof. See Appendix

Proposition 4.2. Closed form expressions for the expected time to absorption given
the initial state I ,1<i <L, are

b D | s
Az +p1p +aA2 +Z(p,p Afﬂw,quql J lAé ),41=1

0 i= @
AT vqrgt e pabe '+Z(q gt A ppyp? 2A,+1) =L
J=2

and for 2<i <L =1

3 S\ gl R i

e L (had - petiing o' gt ) +

Jj=l
U & (4L ainl Lti=j=2
A ((A 114 ﬂaAj-H )Pj +aA,+1q q 4 ), (4.9)
J=t
where D | AF . 1 ; A}L , and A{ are given as in Proposition 4.1,
Proposition 4.3. Closed form expressions for the probabilities, Byand B, ., of

being absorbed at the boundary states 0 and L+1 given the initial state i ,1 <isl
respectively, are

A§> i=1
B. =L)AL Al R
0= mq A p Y 25i<L - (4.10)
quL_Z“‘,BAz_, i=1L
and
o anl, i=1
BL+1-"1')“A‘L" M7 vanflgg' TP 2<i<L -] ﬁ’:«»q‘, 4.11)

1 s

where D, AF, - A{‘ ,and A/ are given as in Proposition 4.1.




i

:
o
i
o

The 437 Annval Conference on Stalistics, Lompuier Sciences and Gperations

Substituting from (2.8} wito (3.6) and (3.7) we get

(Afa D~ pat Az)H qi + OBy iﬁ Pk ﬁpk

Bo =4y k=1 k=i (3.8)

[-af~ﬁazs5**~ﬂnpk—anqk]

=1 k=2
and
- i1
(AL+1A1 L pongiinh )Hpk ranly Hka H q

Bry=pL k=2__k=L+l =~ (39)

AL ~ pany™! ~ﬁHpk -quk

k=l k=2

k
Since Ay =1,43 =0,4%,, =1,A%71 =0 and T] () =1. Formulas (3.4) and (3.5) can
k+1
be easily obtained from (3.8) and (3.9).

i

4, Particular Cases

Many interesting results can be introduced from the present results through an
appropriate choice of the transition probabilities and the boundary probabilities.
Some examples are listed below.

4.1. Perturbed MC-RW Around a Ring Network
The model presented in this subsection is a perturbed MC-RW around a ring network

which has the transition probabilities po, = 0, ;Puu =0, P =P =P, Py =4,
p,=r, and p, =p, for ie{2,.,L-1},p+r+q=1 with p +n+q =1-a,
p,+r,+q, =1-f, and 0<a,B <1. In this case Q is a perturbed Toeplitz periodic

tridiagonal matrix of orderL , in which the boundary elements are different from the
remaining elements. The following results are immediately obtained from Theorems
2.1,3.1, and 3.2. '

Proposition 4.1. Closed form expressions for the mean number of visiting state j from
statei before absorption, forl <i,j <L, are

DY, i=j=1
{§DE, p7" 2p + aD} g gt oY, iz el
ny=—- .
D¥pipl- 24+ ank- 1, i=lj=1
(DL, i1+ baDkilDh 1)pI- 1 4 aDiilqr gt U*Dogis L. LigjE L
and
(DFDf" '+ baDl; D4 V! T + 6D pip - WD a8 i L- 118 8
1}qrgt 2+ 05", i=Lj=1
WD Lot enlel 2 (4.2)
D{" ‘qrg™ /" 1+ DY {mp’ 2, i=L2£EL-1
DIL- lr ‘ l.=‘j=L
where
AL L-1 L-2 L~2

n
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3. Probability of Absorption and the Mean Time to Absorption
Let N, (n) be the number of visits to state ; by time » given that X o =1 then

{N y(n)nz 1} is a delayed renewal process. A renewal occurs whenever the process

enters state j . For transient states i and j . Let n, =E [N ,.j(oo)] be the expected
total number of time periods spent in state j , starting fromi . Therefore n, is the
mean number of visits to transient state; from i before the particle enters any
absorbing state. The probability of ever visiting state ; , starting in statei , is given by
/s =(n,.//njj). Let f =min{k 20:X, €{0,L +1}}. Then E[t|X,=i]=7, denotes
the expected absorption time for a MC-RW starting at the state i where 7, is the i th

entry of vectorr =Ne . Thus, 7, is just the sum of all entries of row i of the

fundamental matrix. Note that in the general MC-RW model on a ring network the
mean number of visits to transient state j from i before the particle enters any

absorbing state is given in Theorem 2.1.
The next theorem is immediate from Theorem 2.1 and the fact

St 3 G.1)

J=1 J=iwl

Theorem 3.1. The expected time to absorption with initial state  , 1<i <L is given
by ‘

i j-1
r=i‘[2[( IAI_I) H qy = Panf A H 9k +ﬂAJ+lHPk Hp"}

J=1 k=j+1 k=j+]

L
+ > [( TaAT - ﬁaAH-lAZ-l)Hpk +ab] ] qu H gk ]J . (32

J=i+] k=2 k=j+41

where A{ is given as in Lemma 2.1, and

L-1 L
A=A1L -ﬂaAé”'—ﬁkI}lPk _akl——‘[zqk' 33

Theorem 3.2. The probabilities, B oand B, ., of being absorbed at the boundary
states 0 and L+1 given the initial state i 1<i <L respectively, are

Bo=z[ 1+IHQk + By Ay Hpk] (3.4)
k=i /
1
Bry "X(Al 17k +opLaf; H‘MJ (3.5)
k=i k=2

where Alj and A are given, respectively, as in Lemma 2.1, and (3?3).

Proof. Let B,, and B, , are, respectively, the probabilities of being absorbed at state
0 and L +1 given the starting state ; , then for 1<i <[,
By=Pr{X, =0|X,=i}=n,.R,, , (3.6)
B,M:Pr{X,=L+1{X0=i}=n,,I.RLLH. (3.7)
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J
=] pe- (2.13)
k=i
Dividing both sides of equation (2.12) by the solution (2.13) , it is easy to see,

J
114,
. s=i

J J-l

& A e 6

J J-l J

Hpk ﬂpk Hpk

Replacmg Jj -1 mstead of J in equatlon (i), we get
j-1

AL A2 S]:[’qs (ii)
F e Y B
I[1re IIp. H
k=i k=i =i

Replacing j —2 instead of j —1 in equation (ii), and repeating this pfocess until
reaching to the following equation

i
IBER
Lsmd .

. i
A . A, = (iii)
1 1=1 i
H pe Il ps H Dy
k=i
A further replacmg i —1 instead of i in equation (iii), we get
Al Ai2 H qs
d i (@iv)

i-1 )
Hpk HPk HPk
k=i k=i k=i

Summing the equations from (i) until (iv), finally we get, a particular solution of

@2.12)as |
(pk )Z (E(pk D (2.14)

From (2.13) and (2.14), the genelal solutlon of the difference equation (2.2) is

! ~gH(Pk) H(”")Z( (pk )]

k=i
where g is an arbitrary constant which can be determined from the initial condition

‘ A;_l =1, we get g =1. Then the general solution will be

A{=f1(pk)+ﬁ( )2(13(“‘)} e

k=i k=i s =i
which can be simplified to obtain (2.9).

Formula (2.9) can also be confirmed by induction.
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b, ko= \
R (R ’M’f, k=i +1i+2,..,/,
Vi1 A
1-—r-, k =j
&, = ' P4 ’ (2.7)
O )AL k= o= 2,
k+l

Proceedmg as in El-Shehawey et al. (2008), (Theorem 3.1), with n = L a, =1-r,
i=12,.,L;c; =-p;,i =L,2,..,L~1; d; =q;,i =2,3,..,L; d;=a and
¢, = 3, the elements of the inverse (I ——Q) can be computed according to the

following theorem;
Theorem 2.1. Let O be given as in (1.3). If (1 —-Q)~1 = (n,j ) _exists, then

9 .
(D§+1D{.l- bHDj+lD’ I)(ﬁ*—:‘f—-ﬂD—r‘_’——-q.k__@p
: k=i k= k=j+1 N N
g T 7 L‘l o B &
g){“ - bﬁD%'l- buqz*_-_a.__q.,q.a .
= e k=1 k=2 { (2.8)
n,j s j 1
(D1+1 ) b3D1+1DI l)u“@-k—i—mﬁd—-ﬂk—@*é
=+ k=1 k= s
¢ L-I I 3 s 12
g)f‘- baD% - buqz,léa_.q.;@'
8 k=1 k=2 4

where the sequence of determinants {A{ } is computed by the three-term recurrence

relations (2.2)-(2.4).
With the assumptions that p, +7 +q, =1,2<i <L -1,0<p; +r,<1,and 0<q, +r, <1

explicit expression for the determinant A/ is obtained in the following lemma.

Lemma 2.1. :
T+ 1160[T6) e
k=i s=I\ k=s+| k=i

Proof:

Under the aésumptions g1=1-(p,+n), and p; =1-(g, +r,), we can generalize the
condition p; +7, +q; =1 from 2<i <L -1to 1<i <L, and the relation (2.2) will be

reduced to

. - 1 -
(&7 =p,al ) =g, (&1 - p, 180 7%), (2.10)
From (2.4), R
Al =1-r, AT =1, @.11)
The difference equation (2.10) using (2.11) can be solved by a simple iteration as:
. . S .
A -p,alT =T1]q, . 2.12)

S =i
The general solunon to the associated homogeneous equation for (2.12) is

i
1
|
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fundamental matrix N = (n p ) . which equal (/ Q} , where / is an identity mairix,
’

and 0 is a periodic tridiagonal matrix of order L :

(v p, 0 o 0 a ]

g, r, P, . 0
0=0(@r.pgih)=|0 - o . (1.3)

0 i Ta Pro

80 - 0 q, 1

The matrix 'Q =0 (a; YerPisdys ,B) is called tridiagohal if @ =4=0, and denoted

by T, thatis T =T (r,,p,.q,) =0 (0:;7,,p,,4,:0).
Each entry n, of N gives the mean number of times starting in state i that the particle
moves to state j before being absorbed. The mean times to absorption are given by the

row sums of N, displayed as a vector 7. Thus 7 = Ne , where e denotes a column
vector of all units. The probabilities of being absorbed into a particular state are given
by the matrix product B =NR, where R is the lower left part of the transition
probability matrix P .

2. Closed Form Expressions for the Fundamental Matrix
Determinant, A/, in the following form shall be considered here:

- - p 0 L L 0
“Giv1 - %y -py O _AM
5. /2 0 o0 o o0 M | @1
o M 0 0 0 6) 0
M 0 -qj-l 1' ’:j.l 'pj-l
0 L L 0 -q; l-p

By expanding the determinant A/ the three-term recurrence relations may be easily

derived
‘ Al =(1-r,)A" ~q,p, A7, (22)
and
Alj = (1 - )Aljn ~4P; A;,+2 ’ (2.3)
where :
l=r, i=j A
Al =11, i=j+1 (2.4)
0, i2j+2

Following for example, El_Shehawey (2008), (see also Meurant (1992), and Usmani (1994)),
it is easily to verify that the solutions of the recurrence relations (2.2)-(2.4) are

A =TT, and & =TT6e: 2.5)
k=t k=i

where
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(a) - The particie starts from the staie [ , { & i 'i,,?,,‘.‘,L}s

(b) - From the current staie k, &k ¢ {2,...,L »«1} the one-step transition can
occur only to one of the states k ~1,k or k +1 with respective probabilities
qi-ty and py, p, +r +q, =1,

(c) — When the particle reaches the state &k =1, the one-step transition can
occur only to one of the states 0,1,20r L with respective probabilities

qp,h,p and a, a=1-(p +r+q,),

(d) - When the particle reaches the statek =L, the one-step transition can
occur only to ‘one of the states L-1,L,L+1orl with respective
probabilities g, ,r,,p, and 8,8 =1-(p, +r, +q,).

This corresponds to the situation when, at the states 1 and L , the particle is
either lost from the system with respective probabilities g, and p, or turned
back with respective probabilities 7, p,and « to the states 1,2 and L or

¥, ,q; and B to the states L,L —1and1, and reduces to the problems of MC-

RW on a ring network.,
Such model is a generalization of many particular MC-RW. problems,

depending on appropriate choices of the probabilitiesr,, p,,7,,q, ,& and j.
The general MC-RW is a stochastic process{X, :k 20}, with state space
{0,1,...,L +1} and transition probability matrix P :

10 P 0 0
qyonpy 0 0 a RN (1.1)
0., n pp 0 ‘
0 . :
P=
! . 0
0 “ooqua fyopry O
0 - B 0 0 gy opy
0 o R 0 1

such that Pr {X,‘+1 =7 |Xk =i} =Dy, fori,j=0,1,..,L+1, X, represented the state

of the particle at time £ . P contains all the information on the geometry of the ring
network and the kinetics of the MC-RW. Consequently, any information on the
behavior of the MC-RW should be derivable from.the properties of the transition
matrix P . '

The purpose of this paper is to find closed form expressions for the expected
number of visits to each state before absorption, the mean time to absorption as well
as the probabilities of being absorbed into different absorbing states for the MC-RW
model. This work is a generalization to previous works; it is apparently not covered
- by the literature, '

The matrix P defined in (1.1) can be written in the following canonical form:

110 .
P R i— ol (1.2)
It is well known that (cf. Kemeny and Snell (1976) and Iosifescu (1980)) in order to
find the quantities we are interested in, the key quantity to calculate is the
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ON ABSORPTION PROBABILITIES RANDOM WALK

El-Shehawey, M. A. and Al-Shreef, Gh. A.
Math. Dept., Damietta Faculty of Science, Mansoura University
"Damietta Branch", P.O. Box 6, New Damietta, Egypt.

Abstract
Presented is a more general form of Markov chain random walk with absorbing bamers

has the transition probabilities po; =8y, Pru, =00, Pu =, Pu=F, Pia=4;>

Py =t Pin=p, Pthtq=l-a, p +r+q, =1-p, 0<a,f<l, and
p,+r+g, =1forie {2,...,L —1} . Theoretical formulae are given for the mean number of

step before absorption, the mean time to absorption as well as the absorption probabilities,
when the states placed on a ring network and on one dimensional lattice segment. The results
are generalizing previous works. Explicit expressions are also given for certain models, and
two simple mathematical models in biology are discussed.

Key words. Transition matrix; Markov chain-random walk; Fundam‘ental’ matrix; Mean time
To absorption; Absorption probabilities
AMS subject classifications. 60G40, 60J80

1 Introductlon

Markov chain random walk (MC -RW) is of great interest both for its central
position in the theory of stochastic processes and because it has applications in very
different research fields, including theory of potential, statistical field theory, structure
of matter, biophysics, population biology, robotic, economics and others. Despite its
long history, novel aspects continue to surface. For comprehensive treatments of MC-
RW and their applications, cf. Bhat (1961), Weesakul (1961), Watterson (1961),
Parzen (1962), Neuts (1963, and 1964), Cox and Mlller (1965), Feller (1968), Hardin
and Sweet (1970), Kao (1974), Kemeny and Snell (1976), Srinivasan and Mehata
(1978), Beyer and Waterman (1979), losifescu (1980), Percus (1985), Grimmett et al.
(1987), El_Shehawey (1994, 2000, 2008a , and 2008y, ).
Higham (2003) studiéd the small-world properties of the ring network when it is
reformulated as a Markov chain. Specifically, the initial ring network is identified
with a one-dimensional symmetric periodic random walk. He analyzed the Markov
chain model by combination of matrix perturbation theory and finite difference
approx1mat10ns to an underlying boundary value problem.
Catral, et al. (2005) investigated more explicitly, via purely matrlx-theoretxc methods, the
Markov chain of the small-world properties of the ring network. He followed the
terminology and notation of Higham (2003).

In this paper we consider a particle which executes a MC-RW on a ring network.
The choice of a ring network instead of the more common MC- RW on an infinite long

. straight line is made for mathematical convenience, similar to the use of periodic boundary

conditions in solid-state physics (cf. Franceschetti et al, (1998), and Kemeny et al. (1976)). A
ring network consisting of L states labeled],2,...,L , governed by two absorbing barriers at

Oand L +1. The states O and L +1 are placed outside the ring network. The model proceeds
according the following assumptions:
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Geoy, Geoy /Gl A Geo/G/1 queue with two types of arrivals.

GeoM /G /1 A Geo/G /1 queue with batch arrival.
GeolXl /Gy /1 A GedX1/G /1 quene with multiple types of service.
Repair time The time it takes the server to return to work after

breakdown and repair.

Multiple types The server gives the customer the opportunity
of service to choose his service time distribution from a pr e—sp(,uﬁed

set of dmtmbutlons.
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Pig. 4. The mean wait time in the system versus v for different 6.

also the probability generating functions of the orbit size and the system size

distributions and this yielded expressions for the main performance charac-
teristics of the system. The effect of different system parameters on the main
performance measures was illustrated numerically.

The present work was a step towards extending the theory of discrete-time
retrial queues with an unreliable server. We were concerned mainly with the
generalization of the Geol®! /Gy /1 retrial quene with feedback to the case of
o server with starting failures. We intend to make a similar treatment for
a server subject to breakdowns. It remains to consider other features such
as: impatient customers, waiting room existence, finite population, multiple
servers, ...etc. working with an unreliable server.

.A ppendix A

Notation . Description

Geo/Geo/1 - A single server queue with geometric inter-arrival
times and geometric service times,

Geo/Geo/c A c-server queue with geormetric inter-arrival
times and geometric service times.

Geo/G /1 - A single server quene with geometric inter-arrival
, times and general service time, '
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5 Closing remarks

We have discussed a discrete-time GeolX /Gy /1 retrial queue with feedback
and starting failures. Retrial times are independent and have_a common geo-
metric distribution. Early arrival scheme was assumed to control the system
evolution. Using supplementary variables technique, this queueing system was
modelled using a Markov process. The generating function of the stationary
distribution of this process was derived. Based on this result, we obtained
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of a feedback, decreases the probability that the server is 1dle while mcreases
the probability that the server is down because feedback imcreases the working
Joad. However, results of Figures 1 and 2 show that (1) is more affected
by changing v than ©M(1,1). In fact, Corollary 6 implies that this conclusion
is valid in general. The expression of »©@(1) has an added term (2L) that
depends on v. On the other hand, Figures 1 and 2 reveal that @ has an equal
(but. inverse) effect on ©O(1) and ©1(1,1). Decreasing the server reliability
(by decreasing the value of 8), clearly increases the probability that the server
is down (M (1,1) which implies an equal decrease in the probability that the
server is idle ¢ (1) because the probability that the server is busy P (1,1)
is independent of 6 (as appears from Corollary 6). Moreover, the effect of the
server reliability on the stability region regarding v is illustrated in Figures 1
and 2. Decreasing the value of ¢, decreases the server availability and this
implies a noticeable reduction in the maximum allowable feedback probability
v* especially for small values of 0.

Fig. 1. The probability that the server is idle versus v for different 0.

Figure 3 depicts the behavior of the mean orbit size with parameters 0 and v,
It is assumed that g; = 0.5 and & = 2. Clearly, E(N) is an increasing function
of » due to the increased working load caused by customer feedback. On the
other side, B(N) is a decreasing function of ¢ due to the decrease in the orbit
joining rate when the server is more reliable (@ — 1). The mean orbit size
diverges when v tends to the upper limit of the stability region.

Figure 4 depicts the behavior of the mean wait, time in the system W with
pearameters § and v. We assume that gy = 0.5 and & = 2. Decreasing the
probability of a feedback, decreases the mean wait time while decreasing the
probability of a successful start increases this time, | '
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(2) The mean orbil size is given by

E(N) = /(1)
2(py + Lpiy + 2pipn) + PEa(5Bun + B.0) + PPEH LBy + B.a)
2(v ~ p)

(3) The mean system size is given by

E(L) = &/(1)
P2 2pm + ) + PP (G + B.0) L Eh
2% - p) iz Grh)

(4) The mean time o customer spends in the system (including the service
time) is given by
E(L
W= ( )
»

4 Numerical examples

In this section, we present a numerical study to illustrate the effect of different
parameters on characteristics of the present queneing model. It is assumed
that the arriving batch size follows a geometric distribution with arrival rate
P = 0.1. The repair time is assumed to follow a geomelric distribution with
mean 1. There are two types of service whose distributions are geometrically
distributed with means 1 and 2. It is also assumed that r = 0.25. For the
system to be stable, the parameters # and v are chosen to be in the intervals
[6",1] and [0,v*], respectively, where

§* = P& B
P& (B — Ba) + 0
and
vt=1—=p

We consider four performance measures: the probability that the server is
idle ©'(1). the probability that the server is down @ (1, 1), the mean orbit
size E(N) and the mean time a customer spends in the system W,

In Figures 1 and 2, (1) and ¢(®(1,1) are plotted against v for different 0.
We assume that g, = 0.5 and ¢, = 2. As expected, increasing the possibility
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it casy to show that F(z) > 0for 0 <z < 1ifp <.

Tt is well known Conway (1978) [16] that the infinite product [I52, (1 + F(r*z)]
with positive terms F(r*z) converges if and only if the infinite series 332, F(rkz)
is convergent. The convergence of the latter is obvious since

AT
}irn M =7 <1,

The proof of Theorem 4 is now completed.

Based on Theorem 4, the generating functions of some important distributions
can be derived. They are summarized in the following corollary.

Corollary 5

(1) Let N be the number of customers in the orbit with generating function
U(z). Then

U(2) =60() + 9" (1,2) + (1. 2)
=D
0251(n) + 0(0 +v2)S(n) —z" 7

(2) Let L be the number of customers in the system with generating function
O(z). Then

(2) = pV(2) + (1, 2) + 2¢0(1, 2)
_ b —=)uS(n) 0O)(2)
BzS ) + 0@ +vn)Sm -2

The following corollary presents some performance measures of interest.

Corollary 6

(1) The server state distribution is given by

PlIdle]=¢@(1) = 7—’ ; P,
P{Busy) = p(1,1) = 2,

P[Down) = o(1,1) = %1-
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Substituting for (p(lm (#) and goﬁl)(z) in (11) leads to
= Si(x) - Si(n) 1-C(2)
(g 2) = pdy>L 1(n) _

v(e,2) = pos x—n  0z28/(n) + 0T +v2)S(y) — 2
To evaluate !9 (z), we substitute in (6) for gogu)(rz) and wgl)(rz) as given by
(17) and (18). This yields

wp®(z).  (22)

Orz8)\ () + 0(0 + vr2)S(7) — rzi

i0rz8:(7) + 00 + vr2)S(i) — r2]* 0O (rz), (23)

P2) =
where 7} = p 4+ pC(rz) = 1)), Hence,
() = G(r2)p ) (rz). (24)
Applying (24) recursively, we get

09 (2) = p(0) ﬁ G(r2).
k=1

Setting z = 1, then

o)
©0) = .._S.’i____._ 95
From the normalizing condition
PO + 01, 1) + p(1,1) = 1, (26)
we get
W01 = —£,
Hence, i
0= pITie, G(rtz)
©,) — 0 - plli2, _ 27

The remaining point is to prove the convergence of the infinite product
[1%2, G(r*z). This product can be rewritten as :

[1 GC*2) = T][1+ F(r*2), (28)

k=1 =]

where -
2 = C(2)[025,(n) + 07 +v2)S(n)]

_ ).
n[0251(n) +0(v +v2)S() — 2]
Using Lemmas 1 and 3, and the clear inequality

F(z) =

nz = 2C(2)08,(n) — C(2)(D + v2)0S(y) > nz — 208, () - zOS(n) '

= z[0(n - S()) + 8(n - S (m)
>0,
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T ) L Dz
‘“‘“i;‘“i P (i, 2) ﬁ"l“@ltbhw:}wi«m o () + ll(iqhbhu} <p€”( z)

12)
1-C : (
- P 0(]11‘911 (a')w;“("{)— (P(O)(’?) 77‘10() )( )
~ Summing (12) over h, then
7 7+
(e, 2) =n05() 22 ~ 1)) +18S(2); i1 ()
’ -0 o (13
- pos() =23 g0,
Setting « = 7 in (11)-(13) yields
| pBS()(1 — C(2)p" () =Bn(® +v2)5 (n)p}(2) (14)
+n(@81(n) = Dt (),
\ 1-C T+
p0a5(n S C 40) (02 22,5,y (2) -
+7= ‘Ihsh(ﬂ)‘/’x o) - mel(s),
1-C(z ;
7’05(7’)'(_”?("’)") ©(2) =n(0= =22 5() - D" (2) O
+‘n;s<n)so§’-)<z).
Solving (14) and (186) gives
(Y pO(1 — C(2))S(n) ()
o (2 = n[025\(n) + 0(8 +v2)S(n) — z]\P (), (17
(M, pOz(1 ~ C(2))S:(n) )¢, 18
7 = s T o s = A ) 18
By substituting for ¢{"(2) and ¢{"(z) into (15), we obtain
h)( 2) = pOg(l — 0(7))Sh('7) (0)(,,) (19)

n0zS1(n) + 0(v + v2)S(n) — 2]

Taking into account Lemmas 1 and 2, then 991 )(z) oM (2) and ga(h)(z) are
well~doﬁned in [0, 1) and are extended by continuity for z = 1 if p < 4.

Inserting $"(2), ©{"(2) and oM (2) into (12) we get

(h ((L‘ 4) = 7)9 (7) - :h(n) 52’3_1 (?7) +10;5i('0—)3>5(71) _ ZIUSO(O)(?:) (20)

-

Hence,

S(z) — S(n) 1-C(2)

o ) = po _ o0 (). |
Pz = p x—1n  025(n) + 00 +vz)S(n) =2 (). (1)

34



The 43 Annuval Conference on Statistics, Computer Sciences and Uperations Research? 7-25 Dec 2008

Theorem 4 If p < 0, then the stotionary distribution of the Markouv process
{Yo,m=0,1,2,..} has the following generating functions:

. — pIIRs, G(r Z)
PoE) =5 T2, G(r)
= Si(z) — Si(m) 1-C(z)
‘(1)’12: d 1 1 _ ‘(O)v
v (@, 2) = poz x=n  025(n)+ 00+ v2)S(n) = (=),
Su(@) — Si(n) 1-C(z)
W (g 2) = plhg, 2" AN 2l (2
¥ (J,Z) roqn T —17 331(77) +0(’0+1,’Z)S(7)) - vy ( )a
where

625, (77) +6(8 +v2)S(n) — 77}

) = 2523, + 000 + 025G = 21"

PROOF. Multiplying (1)-(3) by z* and summing over k, we obtain

©0(2) = pl O (r2) + (7 + vr)p{ D (r2) + o (r2)), (6)

o0(2) = n[Bon($0(2) + (04 020 () + 60(2) + ol (2 2)]
— pOs1s (0 0(r2) + (0 + vr2)p{ " (r2) + oV (r2)),

o) (2) = n["q" " (0(2) + (0 + v2)pi ™ (2) + 01(2)) + ofh (2)]

(7)

00151+ (8)
- B——%—S-'—L(go(o) (r2) + (0 + vr2)p{(rz) + @ﬁ_l)(v‘z))‘
Substituting (6) into (7) and (8), then
01(2) = n(Bs1,1(5 + v2)p" (2) + By i >(z) + i (2)) -
~ p()—sl,,-(l - C‘(z))cp(o)(z), izl
\ U+ vz 1 )
')(z) = r)(ﬂq;, Shi Y (”) (2) + 0(1h-5h1 gog )( )+ ‘Pgl)l( ))
1_(.( ) o . (10)
s 9({/1,'911',1’_“"’:"'—7)('0 (z)7 2 2 1.
Multiplying (9) and (10) by 2’ and adding up, we get -
— Oz, 2) =005, (@) (5 + v2)l" () + (081 () - V(=) 1)

~ pSi(z)(1 — C(2))p™ (2),
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- Jet1yg
Wik =P O0qusng Y cprmoge—t + P — 757 )0qnson,imoprr
1=0

+ Bqp 9y, (Dpey ~+- vp(L =¥ )y + POl = ’”“)G%Sh,nr Lk

+ (1 — ok PZClthJrlk L PRk

=1
k
o+ (1= 8o, )pOqnsns Y (ver + Vo) g gt + P(1 — ) 0gn8) i1 1 pt
i=1
J—1

+ (1 = So4)p Oqnsn Z(';Hm Vel h=28,..Hi>1k>0,
1= ‘
(3)

together with t;]fle‘nm‘ma]izing condition

o0 H oo oo o
ILTEDIDLATED 35 39 D FASES @
k=0 s=1 fe=] h=2 i=1 k=0

where p = 1 — p and §,), denotes the Kronecker’s delta.

The following lemmas will be used during the analytical solution of the above
equations. The proof is straightforward and hence omitted. Interested reader
is referred to Aboul-Hassan et al. (2008) [4].

Lemma 1 If p < 9, then

025, (n) + 0(0 + 'uz) (n) —z>0, (5)
Jfor0 < 2 <1 where n=p+pC(2).
Lemma 2 The following limit is positive if end only if p < 5:

e C(2) __&
1 728, () + 6(1; +v2)S(n) ~2z BT —p)

Lemma 3 The following inequalities hold:

istics, Computer Seiences and Operations Research 2 .2-25 Dec, 2008 -

Si(z) <x for 0<a<l,
S(r)<a for 0<zx<1,

Clz)<z for 0<z<1.

The following theorem discusses the solution of the Kolmogorov equations

(1)-(4).
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k=0
(p,(”(z)zz:wm,kz , i>1,
k=1
oW (i, 2) =35 mypetat = Z(,a“) z)w
fm=l k=1
oM (2) = Zwmz h=23,.,Hizl,
=0
" (w,2) = Zzﬂh.kz at Z(ph) ¢, h=2,3,.,H,
=1 k=0 =
i — h) .
‘PE )(3)22'”.,1‘,!\/« Z c,o( P21,
M@, 2) = ZZM 2 = Z@(h)(‘l 2),
i=1 =0

where T_;1 = i, .4k 18 the stationary probability that, the remaining ser-
vice time is i slots and the orbit contains k customers.

The Kolmogorov cquatxons of the Markov process {Y,,,m = 0,1, 2 ..} are
given by

ok = ﬁrkﬁo,k+ﬁ’i77'k7f..1.k+(1_5o,k)17v7‘k77.‘1,k—1+(1‘5o,k)757‘k7r1,1.k, k>0, (1)

Tk ——p05“2q7rgk L+ (1 — 75)08y gmox + B8y 4(pest + po(L — N1k
i=1
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+ (1 = Sp)p Os14 Z('UCIH + sz)vr.,1,k—z—1 + po(L = ) 0sy im0
=1

k-1
+ (1= 8u)p 0815 > cmypmt + (L = 75)0s1,m1,04
=1
k1
+ (1= 8 6)P Y amy gt ot + P iv1 s i>Lk2>1,
i=1 -
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A customer who finishes service returns to the orbit to seek another service
with probability v or leaves the system forever with. probability ¥ = 1 — v.

Each customer in the orbit forms an independent retrial source with rate 1—r.
Therefore, the retrial time follows a geometric distribution with parameter
1 — 7. If more than one (primary and/or returning) customer arrive at the
same slot and the server is idle, one of them is randomly chosen to access the
server and the others join the orbit.

The repair time of the smver has general distribution {s);}$°,, generating
function Sy (z) = Y2, 8 s¢° and nth factorial moment, S, ,. '

Inter-arrival times, retrial times, service times and repair times are assumed
to be mutually independent and independent of the system state,

The load of the system is glven by p=p1 + py where M= p%& P,
pir =p& By and By =3f 2Qhﬁh

3 Generating functions analysis

At time m™, the state of the system can be described by the Markov process
{Ym = (Omy(,.l,m)(h,m, Nm))m =0, 1)2> ey = 2,3, maH}a

where C,,, denotes the server state (0, 1 or h if the server is idle, down or
making a service of type h respectively) and N,, is the number of customers
in the orbit. If Cp, = 1, then (i, represents the remaining repair time and
if C,, = h, then (,,, represents the remaining service time of the customer
currently being served.

The state space of the process {Ym,m O 1,2,..}is

{(0,k) : > 0;(L,k):i> 1L,k >1;(hi k)i 2 1,k>0,h=23,.., H}.

The aim of this paper is to find the stationary. distribution

Mok =n£l_l;%° P[Cm = 0, Ny, = k]: k20,
ik ="§_1}éo P[Cm =1,(1m =%, Np = ], i>1,k
Thk ="H£r(lm p[C,,, = h, Ch,,,, = i, Nm = k], 1 Z 1, k

We define the following generating functions: -
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measures of the system. A nuerical study s bwlt up to mvestigate the effect
of the system parameters on selected performance measures.

The rest of the paper is organized as follows. In the next section, a detailed
description of the queueing system under study and some basic notations are
given. We analyze the Markov process describing the system state using the
generating functions technique in Section 3. The effect of different system
parameters on the system performance is analyzed numerically in Section 4.
Conclusion and suggested future work are presented in Section 5.

2 Model description

We consider a single server retrial queueing system working in discrete-
time setting. Time axis is divided into intervals of equal length called slots
and all system events are assumed to occur at the slot boundaries. Multiple
events may occur at the same time epoch. Hence, it is necessary to determine
the order in which events take place. Throughout this work, it is assumed
that departures occur immediately before the slot boundaries (in the inter-
val (m~,m)), whereas arrivals and retrials occur immediately after the slot
boundaries (in the interval (m,m*)). This assumption is known as early ar-
rival scheme (EAS) or departure first (DF) policy (Gravey and Hébuterne
(1992) [19]; Hunter (1983) {21]). Batches of customers arrive at the system ac-
cording to a geometrical process with parameter p. In other words, during any
time slot a batch of customers arrives at the system with probability p. The
distribution of the bath size is given by {¢}{2;. Let C(2) = £, a7 be the
generating function of the batch size distribution and &, be the nth factorial
moment. If the server is busy or down (sent for repair), all theses customers
join the orbit. If the server is idle, only one of the arriving customers is allowed
to access the server and the others join the orbit.

When a customer (primary or returning) is allowed to access the server, he
must start (turn on) the server, which takes negligible time. If the server is
activated successfully (with a probability 6), the customer begins his service
immediately and leaves the system forever after service completion. If he can-
not turn on the server (with a probability § = 1 — ), the server is sent for
repair-and the customer joins the orbit.

Service time has a distribution whose type is defined at the beginning of
each service. More specifically, immediately after starting the server success-
fully, the customer chooses a service of type h with probability g, where
o qn = 1. Sexrvice time of type & has a general distribution {s,;}52,, with
generating function Sp(z) = 152, spix’ and nth factorial moment f,,, where
h=23,., H. Let S(x) =S8, .54 ().
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the time. From a practical point of view, the server always suflers from break-
downs, starting failures, periodical maintenances or other types of events that
prevent it from being available whenever needed. It is clear that the system
performance is highly affected by the server reliability. There is a few number
of papers that focused on this phenomenon. Atencia and Moreno (2006s) [11]
discussed a discrete-time Geo/G/1 retrial queue with the server subject to
breakdowns and repairs. Atencia and Moreno (2006b) [12] studied a discrete-
time Geo/ /1 retrial queue with the server subject to starting failures. Moreno
(2006) [26] studied a discrete-time retrial queue with an unreliable server and

- general server lifetime. Wang and Zhao (2007a) [29] introduced a discrete-time
Geo/G/1 retrial queue with general retrial times and starting failures. Wang
and Zhao (2007b) [30] discussed a discrete<time Geo/G//1 retrial queue with
starting failures in which all the arriving customers require a first essential
service while only some of them ask for a second optional service,

Our intention in this work is to extend the theory of discrete-time retrial
_queues with an unreliable server. As far as we know, all the models in this
research area assume a single arrival stream. For applications such as digital
communication networks, a batch arrival stream is more appropriate. Mes-
sages are divided into packets which are served independently. Hence, the first
line of extension here is to analyse a system with a batch arrival stream. Our
second line of extension is related to the phenomenon of feedback which is not
included before (as far as we know) in discrete-time retrial queues with an un-
reliable server. In fact, it is only the paper of Atencia and Moreno (2004b) [10]
which considered the phenomenon of feedback in discrete-time retrial queues
(but with a reliable server). We consider here (as in Atencia and Moreno
(2004b) [10]) Bernoulli feedback in which any served customer returns back
to the system with a fixed probability. Such. feature is related to application
such as communication networks in which corrupted packets are sent again.
Finally, we assume a single (unreliable) server with multiple types of service.
More specifically, an arriving customer which is allowed to enter the service
facility chooses first his (random) service characteristics. Communication sys-
tems that are shared by different data types with different quality of service
requirements malke it natural to assume that arriving customers are not iden-
tical in their service requirements, Such feature was considered by Atencia and
Moreno (2004b) [10] for the reliable server case. In fact, the present work can
be viewed as an extension of the work that appoared in Atencia and Moreno
(2004b) [10] to the unreliable server case. :

-Our model is a chscrete—tnne Geo/G /1 retrial queue with feedback and start-
ing failures. Moredver, we have a batch arrival stream and multiple types of
service. No queue is allowed to form and retrial times are assumed to be geo-
metrically distributed. We derive the generating function of the stationary
distribution of the system state. Moreover, we obtain the generating functions
of the orbit size and the system size distributions and the main performance

28
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this customer to be lost. He returns back to the customer population form
which the stream of arrivals is generated. In the retrial queueing theory (e.g.
Artalejo and GG6mez- Corral (2008) [8]; Falin and Templeton (1997) [18)), it is
assumed that this customer doesn’t return back to the customer population.
Instead, he waits for some time (perhaps doing another job) and then returns
to the system to retry getting the service. Following the standard terminology,
such customers are assumed to join a hypothetical place called ”orbit” from
which a stream of retrials arrives at the system besides the original stream of
customers. Retrial queues appear naturally in applications such as telephone
switching system, communication networks and stacked air crafts walting to
land.

The analysis of retrial queueing systems focused mainly on the continuous-
time setting (e.g. Artalejo and Gémez-Corral (2008) [8]; Falin (1990) [17];
Falin and Templeton (1997) [18); Kulkarni and Liang (1997) [23]). Nowadays,
there is a great interest in analyzing queueing systems working in discrete-
time setting. They are more appropriate for modeling communication systems
working in slotted-time environment such as Asynchronous Transfer Mode
(ATM) based systems Bruneel and Kim (1993) [14] and IEEE 802.11 MAC
based wireless networks Bianchi (2000) [13]. Moreover, discrete-time models
can be used to derive results for the continuous-time models but not vice versa
Takagi (1993) [27).

- The first paper in the area of discrete-time retrial queues is due to Yang and Li
(1995) [31]. They considered a Geo/G/1 retrial queue and gave a methodology
for studying discrete-time retrial queues which was applied by other authors.
Choi and Kim (1997) [15] considered a discrete-time Geo,, Geo,/G /1 retrial
queue with two types of calls. Li and Yang (1998) [24] studied a discrete-
time Geo/G/1 retrial queue with Bernoulli schedule in which the blocked
customers either join the infinite waiting space or leave the server and enter
the orbit. Using a matrix analytic method, Li and Yang (1999) [25] studied a
discrete-time single server retrial queue with phase-type interarrival times and
geometric service times. Takahashi et al. (1999) [28] introduced a Geo®1/G/1
retrial queue with non-preemptive priority. Atencia and Moreno (2004a) [9]
considered a discrete-time Geo/G/1 retrial queue in which the retrial time has
a general distribution and the orbit is viewed as a FCFS queue. Artalejo et
al. (2005) [5] studied a discrete-time Geo/G/1 retrial queue with batch arrival
in which individual arriving customers have a control of admission. Aboul-
Hassan et al. (2005a [1], 2005b [2], 2006 [3], 2008 [4]) considered a discrete-time
Geo/G/1 retrial queue with balking customers. Artalejo and Lopez-Herrero
(2007) [7] gave a simulation study of a discrete-time multiserver rotrial queue
with finite population. Artalejo et al. (2008) [6] introduced algorithmic analysis
of a Geo/Geo/c retrial queue. :

In all the above mentioned models, it, is assumed that the server is available all
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Abstract

This paper discusses a discrete-time Geol®] /Gu/1? retrial queue with server
subject to starting failures. We study the underlying Markov process and derive
the generating function of its stationary distribution. A set of generating functions
regarding the orbit and the system size distributions is also derived. Hence, expres-
sions for the main performance characteristics of the system are obtained. Finally,
a set of mimerical examples is presented to illustrate the effect of different system
parameters on the main performance characteristics. '

]
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1 Introduction

. When a customer arrives at a full queueing system, the classical queueing
theory (e.g. Gross and Harris (1998) [20}; Kleinrock (1975) [22]) considers
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Differencing: i regular difference
Number of observations: Original series 192, after differencing 191
Residuals:  SS = 1.83372 (backforecasts excluded)

MS =0.00975 DF = 188

Modified Box-Pierce (Ljung-Box) Chi-Square statistic

Lag 12 24 36 48
Chi-Square 32,1 527 716 83.0
DF 9 21 33 45

P-Value 0.000  0.000 0.000 0.000

Where Z, X and Y represents the variables as the above theorem.
Note that, the sum of squares for X plus the sum of squares for Y less than the sum of
squares for Z.
(Ministry of tourisms in Egypt is the source of data)
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taken. We use the MathCAD 14 and Minitab 13 for the analysis. The output resuits as
the following:

ARIMA Model for Z

Final Estimates of Parameters

Type Coef SE Coef T P

AR 1 -1.3047 0.0121 -107.94 0.000
AR 2 -09875 0.0138 -71.41 0.000
MA 1 -1.2745 0.0177 -71.93 0.000
MA 2 -09874 0.0013 -781.57 0.000
Constant -0.01771 - 0.03710 . --0.48 -.0.634

Differencing: 1 regular difference
Number of observations: Original series 192, after differencing 191
Residuals:  SS = 5.54557 (backforecasts excluded)

MS =0.02981 DF =186

Modified Box-Pierce (Ljung-Box) Chi-Square statistic

Lag 12 24 36 48
Chi-Square 273 416 506 728
DF 7 19 31 43

P-Value 0.000 0.002 0.015 0.003
ARIMA Model for X

Final Estimates of Parameters

Type Coef SE Coef T P

AR 1  0.1513 0.0719 2.10 0.037
Constant -0.004427  0.009357  -0.47 0.637

Differencing: 1 regular difference
Number of observations: Original series 192, after differencing 191
Residuals: SS = 3.16043 (backforecasts excluded)

MS = 0.01672 DF =189

Modified Box-Pierce (Ljung-Box) Chi-Square statistic

Lag 12 24 36 48
Chi-Square  24.1 292 31.1 36.5
DF 10 22 34 46

P-Value 0.007 0.140 0.611 0.841]
ARIMA Model for Y

Final Estimates of Parameters

Type Coef  SE Coef T P

MA 1 07407 0.0119 62.49 0.000
MA 2 0.2455 0.0666 3.69 0.000
Constant 0.0000938 0.0003929 0.24 0.812

it




){[%/ %Z‘ﬁ Yo, L{/ 7 ). where )( 18 the

forecasting of X at time t by using ARMA model on X and YA, y 18 the forecasting of

Y at time t by using ARMA model onY.

From step 3

t ~ ~ ~

Z 2x’ (Dpx?elx ’HZx "“"qu )Xr—s

5=l

where
g, (P, ,D,, yeoes @, 60,,0,, 50,6, ) is function of parameters ARMA(p,q) on
X
then

-1
Z(X, - th—s (©,,,0,, R ,0,,0,. yeeens O )X )? is minimum
s=l
Therefore

-1
Z(Xl - Z;gl—-s ((Dlx ’d?Zx """q)px ’le ’92x """qu )Xl-s )2

{1

S Z(Xl = Zgl—s (chz ’q)Zz ”“”(Dpz ’912 ’92z ’”"’ng )Xl—s )2
s=l|

i.e.

Z(Xt —Xclx)z SZ(Xr _X’Z)Z : )

Similarly

Z(Yt —fw)z SZ(Y‘ _I;rz)z ' 5

then, by addition inequalities (4) and (5) we have

Z(Xz _th )2 +Z(Yt —'YAry)z SZ(XI -XAlz )2 +Z(Yt —'le )2

Finally, from step (3) we find that

DX, XA, -V SY2 -2,

(5) Application example

In this section, we will analyze the numbers of tourists whom coming to Egypt
monthly through the period (1990 — 2006) as the time series by using wavelet

technique after the natural logarithm of values and twelfth seasonal difference are

o et
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cov(¥ ¥ )=~ 5 Xy, - i 2. )
n

= ZXAY =0 (step4)
Step (5) proof that Z‘SA([ZXI’—:O , where YZ . is the forecasting of ¥ at time ¢ by

using ARMA model of Z
Proof
From step 4

5,0
then, Z ?; must be approximately equal zero

Since X and Y are uncorrelated. Then, X and Y are uncorrelated i.e.
A~ ] A X Y
cov(X ¥ )=—>'X Y, - (—Z-——) 2L 0
n n n

=ZXYA =0 (step5)

From steps 1,4 and 5

COV(‘f,);)=-l~Z,XC,:YA,:— thz ZYIZ -0
n n.. n.

zz,/\;,:YA,: =0 (step 6)

2

Z(Z, "ZAtz)Z::Z(Xz +Yr ;)ftz—'YA/z)

=2, -X ) + Y, -7, ) 2y (ex, - %, zj(Y, -7,))

fromsteps 1,3, 4 and 5

>(er =%, )(r, -, ))=0
then

Z(Z, —ZAIZ)Z:Z(X, -AXCIZ)2+Z(Y, -YA,Z)2 (step 7)

finally, we proof that
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~ [—[ ” ~
Zt 2 _Zf/—s (91 ’92 )Zl*s
5=l
(=1 n~
= “Zf/»s ((91 ’(92 )(Xz—.s +Yt—.f )
s=1

‘-1 n o~ (-1 N A
= —Zfl—s (91 >(92 )X/fs - Z//—.s (6)1 992 )Yl~s
5=l s=]

:XI Z +YI z
by the same way we can prove at the case of MA(q) as above.

From addition firstly and secondly proof we can prove at case of mixed

autoregressive and moving average ARMA(p,q) as the following equation:

Z, :¢]Z,_1 +...+¢/)Zl_p + &, ——ng’“] -

4.%1~q
and let
~ {-_l ~ " ~ Ea) ) ~

ZI 7 = gl—-s (q)lz ’(D2z 20000 oz ’912 22z """9(]2 )Zl—s

s=l
where
8. (P,,D,,,...2,.0,.06, -0, ) is function of parameters ARMA(p,q) on

Z

then
Zr z = g!-—s (chz ’(D2z """q)pz ’612 792z 4 '“’ng )Xl—s

s=l !

’—I A A ~ " ~ ~
+Zgl—s ((Dlz ’q)Zz """(Dpz ’le ’922 """qu )Yl—s

s=|

=)f,z +YA,Z (step 3)
From properties of threshold the time series Y represent as the noise has mean zero
ie.
Y, =0
Since X and Y are uncorrelated

Therefore, )f and Y are uncorrélated also, and the covariance of /\; and Y equal

Zero i.e.
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2’ z = —i<éz )S ZI—A‘
s=]

R [
ZI z - -Z(Qz )s (Xl—v +Yl $ )
s=l1

= -1
2, =200 X = 20T
=X s +YA, .
where é’z is the estimation of parameters MA(1) due to the analysis of time series Z.
Let q =2 then
Z, =g —0¢,_ — by,
set &, =6, =0
then
& =2,,and
g =2, +06s,,+b,¢,
=Z,+0(Z,_ +0¢&_,+06,6,)+0,(Z,_,+0¢, +6¢ ,)
=7 +0Z,,+0,Z, ,+0%¢,_, +200,¢_, +6;¢,_,
=Z +6Z,,+(6,+0°)Z, ,+(260, +0))¢,_, + (6, +6}6,)s,_,
and so on
we can write the error g, as the form

=

81 = th—-s (91 ’02 )Zl—s

5=0

where

fz (91992):1
f1~1(91>92):91
ft—z(el"gz):ez +612

and so on

set £ =0, then
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=X, +Y, -2(X,_ +Y, )+X,, +Y,

=A’X, + A%,

and so on
ANZ, =NX, +7AY, (step 2)
~Now we consider Z is stationary time series. Firstly we proof at the case of

Autoregressive of order p process AR(p) as the following equation
Z,=4Z,  +$Z, +.+P 2L, +E

(see Box and Jenkins (1976))
then

Zl z = Z(Dzs Zl——s
s=0
where @__'s the estimation of parameters AR(p) due to the analysis of time series Z.

then

= iqA)stl—s +§p:d)stl—s
¥, 47,

Secondly we proof at the case of Moving Average of order g process MA(q) as the
following equation

Z,=¢ -6¢_,-6¢,—..-05_.

And let g =1 then
Z,=¢ -0t _

1

set &, = 0
!
£=2,+Y0YZ,,
s=l

set g, =0

then




;
4
i
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where X and ¥, denote the signal and noise, respectively, then the sum of the two
sum square residuals from ARIMA model of X', plus the sum square residual from
ARIMA model of ¥, less than or equal the sum of the sum square residual from

ARIMA model of Z, under condition the analysis of each time series Z,, X, and Y,

done individually.

Proof

The proof of the previous theorem depend on proven the following steps
From equation (1) the DWT of Z is
d=WZ2zZ
by using hard threshold in equation (2) and let

als d, if d,>|]
0 otherwise

and

ar. d, if d'i<[/1]
0 otherwise

it is clear that d1 and d2 are uncorrelated

use the inverse discrete wavelet transformation (IDWT)
X =W 'dl andY =W "d2

where the matrix ‘W is orthonormal, then

XY =d'ww'd2=dl" a2

Therefore’

X ,and Y, are uncorrelated (step 1)

The first difference backward of Z , 18

AZ, =2, -2,

:XI +Y1 *Xhl ——YI—-I
then
AZ, =AX, +AY,

also,

NZ, =2 -2Z +Z,,
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and ij 1s distributed as
5 2
d, ~N (djk , O )
Based on these assumptions, Donoho and Johnstone (1994, 1995) suggested two types

of thresholding methods: hard and soft thresholding. Hard thresholding sets all the

wavelet coefficients to be 0 if their absolute values are below a certain threshold

A20:

~

d, =mn, (cijk ) =a7j.k] (lcij,\, ’> /'L) (hard thresholding) ~ (3)
Soft thresholding shrinks the wavelet coefficients that are larger than the threshold

by A:

" ~

dy =1, (djk ) = sgﬁ (aik )maX(O,Ia?j,‘, l— /1) (soft thresholding)

Figure (1): Hard thresholding (left) and soft thresholding (right)
Choices of Threshold

Too large a threshold might cut off important parts of the true function
underlying the data, whereas too small a threshold may excessively retains noise in

the reconstruction. Universal Threshold Donoho and Johnstone (1994) proposed the

A= ou/2log(n)

When o is unknown, ¢ may be replaced by a robust estimate & , such as the median

universal threshold:

absolute deviation (MAD) of the wavelel coefficients at the finest level

J =log(N )—1 divided by 0.6745 and can be expressed as

6=MAD{d, k =1,..,2’} [0.6745

(3) Wavelet and ARIMA Model

In this Section, we study the effect of wavelet transformation on the sum of
square error for the ARIMA model.
Theorem:

Suppose that the time series Z, has constant variance and non scasonality and
it is contaminated by correlated noise, using wavelet transformation and threshold

technique, this time series is decomposed into two time series as following

Z, =X, + 7,
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d=Wg (1)
where d is an 7 x 1 vector comprising both discrete scaling coefficients, ¢, and

discrete wavelet coefficients, d ,, , and /' is an orthogonal » X 1 matrix associated

>
with the orthonormal wavelet basis chosen.. Note that, because of orthogonality of

W, the inverse DWT (IDWT) is simply given by
g=Ww'd 2)
where W T denotes the transpose of ¥ .
If n=2" for some positive integer J, the DWT and IDWT may be

performed through a computationally fast algorithm developed by Mallat (1989) that

requires only order 7 operations. In this case, for a given j, and under periodic

boundary conditions, the DWT of gresults in an # -dimensional vector d

comprising both discrete scaling coefficients ¢, , , k =0,1,...,2°° — 1 and discrete

wavelet coefficients d , , J=Jorend =L K =0,1,...,27 —1.

We do not provide technical details here of the order DWT algorithm
mentioned above. Essentially the algorithm is a fast hierarchical scheme for deriving
the required inner products which at each step involves the action of low and high
pass filters, followed by a decimation (selection of every even member of a sequence).
The IDWT may be similarly obtained in terms of related filtering operations. For
excellent accounts of the DWT and IDWT in terms of filter operators we refer to
Nason & Silverman (1995), Strang & Nguyen (1996), or Burrus, Gonipath & Guo
(1998).

2.3 Classical Threshold Schemes

Since the wavelet representation of many kinds of function is very
economical, it is reasonable to assume that there are a few large value wavelet
coefficients concentrated near the areas of major spatial activity, e.g. discontinuities,
but the majority of wavelet coefficients are small. Also, owning to the fact that the

wavelet transform is orthogonal, if the &, are assumed to be independent Gaussian

noise, then the wavelet coefficients will also be contaminated with independent

Gaussian noise. So in this case, the empirical wavelet coefficients can be written as

dy, =d, +¢&,
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2. A short background on wavelets

In this section we give a brief overview of some relevant material on the
wavelet series expansion and a fast wavelet transform that we need further.
2.1. The wavelet series expansion

The term wavelets is used to refer to a set of orthonormal basis functions
generated by dilation and translation of a compactly supported scaling function (or

father wavelet), ¢, and a mother wavelet, {7, associated with an r -regular

multiresolution analysis of L*(R ). A variety of different wavelet families now exist

that combine compact support with various degrees of smoothness and numbers of
vanishing moments (see, Daubechies (1992) and Mallat (1999) ), and these are now
the most intensively used wavelet families in practical applications in statistics.
Hence, many types of functions encountered in practice can be sparsely (i.e.
parsimoniously) and uniquely represented in terms of a wavelet series. Wavelet bases
are therefore not only useful by virtue of their special structure, but they may also be
(and have been!) applied in a wide variety of contexts.

An usual assumption underlying the use of periodic wavelets is that the
function to be expanded is assumed to be periodic. However, such an assumption is
not always realistic and periodic wavelets exhibit a poor behavior near the boundaries
(they create high amplitude wavelet coefficients in the neighborhood of the
boundaries when the analyzed function is not periodic). However, periodic wavelets
are commonly used because the numerical implementation is particular simple. While,
as Johnstone (1994) has pointed out, this computational simplification affects only a
fixed number of wavelet coefficients at each resolution level, we will also present
later on an effective method, developed recently by Oh and Lee (2005), combining

wavelet decompositions with local polynomial regression, for correcting the boundary

bias introduced by the inappropriateness of the periodic assumption.

2.2 The Discrete Wavelet Transform
In statistical settings we are more usually concerned with discretely sampled,
rather than continuous, functions. It is then the wavelet analogy to the discrete Fourier

transform which is of primary interest and this is referred to as the discrete wavelet

transform (DWT). Given a vector of function values g = ( g (t, ),....,g (tn ))I at

equally spaced points /, , the discrete wavelet transform of g is given by
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The Effect of Wavelet Transformation on the Sum of Square Error for

the ARIMA Model

S. A. Shaban El-Sherpieny, E Ayman Orabi
Institute of Statistical Studies & Research
Cairo University

Abstract

The objective of this article is to study the effect of wavelet filter on the time
series data. By using wavelet transformation, the ARIMA model decomposed 1nto
sum of two ARIMA models and the relation between sum of square errors for them
will be discussed. An applied example will be illustrated.
Keywords: Wavelet transformation; Threshold; Autoregressive, moving-average;
ARIMA model; Sum square error.
1. Introduction

The wavelet transform is a powerful mathematical tool that is receiving more
and more attention by the statistical community. While most work is being done in the
engineering and physical sciences, wavelet transforms have already proven useful in

' well established statistical fields such as nonparametric regression, classification, and

time series analysis. The groundbreaking work of Donoho and co-workers (Donoho
1993; Donoho and Johnstone1994; Donoho 1995; Donoho, Johnstone, Kerkyacharian,
and Picard 1995) introduced statisticians to wavelet transforms in the context of signal
estimation and wavelet shrinkage.

The past two decades have witnessed the development of wavelet analysis,
Donoho and Johnstone (1995), Johnstone and Silverman (1997), Nason and von

Sachs (1999), Priestley (1996), Percival, and Walden, (1999), have applied wavelet

theory to the estimation of the functions whose observations are contaminated by
noise as well as time series analysis either in the time domain or in the observation are
equally spaced and independent. Most of these applications are based on the
assumption that the observations are equally spaced and independent. However, for

time series data the observations are likely to be dependent.

In Section 2 the short background on wavelet will be introduced. In Section 3,
we study the effect of wavelet transformation on the sum of square error for the

ARIMA model. In Section 4, the application example will be illustrated

2
e
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Table (2)
MSE of the different estimators

When a =2, =3 and R=0.4
n.jmijnr I R1 R2 R3 R4 MSE 1 MSEZ MSE3 MSE4
514 3 2 4.81E-01 6.63E-03 - 3,11E-01 7.90E-03 2.90E-02 1.38E-01 2.83E-01 | -1.40E-02
55 4] 3 | 401E01 | 377607 | 485501 | 228603 | 230802 | 142601 | 8.72E-01 | 2.23E-01
10156 | 5 | 4I8E01 | 3.308-04 | 3.995-01 | 2.86E-07 | 480602 | 124E-01 | 7.88F-01 | LSIE01
10107 6 4.66E-01 4.39E-03 | 4.91E-01 8.22E-03 2.90E-02 1.37E-01 7.03E-01 1 9.20E-02
10 115 8 7 4.56E-01 [ 3.13E-03 | 3.73E-01 7.50E-04 2.90E-02 1.38E-01 9.38E-01 | 2.89E-01
1012019 10 4.72E-01 ] -5.13E-03 .| 4.74E-01 5.45E-03 3.60E-02 1.33E-01 5.42E-01 | 2.00E-02
1515 6 5 4.96E-01 9.17E-03 1. 2.76E-01- |- 5,.86E-04 5.70E-02 1.17E-01 3.70E-01:] 8.90E-04
1511017 6 4.73E-01 5.33E-03 | 4.87E-01 | 7.43E-03 5.00E-02 1.22E-01 3.18E-01 | 6.71E-03
15115 8 7 4.81E-01 | 6.54E-03 | 3.65E-01 1.25E-03 2.70E-02 1.25E-01 4.37E-01 | 1.40E-03
151201 10 10 4.77E+00 | 5.93E-03 | 379E-01 4.41E-04 3.10E-01 1.36E-01 6.33E-01 | 5.40E-02
20 (10| 16 | 9 |479m+00 | O24E- | 388E- |\ 4up 04 | 260802 | raopor | OSSE- | 670E-
03 o1 o1 02
When a =2, =2 and R=0.5
n.|m:iiry ) R] Rz R3 R4 MSE] MSEz MSE3 MSE4
5[4 3| 2 | 489E01 | LI9E-04 | 480E-01 | 420504 | 5.30E-02 | 200601 | 3.558-01 | 2.10E-02
515 4] 3 | 460501 | 157603 [ 418501 | 6.68E-03 | 260502 | 225E01 | L87E-01 | 9.80E-02
10[ 5[ 6| 5 | 53E01 | 944604 | 491E-01 | 810805 | 3.80E02 | 2.14E-01 | 8.43E-01 | LISE-0L
 [10]10] 7 [ 6 | 585601 | 7.185-03 | 4976-01 | 886506 | 5.80E-02 | 195801 | 3.53E-01 | 2.20E-02
10 [15] 8 | 7 | 423501 | 588603 | 5.65E-01 | 424803 | 45002 | 206601 | 270601 | 5.30E-02
10 12019 10 4.21E-01 6.22E-03 ] 4.35E-01 | 4.18E-03 4.00E-02 2.11E-01 4.41E-01 | 3.46E-03
15| 5 [ 5 5.45E-01 2.07E-03 | 4.68E-01 1.03E-03 5.80E-02 1.95E-01 3.,02E-01 | 3.90E-02
15 110.{ 7 6 4.80E-01 3.90E-04 | S.17E-01 2.81E-04 6.10E-02 1.93E-01 1.79E-01 | 1.03E-01
15.[15| 8 7 4.74E-01 6.52E-04 | 5.38E-01 1.45E-03 5.10E-02 2.01E-01 3.08E-01 | 3.70E-02
15 {20 | 10 10 4.94E-01 3.21E-05 | 4.55E-01 | 2.05E-03 3.90E-02 2.13E-01 9.29E-01 | 1.84E-01
20 {10 16 9 5.20E-01 3.93E-04 |/ 4.92E-01 | ' 6.30E-05 3.30E-02 2.18E-01 9.22E‘-01 1.97E-01

Where both « and B are the scale parameters for X and Y respectively. R is the
reliability function ,also. MSE; is The mean square error of 1?1 ;'MSE; is The mean

square error of 1?2 MSE; is The mean square error of R3 and MSE, is The mean square

error of R4 :
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Table (1)
MSKE of the different estimators

When a =2, =3 and R=0.4
Ry R, R; Ry MSE, MSE, | MSE; | MSEy

=
B
=
3

51513 3 4.89E-01 | '4.46E-01 | 1.22E-0} 1.77E-01 7.89E-03 2.14E-03.: | 7.70E-02 | 5.00E-02

51514 4 4.86E-01 | 4.55E-01 | 1.OOE-01 | 2.00E-01 7.47E-03 7.47E-03 [ 9.00E-02 | 4.00E-02

10 1 10| 6 6 4.74E-01 | 4.01E-01 | 8,50E-02 | ~4.65E-01 S5.47E-03 1.35E-06. | 9.90E-02 :| 4.23E-03

101107 7 4.81E-01 | 4.48E-01 | 6.80E-02 | = 2.11E-01 6.54E-03 2.35E-03 1.10E-01 | 3.60E-02

10110/ 8 8 4.55E-01:{ 4.23E-01 | '5.40E-02. | 3.69E-01 3.03E-03 5.33E-04 1.19E-01-|-9.87E-04
9

9 4.90E-01 | 4.81E-01.:| 5,00E-02 | 4.08E-01 8.11E-03 6.63E-03 1.23E-01 '} -6.98E-05
12 4.64E-01 | '4.43E-01 | 3.50E-02 .{ :9,20E-01 4.16E-03 1.87E-03 1.33E-01 | 2.17E-01
13 4.53E-01 | 3.83E-01 | 5.00E-02 | 3.84E-01 2.82E-03 3.04E-04 1.23E-01 | 2.51E-04
4.91E-01 | 4.82E-01 | 5.10E-02 | 4.92E-01 822E-03 | 6.69E-03 1.22E-01 | 8.39E-03
16 4.93E-01 ] 4.88E-01 | 5.00E-02 | 7.91E-01 8.73E-03 7.70E-03 1.23E-01 | 1.53E-01
17 4.89E-01 | 446E-01 | 1.22E-01 | 1.77E-01 7.89E-03 2.14E-03 1 7.90E-02 | 5.00E-02

When a=2,8=2 and R=0.5

-
w
15
w
Pt

R KV, RESSUE S
o
9]

sl
R ERI
Lo B Fe)
Do - e, | ] i,

n. pm: I ) &) R1 Rz R3 R4 MSE] MSEz MES3 MSE4
5 5 3 3 5.17E-01 5.52E-01 | 4.70E-02 3.95E-01 3.05E-04 2.67E-03 2.05E-01 | 1,10E-02
5 5 4 4 5.07E-01 SJ1E-01 | 4.90E-02 2.04E-01 5.28E-05 1.24E-04 2.04E-01: | 8.80E-02
10110 ] 6 6 5.69E-01 4,48E-01 | 5.50E-02 7.09E-01 4.81E-03 2.75E-03 1.98E-01. 1 4.40E-02
10110} 7 7 5.57E-01 S5.85E-01 | 5.60E-02 6.04E-01 3.22E-03 7.16E-03 1.97E-01 | 1.10E-02
1010 8 8 4.74E-01 4.60E-01 | 3.20E-02 6.87E-01 6.71E-04 1.59E-03 2,19E-01. 1 3.50E-02
10 110 9 9 4.73E-01 4.68E-01 [ 3.40E-02 3.28E-01 7.05E-04 1.03E-03 2.22E-01 1 2.00E-02
15115 12 12 4.89E-01 4.86E-01. [ 4.20E-02 7.48E-01 1.12E-04 1.92E-04 2.10E-01 | 6.20E-02
15115} 13 13 5.02E-01 5.03E-01 | 3.90E-02 9.42E-01 5.46E-06 7.97E-06 2.12E-01 | 1.95E-01
20120 15 15 4.67E-01 4.55E-01. | 4.60E-02 7.77E-01 1.10E-03 2.07E-03 2.06E-01 1 7.70E-02
2012016 16 4.85E-01 4.80E-01 - 4.40E-02 9.54E-01 2.40E-04 3.97E-04 2.08E-01 | 2.06E-01
20 120 17 17 5.49E+02 1 5.60E-01 1 4.20E-02 8.88E-01 2.43E-03 3.59E-03 2.10E-01 1 1.51E-01
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At the end of this study, we can find that, the results of the case of H#*h which
represented in table (2) is smaller than that’s represented in table (1) for the

case’] = "2 .
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(5.3)

(-5) Ry
and
=R+ . 5.4
U =Ry %.2\%% (5.4)
2 1
where z is (1~%)th quantile of the standard normal distribution and R is given

%)
by Eq. (2.8), see Surles and Padjett (2001).

6. Numerical study for the different estimators

In this section, we perform some simulation experiments to observe the baehavior of
the different methods for different sample sizes and for different parameter values.
We used the software package MathCad 2001 for this purpose. We compare, in terms
of the mean square error, the performances of the MLE, UMVUE® and Bayes
estimates with respect to squares error loss function. The following steps will be
considered to obtain the estimators:

Step (1): Generate random samples X ,..,X, from exponential distribution, we
consider the following sample sizes (n, m) = (5,5), (10,10), (15,15), (20,20), (5,4),
(10,5), (10,15), (10,20), (15,5), (15,10), (15,20), (20,10), and the following parameter
values a =2, with different type II censoring at 60%, 70%, 80% and 90% . We will
generate 1000 random samples from exponential distribution.

Step (2): Similarly, we generate samples for exponential distribution, with parameter
B=32.

Step (3): Using the Equation (2.8) to find the MLE of R and the Equation (3.3) to
find the UMVUE of R . Also using the equation (4.4) the values of Bayes estimator
of R is obtained using Conjugate prior distribution. Finally, the equation (4.9) gives
the estimators of R using non informative prior distribution. The results are based on
1000 replications. '

Step (4): we take the average of the simulated values and calculate the mean square
error of R . The results are reported in Tables (1) and (2). s

Form table (1), it is clear that MSE of MLE (131 ) is the smallest values among the

other values of MSE’s of [( R, ),( &;)and( R4)] expect at some points the MSE of
UMVUE 1?2 has advantage over the other estimators, and at some points MSE of
Bayes estimator with conjugate 1"63 is better than MSE of Bayes estimator with Non-

informative ff4 .also All mean square errors decrease as « and £ increase.
Form table (2), it is clear that MSE of UMVUE (fez) is the smallest values among the
other values of MSE’s of [( £, ),( Ry)and( R, )] expect at some points the MSE of
MLE 1%1 has advantage over the other estimators, and at some points MSE of Bayes
estimator with conjugate R3 is better than MSE of Bayes estimator with Non-

informative fQ4 -also All mean square errors decrease as o and g increase.
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Using F| as a pivotal quantity, we obtain a (1-2)100% confidence interval for R
as(L,,U,), where

14 -
L =F_a@n)C+F_g(@n2m) : (5.1)
2 2
and
V -1
U2 = Fg (2r1 ,2r2 )(—Z— + Fg (2r1 ,2r2 ) (5.2)
2 2

where Fp is (I-a)h quantile of an F distribution random variables
with (2r,,2) degrees of freedom .

5.2. Approximate confidence interval

The exact results obtained in the previous subsection are theoretically important but
too time consuming for practical case. Therefore we need to ‘develop  good
approximate methods that can be used in practical applications.

Let X,,..,X, and 1,..Y, be random samples with size r,r from exponential
distribution with parameter &, /3, respectively, we can easy show that the maximum
likelihood function of R, 131 is asymptotically normal distribution with mean R and

variance-covariance matrices I (a, ) where (e, B) is the Fisher information matrix
and given by:
.
Loy
a2
Ka, p)= p
0 -2
2
; p
The asymptotic variance-covariarice matrix is obtained by replacing its values by
their maximum likelihood estimators. Hence, the asymptotic variance-covariance
matrix will be

it
'@ p)=| 2 2
0 R

Thus the maximum likelihood estimator, lél is asymptotically normal distribution
with mean R and variance h
o2 - rlrz(ou-ﬂ)2 )
R P 7R
Hence, an approximate (1-«)100% confidence interval for R would be LUy,
where :




Similarly, f Y. ¥ is a random sample from exponeniial distribution wiih

parameter 3, the prior distribution of £ , @, (/) ,will be proportional to —E JLe.,

1
7oy (B) 5 4.7

Assuming that « and f are independent, the posterior distribution of & and g is

ﬂz(a,,b’lxl,....,xrlsy],..».,y,.‘?)ocL(x},....,xrlla)L(yl,....,y,.zi,B)ﬂOI(a)n'Oz(/J) 4.8)

then
-1 —€
.2 a5
R LT )= m_g e Ve 2 0,850
28O A Xy Ve Yy )= T AT 5
' o1 2 repreny)
4l )
where 7 = (xp, (n=1) + .le,-) and €=(yr2(m—"2)+J_Zlyj).
i= =

Therefore, the Bayes estimator with respect to mean square error loss function will be

ror
19 rl“ Fo+2
noe Ty +ry+3) 1 1=R ,
1 2 (1= &) dR 4.9

Ry = E(R|x y)=
4 rAr, 43
T(qiL(r) O ma-R)+ReY1'2
Notice that using non-informative prior distribution in (4.6) and (4.7) for a and 8,
respectively, makes estimating the prior parameters (v;,u,)and (v,,u,) unnecessary.

It also overcomes the sensitivity of IA€3 to the parameter of the prior distributions.

5. Interval Estimation of R
5.1. Exact confidence interval

Let X,,..,X, and Y,...Y, be random samples with size r,,r, from exponential

distribution with parameter o« , B respectively.

r r, :
. 1 X 2 i . .
Recalling that Z= e and V= $lne’’ are independent with gamma
i=1 J=1
q
¥ x

distribution with parameters (r,,«) and (r,,) , respectively, and 2alne’! " and

n
%Y

2pmel=” are independent with chi -square distributions with degree of freedom 2,

and 2r, hence

B

R =a+5
a .

V R . .
we know that A =—;;— has F-distribution with (2r1,2r2) degrees of freedom , Since

; Bl . .
R =(1+=F) ~ , which can be written as
a

-3
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.
od R

S wprx, ()
- 1
i=1

1 r
Ll(xl""’ xrl) o (—) le o 4.
o

and
"
(2 y;+y, (mry))
=1 J T 2

1 r
Ly(¥yyes 3, ) (;) Ze ”/ | (42

Assuming that « and g are independent having prior gamma distributions, the
posterior distributions of o and g will be gamma with parameters (5,,4,) and
(6,,4,) , respectively, where

r
|
6, =r1 +u1, ;11=V1+'Z xi+xr (n'“rl)’ :
i=1 1
"2
g, =r, +u2 and2,=v2+j§1yj+yr2(m—-r2)

The posterior distribution of ¢ and S given Xy,s X, and Yysees Yr, will be

Bz -2
7’1(a»ﬂ|x1'----'xrl ;ylw-~’yr2)= %‘__l 3, —le : (4.3)
LGI(S,)a ! g2

Hence Bayes estimator of R with respect to the mean square error loss function is
Ry = E(R|x),....x ns Ve Yy, )

& 6+l
BoMATG+6,-D)1  a-r)lg 2*

TGN @) 0y gy 4 ra) 1027

dR (4.9

4.2 Non-Informative Prior Distributions

Let X,,..., X, be a random sample from exponential distribution with parameterea .

The prior distribution, 7o (@), of a is proportional to vI(@), where I(@) is Fisher's
information of the sample about & , and is given by

-~

1
(a)= —=
a2 4.5)
Thus
1
my (@) « ; , 4.6)

6
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fet w be the ndicator variable 0.y y(z ). 1t conld be seen that W be unbiased
s lr i .

estimator for R, by using Rao-Black Well and Lehmann-Scheffe’ we have kz 15
UMVUE for R. (see Mood et al (1974)).
Ry =EW1ZV)
Ry = | | wf(z,v ! Z,V)dvdz,
a9
Where f(z;,v/Z,V) is the conditional pdf of z,v; given Z,v .
Notice that z) and v, are independent exponential random variables with parameters
o and g , respectively, and that Z and ¥ are independent gamma random variables
with parameters (rl’a) and (rz,,B), respectively. :

We see that Z -z : and v - v, are impendent gamma random with parameters (n -La)

and (r2 ~1,/), respectively. Moreover Z -z, and z, are independent, as well as ¥ -v

1.
and v, are also independent. We see that '
rn-2
(7 -1><z-z1>( ? ¢, —1>(v-v1>( 7
o= [[w dv,dz, (3.1)
-1
2w ) 2

To=w) @2 dsd v<s
5 __(r,—l)(rz——l) 6”(v v zZ—2z Z,dv, v<z

27 (4, ;D 2 (.2)
_Hz 2)" (v —v)" dvdz, W2z ‘
0.0
Using Binomial expansion, the UMVU of R is given by
iy
(G
(ry =Dy =D % yov<z
s 1 2 A =1= Dl + -1
2- jzj (3.3)
I=(r; =Di(ry =D! 3, vz
G =D =D 2y ~1= )y +j =D

4, Bayes Estimator

We obtain Bayes Estimator of R with respect to the mean square error loss function
based on conjugate and non-informative prior distributions.

4.1 Conjugate prior distribution ~

LetX,,.., X, and 1},..,Y, be the first 5 andr, failure observations from X;,..., X, and
1,...Y, , respectively. Where both of them have exponential distribution with

ey im0

parameters « and g, respectively. The likelihood function of each sample will be
respectively
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Now, we shall study some prosperiiios ol K,

, (r +r -1j .
~ 9 1 2 (24 2 .
E(R) = i- 1- 2,10
(€] o [ ) ( o )] (2.10)
o 271 o+ ——
(rl -1 (r1 -1)
For fixedr,,
fim E(/%]):R[}-—L(Z-R)z] (2.11)
e &)
and
lim E(Rl)::R (2.12)
T
Then, 1%1 asymptotically unbiased estimator of R .
Also,
s
o (ro+r -1y alr, —1) 2 1 2 (2 13)
Var (Ry) = 1 2, [ 2 171 : ] .
ry (i'1~2) fa (’1 +1) o /3‘1
Blry = 1) afr -1)
For fixed o0
lim  Var(R) = 22 i L (2.14)
oty = a 1 ® s
then
lim Var(ill) =0 (2.15)

28

Hence, R | Is a consistent estimator for & .

3. Uniform Minimum Variance unbizsed Estimator of R

Let X e »X, and ¥,.. ,¥, be two independent random samples, of size n and r,,

drawn from exponentlal dxstubutlom with parameters ¢ and f , respectively,
Define

X V.
= i . [ -
zi—lne e =lne Ly i=1,. s h and j=1,. oF

I, I,

Z= 3 z,,and V= }% v,
i=1" i=1"'
From Eq. (2.5) and (2.7) we can show that (Z,V) is a complete sufficient statistic for
(a,B) . » -
Now, we have
N u
Py <z;)=P(lne " <lne ')

:P(}ll <xl)=R

|
o
:
:
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2ox; v (nery )x "

G = . (2.5)

Also, suppose that 7, are the first failure observations with stress Yj ;jr:l,..,,rz,

where 7, Sm each of which having exponential distribution with parameter 8
respectively, the likelihood function based on type-II censored sample will be

r —— — ™
Lo (e Py P12

)
-(Z yj+yr2(m»r2))

/ 1 L=!
m .
L = (—) 2e / (2.6)
(mry) - p
2
a’lnL_—"Z +j=1yj+(m-r2)yr2
The MLE of g will be
2
. J§ yj*lmroly,
B = @.7
2 |
Once we obtain & and f ,the MLE of R becomes
A a
R, = < 2.8
1" g+ Vi) @8)
Using (2.5) and (2.7) in (2.8)
. 1
Ry = 7 (2.9)

2
Iz p+(m -
1(}?;__1 Vi ( rz))’rz)

1+ 7

1
: r2(,-§1xi +(n-n )x,,1 )

¥, ¥
. 1 2
Since 20:(_}_“,1 X; +(n-ny )xrl) and Zﬂ(jzl yi+ (’”"2)}’7‘2) have chi-square distribution
i= = -

with (2(rl + 1),2(r2 +1)) degrees of freedom respectively, Then -

”
2

a1 rla(jélyj +(mfr2)Yr2)

E(RT, -)= - ~ FQ +1),2(r, +1)

1
rzﬂ(iglxl + (n faud "1 )x,.l )
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type It censored. n section 2, we derive maximum likelihood estimator (MLE) of R
and some properties of the estimator will be discussed. Uniform minimum variance
unbiased estimator, (UMVUE) of R is given in section 3. Bayesian estimators with
mean square error loss functions corresponding to conjugate and non-informaiive
priors are presented in section 4. In section 5, we obtain the Interval estimators of R .
A Monte Carlo simulation study is presented in section 6 to compare the various
estimators obtained.

2. Maximum Likelihood Estimator of R with Type II Censored Samples

Let X be the strength of a component and ¥ be the stress acting on it, Let X and v
be exponential independent random variables with parameters & and B, respectively.

That is, the probability density functions (pdf) of X and ¥ are, respectively,
: X

. I - 4
j(x;a):;e ©, x>0, a>0 2.1
and
1 4
f(y;ﬂ):ze ﬂ, y>0, fp>0 (2.2)

The reliability function is defined as

=X =x
R:P(Y<X)=-l~of()(l~e'8)eadx
2 0
a 2.3)
—a+ﬂ.

If & and B are known then Ris simply calculated using Eq. (2.3).
Now to compute the MLE of R, first we need to obtain the MLE of & and 3.

Suppose that 7 are the first failure observations with strengths Xl.;i =1,...,V, ,

where 7] <7 each of which having exponential distribution with parameter «
respectively, the likelihood function based on type-II censored sample will be

X X
nl 11 —=L L,
L= I[(—e %)e & 11
(I’l-rl )./ l=1 o
"
,“(,Zl"i”rl(”"l»
/ 1 r =
r=--"_1), p
(n~r1)! o
d|
dinl _-n  HF o (rpey
= T 5 =0 2.4

da @ o a
then
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Estimation of 2(7 < X)in Exponential Case Based on type-Il Censored Samples

Abd-Elfattah, A. M.! and Marwa O. Mohamed”

! Department of Mathematical Statistics, Institute of Statistical Studies & Research
Cairo University, Cairo, Egypt.
? Department of Mathematics, Zagazig University, Egypt.

Abstract: In this article, the estimation of reliability of a system is discussed when strength,
X , and stress, Y , are independent exponentially distributed random variables with different
scale parameters based on type Il censored samples. Different methods for estimating the
reliability are applied. The point estimators obtained are maximum likelihood estimator,
uniformly minimum variance unbiased estimator, and Bayesian estimators based -on
conjugate and non-informative prior distributions. A comparison between the -different
estimates obtained is performed. Interval estimators of the reliability are also discussed

Keywords: Maximum likelihood estimator; Unbiasedness; Consistency; Uniform minimum
variance unbiased estimator; Bayesian estimator; Pivotal quantity; Fisher information.

1. Introduction

In life testing, it is often the items drawn from a population are put on test and their
times of failure are recorded. For a number of reasons, such as budget or limited time,
it is often necessary to terminate the test before all the failure times have been
observed; In this case the data become available in some ordered manner. The test is
usually terminated after a fixed time or a fixed number of failures are observed giving
a censored sample .

In stress-strength model, the stress Y and the strength X are treated as random
variables and the reliability of a component during a given period (0,T)is taken to be
the probability that the strength exceeds the stress during the entire interval. the
reliability R of a component is R = P(Y <X).

Several authors have considered different studies for stress and strength with
exponential distribution with complete sample. Tong (1974) discussed the estimation
of P (Y < X) in the exponential case.

Tong (1977) had a look at the estimation of P(Y < X) for exponential families. Sathe
and Shah (1981) studied estimation of P(Y > X)for the exponential distribution.
Chao (1982) provided simple approximations for bias and mean square error of the
maximum likelihood estimators of reliability when stress and strength are
independent exponentially distributed random variables. Awad and Charraf (1986)
studied three different estimators for reliability has a bivariate exponential
distribution, Bai and Hong (1992) estimated P(Y < X) in the exponential case with
common location parameter. Siu-Keung and Geoffrey (1996) studied the shrinkage
estimation of reliability for exponential distributed lifetime. A note on the UMVUE
on P(Y <X)in the exponential case discussed in Cramer and Kamps (1997).
Shrinkage estimation of P(¥ < X)in the exponential case discussed by Ayman and
Walid (2003). Tachen (2005) deals with the empirical Bayes testing the reliability of
an exponential distribution. '

In this article, we studied different estimation procedures for the reliability, R when
X and Y two independent exponential distribution when the available sample is
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