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Measuring the Creditability of Borrowers in
Egyptian Business Loans using a Generalized
‘ Partial Linear Model -

BY
Magda Mohamed M. Haggag

A Lecturer of Statistics,
; Department of Statistics, Mathematics, and Insurance
Faculty of Commerce, Alexandria University (Damanhour Branch)

Abstract

This paper considers improving the efficiency of regression estimators using
a semiparametric generalized linear model, known as a generalized. partial linear
model (GPLM). The used method in estimation of GPLM is known as the profile-
likelihood method, which is based on using kernel smoothing functions in the
estimation of the nonparametric component of the model. 1 will derive the
algorithms for the estimation process and develop these algorithms for the
generalized partial linear mode! (GPLM) with a binary response. Data on business
loans (credit scoring data) are used as a real application of GPLM with a
binomially distributed response variable. The results give asymptotically efficient
estimators of GPLM than that obtained using the parametric generalized linear
model (GLM).

Key Words: asymptotically efficient estimators, Backfitting estimator, business
loans, credit scoring, efficiency, generalized linear model, generalized partial linear
model, kernel smoothing, misclassification rates, profile-likelihood, quasi-
likelihood, semiparametric estimation.

1. Introduction

A parametric model is one where the set P is smoothly describable as the
image of a set ® in R"by a map 6 — Pp. Estimation of 6 is determined to a large
degree by smoothness propertics of this map, wherc a smooth map mecans a
continuously differentiable map on M, where M is a collection of probability
measures on (X, B), where X is the sample space of data and B is its Borel o-field.
Consider a model for i.i.d. random variables X1,.........Xn with common unknown

probability distribution Pe ® on a measurable space (X, B). The probability
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~distribution P is dominated by ; i.e., there isexits aset My={ P € M: P <<y},

where p here is denoted to a fixed o-finite measure on (X, B). The model @ is
defined to be parametric if :

4

P={Py:0 €O, (h
where ® < R*, and the parameterization 8 — Py is smooth,

The model P is defined to be a regular parametric model if it has a regular
parametrization, i.e.,

1) -

1
o =(f,)2 is continuously Frechet

differentiable from @ to L, (), with derivative S’(&) a k-vector of elements of L,
(), where L (1) is a Hilbert space of p-square integrable functions.
2. The k x k matrix IS(())S"T (6)du is nonsingular. (Ritov and Bickel, 1990).

1. The map 6— S(8), where 5(0):{_‘1&}

Semiparametric models are naturally parameterized by both Euclidean and
infinite dimensional parameters. Or; in another description, they are described as
ones where every -possible probability distribution is at least approximable by
distributions: in the model. In this sense, all regular parametric models are also
semiparametric. '

The model @ is defined to be semiparametric if :

@:{PB,II\:GE(’)amEm} (2)

where @ is an open subset of R” and M is an arbitrary set.of nonparametric class
of distributions or.some other infinite-dimensional set.

The purpose of this paper is to measure the creditability of borrowers in
Egyptian business loans using a generalized partial linear model (GPLM). Also,
the algorithms used in the estimation of GPLM are derived using the profile-
likelihood method and developed to the case of a binary response variable Y. A
real application using data on business loans (credit scoring data) is shown with
improved estimators, i.e., asymptotically efficient estimators. All results are
obtained using XploRe (4.8). (Hardle et al. (1995), (2000a), and (2000b)).

This paper is organized as follows: a generalized partial linear model
(GPLM) is identified as an extension of a parametric generalized linear mode|
(GLM) in section (2). Estimation algorithms of a GLM and a GPLM are reviewed
in section (3). Asymptotic statistical properties of the GPLM estimators are
considered in section (4). Section (5) introduces an application of estimation
algorithm methodology which is developed for GPLM in the case of a binary
response variable Y, and measuring the creditability of borrowers of GPLM using
data on Egyptian business loans (credit scoring data). Section (6) is for summary.
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2. Generalized partial linear model (GPLM)

A semiparametric generalized linear model known as a generalized partial
linear model (GPLM) is an extension of a generalized linear model (GLM),

Er| Z)fC?(ZT/f), ()

where G is a known and monotone link function, and f§ is an unknown finite
. dimensional parameter. The generalized linear model has a wide propagation
refers, in particular, to the ability of GLM to handle both discrete and continuous

variables in the index Z ’,B In most cases, the nonlinear relation between the

response variable and the regressors, known as the link function, in GLM is fixed
and monotone. In the generalized partial linear model (GPLM), a more complex
relationship between the response and the regressors is defined by a non monotone
link function such that,

Hr|2)=dU B+mm), @

Where Z=(U",W"', G is a known and non monotone link function, B is an
unknown finite dimensional parameter, and m(') is an unknown infinite-
dimensional function, i.e. a'smooth function,

The first term of (4), U'B, represents the parametric component of the model, and
the second term, m(W), represents the nonparametric component of the model.
Therefore, the term semiparametric model refers to the model which contains these
two components. (Sperlich et al. (2006)).

If the distribution of Y belongs to an exponential family, a likelihood method,
known as a profile-likelihood introduced by Severini and Wang (1992), is used in
the estimation of GPLM. On the other hand, if'the exact distribution information of
Y is not available but the first two moments are specified, then a quasi-likelihood
method is used in the estimation of GPLM. A quasi-likelihood function has
properties similar to those of a likelihood function since the exponential family
distribution is specified by its first two moments. (Severini and Staniswalis

(1994)).

3. An Overview of the Estimation Methods
3.1 Estimation of the GLM

Maximum likelihood estimate of the parameter f in a GLM is generally not
available in closed form but can be obtained via an algorithm known as iteratively
weighted least squares (IWLS). IWLS is one of the practical ways in which GLMs
are in fact "general", providing MLEs for a wide class of commonly used models.
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IWLS is based on regressing a new response variable ¥ on regressors, Z S,

which is a linearized form of the link function applied to the response Y and
weights, D, which are functions of the fitted values jt. The process is iterative

because both the adjusted response variable v and the werghts D depend on the
fitted values, for which only a trial estimate of the parameters, ﬂ are available.

The iteratively weighted least squares (IWLS) algorithm is performed as
Jollows:

1, Form the working responses with typical value

0=+ f-aPB10), rn

where ;ftl(o) and ;7,(") =¢! (ﬁi(o)) are the initial estimators of the means and

. ) i) i |
linear predictors respectively. ¢~ ! ([11( ) ): T s the derivative of the function

( ( ) ) evaluated at n( ) . The weights (quadratic) are defined by

BE) = ' , i=1,...0m,

b TGO

“where Vi(O) is the variance function of Yy i which is based on ﬁi(o).

2. Regress (°) on X j's with weights DI(°) to give new estimators, B(l) ,
]
of the parameters. From these estimators form a new estimator ﬁi('), of the linear

predictor. Given ﬁi(t) and ,;I,(’ ), form the adjusted response variable as follows

r{/i(t) _ ﬁi(t) + (yi_ﬁl(')}j%(fl(f))’ n

and iterative weights:

ﬁ.(’)z I , i=1,......,0
1

6= @O0

~ . ~Af
3. Calculate B(H]) by weighted least squares regression of ‘Y( ) on X as

rations Heseareh .7 2205 Dpe

[

B

R

|
g
i
4

S
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e - (XT,li(’)X )M‘ xTply ).

where ) ) = diag (Dl(‘)} . Define _'1;;\ (t+1) and /:2 (t+1) as;

40 = )
and
) - G(f? ¢ ‘H))

4, Repeat steps 2 and 3 until changes in ,8 are sufficiently small. The

asymptotic variance of ﬁ is given by

@)l or)'

where D=diag(Dy,......,D,) computed at the final iteration. The IWLS algorithim
does not involve the dispersion parameter ¢, which is usually either fixed a priori
by the model (e.g., for binomial or Poisson models) or estimated after computing
residuals with ﬂ“ (as in the Gaussian case), If ¢ is unknown, an estimator is
required in order to compute the standard errors,

In Models with canonical link IWLS is simply the Newton-Raphson method,
and more generally it coincides with the Fisher scoring method. (Nelder and
Wedderburn (1972); MeCullagh and Nelder (1989); Dobson (1990); and Muller
(2004)).

3.2 Bstimation of the GPLM
The estimation method that will be used for GPLM is the Profile likelihood

method. The profile likelihood method introduced by Severini and Wang (1992) is
based on the fact that the conditional distribution of Y given U and W is

parametric. The idea of this method is as follows:
a. Fix the parametric component of the model, i.e., the parameter vector .
b. Estimate the nonparametric component of the model which depends on this

fixed B, i.e. mp() by some type of smoothing method to obtain the estimate iy ().

¢, Use the estimate rhﬂ(~) to construct a profile likelihood for the parametric

component using either a true likelihood or quasi-likelihood function,
d. The profile likelihood function is then used to obtain an estimator of the
parametric component of the model using a maximum likelihood method.




Thus the profile likelihood method aims to separate the estimation process into
two parts, the parametric part which is estimated by a parametric method and the
nonparametric part which is estimated by a nonparametric method.

Murphy and Vaart (2000) showed that the full likelihood method fails .in
semiparametic models. In semiparametric models the observed information if it
exits, would be at best an infinite-dimensional operator. They used a profile
likelihood rather than a full likelihood to overcome this probler.

The algorithm foi Profile likelihood method is derived as follows:

(1) Derivation of differ"ent‘likelihood functions:

* For the parameltric component of the model

The objective function for the parametric component is the pararmtrlc, profile
likelthood function which is maximized to obtain an estimate for p is given by:

Zf(!im’ ) Zf (5)

where £(+) denotes the log-hkehhood or quasi-likelihood function,
=GUy f+m, (17, |
Hip i s\, (6)

g,y @)

The function in (§) is maximized to obtain an estimate for p.

and

* For the nonparameltric component of the model

The objective function for the nonparametric component is a smoothed or a local
likelihood function which is given by

mﬂ w Z[(/J'mp ’yr)K* w“W'),

(8

where

Lo =GUT +m, (W] =Gln), ©)

and the local weight 7(H(W“ \)-H K(w-Wi) ‘is “the kernel “weight with %

denoting a multidimensional kernel function and H is a bandwidth matrix. The
function in (8) is maximized to obtam an estimate for the smooth function mp(w) at
a pomt w.

(1) Maximization of the likelihood functions:

The maximization of the local likelihood in (8) requires solving




Q (10)
with respect to mp(t), and €() denotes the first derivative of £(*). The maximization
of the profile likelihood in (3) requires solving

0= ZA:‘K(G(W)M )(W) +V,, W, )), | ‘ (@ [)'

b=l .
with respect to the coefficient vector B. The vector V,,,ﬂ (W,) denotes here the

vector of all partial derivatives of mp with respect to . A further differentiation of
(10) with respect to B leads to an explicit expression for V,, - as follows:

S G}y, Y (w0,
Vmﬂ (w) =zl

> UG}y (w-17,) ' )

I=]

where @ denotes the second derivative of E(G(n),yi).

(III) Solving the Maximized likelihood functions:

* Equations (10) and (11) can only be solved iteratively, Severini and Satniswalié
(1994) presented a Newton-Raphson type algorithm for this problem as follows:
Let :

m, = mﬂ(Wj),
=W p+m)
n,=WiB+m)
¢, = e(G(ﬂi)’ Y1)’ '
t, =06\, by

Further let .eia"é,ir'eij and .(.?ij be the first and second derivatives of {; and (;; with

respect to their first argument, All values will be calculated at the observations Wi
instead of the free parameter w. Then (10) and (11) are transformed to

Ozzk/([]l +vm,>. o (]4)

i=l

The estimate of Vm, :Vmﬂ(

‘,‘) 'bfa’scq on (12) is necessary to estimate [3:
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/ w N

ZQ%(W W )

i=|
Equations (13) and (14) imply the following iterative Newton-Raphson Type

algorithm:

m

. (15)

First: Initial values:

Different straiegies are found for obtaining start values of the estimators:
a. - Using 8 and nﬁj(o) obtained from fitting a parametric generalized linear

model (GLM). EX

b, Using =0 and m,= G"[(Yl +~Y)/2] with the adjustment for Binomial
responses as m, = G"[(Yj +0.5)/2].

c. Using A=0 and m;= G"[Yj] ~with the adjustment for Binomial

responses as m; = G [(Yj +O.5)/2]. (See Severini and Staniswalis (1994); and
Hardle et al. (2000a)).

Second;: The updating step for p:

ﬂrew:ﬂwB—l nz:e'f]; ,
i=]

(16)

where B is a Hessian type matrix defined as

B = Z 2iﬁiﬁir
i=]
and.

ieui’(ﬁ (W: - WJ )U:

Z&,KH(W w,)

The updatmg step for } can be summarized in a closed matrix form as follows:

U U%V =U; =

ﬂnew (UTDU) UTDZ : (‘7)
where

O=(1-s"y, (18)

Z=Up-D"'"v, (19)
where U is the design matrix with rows U ,.T , I is an (nxn) identity matrix,

P - B

Ty
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D=diagl, ...,

1)
and S is a smoother matrix with elements; .

o0 - Lol )
i n.. . .
Z%‘Kﬁ (W: “'“'W,)

(22)

Third: The updating siep for n=mp(w;)

The function }n‘, = mp(w; ) is updated by:
ZEUKH (W/ - Wj)
— ’/;\2/" k= \
J n_ .
ZKUKH (W, “Wj)
i=l ~

It is noted that the function 7, () can be replaced by its expectation with respect to
Y to obtain a Fisher scoring type algorithm.,

23)

The previous procedure can be summarized as follows.
First: Updating step for I3
i (ﬁT D[N’)“l 07
Second: Updating step for.m,
n
Zﬂ in H (W, = W; )
mﬁew = i=]

J T

DK, -m)
i=l
3. Asymptotic Statistical Properties of GPLM Estimators

Severini and Staniswalis (1994) showed that under some - regularity
conditions the estimator 3 has the following properties:

I x/:?—consistent estimate for f,

2. Asymptotically normal.

3. 1ts limiting covariance has a consistent estimator.
4..Asymptotically efficient (has asymptotically minimum variance).

The nonparametric function m can be estimated (in the univariate case) with -
the usual univariate rate of convergence.
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In summary the parametric and nonparametric estimators of GPLM have the
following asymptotic properties:

'&: i3 +Op(nh"i/2’ ),

iy omf=o() s noe

6* =a’ -i—op(l).

where #,,m,_,and o are the true parameter values so that

var(Y | U, W) =0’ varlG(U"‘/}‘, + m(W))J '

4. Applications

41 Developing the estimates of a umvanate GPLM for the binomially
distributed response

We develop the estimates of GPLM for the parametric component B and the
nonparametric one m(w) when the response variable Y belongs to a binomial
distribution. The developing will be shown in the univariate case model using the
profile likelihood method. The iterative procedure that will be used is the Newton-
Raphson algorithm:

4.1.1 Updating step for my

Equation ( 23) will be
i 'gi(Ui/BA(k) + %f‘k))Kh(Wf B Wj)
I7’>I(.k+l) ~ ﬁ?(.k) = i:l (24)
o S, AWk, )
i=1
where .
0 (v v +ih)= explU, B4+ )

B 1+exp(U,,3(") + ) '

20 0\ exp(U,ﬂA.(")‘+ﬁ1§"))
- {1+exp(U,,3(")+ﬁ1§."))]2

, Compuier Sciences and Operations Research 2 2-25.

Dec, 2068
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4.1.2 Updating step for

Equation (16) will be

g o (25)
Where
LU AW sy o TP (U,ﬂ + rﬁ,.("""-')) ‘
1+ exp (Uiﬂ + ;,ﬁi(m)) )
. 'él(U,ﬁ(k)‘iﬂnclEkH))Kh(W,'“-WJ}J,,
W -y .=l R
) ] v - a ' ,
(,(U“g(k) " n«7§u|))Kh (Wi ij)
i={ :
‘éi;(U iﬂ'\(k)+n'%£k+|))m i exp (Ulﬁ_i_’,ﬁl(k-l-')) .
[1 + exp (Uhg” + ,ﬁi(kn))r ,
L N A0) s (ke)) Y7 (k)2
ngé,(lf,ﬂ e o
=120 .0 is the number of observations, and k=0,1,2,....... is the number of

iterations. The procedure will be iterated until convergence. For k=0,

S 0,9+ n Ok, b, <w,)
’;’5]) - ,;150) = 1;1

> 4080 Ok, -w,)

=)

and
A A 1N A AN
O - ﬁ(‘”“"gz 0, iﬂ(°)+mf"}f,~(°),
i=1

) 0 i
and ,3( ) are the initial values.

(©
where 7

4.2 Measuring the creditability of borrowers in Egyptian business loans

Credit scoring is a method of evaluating the credit risk of loan applicants using
historical data and statistical techniques. The method produces a "score" that banks
and other financial institutions can use to rank its loan applicants or borrowers in
terms of risk. Credit scoring methods are widely used to estimate and to minimize
credit risk. The aim of credit scoring is to model or predjct the probability that an
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“applicant with cerfain covariaies is to be considered as a potential risk. (Muller
- (2001)).

Credit scoring have some obvious benefits that have led to its mcreasmg

use in loan evaluation: .

(1)-Scoring greatly reduces the time needed in the loan approval process.

(2) Scoring improves objectivity of the approval process. This objectivity helps
lenders ensure they are applying the same underwriting criteria to all borrowers
regardless of race, gender, or other factors prohibited by law from being used in
credit decisions.

The aim of credit scoring is to model or predict the probability that an
applicant with certain covariates is to be considered as a potential risk. For each
applicant, the binary response variable "creditability" is available. This will be
done using a generalized - partial ‘linear ‘model (GPLM) compared with a
generalized linear model (GLM). A well-designed model should give a higher
percentage of high scores to borrowers whose loans will perform well and a higher
percentage of low scores to borrowers whose loans won't perform well.

4.2.1 The Struct.ure' of the Data

 The credit iscoring data set determining the éolidness of borrowers is
collected from some Egyptian banks (in Alexandria, 2006). The data set consists of

500 observations on business loans and 17 covariates, which are assumed to
mﬂuence creditability, classified as:

o) Non-metric covariates (categorical), which include 14 variables, the
variables U1 to U5 are dichotomous, U6 to U10 have three categories, U1l to U13
have five categories, and U14 has seven categories. These variables are described
as follows:
U1’ the employment of credit for at least one year. (Yes/No)
U2: existing of available savings. (Yes/No)

. U3: having a credit card. (Yes/No)

. U4: reputation. (Yes: good /No: not.good)

US: existing Judgments between the borrower and his clients. (Yes/No)
U6: payment of previous credits. (Yes/No/There is no previous credits)
U7: experience. (Good/Fair/There is no experience)
U8: business partner relation. (Good/Bad/There are no partners)
U9: the case of other enterprises.(Good/bad/There are no other enterprises)
U10: Banker's guarantee type. (Real estate/Effects/others)
U1 1: education. (Doctorate/Master/Bachelor/Medium/not educated)
U12: marital status. (Married/Single/ Widowed/Divorced/others)
U13: project type. (Manufacturing/commercial/professional/agricultural/others)
Ul4: purpose of credit. (Project construction/Project = developing/Buying a
car/Buying a building/Buying a land/Buying goods/others)

() Metric covariates, which include three variables, W1 for age, W2 for the
amount of loan in thousand of Egyptian bounds, and W3 for duration in months.

. The response variable Y describes the creditability and takes two values, |
for credit-worthy and 0 for not credit-worthy. :
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4.2.2 Comparing the Regression Estimates Using @ Generalized Linear Model
(GLM) and a Generalized partial Linear Model (GPLM):

For each applicant, the binary response variable "creditability” is obtained.

This will be done using a generalized partial linear model (GPLM) compared with
a generalized linear model (GLM).

The generalized linear model using a logistic cumulative distribution function

(logit model) known as a parametric logistic regression model, PLRM ,.assumes
that the probability of a good loan is given by.

.
Py =1|\u,w]=G(z"p)= 1%%%(% o)

where 7 = (U”,w "), and G() is the logistic cumulative distribution function
and P is an unknown finite-dimensional parameter that will be estimated.

: The semiparametric logistic regression model (SLRM), corresponds to a

parametric logistic regression model (PLRM), is considered by generalizing the
linear argument (B'2) to a partial linear argument (BTU +.m (W), where Z=
(UT,WT)T_,v and m(") is an unknown infinite-dimensional function, a smoothing
function. SLRM assumes that the probability of a good loan is given by

dr-no)-clrpep)- 2l g

where G(') denotes the logistic cumulative distribution function. The vector U
contains all categorical variables and the vector W confains all the metric
(continuous) variables which are linearly transformed into [0,1]. The two

components of (27), B and m("), will be estimated,

4.2.3 The estimation results

The following table (Table (1)) shows The estimates of the parametric logistic
regression model (PLRM) and the different semiparametric logistic regression
models (seven SLRMs) which are obtained by including W1, W2, W3, W1 and
W2, W1 and W3, W2 and W3 and all metric varlables, nonparametrically in the
model, respectively.
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Table (1): The Parametric coefficient estimates of the parametric logistic regression model ‘(PLRM)

and the different semiparametric logistic regression models (SLRMs).

Parametric
Variable SLRM
Estimates By
including
different Wi's
nonparame-
trically :
PLRM - Wi w2 W3 Wi, W2 Wi, W3 w2, Wi1,w2,
Estimates w3 w3
Constant -4,1146 - _ o - "
Ul *3.0085 %2.9317 *3,0343 *2.7863 *3,026 *2.6939 *2.8134 *2.7562
U2 0.11595 0.20215 0.22241 0.12575 0.30351 0,20217 0.239 0.33647
U3 #“2.5159 #2.4709 *2.4475 %2319, #2.4262 *2.2787 #2.2814 *2.2384
U4 %3,2842 %3.3563 *3,043 ° *33412 *3,105 *3.413 *3.0924 *3.0587
us *.3.5591 *.3:6297 *.3.5201 %.3.4538 %.3,5352 *.3.5419 *-3.4521 *.3.5224
U6 0.1825 0.048588 0.14683 0.20123 0.064899 0,068052 0.16982 0.052472
R 1k 0.55938 0.48648 0.70907 0.58304 0.67671 0.5253 0.75637.1 079087
Us 0.98888 0.99404 1.0197 0.97588 1.0305 0.9877 1.0013 1.0284
Uo -0.68568 -0.62661 -0.67504 -0.62874 -0.63078 -0.57547 | -0.61879 |  -0.53241
U10 +0.62281 -0.74061 -0.43443 0.75532 -0.46838 -0.86047 | -0.55659. | -0.55719
Uil -0.037022 -0.045497 0.17963 -0.072497 0.19833 0.077393 | 0.13815 0.20597
ui2 0.72274 0.37397 0.67117 0.62432 0.45764 0.34042 0.58048 0.44347
U13 0.091592 0.065067 0.10846 0.094149 010071 0.065411 0.11457 1 0.098608
vi4 #.0,44423 #-0.42469 *.0,45539 %-0.46177 *-0.45153 | *-0.44909 | *-0,4949 | *-0.5086
Wi -0.032669 o -0,02239 -0.033526 o o 0.02352
5
W2 -9.7254e-06 -8.0622¢-06 = -8.1448e-06 o <6,425e-06 - -
W3 -0.01297 :0.013302 =0.014311 - -0,014407 = . -
Deviance 132.35 132.98 129.07 129.71 128.28 130.21 126.5 125.37
Iteration 6 8 8 7 8 5 10 10
No.

Note; Bold and starred values are significant at 5%.
From this iable; it is noted:

a.The only ‘significant categorical 'variables are Ul, U3, U4, U5, and Ul4,
according to our data. :
b. “All metric variables, W1, W2, and ‘W3 are insignificant by including them
parametrically in PLRM and SLRMs.

c..1tis noted that SLRMs outperform PLRM in terms of deviance.

4,2.4 Performance assessment of different scores

Different models or different scores can be compéred using misclassification
rates.(Muller and Ronz (1999)). For the parametric logistic regression model
(PLRM), the score for a potential borrower is referred to

S=2z"4. (28)
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and for the semiparametric logistic regression model (SLRM), the score is

S=U"p+mWw). (29

%

Misclassification rates can be measured by performance curves such as
Lorenz curves and Gini curves. The Lorenz curve is a plot of

P(S>t))versus P(S>1\Y=0),

where t is a certain threshold value, P(S>t) is the probability of observations
classified as good, and P(S>1\Y=0) is the probability of observations classified as
good conditioned on bad. (Muller-and Hardle (2002)).

Practically, the probability P(S>t) is replaced by the relative frequency of
good classifications, i.e. for Y=1, above a threshold value t. The probability
P(S>1\Y=0) is replaced by the relative frequency of faulty classifications, i.e. for
Y=0, above a threshold value t.

In this work, a series of threshold values is taken and the scores are sorted

~ from bad to good The performance curves: for both PLRM and SLRM are

compared when using different combinations of metric vanables in ‘‘the
nonparametric part of SLRM,

Figure (1) shows the performance curves of both PLRM and SLRM obtained
by including all metric variables, W1, W2, and W3 nonparametrically in SLRM, It
is noted that the semiparametric model (SLRM) improves the performance with
respect to the parametric model (PLRM) since the curve of SLRM is downward
w.r.t. the curve of PLRM.

Performance Curve of GLIVI.and GRLM

'|
;
1

]

P{Sosiv=h
05

BRI Bt

o's
P(S>e)

Figure (1): Performance curves for the geheralazed linear.-model, GLM (or parametric logistic regressnon model, PLRM): a
thin dotted curve, and the generalized partial linear model, GPLM (or semiparametric logistic regression model SLRM): a
solid curve, with all metric vanables mcluded nonparametrically.

Figures (2) and (3) sh()w the performance curves of both PLRM and SLRM
obtained by including separately the variables, W1, W2, and W3 nonparamemcally
in SLRM and by including two metric variables nonparametrically in SLRM, i.e,
W1 and W2, W1 and W3, and W2 and W3, respectively. These Figures show the
influence of every metric variable and every two metric variables in improving the
performance w.r.t. PLRM. It is shown that the effect of W1 and W2 in improving
the performance is greater than the effect of W3. This can be mterpreted
economically that W1 (age) means reputation, more experience, good previous
business, and etc., for W2 greater amount of a loan means more banker's
guarantees, but for W3 the credit risks for the duration of a loan is limited.
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Flgure (2): Performance curves for the generalized linear model, GLM (or parametric logistic regression model, PLRM): a
ihin dotted curve, and the generalized partial linear model, GPLM (or semiparametric logistic regression model, SLRM): a

solid curve, by including, separately, the metric variables nonparametrically.
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Figure (3): Performance curves for he generalized linear model, GLM (or parametric logistic regression model, PLRM): a
thin dotied curve, and the generalized partial linear model, GPLM (or semiparametric logistic repression model, SLRM): a
solid curve, by including, two metric variables nonparametrically.

S. Summary

In this article, we measured the creditability of borrowers in Egyptian
business loans using the generalized partial linear model (GPLM). We developed
the iterative procedure for estimating the semiparametric logistic regression model
in the case of existing one variable in each component of the model. The profile
likelihood method gives estimates which are asymptotically efficient. The

oy

|
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efficiency of these estimates is achieved if the nonparametric part is a "least
favorable curve". :

Credit scoring represents a set of common techniques to decide whether a
bank should grant a loan to an applicant (borrower) or not. The generalized linear
model (GLM) and semiparametric generalized linear model or a generalized partial
linear model (GPLM) are used and compared. The power of the semiparametric
methods is investigated using real data on "business loans". Therefore,
semiparametric generalized linear model known as generalized partial linear model
(GPLM) is used to handle this situation, It is shown that the semiparametric
methods perform better than the parametric logistic regression. Semiparametric
logistic regression model (SLRM) gives more attention to metric variables by
estimating them nonparametrically. Practically, the continuous regressor variables -
chosen for the nonparametric part are those which have the most influence on the
response variable, ‘

It is found that the five categorical variables Ul(the employment of credit
for at least one year), U3 (having a credit card), U4 (reputation), U5 (existing
judgments between the borrower and his clients), and U14 (purpose of credit) are
the only significant variables, which influence the credit worthiness, in both PLRM
and SLRMs according to our data. Also, it is found that the three metric variables,
W1 (age of a borrower), W2 (amount of a loan), and W3 (duration of a loan), are
insignificant in GLM. The significance of these variables are shown when using all
versions of GPLM which are estimated by the profile-likelihood method. Also, the
assessment of both GPLM and GLM fits is shown using performance curves
indicating the importance of GPLM with respect to GLM.
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Abstract: With the assumption that noisy measurements are possible for the
Pulmonary and Aortic flows and pressures, we seek to estimate the time-varying
parameters (Compliance, Resistance, and Inertance) as descriptors of the right and left
ventricles. A polynomial in time model is assumed for each parameter. The
coefficients of the polynomials are estimated from the observed data and the
maximum likelihood method and the stochastic calculus are utilized. Some but not all
the results agree with results previously reported in the literature.
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L Introduction:

The ejection of blood from the heart is influenced by its filling. and the
receiving arterial system (load), aspects recognized since [Roy; 1870]. Furthermore,
the contractile properties of the ventricle are sensitive to netiral and endocrine control
and heart rate adds othgr fluid-mechanical considerations to the pumﬁing process,
Consequently, hemodynam'iq variables, such as ventricular pressure and flow, reflect

complex interactions of these contributors [Abutaleb et. al; 1984, Abutaleb et. al;

11986].

Over the yeafs, several models for the left ventricle were introduced. Two

compliances were utilized by [Warner; 1959] to model a simple ventricle: one

compliance for diastole and a lesser value for systole. Expressions for left ventricle

compliance: also included the instantaneous ratio between ventricular pressure and
volume, the ratio between alterations of pressure and corresponding volume within
small time iqtervals, and th_evslope of the tangent to the ventricular pressure-volume
loop. These latter methods,haveyielded positive, negative, or infinite compliance

values, Some popular models that derive the aortic pressure are reviewed,

(1) The elastance-resistance model [Shroff and Motz: 1989]:

In this model the relationship between the aortic paressure, P(t), and left veniricle

volume, Q(f), is described by the nonlinear differential equation:
o d d
PO =00 +50) 4000 L 1 g1

Where a(t) represents elastance, b(t) represents resistance, <(t) and g(t) represent

known quantities derived from the pressure and the flow.

3008
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(2)  This model introduces nonlinearity explicitly by the term * Q(t)%% "An

inertial component is not represented. A nonlinear elastance model [Suga and

Sagawa; 1988]:
P(1) = EOIOO - 20l [Q(t),gd%

Where E(t) is the elastance, Q(0) is the ventricular volume at zero pressure, and

“ 1o, %Q] " is a corrective function,

(3) A different nonlinear elastance model [Zhong et. al; 2005]establishes
elastance as a combination of time-varying passive and time-varying and volume-

dependent active elastance, .

Time-varying heart (myocardial) properties were also estimated using mechanical
models [Karam and Abche; 2006], These studies demonstrated that both a time-
variant compliance and a time-variant resistance are manifested during the cardiac

cycle,

Approximate, closed form relations between left ventricular time-varying
resistance, compliance, and pressure and volume were derived' using .optimality.
principle [Abutaleb et. al; 1981]. That work yielded a negative, "seemingly"
physically unrealizable value of inertance during a portion of ejection, suggesting
inadequacy of the physical representation of the ventricle, the optimization procedure,
or the constraints. A different physical meaning for the inertance, however, was able

to explain these negative values [Abutaleb; 1984].

Inertial properties as well as losses of both the blood and ventricle are often ignored

on the assumption that at particular sites or conditions either may represent only small
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fractions ol total energy. Alihough kinetic energy may constitute a small part of
myocardium mechanical energy, flow and its derivative may achieve appreciable
values particularly dufing systole where blood acceleration at thé onset of ejection is
appreciable. Consequently, a comprehensive study of myocardial behavior during
ejection suggests inclusion of all time-varying parameters, Elastance, Resistance, and
Inertance [Abutaleb et, al; 1981, Abutaleb et. al; 1982]. For a noise-free environment,
these may be related as [Noordergraaf and Melbin; 1982]: |

L()d Q(l) Q(’) R(t)dQ(t)mP(t)

Or more adcquately, with the inclusion of the derivative of the time-varying

(’) II

elastance "

1oL E0, 0,120 , 3|20 p .2)

dr’ C(t) dt

Where the unknown L(t), C(t), and R(t) represent the inertia of blood, the compliance

~ of left/right ventricular wall, and the losses duri.ng ejection respectively. Q(t) is the
blood volume in the left/right ventricle and P(t) is the pressure at the root of the Aorta

or the Pulmonary pressure for the right ventricle. .

~In {Abutaleb; 1986], the pump equation (I.1) was modified by relating
inertance. to an equivalent area in a force balance relation. By modeling the unknown
 time-varying cardiac parameters nas polynomials in time, uniqueness of their values
could be established. We utilize metiliéds of the Ito calculps to estimate the
coefficients of the polynomlals that re;.)!r;:se\nt the time-varying cardiac parameters

L(t), C(t), and R(t) duﬁng the ejection phase of the cérdiac cycle. The maximum

likelihood method is utilized to accommodate the system whether or not noise exists
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in the measurements of flow and pressure. In the estimation of the time-varying

parameters, constraints are added to ensure nonnegative values.

Estimation Methods of Time-Varying Parameters:

The problem of the estimation of time-varying parameters has, in general, four
methods for solutiont:
(1) Assuming that the system coefficients are varying. sufficiently slowly, they can be
tracked using the localized (weighted or windowed) versions of the least squares or
maximum likelihood estimators [Niedzwiecki; 1984, 1990, 2000].
(2) Approximation of the time-varying coefficients by a weighted combination of a
certain number of known functions (basis functions). If the unknown weights are
assumed to be constants, well known identification techniques could be used [Grenier;
1983, Van Trees; 1968].
(3) Assumption that the time-varying coefficients evolve as Markovian, In this case,
the Kalman filter technique and its modifications could be used for the estimation of
the time-varying parameters [Chow; 1987, Abutaleb and Papaioannou; 2000].
4 ’fhe tilr‘ne-varying coefficients could be treated as unknown controllers to be
estimated to track the observed data. The method of Pontryagin maximum principle

“ could be ugcd to find the desired values [Abutaleb; 1986, Chen et al; 1998].
And most recently the Malliavin calculus was used to estimate time-varying
parameters in other applications [Abutaleb and Papaioannou; 2007, 2008].
In th.is“ report a niodiﬁcation of the second method is introduced. A time

dependent polynomial is assumed for each unknown time-varying parameter. The
coefficients of the polynomials are estimated using the maximum likelihood method of

the Ito calculus. This is because the system dynamics and the measurements are noisy.
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In section 11, the system dynamics or the pump equation is presented as a linear model
of the left/right ventricle during ejection of the blood. In section 111, we introduce the
proposed method that is based on the stochastic calculus (lto calculus). In section 1V,

the simulated and the real data is presented. Section V presents results, summary and

conclusions.

1. The Left/Right Ventricle as a Linear Time-Varying Model:
It is assumed that a linear time-varying model describes the left/riglﬁ ventricle during

the ejection phase of the cardiac cycle, The model is given as:

)20, 20, [d“’) R(t)] 20 _ pe)

(L 1)

Where the unknown L(t), C(t), and R(f) represent the inertia of blood, the compliance of the
ventricular wall, fand the losses during ejection respectively. Q(t) is the blood ‘volume in'the
ventricle and P(t) is the pressure at the root of the Aorta or the pulmonary pressure for the

right ventricle. It is desired to estimate these unknown time-varying parameters.

I11. Estimation of the Time-Yarying Parameters:
In this .section the proposéd Stochastic-Calculus-based-method is explained. As
before, the differential equation that governs the blood ejection from the left/right

ventricle (the system dynamics) is taken as:

L(,)d 00, 00, [dL(r) R )]dQ(t) "0

dr’ C(t)

VVVVV

Q(t) over tlme to accommedate nmse in Q(t) and P(t) Smce these varxables are

treated as stochastic processes, deterministic calculus would be inadequate.

e B O08
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|
|
|

X, O
Let gg(t)z[X (t)J: o) (IIL. 1)
-2 dt
Since Qz(t)z t
dt ()
l:fi—{’—(Q+R(t)] :
_La WO __L_on+—rP@)  @L2)

L(t) d - C(OLY) L(1)

We have the deterministic system of equations;

ax,(t)

b X,(0) | (111 3a)
20)

dXz(’)z_[ dt +R(t)]X(t)——-l———-X ()+——P(@) (L 3b)

dt L) onewn” U Loy '

The stochastic differential equation that describes blood ejection is derived as:

0 1
{dX.(t)}z (@.(.rz+ R(,)) [X,<r>]+ ) dH[ou 0}[%(0]
X, (1), -l o\ X0) | 7o 0 onfldm()

LOC() L()
L (1L 4)

where W,(#),WV,(t) are Wiener processes, o,,is a constant that represents the noise

do(r)
dt

level in'the measurements of and o,, is a constant that represents the noise

level in the measurements of

d’Q()
art -

I11. 1, Maximum Likelihood Estimates of the Cardiac Parameters:
Each parameter module is assumed to have a polynomial expansion in time.

St Py thass
Specifically;
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(dL() N
. N NGIES R
L 0, ()) ;Z& ’ | | (1L 5a)
J -1 B
=Sy A ~ (IIL 5b)
J=0 ‘ |
And  EB@y=S B
0-5 5 (1L 5¢)
k=0 |

X0 o)
We observe X(t) = [X (t)] =1dO(t) | , and the pressure P(t).
4 2 dt

With Equation (III. 1) the stochastic differential équation (SDE) has the form:

dX(1) =b(X():;0)dt + Z(t, X ()W (1) , (111 6)
0 1 )
dL A
Where b(X(1);0)=14| _ E() (-;—?LR(O) {X : (i )]Jr[_l_';(t_)} (1L 7)
| 0 D ‘LY
of the format: .b(X(¢);0) = A(t;0)X(t) +d(1;0) : (1L 8)
- P
K-l 1-1 0
“ZEktk o Rit’ 1
and A(10) = Jk-=|0 J:—o , d(6;0) = P(1) 7-—1"'"—]'
Lt/ Lt ;L’t
L =0 /=0
.9. = [Ro Rl—l Lo . 'LJ-I Eo EK—R]T »
ana (¢ X()))~[°“ v } : (1. 9)
= 0 oy . . ' :

Notice that both A and d are nonlinear in the vector of unknown parameters 6.,

o 0
According to Girsanov theory, if Z(t, X (1)) = [ ‘(;' ] is completely known, the

22
Radon-Nikodym derivative which is the likelihood function, £(f, X(¢);0), is given by

I Abutaleb and Papaioannou; 2008, and Oksendal; 1998]:
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} ‘

L, X(1),0) =exp {:»,;
235

b (s, X (1O (s, X (NI [57 (5, X ()] (s, X (5);0) s

+ (B (5, XD (5 XN 2™ (5, X(DHX ()

L

(I1L. 10)
The log likelihood function A = In.£ becomes:

MLXO0 = [ 6, XG0 6, X 12 (5, X(DIb(s, X(;0) ds
+ [ (5 XIS (5 XN 5™ (5 XE)HX(s)

(L. 11)

The maximum likelihood estimate for the unknown parameters 0 is obtained by

maximizing equation (IIL. 11), This is true as long as Z(t, X (t))-m-[a(;‘ 0 :l is
On

) i ‘ 0
completely known, In reality, we estimate (¢, X(1)) = [" (;‘ .

] first and use its:
2

value in the log likelihood function to find the estimates of 0.

Since A(f, X(1);0) is nonlinear in 0, the maximization of the log likelihood with respect to.
0 is difficult. The stochastic annealing method is used for this task, Without constraints

placed on the shape of R(t), L(t), and E(t), certain of these estimated functions could attain

negative values at some portions of the ejection phase of the cardiac eycle, Constraints ensure

that this does not occur with the addition of penalty terms that preclude parameters from
becoming negative.

V. Simulaltion and Real Data

To test the approach, simulated pressure and flow for the Canine hqaﬂ was first used
foilowed by reql data [Abutaleb; 1984]. All data, simulated and real, were used to

determine the unknown parameters elastance, inertance, and resistance.
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V. 1, Simulation:
Ventricular volume (in cubic centimeter) and Aortic/Pulmonary pressure  (in

millimeier Hg) was each modeled as a polynomial in time. They are as follows;

Lefi veniricle flow: define S as the maximuin value of the flow= 320 cefsec, £ as

T maK
the instant when the maximum flow occurs= 0.2/3 sec, and T=0.2 sec as the total

duration of the ejection, then:

For the first third of the ejection phase: é%(ﬁ & e f (IV. ia)
f fmax
For the rest of the ejection phase: dgy) =8 - T 3 (1, (IvV. 1b)
=L onax .

Q(t)-is the-integration of the flow with initial conditions, end diastolic volume, set to
50 cc.

Aortic Pressure:
P(t) =Py + Pyt + Byt By =98, B, =200, B, =-1000 (V. 2)
The right ?eni;ricle volume: S=120 cc/sec and the same equations as the left ventricle,
Pulmonary pressure:

B, =10, B, =240, A,B?w =-1200 (V. 3)
The obseﬁation period is 0.2 seconds, and the sampling interval is 0.004 seconds
yielding 50 samples. The simulated data are shown in Figure 2 for the left ventricle
and in Figure 5 for the right ventricle, For all the parameters, and for simulated and
real data, the polynomial order was gradually increased till we obtained the minimum
error between the estimated pressure and the oﬁs@rved/simulated volume. It was found
that I:JmKﬂ4 yield good estimates, Changing the order between 4 and 5 had a minor
effect on the results. A possible impro{/ed critéripn for order selection is currently

under investigation.

ek e e 2008
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1V, 2, Real Data;

Data were obtained from mongrel dogs, weighing between 14.5 and 25.0 kg.
Anesthesia was induced with Na thiopental (0.5 ml kg. And, after tracheal intubation,

maintained with an oxygen-halothane (0.5-2.5 percent) mixture [Abutaleb; 1984].

Ten animals were instrumented, chronically, on the systemic side. For this group, an
electromagnetic flow probe was placed around the root of the aorta and a radiopaque
no. 5 French catheter was introduced via the internal thoracic artery such that the tip
was lécateci at the center of the flow prob, A statham (SP-37) transducer provided
manometric data, flat to 25 Hz, And electromagnetic flow cuff ( In-Viv,o-Metric) was
used, with Biotronex Lab flow meters set at 50 Hz cutoff frequency fof flow
measurements. In addition, a bipolar electrode was sutured to the right atrial

appendage. .

Six dogs of this group were also bolus infused intravenously with 0.5 cc 20 p g/ml
norepinephrine ( Levophed bitrate. Wintrop Labs). Data were recorded for 2-3 min

afier the new stable heart rate (persisting for about 3-4 min) was reached.

For the awake group (four of the ten dogs), all leads and the catheter were routed
subcutaneously and exteriorized through skin connectors caudal to the scapulae. Data
were recorded with the dbgs under light anesthesia and, over a period of days, with
the animalé‘ standing and lightly restrained by a support sling. Depending on the
animal condition, about 2-4 days elapsed after surgery before data were acquirgd from

the awake animal.

Another group of six dogs was instrumented on the pulmonic side. Here, the flow
robe was placed around the main pulmonary trunk and a Millar catheter tip transducer

was routed via the right ventricular outflow tract to locate the tip at the center of the




&
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flow probe. A pacing electrode was also secured to the right atrial appendage. For this

group, data were obtained only during the anesthetized state.

Except for the awake group, heart rates were controlled by external pacing. Steady-

state data, obtained with pacing frequencies of 100, 140, and 180/min, were digitized

at 333 Hz.

Flow from the left/right ventricle and pressure at the root of the Aorta and Pulmonary
trunk were obtained [Abutaleb; 1984]. These data were used with the proposed
algorithm to define the properties of the Cardiac muscle as explained above (Section

1))

V.  RESULTS AND DISCUSSION

Cardiac parameters were estimated for both ventricles under the assumption that they

are nonnegative.

V. 1, The Left Ventricle:

Figure 2 presents the raw data, Q(t) and P(t), for the left ventricle and the estimated

parameters are shown in Figure 3. The values of R(f)and E(f) =1/C(t) are similarto -

that reported in [Abutaleb; 1984, Abutaleb et. al; 1986]. The contribution of each
paraxheter to the observed Aortic pressure is shown in Figure 4. The shape of the
contribution and percentage agree with the results reported in [Abutaleb; 1986]. The

following conclusions are drawn:

(1) At the onset of gjection, the major manifestation of energy utilization resides in

the cardiac compliance that ejects blood frbm; the ventricle, overcoming the inertia

]

and resistance of the blood and large proximal vessels,

i

1

4
|
o
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As momentum develops inertial forces also move blood and the role of the

compliance is reduced. We expect the Compliance to be high at the onset of systole,
LT d’ o)
reducing as ejection progresses. Conversely L(I)T opposes outflow at the onset

of ejection and aids outflow towards end. of ejection, Inertial forces contribute about

20% of the Aortic pressure in the last two thirds of the ejection phase. Thus, this

quantity changes sign from negative (opposing) at the onset of ejection to positive.

(aiding) towards the end of ejection. Resistance consistently opposes ejection and

manifests as losses (heat).

(2) The Left Ventricle elastance, E(t), as estimated for the ejection period agrees,
in order of magnitﬁde and in its general time course, With elastance derived by
other methods, specifically, with instantaneous P(t)/Q(t) [Sagawa et. Al; 1988].
The elastance, however, is approximately 10% greater than that of P(t)/Q(t) due to

the influence of inertance, L(t), on the calculations.

(3) The resistive parameter, " -‘%&Q +R(t)", during ejection agrees with the lower

values reported elsewhere [Hunter; 1982], [Suga et. al; 1980, Schroff; 1981,
Ringo et. al; 1982] but is not in agreement with the higher values that :eported in
[Vaartjes; 1983],

(4) The inertial parameter, L(t), cannot be ignored in any analysis, The shrge of
blood from the left ventricle develops a large inertial impact that influences the

Aortic pressure,

V., 2. The Right Ventricle:

Figure 5 presents the raw data for the right ventricular volume, Q) , and the

pulmonary pressure, P). The estimated parameters (all constrained to be

25 Dec, 2008
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nonnegative) are shown in Figure 6. The values of R(tyand E(r) =1/C(f) are similar
to that reported in {Abutaleb; 1984, Abutaleb et. al; 1986]. The contribution of each
parameter to the observed Pulmonary pressure is shown in Figure 7. The shape of the

coniribution and percentage agree with the results reported in [Abutaleb; 1986]. The

following conclusions are drawn:

(1) As with the left ventricle at the onset of ejection, the major manifestation of
energy utilization resides in the cardiac compliance that ejects blood from the
veniricle, overcoming the inertia and resistance of the blood and large pfoximal

vessels,

As momentum develops, inertial forces dominate movement of blood and the role of

the compliance becomes virtually nonexistent. This differs from what is observed in

3 : 2
the left ventricle where inertia is important but not dominating. L(¢) 9 5(1) opposes
! !

outflow of blood at commencement of ejection and aids the outflow of blood towards
the end of ejection. Inertial forces contribute about 80% of the pulmonary pressure
during the last two thirds of the ejection phase. Thus, this quahtity changes sign from
negétive (opposing) at the onset of ejection to positive (aiding) towards the end of

ejection. The resistance (losses) opposes ejection.

(2) The right ventricular elastance, E(t), as estimated for the ejection period agrees, in

order of magnitude and its general time course, with elastance derived by other
methods, specifically, with instantaneous P)/Q(t) for the first one third of the
ejection phase. Elastance, during the last two thirds, is about 50% lower than that of

P(1)/Q(t due to the influence of inertance, L(?), on the calculations.

2068
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dL(t)

(3) The resistive parameter, "T+R(t) ", during ejection agrees with the lower
values reported elsewhere [Abutaleb; 1986].

(4) The inertial parameter, L(?), cannot be ignored in any analysis. The surge of blood
from the right ventricle develops a large inertial impact that influences pulmonary

pressure particularly during the last two thirds of the ejection phase.

o]
o,
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On Shrinkage of the Simple Linear Regression
Parameters.

M. Ahmed AL Robassi
Faculty of Administration science, Taiz University, Taiz, Yemen.

~ Atstract : :
In this paper the estimation of simple linear regression parameters by
shrunken method is suggested ,when an initial estimate 6, of @ is
available from the past .In this estimator a variable shrinkage weight

function is taken. The expressions for the bias and mean squared error
of the proposed estimators are given.

The new estimator is shown to be more efficient than usual estimators
when 6 is Close tog 0,
Introduction
Let y =6+p, +e - i=12,.n ' (1)
Represent the simple linear regression equation, where 0,p3 are
unknown parameters and e, is random error. ’
Al-Bayyati H.A and Arnold ,J.C. , (1972) ,Proposed the Double Stage
shrunken Estimator of Simple Linear Regression parameters' Using
Prior Knowledge.
Their estimator is: ‘

[k -8,)+8, if 6 R

g = n,él +)126?A2

if 6, ¢R =)
: m +n, : ‘

Where 0<k <1, is the shrinkage factor, Ris the parameter, and 6, is

MLE (maximum likelihood estimator) of & based on #,.

Rahim(1976) proposed a shrinkage procedure of estimating the simple

linear regression parameters ,his estimators i '

' {k99+(1-k-)é B ; 1 1o]st,

«.(3)
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stimation of simple linear regression parameters by
is sugg%ted ,when an initial estimate 6, of ¢ is
available {m i 111@, past .In this estimator a variable shrinkage weight

function is taken. The expressions for the bias and mean squared error
01 the proposed estimators are given,

The new estimator is shown to be more efficient than usual estimators
when 0 is Close 100 0.
Introduction
Let yp =0+px, +e i=12,.n w(l) :
Represent the simple linear regression equation, where 6, 8 are
unknown parameters and e, is random error,
Al-Bayyati HLA and Arnold ,J.C, , (1972) ,Proposed the Double Stage
shrunken Fstimator of Simple Linear Regression parameters Using
Prior Knawledge.
Their estimator is:

KO, -6,)+6, if 6, eR
Ff}fmz,,_,tﬁ?zm if 6, ¢R ‘
ny +n,

0

Where 0=k <1, is the shrinkage factor, R is the parameter, and 4, is
MLE (mammum likelihood estimator) of @ based on n,.

Rahim(1976) proposed a shrinkage procedure of estimating the snnple
linear regression parameters ,his estimators i
o { KOy H(1-h)6 if tolsta
G = |

SN . B i iglat,

3)
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N kPo+(1-k) 3.0 if Jtalsra
b= .. (4)
3.0 szt
Where 0<k <1 is the shrinkage factor and 4, 3 are O.LS. estimators
of @and f3 respectively.
Al-knane 1.H., (1997) Considered the Double Stage shrunken Estimator

of Simple Linear Regression parameters Using shrinkage weighted
function of the form:

b(6-0) <
\y(g")___ 1-ge ™ if6eR ..(5)
1 fheR |

Where-a ,b are constant and R is a suitable region in the parameter
space including @,

In this paper we stigg'ested the variable shrinkage weighed function of

the form:
b(6-6)
w)jee™®  yher (6)
1 iféeR

So we choice R as the region of acceptance of the hypothesis #.:
0=06,. against H;: 086, . Then for given level of significance « , a
choice for R the pretest region is given by:

. ’ s —
o X o X

R=|6, -1 a-«ZLL,%+t a-—ZLL w(7)
=8 I1~2,-2- nss. ; ""2»5‘ nss,

Where ¢
Y B (L

) is the value table for t- distribution with n-2 degree

MR

freedom. A
Therefore a pretest estimators of the parameter ¢ and g are given by:
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~b(6-6,)"

(ae "™ Y6-0,)+86, if0eRr |
e . (8)
0 ifo¢R
“b(B- )’
(ae ™D G- p)+p, if BeR
B =1 .+(9)
B if PeR

Bias, Mean Squared Error, and efficiency
(1) The expressions of the bias ,mean squared error and efficiency for

@ estimator are follows :
Bias(9 /8, R) = E(0 ~6)

20y, egzﬁ[ @b+1) N(LU)+ ANy (LU)] ..(10)

s, @b+ 1) (2b+1)3
u
- i
Where A = (0.~ 8,)y/var(@) , N, = |-—==1zle

! {m— 2g(2b+1)] ! [«AHM £(2b+1)}

I =
N2b +1 2b +

ol

dz ,i=0,

]
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MSE(@ 10, R) = LG —0)°

o’y x' 2007y %] ~-’ib’f~ e
SO B s N, LU+ A2 ML)

, a20,2zxi2 ﬁéﬁ
S 2BAN (L U)] 4 et W [(4h + )N, (L,,U,) + 2444 +1 N, (L,,U,)

nss, (4b+1)*"?
+ ANy (1y,U))
REF(@ 16,R) = EEO10)
MSEQD 10, R)
_E
Sl 55%‘%% e BA(2b + DN, (L, U) + A0 - 2@+ 1) N,(L,U)

5 2072

— BN (LU + —2 e T [(4b + )N, (L,,U,) +244b +1 N,

(4b +1)°"?
(L, Uy) + A No(L,, U}

(2) The expressions of the bias ,mean squared error and efﬁciency for
B estimator are follows :

~bAh
~aoe 2b+3

Bias (B, R) :W
Where 4, = (8- f,)/ var()

Vo1 muy+ an,Lo] (1)




Compufer Seienceg and Operations Research. g 2-25.Dee ;2068

~bih

4 e o 2ac’e
MSE(S1 g, Ry= 2. 2ac e
@ .'B ) ss, 58, (2b+1)%?

(26 + 1N, (L,U)+ 2,0 - 20)N,(L,UY - 202, N, (2, 1)]

azo,ze":bbj [4b ]
W( + DN, (L U)+2,N,(LUY+ 3,*No(LU)|  ...(12)
REF(B10,R)~-_MSE@/8)
MSE(G /6, R)

bA?

= 1/{1 - e ®A[(2b+ )N, (L,U) + Al - 2b) N,(L,U)

- 2a
(2b +1)*"2
2 =2bit

202N, (L, U)]+We bl [(4b+ DN, (L,,U) + 24N,

(LU )+ NG (L, UL)) (13)

Numerical results

The computatlon of mean squared error and efficiency of the
estimator & with respect to O, L.S. estimator 4 considered in this
section by takmg n=5(5)30 ,b=0.50.050.1,0.01 ,a=0.1,0.01, 0.05.
The following conclusmns are based on these computations :
(1) Mean squared error of 8, is increasing function of the shrinkage -
factor, and decreasmg function with the first sample #,(see table (2).
(2) As expected, the efficiency of the shrunken estimator is better than
the efficiency of the O.L.S. estimator ,when @ is close to 4,.

(3) Table (3) 1ndlcates that the efﬁmency of the suggested estimator is
decreasing functlon of 4, and increasing functxon of n.
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MSE (8,10, R) for, 8 =10 ,0 =15, A = (6 - 0, /var(d)
n =35 n =10 n =15 n =20
b | 0.01 0.05 0.1 0.01 0.05 0.1 0.01 0.05 0.01 0.01 0.50 0.1

0.0 0.938 1 0.171 10,043 | 0.103 [ 0.097 [0.117 | 0.046 0.89 10.108 | 0,043 | 0.087 ] 0.103
0.2 0.917-10.186 | 0.051 [ 0.123 | 0.118 | 0.128 | 0.057 0.115 1 0.126 | 0.051 | 0.113 | 0.123
0.4 0.895 1 0.203 | 0.078 | 0.137 | 0.133 | 0.143 | 0.071 0.128 | 0.139 | 0.078 | 0.126 | 0.137
0.6 0.872.1 0.221 | 0,095 | 0.155 | 0.155 | 0.164 | 0.103 0.147 1 0,157 1 0,095 | 0.146 | 0.155
0.8 0859 1 0.237 | 0.117  0.175 | 0.178 | 0.181 | 0.121 0.173 1 0.176 | 0.117 | 0.170 | 0.175
1.0 0.847 1 0.251 1°0.141 1 0.187 | 0.195 | 0.204 | 0.149 | 0.192 0.198)0.141° 10,189 0.187
1.2 0819 10304 | 0.163 10221 { 0.237 | 0.233 | 0.169 | 0.219 0223 10.163 | 0.214 | 0.221
1.4 0.789 1 0.327 1 0.184 | 0.243 | 0.261 | 0.274 | 0.187 | 0.247 0.257 1 0.184 | 0.239 | 0.243
1.6 0.764 | 0.339 | 0.215 | 0.280 | 0.315 | 0.301 | 0.219 | 0.293 0294 10,215 10270 0.280

] 1.8 0.735 | 0.348 | 0.247 | 0.327 | 0.341 | 0.356 | 0.249 | 0.330 0.330 10.247 1 0312 | 0.327
| 2.0 0.697 | 0427 | 0.278 | 0.368 | 0.407 | 0.419 | 0.287 | 0.387 03791 0.278 1 0,358 | 0.368

Eff(@/0,R), 6=10,0 =15, 4 = (8 - 6, }\/var(d)

b 0.01 10.05 101 0.01 10,05 |0.1 0.01 [0.05 [0.01 J0.01 {050 |o.1

0.0 7.526 1 5.011 | 2,953 | 7.821 | 4,189 | 3.413 | 8.201 | 5.203 | 3.932 8.900 1.5.813.{.4.310
0.2 4.703 | 3.715 | 2.341 | 6.395 | 3,507 | 2.971 | 7.053 | 4.047 3.045 1 8.015 | 4.965 | 3.591
0.4 3.250 12512 | 1.932 | 4395 | 2.915 | 2.576 | 5.917 | 3341 | 2.610 7217 | 4,072 2,843
0.6 2.401 | 1.903 1 1.057 } 3.317 | 2.014 | 1.789 | 4.731 | 2.865 | 1.969 | 6.044 3.001 | 2,169
0.8 2.53 1 1.142 10,980 | 2.650 | 1.581 | 1.316 | 3.021 | 2.054 | 1.497 43511 2.379.] 1.629
1.0 1.830 | 0.873 | 0.789 | 1.813 | 0.899 | 0.983 | 2.450 | 1,631 | 1,000 | 3.190 1.832 ] 1.110
1.2 1.012 1 0.705 1 0.703 | 1.259 | 0.758 | 0.837 | 1.534 | 0.971 | 0.872 | 2.418 1.006 |.0.901
1.4 0.831 1 0.571 1 0.639 | 0,985 | 0.696 | 0.721 | 1.069 | 0.823 | 0.763 | 1.505 0.879 1 0.829
1.6 0.679 1 0485 | 0.561 | 0.739 | 0.587 | 0.649 | 0.869 | 0.765 | 0.703 | 0.892 0.781] 0.740
1.8 0.485 | 0.445 | 0.483 | 0.590 | 0.569 | 0.573 1 0.753 | 0.682 | 0.649 | 782 0.718 | 0.683
2.0 0.401 | 0.406 | 0.415 | 0.543 | 0.550 | 0.525 | 0.614 | 0.603 | 0.583 | 0.631 0.662 | 0.616
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Abstract

The main objectives of this study is to compare between the
discriminant analysis and the regression analysis as two statistical predictive
techniques. A discriminant function and a regression equation for a sample
of graduates in some higher institutes in Egypt, as an application, are
constructed. The parameters of both discriminant function and regression
equation are estimated. The significance tests for both models and their
predictors are carried out. The estimated discriminant function is used to
determine the group membership for any cases that are or not included in
the analysis. The estimated regression equation is used to estimate the GPA
of any graduates are or not included in the analysis. The high school grade
(Sgrade) and the high school type (Stype) are the most important predictors
for classifying the graduates in these institutes and determining the GPA of
these graduates. '

Keywords: Discriminant function, Data mining, Regression analysis,
Significance tests.

1. Introduction

Data mining is the process of selecting, exploring, and modeling
large amounts of data to uncover new trends and patterns in massive data
base. These analyses lead to proactive decision making and knowledge
discovery in large databases by stressing data exploration to thoroughly
study the stricture of data and to check the validity of statistical models that
fit [2].

Discriminant Analysis (DA), a multivariate statistical technique is
commonly used to build a predictive / descriptive -model -of - group
discrimination based on observed predictor variables and to classify each
observation into one of the groups. In DA multiple quantitative attributives
are used to discriminate single classification variable. DA is different from
both the cluster analysis and the multivariate analysis of variance
(MANOVA). 1t is different from the cluster analysis because prior
knowledge of the classes, usually in the form of a sample from each class is
required [2]. On the other hand, DA is a reversed multivariate analysis of
variance, MANOVA. In MANOVA, the independent variables are the
groups and the dependent variables are the predictors, while in DA, the
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independent variables are the predictors and the dependent variables are the
groups [3].

A discriminant function, also called a canonical root, is a latent variable
which is created as a linear combination of discriminating (independent)
variables, such that

L=by+b X +b,X,+..+bX, M

Where the b s are discriminant coefficients, the X's are discriminating
variables, and b, is a constant. This is analogous to multiple regression, but

the b's are discrimanant coefficients which maximize the distance between
the means of the criterion (dependent) variable. There is one discriminant
function for 2-group discriminant analysis, but for k-group discriminant
analysis, the number of discriminant functions will be k-1, and each
discriminant function is orthogonal to the others [3] and [5].

On the other hand, the multiple-regression analysis is another
statistical method for establishing an equation that allows a dependent
variable to be estimated from two or more explanatory variables
(predictors). The linear regression model takes the form,

Y=by+b X, +b, X, +b, X, +..+b, X, +e 2)

where Y is the dependent variable
X, are the explanatory variables, i=1,2, ..., k

b, 1s the true intercept
b, are the true slopes, i= 1,2, ..., k

k is the number of explanatory variables
e is the random error

The common objectives of DA are i) to investigate differences
between groups, ii) to discriminate groups effectively, iii) to identify
important discriminating variables, iv) to perform hypothesis testing on both
the significance of the model and the significance of the independent
variables, and v) to classify new observations into pre-existing groups.

In contrast, the common objectives of regression analysis are i) to
estimate the regression equation that describes the relation between
dependent and independent variables, ii) to perform hypothesis testing of the
overall regression model, iii) to perform hypothesis testing of the
independent variables and iv) to predict the value of dependent variable for
any cases that are not included in the analysis
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I'he study population consists of all graduates data from the year of
2005 until the year of 2008 in three higher institutes; Thebes Higher
Institute of Management, Thebes Higher Institute of Computer and Thebes
Higher Institute of Engineering. We select a random samples of size 311
from this population. We divide these individuals into two categories; group
1 represents pass graduates whose GPA belongs to the interval [1, 2], and
group 2 represents good graduaies whose GPA belongs to the interval (2, 4].
These two categories are the dependent variables of the discriminant
function. The independent variables (predictors) are the score of high
school, Sgrade, Gender (inale = 1, female = 0), Age, type of high school
(public = 1, technical = 0) Stype. Since we have 2-group discriminant
analysis, and one discriminant function. The discriminant function will take
the form

H

L= by + byx Sgrade + b, x Gender + b, x Age + b, x Siype . (3)

That is, we have two groups, four independent variables and one
discriminant function,

In contrast, the multiple-regression equation will take the form
Y= b, + by x Sgrade + b, x Gender + by, x Age + b, x Stype . (4)
Where Y is the GPA of the graduate,

3. Estimating the Coefficients of Predictors

' The data is run by SPSS-win package using entering all
independents together method, where we obtain the numerical results
(outputs) as shown in the tables through this study. One of these tables,
(Tablel), gives un standardized discriminant coefficients which are used in
the formula for making the classifications in DA, much as b coefficients are
used in regression in making predictions, The constant plus the sum of
products of the un standardized coefficients with the observations yields the
discriminant scores. These coefficients are partial coefficients, reflecting the
unique contribution of each variable to the classification of the criterion

variable (GPA) [3] and [4].

Table 1
: Estimated Coefficients of Predictors
Predictor | Discriminant | Regression p —value
' Function Equation [ Disc. Fn. | Reg. Eq.
Gender -0.063 -0.0191 0.965 0.613
- Age 0.005 - 0.00088 0.012 0.949
Sgrade 0.052 0.0199 0.000 . 0.000
Stype 0.547 0.224 0.000 0.000
Constant - 12,880 - 2.832




That is, the estimated discriminant function is
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L = ~12.880 +0.052x Sgrade ~0.063x Gender +0.005x Age + 0.547 x Stype .

)

and the estimated regression equation is

U'=-2.832 4 0.0199x Sgrade - 0.0191x Gender ~0.00088 x Age + 0.224x Stype

(6)

4. Test the Significance of the Model
To ftest the significance of the model as a whole, we have the
following iwo subsections:

4.1 Test the Significance of the Discriminant Function
To test the significance of the Discriminant Function, we have the
following two hypotheses: '

Null hypothesis: the two groups have the same mean discriminant function
scores;

Ho: py =,

Alternate hypothesis:  the two groups do not have the same mean
discriminant function scores;

Hi oy # py

Table 2 shows that the value of wilks' lambda statistic for the test of
discriminant function (chi-square = 249,297) has probability of 0.000 which
is less than or equal to the level of significance of 0.05. That is the null
hypothesis is rejected and the model differentiates scores among the groups
significantly,

Table 2
Wilks' Lambda
Wilks'
Test of Function(s) 1 Lambda | Chi-square df Sig.
1 444 249,297 4 .000

4.2 Test the Significance of the Regression Equation
To test the significance of the overall regression, we have the
following two hypotheses:

Null hypothesis: All the b, s equal 0.
Alternate hypothesis: At least one of b, s is not equal 0,




Since F statistic (273.853) is greater than the critical value of the test (2.83)
and. the p—value is less than the level of significance, 0.05, the null

hypothesis is rejected. That is the overall regression is highly significant
(See: Table 3).

Table 3
ANOVA?
. Sum of .
Model 1 Squares df Mean Square F Sig.
1 Regression 104,348 4 26.087 273.863 .0002
Residual 29.149 306 .095
Total 133,497 310

a. Predictors: (Constant), secondry type, GENDER, secondry grade, AG
b. Dependent Variable: GPA '

Moreover, the coefficient of multiple correlation between the dependent
variable and the independent variables is 0.884, the standard error of the
estimate is very small (0.3086401) and the coefficient of determination and
the adjusted coefficient of determination are 0,782 and 0.779 respectively,
That is the estimated model is more predictive model as shown in Table 4
below.

Table 4
Regression Model Summary
Model | R | R®* [AdRE] Sud. Change Statistics
‘ Errorof | R Square F df1.1df2 | Sig F~
: Estimate | Change | Change | Change
1 884 1°.782 | 779 | 3086401 0.782 273.853 4 1306 0,000 :

S. Test the Significance of the Independent Variables

5.1 Test the Significance of Predictors of the Discriminant Function
As we mentioned‘bgfore, the smaller the variable wilks' lambda for
an independent variable, the more that variable contributes to  the

discriminant. Since the value of wilks' lambda statistic for the Gender
(0.980), Sgrade (0.456) and Stype (0.895) are the smallest, these predictors
contribute to the discriminant function more than the other independent
variables, Moreover, since the p-—value of the test of each of these
predictors is smaller than the level of significance (0.05), these predictors
are more significant. That is these predictors discriminate among groups and
make , # 4, (See: Table 5).




Table 5

Tesis of Equality of Group Means

Wilks'
Lambda F d1 df2 Sig.
GENDER 1.000 .002 1 309 .965
AGE .980 6.365 1 309 012
secondry grade 456 368,928 1 309 .000
secondry type .895 36,297 1 309 .000

5. 2 Test the Significance of Predictors of the Regression Lquation

It is obvious from Table 6 below that there is an inverse relation
between GPA and each of gender and age. In contrast, there is a direct
relationship between GPA and each of secondary grade and secondary type.
On the other hand, Since the p—value of each of secondary grade and
secondary type is less than the level of significance (0.05), the two
independent variables are highly significant,

Table 6 ,
Estimated Coefficients of Regression Equation

Un standardized Standardized

Coefficients Coefficients
Model B Std. Error Beta { Sig.
Constant |7 -2.832 0.355 -7.975 1.000
“Gender | -1.91E-02 0.038 -0,014 0.506 1 .613
Age -8.80E-04 0.014 -0.002 -0.064 | .949
Sgrade 1.99E-02 0,001 0.831 29.527 1:.000
_Stype | 0224 0.045 0.142 4.926 | .000

6. Important discriminating variables

~ The standardized discriminant function coefficients should be used
to assess each variable's unique contribution to discriminant function [2].
The standardized canonical discriminant function coefficients which are

presented in Table 7 below reflect the contribution of one independent
variable in the context of the other variables in the model. A low
standardized coefficient might mean that the groups do not differ much on
that variable or it might just mean that that variable's correlation with the
grouping variable is redundant with that of another variable in the model. In
other words, the larger the standardized coefficient, the greater is the

contribution of the respective variable to the discrimination between groups
[6] and [8].

[HATENN
PR




aference on bidtistics, Computer Seiences and Uperations Rese

areh 2 215 Dee, 7008

Phe 43T Apnun

Standardized Canonical Diseriminant Function Coefficients

Function
1
GENDER -.030
AGE .007
secondry grade .958
secondry type 216

It is obvious from Table (7) above that the independent variables Sgrade and
Stype are more contribution in the model than the other variables. Another
way to determine which independent variables define & particular
discriminant function is to look at the factor structure, Structure matrix
below gives coefficients of correlation between independent variables and
discriminant function. Generally, any independent with a loading (a score)
of 0.30 or more is considered to be important in defining the discriminant
dimension [7]. It is obvious from Table 8 below that the independent

variables Sgrade and Stype are more correlated with the discriminant
function,

Table 8

- Structure Matrix

Function

1
secondry grade 976

secondry type .306
AGE -.128
GENDER 002

P'ooled within-groups correlations between discriminating
varlables and standardized canonical discriminant functions
 Variables ordered by absolute size of correlation within function.

, On the other hand, it is obvious that the independent variables
Sgrade and Stype are more correlated with the estimated regression equation
than other variables. It is obvious also that the independent variable Sgrade
is more correlated with discriminant function than the regression equation,
whereas the independent variable Stype is more correlated with the
regression equation than the discriminant function (See: Table 9)

Table 9
Correlation Coefficients Between Dependent
Variable (GPA) and Each of Independent Variables

Secondary | Secondary
GPA | Gender | Age grade type

Pearson ,
Correlation GPA | 1.000 | 0.006 | -0.175 0.873 0.392




7. Relation Between Dependent and Independent Variables
The table 10 below shows the eigenvalues, A, which verify the
relation between dependent and independent variables. The larger the
eigenvalue, the more of the variance in the dependent variable is explained
by that function. Since the dependent in this application has two groups, we
have one discriminant function. The second column lists the percent of
variance explained by the discriminant function, The third column is the
cumulative percent of variance explained. The last column is canonical
correlation, where the squared canonical correlation is the percent of
variation in the dependent discriminated by the independents in DA, That is
the estimated discrimiinant function is an important function because: 1)
100 % of variance between the the two groups can be explained by this
function and 2) the degree of relationship between the predictors and groups
(canonical correlation) due to function is 0.746. The canonical correlation
which is denoted by 7 can be obtained for the discriminant function as [1]

| 1.253
= = =0.746 7
! \/1+,1 141253 @
Table 10
Elgenvalues
Canonical
Function | Eigenvalue | % of Variance | Cumulative %. | -Correlation
1 1.2532 100.0 100.0 746
a. First:1 canonical discriminant functions were used in the

analvsis

On the other hand, there is a strong positive relation between GPA and both
high - school = (Sgrade), 0.873 ~and high school type (Stype), 0.392
(See: Table 9).

8. Classification the Cases

~Table 11 is used to assess how well the discriminant function work,
and if it works equally well for each group of the dependent variable. Here it
correctly classifies about 89.1 %. This is rather satisfactory. As results of the
estimated discriminant functions, the cases are classified as given in Table
11 below. We notice that 89.9 % of cases were classified into the first
group, GPA of interval {1, 2] and 88.2 % of cases were classified into the
second group, GPA of (2, 4]. That is estimated discriminant functions gets
almost all cases of G| and G, correctly classified. :
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Table 11

Classification Resultd:¢

Predicted Group
Membership
GROUP 1 2 Total
Original Count 1 142 16 158
2 18 135 153
% 1 89.9 10.1 100.0
2 11.8 88.2 100.0
Cross-validated® - Count 1 142 16 158
2 19 134 153
% 1 89.9 10.1 100.0
2 12.4 . 876 100.0

a. Cross validation is done only for those cases in the analysis. In
cross validation, each case is classified by the functions derived
from all cases other than that case.

b. 89.1% of original grouped cases correctly classified.
C. 88.7% of cross-validated grouped cases correctly classified.

Fisher's classification function coefficients are used to classify the cases
between the groups. The coefficients of the independent variables which
are shown in Table 12 below are used to construct a discriminant function
for each group, say G, and G, where,

G, = —237.348 - 3.864 x Gender + 14.224x Age +0.703x Sgrade + 12.581 x Stype
(8)

G, = ~266.160 ~ 4,005 x Gender +14.236x Age + 0.818x Sgrade +13.803x Stype
' : &)

For each case, a G is computed for each group and the case is classified into

the group for which G is highest. That is for example if G; > G, then the

case is classified into group 1. Moreover, the estimated relations (8) and (9)
can be used to classify new observations into pre-existing groups [7].

Table 12
Classification Function Coefficients
GROUP
1 2
GENDER -3,864 -4,005
AGE 14.224 14,236
secondry grade .703 .818
secondry type 12.581 13.803
(Constant) -237.348 -266.160

Fisher's linear discriminant functions
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Another technique to determine the group membership of any case
is to determine the posterior probabilities of this case. That is each case's
discriminant score is used to determine the posterior probabilities of being
in each of the two groups. The case is then classified (predicted) to be in the
group with higher posterior probability. SPSS-WINI1 output gives group
membership of the cases that are included in the analysis.

9. Example

As for example, the estimated discriminant function is applied to
determine the group membership of any graduate who included or not in the
analysis. The estimated regression equation is also applied to determine the
GPA of any graduate who included or not in the analysis. Using estimated
equations 6, 8 and 9, we can predict the GPA or the the group of any cases
are or not included in the analysis. For example, Table 13 below presents
the predicted GPA and group of some cases. That is there is a coincide
between the two estimated models for prediction.

Table 13
Case wise Diagnostics
Case Predicted | Predicted
Number | GPA GPA Group

109 1.5111 | 2.877313 | Group 2
110 2.7683 | 3.816916 | Group2
176 24024 | 4.020673 | Group?2

Discussion the Results :
1. Both discriminant and regression analyses are two important statistical
predictive techniques. The discriminant analysis is more convenient
predictive technique in the situations in which the independent variable is a
categorical variable, On the other hand, the regression analysis is more
convenient predictive technique in the situations in which the independent
variable is a single quantitative variable.

2. Both analyses are applied to estimate the parameters. They give good
results where the estimated disceiminant function and the regression
equation are highly significant.

3, The estimated discriminant function has a high predictive ability where
the eigenvalue of the function is equal to 1.253. Also the regression
equation has a rather high predictive ability where the coefficient of
determination of the estimated model is equal to 0.782.

4. The independent variables Sgrade and Stype are more correlated with the
estimated discriminant function where a) the correlation between the
predictor, Sgrade, and the function is 0.976 and b) the correlation between
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the predictor, Stype, and the function is 0.306. Whereas there is a converse
relation between the independent variables Age and the estimated
discriminant function, that is the youngest graduates are more classified into
the group of higher GPA than the oldest ones (see: Table 8 ). On the other
hand, it is obvious that the independent variables Sgrade and Stype are more

correlated with the estimated regression equation than other variables (See:
Table 9).

5. The estimated discriminant function correctly classifies about 89.1 % of
the cases that are included in the analysis, 89.9 % of the classified cases are
classified into the first group, GPA of interval [1, 2]. 88.2 % of the

classified cases are classified into the second group, GPA of interval (2, 4].
(See: Table 11).

6. The predictors Sgrade and Stype have the most contribution in the
classification dependent variable GPA, where a) the canonical discriminant
function coefficient between the estimated discriminant function and the
Sgrade is 0.958, so there is a direct relation between the predictor, Sgrade
and the groups of GPA. b) the canonical discriminant function coefficient
~ between the estimated discriminant function and the Stype is 0,216, so there
is a direct relation between the predictor, Stype, and the groups of GPA,
That is the graduates whose high schools certificate are more classified into
the group of high GPA than others. Also the graduates of high scores in high
schools certificate are more classified into the group of high GPA than the
graduates who have educated in technical secondary schools. . So the author
recommend with modifying the curriculum of these technical schools to
satisfy the fulfillment of requirements for studying in these institutes such as

addition of some courses or development of the current courses
(See: Table 7). :
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Fuzzy Logistic Regression:

A Multi-objective Programming Approach'’

Ramadan Hamed', Aly El-Hefnawy?, Maha M. El-Ashram®, Hesham A. Abdalla*

Abstract

This study extends logistic regression model to fuzzy logistic regression model to be an
alternate to Maximum Likelihood approach in situations of small sample size and /or spare
datasets, Maximum likelihood (ML) is the most commonly used approach for estimating
logistic regression parameters, and generally perform well for large sample sizes, but it may
fail to converge or at least produce poor results especially for small and/or sparse datasets,
We propose a new approach based on fuzzy concepts to estimate parameters of the logistic
regression model and to be an effective alternative to ML in cases of small .and/or sparse
datasets. A nonlinear Bi-Objective model is suggested and its performaﬁce is evaluated versus
ML approach by a simulation study. Results show that the new proposed model outperforms
ML in cases of small sample size for models of normally and uniformly distributed covariates.
Furthermore, this model is applicable to datasets with fuzzy entities,

Keywords: Fuzzy Numbers; Extension Principle; Logistic Regression; Maximum Likelihood; Small Data
Sets; Sparse Data; Multi-objective Programming; Monte Carlo Approach; Similarity Measures.

1 Introduction

Logistic regression is part of a class of statistical models called generalized linear
models [1]. This broad class of models encompasses linear regression, analysis of
variance, and analysis of covariance, as well as regression models for categorical data,
Logistic regression is widely used in biomedical, behavioral and physical researches.

Parameters estimation for logistic regression is usually based on maximizing the
unconditional likelihood function, The maximum likelihood estimates (MLEs) of' the
parameters in logistic regression are asymptotically unbiased with minimum variance
when the model is correctly specified. For large well-balanced datasets ML estimation is
a satisfactory approach. Unfortunately, ML can fail completely or at least produce poor
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results in terms of estimated probabilities and confidence interval of parameters, specially
for small datasets or unbalanced ones where the percentage of observations with

Y values coded 1, is close to zero or one [4],[9][12], and [14].

To overcome the special problems that logistic regression analysis of small and
sparse data sets faces, special methods have been developed, including estimation and
exact inference based on conditional likelihood [9] and penalized maximum likelihood
estimation and inference [4],[6]. These methods are updated versions of the classical ML
but they provide less biased estimates and more accurate inference.

In this study, a new logistic regression approach based on fuzzy set theory is
developed. This approach is based on the idea of Fuzzy Linear Regression proposed by
Tanaka et al [20] where, we assume that the unfitted etrors in logistic regression can be
viewed as the fuzziness of the model components, This means that the residuals between
predictions and actual observations are not produced by measurements errors, but rather
by the parameters uncertainty in the model, respectively a possibility distribution can be
used instead of probability distribution. The new developed approach produces an
alternate to the Maximum Likelihood method to estimate the model’s parameters,
especially in situations where the ML method fails to converge as situations of small or
unbalanced (sparse) data sets. In addition, this new approach will be able to deal with
fuzzy entities.

This paper is organized as follows: concepts of logistic regression model and the
limitations of the Maximum Likelihood approach are reviewed in section 2. In section 3,
essential definitions of fuzzy numbers and extension principle are presented. In section 4,
the fuzzy logistic regression is formulated and proposed. A Monte Carlo simulation study
is designed and presented in section 5 to evaluate the proposed model as an alternate to
ML approach. Section 6 presents the measures used to evaluate the proposed model
against the ML. Finally, results and conclusions are discussed in sections 7 and 8.

2 Maximum Likelihood Estimates for Logistic Regression Model.

Consider the logistic regression model:
1

m(x,)= P
I+exp[->" 8%,
=0

i=12n ()

which represents the relationship between #(x,)=P(y, =1 |x »B) (probability of
succesAs) and covariates x's . Where B, 's are unknown model parameters, The
maximum likelihood method is the most commonly used method of parameter estimation
in  logistic regression, ML  estimates ,B/ of the regression parameters
B's J =0,..,k -1 which can be interpreted as log odds ratio estimates, are obtained as
solutions to the score equations:
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where [ (B)=log(L (5,5, B,.1))is the log-likelihood function, X is a (nxk)
matrix of the covariates’ values, and Y is a (nx1) vector of response variable values.
The ML is an iterative approach which requires initial estimates for the parameters B's
and will generally perform well for large sample sizes. But for small data sets or data sets

~in which the average value of Y is close to zero or one, the method may produce poor
results, or even fail to converge [4],[9],{12],[14], and [17].

X(Y = m)=0 @)

Some methods have been developed to overcome problems that logistic regression
analysis of small and sparse data sets faces, inol{uding estimation and exact inference
based on conditional likelihood [9] and penalized maximum likelihood estimation and
inference [4],[6]. They generally are updated versions of the classical ML. Although,
exact logistic regression can provide finite and accurate estimates in some situations, it
cannot generally be used as a tool to deal with small and sparse data [8]. While, the

availability of the penalized maximum likelihood estimation in statistical package
software is very limited and rare,

3 Fuzzy numbers and Extension principle

This section recalls the basic definitions of fuzzy number and fuzzy operations. The
concept of fuzzy numbers was first introduced by Zadeh [23]-[25] with the purpose of
analyzing and manipulating approximate numeric values. The concept has been refmed
by Dub01s & Prade [5], and several definitions exist in [13],[18],[27].

Def nition: A fuzzy number is a fuzzy subset defined on the real line R . A fuzzy number
M is generally assumed to have a membershlp function which satisfies that [7]:

Normahty it exists exactly one m e Rwith g (m)=1 (mis called the mean
value of M ).

Convexity: Vx, e R,Vx, e R,and VA [0,1],
My (Ax (= A)xy) 2 minuy, (), 4y (x,)),

H,; (x ) is upper semicontinuity,

Where 1, (.) represents the membership function of M and A is any weighting
factor in [0,1]. p,; () has different forms, consequently, there are many kinds of fuzzy

numbers. L-R representation of Fuzzy Numbers [5] is a general form that covers many
types of membership function. Z and R are functions defining the left and right sides of a
fuzzy number and are usually denoted L () and R( ). L(+)and R () are called reference
functions of fuzzy numbers and satisfy the following condmons

. L(x)=L(-x),R(x)=R(~x),

#5,
N
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2. LO)=1,R(0)=1,
3. L(x)and R (x )are strictly decreasing for x >0
Triangular Fuzzy Numbers (T.F.N.) is a special case of L-R fuzzy numbers.

Definition: A Triangular Fuzzy Number (T.F.N.) M is defined by its lower limit m /s
upper limit m,, and central value m , where m, <m <m,. So that, the membership
function of M has a triangular shape and it is defined as:.

0 : if x<m,

X -’m,

- if m,<x<m.
/‘M(x)=<m —y )
. if m<x<m,

0 if x>m,

If the triangular shape is symmetric, i.e., (m —m,) = (m, —m) =5, the membership
function can be written as:

Hy (x) = max(0,1-|x = m|/s) c>0 ‘(4)

Basic operations and functions on these fuzzy numbers can be defined by the help
of the extension principle stated by Zadeh [22].

Definition: If X and Y are two sets, and [ is a mapping f : X —Y such that for all
x eX,f(x)=yel, then [ can be extended to operate on fuzzy subsets of X in the
following way: ;

Let A be a fuzzy subset of X with membership function x . » then the image of 4 in
Y is the fuzzy subset B with the membership function My

sup{s; (¥ )ix 1y =f (x)x e X},

; 5
0 if thereisnox € X suchthat f (x)=y. ©)

ﬂg(Y)z{

Applying this principle to functions like x +y or x.y , we can define the basic
operations on fuzzy numbers.

4 A Bi-Objective Model for Fuzzy Logistic Regression. '

Consider the logistic regression model (1). Assuming the model parameters are
fuzzy numbers, the model can be expressed as the following fuzzy logistic regression
model:
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(X)) = o i %120 (6)

where ,Bj is assumed to be a symmetrical triangular fuzzy number (4) denoted as
(¢;,8,), . Accordingly, the estimated values of 7 will be symmetric triangular fuzzy

numbers. To estimate these fuzzy parameters, the proposed approach is based on the
proposition 3 in Bardossy [2],[3].

Bardossy proved that if there is a non-decreasing function for any x and J such that:
g(u)=f(x$ﬂO”""’ﬁ]-])u,/z,'-H, """" ’ﬂk—l)

And using Zadeh' extension principle (5), the conditions of fuzzy regression can be
written as .

ylL Zf (X,,BL) i = 1,.......,}’1
and ¢
Yw SSXBy) =10

where

Yo =inflz :u, (z)2h}
Y =suplz 1p, (z)2h)

Assuming the parameters 3, 's are L-R‘ fuzzy numbers g, = (c 128198 2), the
B, and B, are expressed as

BL = {(co -SOLLal(h))’"mw(ck-l _sk-l,LL;l_l(h))},
BU = {(co -SORLal(h)),-m"-’(ck-l "‘S/‘-l,RL;’..l (h))}

This proposition expresses the lower (upper) limit of the fuzzy number ¥, 88
functions of x and the lower (upper) limit of P respectively.

According to this proposition, assuming we have crisp data from the logistic model,
i.e, x,'sand 7z(x,)(denoted p,) are crisp and Bis composed of symmetric triangular

fuzzy numbers with membership function L(z) = max(0,1-|z]), the conditions of Fuzzy
Logistic Regression can be expressed as:
1
I+exp-(c'x, —(1-A)s' |x, |)
1
1+exp-(c'x, +(1=-h)s'[x,])

<p, I =Loowah

®)

2p,, i =1..,n0

66
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In case we have fuzzy data from the logistic model, such that x, 's are crisp and

each 7z(x,)is a symmetric triangular fuzzy number denoted by (p, ,e,), , the conditions

of Fuzzy Logistic Regression will be:
|
sp
1+exp=(c'x, — (1= h)s'|x,])
1
1+exp—(e'x, +(1-/)s'|x, )

(1“h)eiu

2p; +(1-he,,

®

i=1in,n

In the current study, we consider the case of crisp x, (i =1,..,n) to ensure

obtaining symmetric fuzzy estimates of z, .

Based on Ozelkan and Duckstein idea [16], we suggest a Bi-objective fuzzy logistic
model based on the tradeoff between unfitted errors of boundaries of the fuzzy logistic
model and unfitted errors of the center of the model. The proposed fuzzy logistic model is

formulated as follow:

min-dominate {D” g"}
St

E,L(h)mO,L(h)S&‘,L
Opy)-Ey (h)s g,
Eps&y 20

where:

i=1L2,.,n
i=1,2,...,n
i=1,2,0..,n

(10)

0, and O, are the lower and upper limits of the fuzzy observations represented as

A intervals at chosen b —level .

E, and E,, are the lower and upper limits of the fuzzy predictions represented as

intervals at chosen 4 - level .

&% =) (sl &}, )is L, norm of relaxation variables where 1< p < w0,
k i h

D’ = Z{O,C E. ) is L,norm of distance between the center of the fuzzy

observatlons and the center of the fuzzy predictions.

Using the Euclidean norm (p = 2) and conditions (8) and (9), we can reformulate

model (10) in two different cases as follow:
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Case I, Crispx, and Crisp 7, .

i n " ]
min » (g}, +&l)+ )2
; w ten) ;(p, 1+exp(~«c'x,))

Sd.

W

— ) SptEy,

L+ exp-(e'x, = (1-h)s'[x, )

w

: >
L+exp-(e'x, +(1-h)s'|x,]) ~
g &y 20,

20

P =&y

Case IL. Crisp x, and Fuzzy 7z, .

N X H n . 1
min Y (&), +&2 )+ —— )}
Z; w T &, ;(Pi [roxpc'x )
YL
t kah t Spl ‘(1"'/’1)@, +E,
+exp-(c'x, —(1-h)s'|x, )
; w,

: : 2p, +(1-hk, -5,
L+exp—(c'x, +(1-R)s'|x,]) P +(1-hye, -y

€y 6y 20,
e 20
s20
where |
&, and g, are relaxation variables,
¢, center of the 7™ parameter of the logistic model,
s, spread of the " parameter of the logistic model.
p, center of the dependent variables P(y, =1).
e, spread of the dependent variables P ( y, =1).

w, weight corresponding to data after being grouped.

In this context, » represents the number of grouped data that are set

erations Besearch 1 2-25 Dee 2

i =1u.,n

-~
i
i
<o
o~
o
e

(1)
i =1,...,n
i =10
i=l.,n
i=l..,n (12)
i=laa,n
E=kaasn
up while

computing the probability p, = P(y, =1)from the original data set, and w,'sare

weights corresponding to that grouped data,

To implement this model, we consider two main aspects. First, how can the
probabilities p, be obtained or computed if the data used to estimate the logistic model

parameters consist of the covariates x and the response variable represented as 0,1
variable rather than probabilities, Second, which value of s —/evel should be chosen.

s v
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Real data sets of logistic models often consist of the values of the covariates x and
the values of the response variable represented in binary form rather than probabilities.
Therefore, to implement the proposed model, the values 0,1 of the response variable

should be expressed as probabilities. To obtain these probabilities, we suggest the
following steps:

e Break down each covariate into a limited number of levels (intervals).
e Compute the mean value of each interval,
o Identify all possible combinations of covariates levels or intervals

e Identify the number of combinations » and the number of observations into
each combination m, i =1,...,n where the total number of observations

M =ﬁ:m,.

1=l

e Compute the probability p, for each combination which is equivalent to the
_average of y values corresponding to combination 7 .

In this context, n new observations (combinations) are then obtained; each of them
has the modified values of x, and the corresponding p, . Consequently, we can implement
the proposed models with these new observations,

Reducing the covariates into a limit number of levels leads to reduction of the
number of observations from M to n observations (M > n ). Consequently, weighting
can be used to compensate for sampling schemes that stratify on the covariates, giving
results that more accurately reflect the population. The new modified values of the
covariates are weighted by their actual weights in the original data set, Therefore, the

proposed models are weighted by the weight w, where w, = exp(%-) R

Selection of 4 —level is the second issue to discuss for implementing these models.
Conditions (8) and (9) in those models take into account that the membership degree of
each observation is greater than an imposed threshold possibility # where # €[0,1]. This
criterion simply expresses the fact that the fuzzy output of the model should cover all data
points to a certain # —level . The selection of /# —level value will influence the spread of
the parameters, consequently the estimation errors, Therefore, we adopt the algorithm
proposed by Nasrabadi and Nasrabadi [15] to select h —level that minimizes the
estimation error,

5 A Mohte Carlo Simulation Study.

A simulation study is designed to empirically asses the performance of the
proposed Fuzzy Logistic Regression model in a number of situations and compares its
performance to that of the Maximum Likelihood approach (when appropriate). The
simulation study is structured in two situations: the first situation, when all the covariates
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and the response variable are crisp (non fuzzy). The second situation, where the response

variable is generated as a fuzzy variable while the covariates are crisp. Three factors are
considered in each situation:

I. Sample size: small sample size ( n= 30), moderately large sample size
(n=200) and reasonably large sample size (n=600).

2. Model type (based on number of parameters): simple model (two

parameters and one covariate) and multiple model (four parameters and
three covariates),

3. Type and Distribution of covariates: continuous with Normal distribution,
continuous with  Uniform distribution, Binary (Bernoulli) and mixed
(Normal, Uniform, Binary). '

Table 1 shows the details of 21 groups arising from the different combinations of
the categories of the three factors.

Table 1, Combination of Simulated Data

According to Simulation Factors
Combination | Sample Size Number of Distribution of
Covariates (k-1) Covariates
Group2 | 30 3 N(©0,2) -
Group 3 200 1 N(0,2)
Group 4 200 3 N(0,2)
Group5s 600 1 N(0,2)
Group 6 600 3 N(O,ZM)/
Group 9 200 1 U(-6,6)
Group 10 200 3 U(-6,6)
Group 11 600 1 U(-6,6)
Group 12 600 3 U(-6,6)

Gronp 15 200 1 Binary
Group 16 200 3 Binary
Group 17 600 1 Binary
Group 18 600 3 Binary
o Groupd9 } o300 23 -~ Mixed
Group 20 200 3 Mixed
Group 21 600 3 Mixed

Therefore, in this simulation, we have 42 groups of factors combination; 21 for the
crisp simulaied data and 21 for the fuzzy simulated data. The factor that is held fixed in
the simulation study is the number of replications for each combination of design factors,
Since the objective of the simulation study is to asses the performance of the proposed
model compared to ML, rather than studying the asymptotic properties of estimated
parameters, we select only 50 replications for each combination of design factors. We
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think the selected number of replications is enough to investigate the comparison between
ML and the proposed model.

Situation I: Crisp Data generation

In this situation, the set of covariates values x are randomly generated from a
specified underlying distribution N (0,2), U(~6,6), Bernoulli or mixed for each

independent sampling unit in the sample, rather than fixing the values of covariates at
pre-selected values, On the other hand, the logistic model parameters are generated
randomly to be in the range [-3,3]. Thus, the simulation sitting can be considered more
reflective of observational studies rather than traditional experimental designs in which
the investigator takes control over parameters and covariates sitting,

After generating the covariates and parameters, the true probability of “success” is
then computed for each independent sampling unit to be z,(x,,B) (i =1,...,n). The

outcome variable Y is generated accordingly by comparing an independently generated
U (0,1) variate, u , to true underlying computed logistic probability using the rule

{1 u, sz (x,,p)

0  otherwise
Situation 1I: Fuzzy Data generation

~Through this situation, we generate fuzzy data sets from logistic regression models
which assumed to have fuzzy parameters, a fuzzy response variable and crisp covariates,
We assume the underlying logistic model has fuzzy parameters with symmetric triangular

fuzzy numbers or ,Bj =(c,»s,) J =L...k where ¢, is the center value and s ; is the
spread of parameter j. We adopt the technique suggested by Sun and Wu [19] to use

Monte Carlo approach to generate a fuzzy parameter ;. The steps of the adopted
technique are the following::

1. Generate randomly the center ¢, in the range [-3,3].

2. Generate randomly the spread s, as a percentof ¢

3. Compute B, , B, the lower and upper limit of ,51 where 8, =c, ésj and
Bu =c,+s;. |

4. Generate crisp numbers randomly on [, , B, ] to represent values of [3’, at
different levels of a —cut .

As in situation 1, the set of covariates values is randomly generated from a specified
underlying distribution N (0,2), U (-6,6), Bernoulli or mixed for each independent
sampling unit in the sample. The number of generated parameters sets for simple models
is 2 and 4 for multiple models, Sample size is chosen to be 30, 200, and 600.
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Due fo generating fuzzy parameters with lower and upper limits, the true
probability of “success” will be fuzzy with lower and upper limits. These limits are
computed  for each. independent sampling unit t be 7z, (x,,B,) and
7y (% By ) 1 =1. n . Using the same rule as in situation I, the outcome variable y can
be generated.

6. Performance Measures,

Since, our aim is to compare the performance of the proposed fuzzy model against
the ML approach, the selection of the goodness of fit measure that will be used here,
should take into account two main aspects: :

e The proposed model is built on fuzzy concepts consequently the selected
measures should be applicable to both possibilistic and probabilistic bases.

e The selected measures should not be built on the concept of ML approach, in
order not fo tendentious to that approach.

Accordingly, a fuzzy similarity measure is used to evaluate the performance of the
proposed as well as the classical predictive measure of correct classification, We use

Yang et al [21] similarity measure S (4, B) that measures the distance between two L-R

type fuzzy numbers 4, = (a,,a,,,a,,),,and B, = (b,,b,,,b,,),, 8s:

H
1

] if 4, =

S, ;B)= . L
exp(-d,(4,,8)0,) if A #B

where ,
df/e (/Z,_,EI )=(g, =b, f”f«“; —4,a,)-(, "”L)/bu))z +(@ -%a,)-0 -1b, )
9 x{l(a/ wl)iail)m(bi melbll)l'*"l(at ""Tiatr)“(bi -—‘l‘,b,r)l}/z | (13)

(@, =)~ @, ~b,)|+|@ ~a,)-®, ~b,, )|}/ 2
‘and

I 1
(= IL"'(V,)dv 7, = fR"'(v,)dv
S 0

when v =1 both 4, ,B, will be the common triangular fuzzy numbers. This measure is

defined for i "

as.

observation, respectively the index for the whole data set can be computed

>'SU,,B,Y |
SIM =L - ‘ (14)

n

This index is used .to measure the similarity between the original probability
7, (true probability of simulated data) and the estimated probability of the proposed
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model 7, . In case of crisp data, the original probabilities #, are crisp numbers, thus the

left and right spreads are zeros. To make an equitable comparison between the
performance of the proposed model and ML, we use the statistical confidence interval of
7, of ML as well as using the fuzzy interval of #, of the proposed model to compute the
similarity index for each of them. Basically, the computed interval of the proposed model
is different from the interval of ML and hence must be adjusted to ensure equitable
comparison, To solve this issue, the idea of Kim et al [11] is used to find a value of

h —level (h'), by which the area between the upper and lower limit of the fuzzy interval
of 7, estimated from the proposed models is equal to that of 95% prediction interval of
ML.

Another intuitively appealing way is to summarize the results of a fitted logistic
regression model by a classification table. This table is the result of cross-classifying the

outcome variable ¥ with ¥ the variable whose values are derived from the estimated
logistic probabilities. To obtain y , a cut point must be defined, and then each estimated

probability is compared to this cut point. We select here this cut point at .5 which is the
most commonly used value. Hence the estimated values of y will be:

(1 A
Y1 0 if # <.5

7 Results

Results of Situation 1.

The relative performance of the proposed fuzzy logistic model versus the ML
approach is analyzed by obtaining the differences between each of the proposed models
and the ML with respect to both similarity measure (14) and overall rate of correct
classification. Paired T-test is employed to analyze the results at 5% significance level. In
addition, we count for each group, how many times the proposed model results are
superior the ML results (the superiority of proposed model on ML) ‘

Similarity Measure.

For small size samples, Table 2, shows that the proposed model Signiﬁcantly
outperforms ML in three groups (group 1, 8 and 19) out of seven groups in this category.
Two of them are multiple models with a constant term and three covariates, and the third

is a simple model with a constant term and one covariate. In four groups (2, 7, 13 and
14), performance of the Bi-objective Model is non-significantly different from ML where
group.7 and 13 stand for simple models with uniform and binary covariates respectively.
The Percentage of superiority of the Bi-objective Model on ML within each group ranged
form 44% to 84%.

For large size samples, Table 2, clearly shows that ML significantly outperforms
the suggested model in all groups with Moderately Large and Reasonable Large samples,
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except group 5 which represents simple model with Normal distribution covariate and
sample size 600. This group records 66% of the superiority of suggested model on ML.

Table 2. Bi-objective Model versus ML Performances
Similarity Measure,

ML Bi-objective T-Test Sig. Bi-objective
Model Model do

‘ ; better

Group 01+ | 743662 4665 | 3415 001 58%
~Group02 | 3235 1T 3503 | 892 377 T 52%
Group 03 .8703 5781 12.384 000 0%
Group 04 8605 4012 19.572 .000 0%
Group 05 4662 ;5957 4,290 .000 66%
Group 06 4204 22.970 000 0%
“Group07 | Bsss | Ao om0 T v
meupOﬁ L2407 | 3786 L os5210 | .000 " 84%
' Group 09 8973 4492 17.240 .000 2%
Group 0 .8960 2733 50.023 000 0%
Group 11 9432 4219 18.614 .000 0%
Group 12 .2966 57.885 .000 0%
13 290 755 454 . 4%

| 38 L 381 1 Ay

Group 15 8446 000 6%
Group 16 7785 9.148 .000 2%
Group 17 9080 9.865 .000 0%
Group .18 8874 12.811 .000 0%

| Growpl9 | 3235 [ 3955 [ 3809 015 58%
Group 20 .8847 3929 20.122 000 0%

Group 21 .9249 4094 21,943 .000 0%

Overall Rate of Correct Classification.

The overall rate of correct classification index measures the degree of classification
accuracy rather than the model fit. Therefore, we use this index as supplementary tool to
investigate the classification capability of the proposed models. Results show the
followings:

For small size samples, Table 3. shows that Bi-objective Model significantly

outperforms ML in two groups of the small sample groups (1 and 7). However, its

performance is non-significantly different from the ML in two groups (13 and 14), The
majority of these groups (1,.7 and 13) stand for simple models with different distributions
of covariates, Percentage of superiority of the Bi-objective model on ML for these groups

ranged form 78% (group 14) to 98% (group 1).
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For large size samples, the suggested model does not outperform ML for all large

samples. However, its performance is approximately equivalent to the ML especially for
groups with large sample and one covariate. As a general result, we can conclude that the
overall rate of correct classification of the Bi-objective Model is the same as over all rate
of ML for most of the groups specially for those representing simple models, In addition,
we can notice that the average overall rate of correct classification for this model is
always above 70%.

Table 3. Bi-objective Model versus ML Performances
Overall Rate of Correct Classification

ML Bi-objective T-Test Sig. Bi-objective
Model 1 Model do equal
L _ or bettst
.8380 -14.417 ;000 98%
7047, 6.078 000 | 14%
.3466 -1.498 141 76%
Group 04 .8987 3.944 .000 30%
Group.05 .8459 -22.892 .000 100%

9135 1.339 187 44%

Group 06

"~ Group 09 9150 9079 1.010 317 74%

Group 10 9534 9466 4503 | 000 32%
Group 11 9086 9007 1.021 312 58%
Group 12 9494 9448 2492 016 30%
Growpl13 | 7721 | 7961 | -0%2 927 90%
Growp1d | 7727 | &8I0 | -862 | 39 | 7%
Group 15 7929 7789 1.000 322 98%
Group 16 8420 8422 1429 159 100%
Group 17 8185 8185 NA NA 100%
Group 18 8180 8183 1429 159 100%
Group 19 "9480 7953 5.036 1000 28%
Group 20 9356 9239 4,087 000 46%
Group 21 9196 9097 1.531 132 34%

Results of Situation II,

The' similarity measure of the proposed Bi-objective Model (Graph 1.) indicates
that the performance of the model is affected by type and distribution of covariates, the
sample size and number of parameters, It records the minimum value (.31) in data sets
with uniformly distributed covariates and small sample size. The highest value (.68) is
recorded for simple model with binary covariates and large sample (group 17). Graph 1.
indicates that small samples record a low level of similarity measure compared to
moderate and reasonable large samples with the same distribution type of covariates. In




Loy

caveh 22-26 Dee, 2008

general, muliiple models (three covariates) have a low level of similarity compared to
simple models,

Shnllarity Moasure of Bl-obleotive Model

Fuzzy Data
0.7

0,60

0.60

Sirflarity Measure

0.40-)

0.5

i il S e : S
1@ B AN B 8. 7 B B 10 41 42 13 .14 16 . 16 .47 4B 1D 20 .24
Simulation Group i

Graph 1, Bi-Objective Model Performance (Similarity Measure).

Concerning the correct classification rate (Graph 2.), the proposed Bi-objective
Model rates are always more than 80% for all groups except some groups with binary
covariates - (group 13 and 14) and group 19 with mixed distributions and small sample.
Generally speaking, the proposed model yields reasonable high rates of correct
classification for models with normally, uniformly and mixed covariates versus moderate
high rates for models with binary covariates.

Correct Classiflcation % of Bl-objlective Model

Fuzzy Date

1,001

3

Correci Classficafion %
°
§

o
3
1

T 7 ) T 7 v Kl ¥ T ¥ T U U v ¥ T T
1 2 K] 4 5 B8 7 8 8 10 11 .12 43 14 48 96 17 18 19 20 .29

Simulation Group

Graph 2. Bi-Objective Model Performance (Correct Classification Rate).

8 Conclusions

A Bi-objective mathematical model is formulated to extend logistic regression
model to fuzzy logistic regression model to overcome the’ failure of the Maximum
Iikelihood approach in cases of small sample size and /or spare datasets. The new
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proposed model is evaluated through a simulation study. We conclude that the proposed
model performs successfully for small datasets. Moreover, it doesn’t fail if the average
value of Y is exactly O or 1. Generally, It outperforms ML in cases of small sample size
for models of normally and uniformly distributed covariates.

The proposed model is an applicable approach when variables in the dataset are
interacting in an uncertain and fuzzy way. In this case( fuzzy data case), the performance
of the Bi-objective model could be affected by the number of parameters in the model,
the distribution of the covariates and/or the sample size. It produces reasonable high rates
of correct classification for models with normally, uniformly and mixed covariates.
Considering the similarity measure, the proposed model performs better in cases of
moderate and reasonable large sample and simple models with one covariates,
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An Application of Markov Random Walk to a
Dialysis System
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Abstract

The application of the Markoy random walk with a partially reflecting and
an absorbing barrier has been demonstrated to a biological example arising
from a system of countercurrent dialysis. Explicit expressions for the mean
of the occupation total as well as the expected time to absorption and the
absorption probabilities have been investigated.

Keywords; Markov Random walk; Tridiagonal matrix inversion;
Dialysis system; Hemodialysis; Peritoneal dialysis; Absorption probability
AMS subject classifications. 60G40, 60180

1. Introduction : ,

Markov random walk (MRW) between an absorbing and a partially
reflecting barrier has been discussed in earlier works (cf. Weesakul (1961),
Watterson (1961), Parzen (1962), Neuts (1963, 1964), Cox and Miller (1965),
Feller (1968), Hardin and Sweet (1970), Kemeny and Snell (1976), Srinivasan
and Mehata (1978), losifescu (1980), Percus (1985), Rudolph (1999, 2001),
El_Shehawey (1994, 2000, 2008, ,2008y). A biological example of such a
MRW, arising from a system of countercurrent dialysis has been discussed in
several papers (cf. Craig and King (1955, 1956), Craig et al. (1957),

Kastenbaum (1960, 1966), Davies (1978, 1985), Baigent et al. (2001)).
Kastenbaum (1960), suggested a technique for obtaining the probabilities
of being in a specific state after a given number of transitions, if the probability
is unity of being in the reflecting state at time zero, using the eigenvalues of the
stochastic matrix. These probabilities could be achieved, using the concept of
path lengths, by Kemperman (1961). Kastenbaum ( 1966) demonstrated how his
technique may be extended to yield full Toeplitz matrix of higher transition
probabilities. :
In this paper, we consider a (MRW) {X,,n=0,1,2, ..} with state space
{1.2,..m +1}, absorbing barrier at m +1, and variable transition probabilities.

Following the notation of Kemeny and Snell (1976) and losifescu (1980), we
let 7 be the number of times the chain is in state j, given x =i, before

absorption at m +1, and b, be the probability of absorption at j = m +1, given

X =i, and e is the column vector of units. We write the one- step transition
matrix of the (MRW) in the form
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Then w =(n”.)=(E7‘“)ij =(1-0)", w, =I£'(7“,2)=N(2N’,x -0y, T :Zyj ,

my =(E(T})), =Ne,

i
my=(2N -1)Ne, and B =(p) =NR.

i

Countercurrent dialysis is a diffusion system in which a linear series of cells
are used, Each dialysis cell is termed a stage, and each dialysis period is termed
a cycle. After each cycle, the dialout at each stage is concentrated and used as
the dialin in the succeeding stage, whereas the diallin at each stage is
concentrated and returned to the dialysis sac at the previous stage. The dialin at
the first stage is retained at the first stage; and the dialout at the final stage is
taken out of the system. In the nomenclature of stochastic processes, the first
stage represents a partially reflecting barrier and the last stage an absorbing
barrier. The objective of the present work is to find the expected of the
accupation total the probability of being absorbed at m+1 after a given number
of cycles, and the probability of absorption.

The paper is organized as follows. In Section 2, we introduce the basics of
dialysis. In Section 3, we formulate the model of dialysis system, which divided
into the diffusion matrix and the transfer matrix. In Section 4, we discuss some
auxiliary concepts of matrices. The last section is devoted to the main results, in
which the closed formulas for our objective in this work have been obtained;
some very simple forms have been immediately provided lead to closed
formulas for some special cases, .

2. Basics of dialysis

Dialysis is a method of removing toxic substances (impurities or wastes)
from the blood when the kidneys are unable to do so. Dialysis works on the
principles of the diffusion of solutes and convection of fluid across a' semi-
permeable membrane. (CF. Glicksman (2000), Goldman, Ausiello (2007)).

The fluid used to clean the blood flows in the opposite direction to the
blood on the opposite side of the membrane, while waste and extra fluid are
removed from the blood and end up in the dialysate by controlling three
processes: (see Fig.1)

(1) Diffusion is the transfer of dissolved solutes in ﬂUld across the membrane
due to concentration gradient. By controlling the chemicals in the dialysate,
the dialysis machine controls this transfer of solutes according to the doctor's
pxescription Dialysis machines control the chemicals in the dialysate by
mixing dialysis fluid concentrates, which are strong versions of the chemicals,
(acetate or sodium bicarbonate plus acetic acid based solutions) in purified
water, - The mixing is generally controlled using either conductivity or
volumetric measured of the water and concentrates. Sodium profiling,

:
o
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changing the amount of sodium in the dialysis fluid at different times during
the treatment, is used in many modern dialysis machines to vary the
conductivity of the dialysate over the course of the treatment to improve the
total amount of solute removed by diffusion.

(2) Ultrafiltration, or convection, is a forced fluid flow through the
membrane, due to a difference in pressure on the two sides of the dialyzer
(pressure gradient). This controls the patient's weight loss over the course of
the treatment. The earlier dialysis machines controlled dialysate pressure or
the pressure difference across the membrane in order to achieve ultrafiltration,
‘while modern dialysis machines are generally volumetric. Volumetric control
is generally achieved either by controlling the flow of dialysate in and out of
the dialyzer at different rates with two flow controllers, Volumetric control
allows the doctor to take advantage of more effective "high flux" dialyzers,
which allow a great deal of fluid movement with a very little .pressure
differences. : o
(3) Osmosis is the net movement of water across a selectively permeable
membrane driven by a difference in the amounts of solute on the two sides of
the membrane. In dialysis, this refers not to water movement across the
hemodialyzer membrane, but across cell membranes within the body, within
the red cells to the blood plasma, or from cells of the various tissues in the
body (like muscles) to interstitial fluid. Sodium profiling can be used to
increase the rate of osmosis early in the treatment by increasing the sodium
level of the plasma.

Diffusion (solvent moves “Ultrafiltration (solution moves Osmosis (water. moves by
by concentration gradieat) by pressure gradient) concentration gradient)

"Fig. 1 Proc/ésses of the controlling of the dialysate"[ www.toltecint.com)

- Diffusion is part of transport phenomena. Diffusion is the movement
of molecules from a region of higher concentration to one of lower
concentration by random molecular motion. In a phase with uniform
temperature, diffusion processes tend to lead towards even distributions of
molecules. Diffusion is a statistical phenomenon i.e. the chance of a
molecule "jumping" from one volume to another depends on the number of
molecules in the first volume, so molecules in volumes, which have a
relatively high initial concentration, tend to disperse to less concentrated
areas until a balance of exchange (equilibrium) is reached. 'Pure' diffusion
is generally superimposed on other transport phenomena such as
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convection.

Blood is diverted from the access point in the body to a dialysis
machine. Here, the blood flows counter-current to a special solution called
the dialysate. The chemical imbalances and impurities of the blood are
corrected and the blood is then returned to the body.

There are three types of dialysis, hemodialysis, peritoneal dialysis and
renal transplant: (CF. Glicksman (2000), Goldman and Ausiello (2007)):

1- Hemodialysis works by circulating the blood through special filters
outside the body. The blood flows across a filter along with
solutions that help to remove toxins. This form of dialysis is
‘normally done 3 sessions every weak, where each session takes
about 4 hours at hospital, or a dialysis clinic.
Peritoneal dialysis filters toxic substances using the peritoneal
membrane inside the abdomen. The abdomen is filled with special
solutions that help remove toxins. The solutions remain in the
abdomen for a time and then drained out. This form of dialysis can
be performed at home, but must be done every day. The comparing
- between hemodialysis and peritoneal dialysis shown in Fig.2.
Renal Transplant is the organ transplant of a kidney in a patient with
end stage renal disease.

: 3 : inthe dalyzor, wasta
Blood is pmnpedi ‘l{‘gw?‘ gg‘g;i‘?rnuvenous L{E3TV1E:Y ucts fiter irom tho
g oo through an artificiat
membrane 1o a fluid
caligd the dialysate

" Arte novenous
tistula
Y.

Andicial
meambrane -+

Dialysiate -

Purified blogd Is pumpad Trom e dinly ror inlo the artarnovenous tistuta,
: Hoemodlalysis

- Porntonoum
Poritonoml space

Fhuld draing or is Fluid and waste

anped into the roducts are droained
Sem"qnom BPALE Em:;r:: c!'he paritoneat

Peritoneal Dinlysis P

"Fig.2 Comparing hemodialysis With peritoneal dialysis” {www.merck.com]

3. Formulation of the model of dialysis system
3.1 The diffusion matrix .
Let m be the number of stages in the system, p, be the probability that,

in any stage j, a particle inside the dialysis sac will not penetrate to the outside
volume, and q,=1-p,, the probability that a particle will penetrate to the
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outside. Also specify that, once outside, a particle cannot return inside, except
by manual transfer. Then the matrix of diffusion probabilities for m stages is a
Square matrix of order 2m given by

D, 0 0
0 D )
L ,whereDls[l’ q’)forall J=L20,m,
D o= . 0 -1
How 0
) 0 D

"

(3.1)

D, is the matrix of diffusion probabilities for the j th stage (Fig.3)

él//___‘l\
/ 1+1
SF
. “Fig.3 Transitions for the jh stage of the diffusion matrix"
The odd rows and columns of D correspond to events taking place inside the

dialysis sac for successive stages and the even rows and columns correspond to
events taking place on the outside for successive stages,

3.2 The transfer matrix
A cycle is defined as a constant interval of time commencing with the
transfer of material into the dialysis sac (the beginning of the diffusion process)
to the end of the diffusion process,
The transfer matrix, T, is a square matrix of order 2m whose elements

are probabilities equal to zero or unity and which may be constructed according
to the following scheme: :

At the end of each cycle:

(i) aparticle in the inside at stagel will remain in the inside of stage |
with probability | ;

(i) a particle in the inside at stage j will be transferred to the inside of

stage /-1 with probability 1, for /=2,3,....m see (Fig.4);

(iii)  a particle in the outside of stage / will be transferred to the inside
of stage / +1 with probability 1, for J=12,..,m~1 see (Fig.4);

(iv)  a particle in the outside of stage m will remain in the outside of
stage m with probability 1. i.e, pi=l, p. =1
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“Fig.4 Transitions for the manual transfer matrix”
This transfer mechanism is described pictorially in (Fig.5). In the nomenclature
of MRW, the inside of the first stage is a partially reflecting barrier, and the
outside of the m th stage is an absorbing barrier.

stagel - stage stage3 ... stage m~1 " stage m |

L eeel g
il i

“Fig.5 Manual transfer after each dialysis cycle”

The matrix T has the form:
1

0 0 0 0 0
0 0 1 0 0
I 0 0 0 0
0 0 0 0 ;
Ts : B.2)
0 0 1 0
000
0 0 0 0 1

The product DT is a square matrix of order 2m with non-negative elements
and unit row sums. The elements of DT are the conditional probabilities that a
particle will make a transition from one of the 2m states to another after both
dialysis and transfer have taken place. Such a matrix is stochastic matrix

P09 000 0
00 10 o
Py 0000 g,
00 0.0 ‘I
DT = . 3.3)
0 0 1 0
. p, 0.0 g, -
0 000

By the rules for its construction, the transfer matrix 7 will have m ~1 null
- columns, namely, all those columns, except the 2m th, involving transfers to the
outside volume. Hence the matrix DT will have m -1 null columns whose
positions are known. This property suggests that an initial simplification would
be to reduce the matrix DT of order 2m to a matrix DT of order m +1, by
eliminating the m -1 null columns and their respective rows. The resulting
m +1x m +1matrix is of full rank, and is given by
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poq 0 0 0
p, 0 g, 0
0 p, 0 gq
b g (3.4)
DT =
Pua 0 -q,, O
: 0 - "p, 0 79,
0 o L0 00

This matrix can be described by the following diagram:

P

o 1]

2

N

it

P2 Pa
Partially-retlecting benler

o

m+1

absorblng barrler

“Fig.6 one absorbing one semi-reflecting barriers at m +1and 1 respectively”

We can see from this diagram that we have (MRW) with one absorbing and one
partially-reflecting barriers at m+1 and 1, respectively.

4. Some auxiliary concepts of matrices
Consider the following Jacobi tridiagonal matrix J = J(a,c3b,,0,,¢5b,.a,) !

a ¢ 0 0 0

b, a, ¢, 0 :
I @b

: 0

. €y

0 0b, a

n

The matrix (4.1) is called Toeplitz tridiagonal matrix, J, =J(aq, ¢, b, g, ¢; b, a),
if the matrix elements g, =a,b, =b,c =c,1<i <n, called perturbed Toeplitz
tridiagonal matrix, J,=J(a,, ¢;; b, a,¢,b,, a,), if the “boundary” elements 4
and ¢, are different from 4; ¢, different from c¢; and b, different from p.

Lemma 4.1 In the case g, +b +c¢, =1, 2<i<n-1,the continuant
—det([ I)1<i,j<n, Jdefined in (4.1), is given by:

1=

A =3 (11 () (b)),

11

“2)

¥

//,

o E e

xs/

o, 2O0H
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where 1, j =2,...,n in the case ate =1 a +b, <1, i,j=1,.,n~1 in the case

ate <l a,+b, =land i, j=1,.,n inthe case a +c, <1, a, +b <1,

Note that the value of the continuant A =det(/ -J),1< i,/ £ ndoes not exist in
\ i .

the case g, +¢, =a, +b, =1,

Proof
In the case g +c, =1, a,+b, <1, we extend the assumption g, +8, +¢, =1,

2%i sn'-1 to include the case i = n, by assuming that there is a constant
¢, ¢, >0 satisfies ¢, =1-(a, +b,),then

a,+b+c, =1, 2<i<n, (4.3)
The determinant A must be satisfying the following second order difference
iy f

equation: A
1=y -_(1 aj):»A/ ] b C li—-)é/—f : (4'4)

with initial conditions , '
A=l-g, A =I, A =0, (4.5

i ==l d=i=2

From (4. 3), the difference equation (4.4) with (4.5) can be reduced to the
following linear difference equation of first order:

A-c, A ~—b[ A —c, | A]. @)
: =y i=y f=) i=3j=} Lo g2
Putting A-¢c, A =5, (then A -c¢,, A =¢,,), formula (4.6) becomes
: i~ /I—u‘—l X i=j=| / i j=2 17

§,=0, s, ,(ahd 51=0,,8,2).Then §5,=bb, 162

The dlfference equation (4.6) can be solved by simple iteration as’

5 Hb\ ,
then - :
A=, & =T1() 4.7
The general solution of the homogeneous equation for (4.7) is _
A= H (c). "(4.8)

I——)/ k=i

VR . j
By dividing both sides of equation (4.7) by ( I1 (ck)) , then we have -
=i
A A T
/Hl _ l':")l—‘ = ,\’;—'l i (4‘9)
I1(e,) T(e)  TI(e,) ‘
k=1 k=i k=1




The 4.

;%ni

A,

Anmnals

oc

EL-Shehawey et al,
Stochastic Modeling Dialysis

By replacing j -1 instead of ; in equation (4.9), we have

A A TG
i j-| -2 =i

j=1 -2 = -1 )

[I(¢,) Ti(e,) Ti(e,)

k=i k=i k=i
Repeating this process, j~i times, we get the following particular solution of
the equation (4.7)

(4.10)

_ 7 1 ¥ bk
A =11(c,) Z(p(;:)j (@.11)

From (4.8) and (4.11), then the general solution of linear difference equation of
second order (4.7) is given by:

A =F e+ 11(e,) i(pl[-i’—*-]) 4.12)
- k

k=i k=i =i
where F'is constant,
Using the initial condition A = I, weget F=1.
Y s I
Therefore
i

A = TI(G)+ TI(e) & (n[-bi]]

k=i k=i w=i S G
or

ié/ = H(Ck)'l'é[ 1 (CA)] [ ﬁ(bk)J,
ket 3=t \ garel k=i

which can be easily simplified to get formula (4.2).

In the case g, +¢, <1, 4, +b, =1, we extend the assumption a, +5, +¢, =1,
2<i sn~1toinclude the case i =1, by assuming that there is a constant
b1 b, >0 satisfies b, =1-(qg, +c,), then
a,+b+ec =1, I1sisn-1, 4.13)

By the same argument of the proof of the first case, we obtain the
corresponding result,

syence on Statistics, Computer Sciences and Operations Research 2 7
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In the case a tc, <l, a,+b, <1, we extend the assumption a, +b, +¢, =1,

2<i <n -1 toinclude two cases i = 1,n, by assuming that there exist two

constants b andc,: b, >0, ¢, > 0 satisfying b, =1-(a, +¢,),and

¢, =1-(a,+b,),then _,
a+b+c =1, 1<is<n ©(4.14)

By the same argument of the proof of the first case, we obtain the
corresponding result. These complete the proof of Lemma 4.1.
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To confirm the results in Lemma 4.1, we have the following proof by mductlon
as follows

e At j =i, then formula (4.2) will be
;é, =cit b
since A=(-a)=b+c,
then the formula (4.2) holds for j=i.
e At j=i+1,then formula (4.2) will be

b +bb,

“ivl i (LS

A TG
i—>/+l

since

i+l
Y —‘aul
then the formula (4.2) holds for j=i+1.
e At j=i+2,then formula (4.2) will be
A =¢CChy*C,Cnb e, bb, +bb,b

=g, —¢
'__eﬂzdet( ' J:b,b,“+b,c,+,+cc

152142 i+] 7iv2 0 i+2 X0 Tiel (EAR ¥ 3
since
l=a, = =g 0
MA/;z =det| -, l-a, -c,,
0 =b, l-a,

bi b:+l 42 +b b CHZ +bl i+ Cf+2 +ci Cl+l CHZ’

(g Ed

then formula (4.2) holds for j=i+2.
Let formula (4.2) holds for j—1and j-2, then

854 -c.u 8 )+, 8, (4.15)
' i=J i j~] i—j=2 i j-1
Since the formula (4.2) holds for j -1, then
. il - i1 §
A7 D@3 @) (¢, ), (4.16)
¥zl fmg) k=i
then
¢, <ck>+z< 11 (@) (116, @y
c k=i k=i :
Similarly,
J= -
¢, 8= n(ck)+2( 1‘1 (ck))(n(b ) (4.18)
s=/ k= k=i A

Substituting from (4.16), (4 7) and (4.18) into (4.15), then we have
’ /
A = I’I(Ck)4 Z[ H(CA)](H(b )j

=i S\ k=x+ k=i -

This is confirmed the formula (4.2).

ences and Uperations Research.2 2-25.De
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Lemma 4.2 The elements of (/ ~J)"! =(N,,) where J defined in (4.1)

. 3
Isk, jsn 4

can be expressed as
A A
1vi=t jalsn H(C/,) . fOl‘ (IS ./);
(W) =) 8w 4.19)
isi, jsu A A ie}
l—»,'v,AHI—m ﬂ(b‘) fal'(i> J),

ket

o

where A is given as in Lemma 4.1,

I~ f
Proof

The proof can be easily obtained by following the proof as cf, Mallik
(2001) and El-Shehawey (2008),.

Assume that J, be a Toeplitz tridiagonal matrix of (4. 1),

Ji=J(0, ¢ b,a,¢ b, 0), ie the elements g, =a, b, =b, ¢, =c,1<i <n, we get
the following result

Corollary 4.1 The elements of the inverse matrix (I=J))" =(N),..,.r» can be
expressed as
A A
I—sl—IAJOI—A;» (c)/—l for(iS j)‘ ;
(o (4.20)
(N// ).SI‘ISH =
A A

l-—»[~!Avol~m (b)l—/ fOI‘ ([ N j),

i-n

where the continuant A = det(/ —J)I<i,j<n, isgiven by:
1=

1 ~i4 i+ I
A =E[b' AR (4.21)

i
whete 7,/ =2,..,n inthecase a+c=1, a+b<l; i,j=1,..,n=1"in the case
at+c<l, a+b=1and i,j=1,.,n inthecase a+c<1, a+b<1,
Note that the value of the continuant A = det(/ —J,),1<i,j <ndoes notexist in
i f

thecase a+c=a+b=1.

Assume that J, be a perturbed Toeplitz tridiagonal matrix of (4.1),
Jy=J(a,, i b, a, ¢ b, a,), i.e the “boundary” elements a, and g are different
from q; ¢ different from c;and b, different from b, we get the following result

Corollary 4.2 The elements of the inverse matrix (I1-J)" = N,z 0> €anN be

expressed as

ier Selences and Operations Research 2.2-25 Dec, 2008
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A

A A
N (i<)),
(BT (4.22)

(N!/‘)ismsu =
A A
l-—wm————w'""'A”"’" &Y' for (i > j),
where for i =1,...,n
|éi =(-a) 2%:w be, :é»r’ ' (4.23)
A=O-a) A-bea, - (4.24)
I—L}n - (] - a") I—-f}r—lm b”C"“A’gz, (4.25>

and A =det(/-J,),2<i,j<n-11s given as in Corollary 4.1,
i .

5. Main results
In the dialysis model, we have an absorbing (MRW) represented by the

sicesand Operations Research 225 e, 2008

transition probability matrix given in (3.4), following the notation of Kemeny

and Snell (1976) and losifescu (1980), the sub-matrix Q is the mx m matrix,
defined by | }

Poogy 0 0
Py 0 g,

0L . (5.1)
Q= . . . :

Lo 0

pm-l O qm-l

B 0 0 pl!l M xnt
The fundamental matrix may be written as:

N=(-0)", (5.2)

Our main purpose of this contribution is to find closed form formulas for
the mean of the occupation total, the expected time to absorption, and the
absorption.probability. So we first compute the elements of (I-0)", where 0
is defined in (5.1), it is formulated in the next theorem,

Theoremj 51 1IfQ isa non-singular matrix defined as (5.1), then the mean of
the occupation total is given by ) ' '
(¢4 A - A A ) !

2-3i-) j+l‘-.-)_m P J—»/~|,/+?—>m B ]._I(q/‘) fOl‘ (l < j),
Pg A) ty

(Nll)lsl./'Sm =(I-0)" =4

I

(g &

A=
23 j-t b+ ]-vm pqu

A A )
J—b/—ll-ﬂ-—}ln. I—I(pk)‘ for(i N _]'),
(qi ZvANu—- p2ql J—A'III) h=gel

where
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/ / §
’él =3, (kl?“(qk ) (E(Pk Dois j=2,.m. (5.4)
p=imd ' =
Proof
For the transition probability matrix (5.1), we have

9 -4, 0 0

P 1 =4,

gl 0 : (5.5)
o0
“pm-l 1 —qm—l

0 0 =p, 1 ..

Applying Lemma 4.2, we have

fwricl Jal—m

£ [T for(i<j),

b = ki 56
(Nii)ISI.js‘ln = (I »Q) l = | A ‘I : A i ( )
=l m H (p‘) fOI' (l N j),
l-ém k=it
where
l-e-l - q' 2—)Al‘—l— pqu 3—%—-! ’ l-ém T q' 2—%1:1_ pqu J-ém ¢

such that A s given asin Lemma 4.1.

1=

These complete the proof,

Corollary 5.1 The expected time to absorption in this model after a given
number of cycles is given by:

] l ] "w : i1
ey 26,8,,0,7 0, 8, 8) Tlwor 20 8, 8 -pa 8 8 ) [T

iidm

(5.7)
where A is defined in (5.4).

iy

Corollary 5.2 The probability of being absorbed at state m +1 after a given

s and Uperations Hesearch 7

8 Dee,20

a5
'ﬁ;‘ﬁ’i’

number of cycles is given by:
(ql 2$_l~ P4, A ) "

Bnu = d2id n(qk) ' (5'8)
| (q' 2ém~ P24 ]ém) k=i 1sism

where A is defined in (5.4).
1
Proof

Bm+l = [binr+l]ls:'5m = [Nik erm+l]ls:'5m '

k=)
Since R

LIRS

=0V k = m,then

N
)
B




Therefore, B

m+i

(9, & A -

2-i-1mslom
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= [NlmRmmfl ]ISISm ’ . (5 .9)

mel

becomes

p2 q’ A A ) -l

Bm+ | = qm

(q’ Zém_

3-vi-lmtl—m
ITwy|
. k=i

Igism

(5.10)
plq' 39/1:) .

where A =1, formula (5.8) immediately follows.

m+l—m

5.1 Explicit Expressions for the Mean Time to Absorption

Many results as explicit expressions can be emanating from our results as particular

cases for example,

Case 1. Semi-homogeneity Case

If a semi-homogeneity is presented, i.e. P, =D49,=4,j =2,3,...,m ~land
p,,q, for j=1,m are different from p,q, respectively, The corresponding
result is a perturbed Toeplitz tridiagonal matrices O such that:

pog 0 0

p 0 ¢ i :
5 : (5.11)
: 0

: po0..g

0O o . 0 p.0)

we have the following corollaries,

kCorolla‘ry 3.3 If O isthe mxm non-singular matrix defined as (5.1 1), then the
mean of the occupation total becomes

1

L T
e (ql 2—Aml~ pq’ 33;:)

where -

A Jor(i=j=1),
21
A ¢, Jor(i=1,25jsm-1),
JHl-m
qq"” Jor(i=1,j=m),

(@ A A-pgy A AYg" jor(2<ism-li<j<m

290~ jlm 31 f+l-mn

(6 & &-pg A A for(2<ism-Li> j21

L 2j=litlm A j-tt+l-3in

pp""? Jor(i=m, j=1),
N

(9, & -pg A)p"™"p,  for(i=m2<jsm-1),
2441 3oy

(q| s A ’"qu 5 A—l) _fb)‘(i =j ;:n7),

(5.12)

s lbec 208,
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A= -—»«[p"’” ~q”’”“]2 <igj<m-1,
opq
A - 1 m-4 m -1 m-2 m 2
= e q[(P )= pap )],
| (5.13)
— =il . _
2_%_1_p_q[(p q )],1“3,...,]77 15
l - m-J M f M- '
A =——[(p"" =" = pua(p" =g ], = =
Jlom p_q

Corollary 5.4 The mean time to absorption in this semi-homogeneity model
after a given number of cycles is

=1

Atad Y A g" Jor(i=1),
=2
A o i~
1 Z 23 j~ Inénu J—+Aj~|i+énu)p (
R — 4 for(2<ism-1),
(9, A-pg A) i
b o t Z 2—{}1 i /+I—ml J-)AI 1 /+!A~ml) q

Gdsitl

el

s A -p A)tp, p"”+qlp12( A-p A P for (i = j = m),

=1 It
(5.14)
where A, A, A, A defined in (5.13).
:—)/ 2—->m 23 I JHlm .
Corollary 5.5 The absorption probabilities become
. 99" Jor (i =1),
Byy=——dgg™ (A —p &) for(28ism-1), (5.15)
(ql Z—A»m— pql Jém) o o .
‘(7-)111 I_ p\ %I I) for(l =m

where A, A, A, A definedin (5.13).

i 2~—>m 2-pi- I Jelom

Case 2. Homogeneous Case

If homogeneity is presented, i.e. p, =p,q,=q,] =1,2,3,..,m. The
transition probability O corresponding to the following Toeplitz tridiagonal
matrix:
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p q 6 .. .0
0 ¢ :
oo : (5.16)
Q" E <.' . .“ 0 )
. g
0 ... ... 0 p 0

the following corollaries follow,

Corollary 5.6 If Qis the matrix defined as (5.16), then the mean of the
occupation total becomes

if p# ,u:y:
if p=q,u 7

] um—j+l __1 < _’
(Nii )lsi j.<n = i=1 m=i 4l for I. J (517)
oqu =D ! @t -] forj <i,
ifp:q:%:
' 2(m ~j +1) fori <,
N =
( i )lsi,/sm {2(’,’1 _I' +1) fOI"j< l' . (5.]7)3

Corollary 5.7 The mean time to absorption in the homogeneity model is

1 i :
‘ U = +u+l)| ifp#gq,
m = q(u —1)>° [ :||Sl s (5.18)

[((?‘1—-1'+1)(171+i)]195m _ifpﬁqs%.

Thesé results agree with that of Kastenbaum (1966) “see also El-Shehawey
(2000), (2008),, (2008),".

Note that. The absorption probability in this homogeneous case is one.
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" ON MARKOV CHAIN ROULETTE TYPE GAME

El-Shehawey, M. A. and Al-Shreef, Gh. A.
Math. Dept., Damietta Faculty of Science, Mansoura University
"Damietta Branch", P.O. Box 6, New Damietta, Egypt.
E-mail address: el_shehawy@mans.edu.eg

Abstracts A Markov chain on non-negative integers which arises in the roulette - type game is
discussed, The transition probabilities are p,, = p, Py =0y Priw =4 P ,=p=l-q,

1sW <N,0<p<, N ~-W <j <N and i =1,2,...,N =W . Using formulae for

determinant of a partitioned matrix, closed form expression for the solution of the Markov chain
ronlette type game is deduced,

Kewords Gamblers ruin; Game of roulette; Markov chain; Partition matrix,
AMS Classif.05.40.Fb, 02,50.Cw, 02.50.Ga, 02.50.Le.

1. Introduction

The classical two- player gamblers ruin problem, in which one unit changes hands until -
one player goes bankrupt, is well known (cf. Feller [9), chapter XIV.8, Srinivasan and |
Mehata [17] chapter three, Percus [15)], El-Shehawey [8], and Lefebyre [14]), has a very
simple, closed form solution, in the cited literature and also referred to-in Corollary 2 of
the present paper in the case p =0, There are numerous applications of this type of
problem, and has attracted some attention in the seventies in the context.of cancer growth .
mod«,lmg (cf. Bell [1] and Beyer and Waterman [2]). In particular, thete was srgmﬁcantj
interest in estimating the expected time for a cancerous clone of cells to reach tumor size .
from a single way-ward cell, rather than dying off before reaching tumor size. The
analysis can ‘help to determine the appearance of the first wayward cancerous cell, and °
perhaps to identify reasons for the cancerous growth (cf. El-Shehawey [4] and references ;
therein). Here, we generalize the classical problem by introducing the following
assumptions:

(1) The number of units the gambler may win in each single game is W l <W <N,

)71 he initial capital of the gambler is i units, 0<i <N -W , : e

(3T he ultimate fortune which the gambler wants to accumulate is N units, - :
: (4) In each single game the gambler has a probability q of winning W units from hrs'

' adversary, and probability » =1-4 of losing one unit to his adversary,

(5) If the gambler fortune drops down to 0 units he is allowed ‘with probablllty
2,08 p <1, to start the game again with one unit,
(6). After a series of single games, the game ends

i- w1th probablllty 1= pwhen the gambler goes broke (loses all his fortune), or
- li-when he reaches his objective (wins all his adversary fortune).

In the language of Markov chain random walk- that is, {X,,n=0,1,2,. .} whose -

state space is {0, 1, 2,.. N}w:th transition probabilities
Pivw =4y Py, =0 =1=q for i €{l, 2,...,N =W }.
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When the particle hits the origin absorption (ruin) partially occurs with probability
P or reflects 1o the state one with probability 2 0SP ST At the boundary state
J» & =W < j <N there is an absorbing barrier.

We look for the probability the gambler loses all his fortune, that is the probability
of ruin partially

]~

P(i)=Pr{z, <oy, |X =i} for ie{l,2..,N W}
where
Toi=inf{n20:X, =0} and 7, , =inf{n20:X,., =0}.

In the present paper, using formulae for determinant of a partitioned matrix, we seek a
closed form solution to this generalized roulette- type game, i.e. We compute the
probability of ruin partially. This problem is solved in several special cases (cf. Feller [9]
p. 252, Hill and Gulati [10], Percus [15] and El-Shehawey [5, 8]).

Using generating functions and Lagrange's theorem for the expansion of a function as
a power series, El-Shehawey [6] deduced an explicit expression for the probability. of the
player's capital at the n-th step with the assumption that the. adversary-is. infinitely rich
(N > o) (see also Hill and Gulati [10]). : ‘
kozek [13] has derived similar formulae for the complementary probability of ruin,
q (f )= PI‘{TN_W < rOiXo = } , in the particular case when p =0, '

2. Glosed form solution for Markev chain roulette- type game
Let P(i)be the probability of ruin partially for a gambler starting with i units,
5/ <N - , with the probability p of losing a unit and g =1~ p of winning W units
aud playing against an adversary with initial capital N' - units. The probability P(i)
satis.es the following difference equation :
P (i)=pP (i =)+qP (i +W ), 1<i SN -W e}
with the boundary conditions ’ o
{P(O):,D.P(l)+(l-p),
P(i)=0, N-W <i<A

The. eéuation (2.1) and (2.2) can be expressed as the followiﬁg system of
N -W equations: - : ‘

(22

P (0)=gP @ +1)=p(pP (1)+(1-p)) at i =1
~pP()=P(2)=gP (W 42)=0 ati=2
~pP (2)+P (3)=gP W +3)=0 ‘ ati=3

1

‘ (23)
~pP(N =1=27 )+ P(N =2 )—qP (N -W )=0 ati=N -2




25 Dec, 7008

o5, Compuier Sciences and Uporations b

~pP (N = )+ P(N - +1)=0 at i =N =20 +1
=pP (N = +1)+ P (N =¥ +2)=0 al i =N =2 +2
~pP (N =W ~1)+P (N - )=0. ati =N -W
This system can be written in matrix form as
, Py w¥yw =Ry, (2.4)
where Py, is a band matrix of order N~ , defined by
12 e W o) o CUN
1 1 0 v 0 ~g 0 0
2 |=p 1 0 ~q : ‘ (2.5)
# v O m[‘) .
N -
PN = 2W E § 5 (;1 ’
=p o] 0
var L0 0 -p 1

With the elements of the matrix P, (P, (i,/)) is
L isj LN
P=j 4l j =L, N W ~1

N
P, (is)=
o (127) ~q, i=j-W,j=W+L.,N-W

o 0 otherwise.

Yy 4w is a column vector of probabilities P (i), i=1,2,...,N -W , and Ry , is a
column  vector with the first eclement equal to p(pP(1)+(1-p))and last
A W --1elements equal to zero.
Denote

L i . 2.6):

i Ay =|.PN~WI 26

Lemmma 1. Le;t A be an invertible matrix of order n, partiiioned as ;
Ay | 4y
i L i 73
Az | 4

'

in which 43, is non- singular, Then the determinant

det A = det Azy det Ay, = ARy, ).. 2.7)

The matrix with the form of Ay = A4 Ay s called a Schur complement of Aypin 4.

An excellent review of Schur complement and their applications is given by Horn and
Johnson [11], Section 07.3, p. 18, (see also El-Shehawey et al. (2008)).
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Lemaa 2. The determinant Ay, of the matrix Py _, obeys the following recursive
relation o
Ay =By ~qp" Ay - (2.8)
with initial conditions
- A=Ay = =0, =1, 2.9)
Proof, See appendix.

Loemima 3. The determinant Ay =Py can be expressed in the following explicit
form
[V 1)1 +1)]
i+ -1 /
=z (VO ey 2ao)
i=0

where [x | denotes the greatest integer not exceeding X
Proof, See appendix.
Lernmas 2 and 3, with appropriate change of notation, agree with that of Kozek [13].

2.1, Main result. The main purpose of this contribution is to find closed form solution
for the Markov chain roulette- type game, i.e., solving the system of’ equations (2.4). It is
formulated,in the next theorem:

Theorem (1)
The probability P (i) takes the form
PP (1)+(1-p) i=0
P(i)=4p' (pP(1)+(1- p))J-»:'l-:—'« I<i<N-W |, @.11) '
: Ay :
0 N -W <i <N
where
A : G
: P(l) ( P) N -1 | ‘ @12)
: ‘ N-W pPAN—w -1 s ;

and Ay, given'by (2.10)

Proof, (by induction) , ‘
Let P}\(/i-)w denote the matrix obtained from the matrix Py by replacing it's i" column
by the veoter Ry 5y We denote by A(\;)_W the determinant of the matrix PA(," —)w ;

B:asi:é'steps. When i =1, partition the matrix P,\(,l)w by the first row and the first column
in the form
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1 p(,oP(])+(l~wp))§ 0 0« 0 0
) G i I
M : -p 0
) N-w | ,
P = | ”g . (2.13)
i
i
i
; —-p 1 0
. N-W 0 b, 0 -p 1
Applying Lemma 1, we get
1 .
A =p(pP ()+(1- ) Ay 1. ReAT)
Dividing both sides by Ay, , we have
A Ag)—u -1 |
. - A= p(pP (1)+(1- p)) SN (2.15)
N W N W :
Using Cramer's rule, we obtain
P(l)w—mwm (2.16)
Ay :
Hence the theorem is true for i =1,
Substituting (2.16) into (2.15), we get
(1 _pp i 1]]; (1)=p(1- )QMW;:L . @17
Ay Ay :

Thu‘ formu]a 2.12) follows.

Now let 7 = 2, Partition the matrix Pls,z_)w by the first two rows and the first two columns
in the form ‘

1 (1 p(pP(l)*F(l«-p))L 0 0 -q 0 = 0)
2 |-p 0 % 10 o B
Lo . §~p 0 e
,u(), _N“?W ? 1 (2.18)
NA." i . -
! 0]
! : g
: . H
5 -p 1 0
N-=W {0 0 TR 0 -p 1
Applym Lemma 1, we obtain . '
| Ay =p* (P (1)4(1=9)) By - (2.19)

Dividing both sides by Ay 4 , we have
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(2)

A Ay |
o p? (pP (1)+(1- p)) R H=2, | (2.20)
By gy Ay
Using Cramer's rule, we obtain
Pl= .éLV;ii’m (2.21)
AN _,#I

Then the theorem is true for i =2 as well,

Induetion step. Suppose that the formula (2.11) is true, in the case 1<1 SN =W, for-
= ] w} and i =j, and we tray to prove it's holds at j +W .e Let. :

P =1)=p/ (o (1) 4 (1 - p)) 22HIHL (2.22)
An
PUY=p (o1 (1) (1= p) AL, (2.23)

Frora (2.22), (2.23), and the difference equation (2.1) with i =7 , it is easy to verify that

: pj pP{)4(l-p
‘ZP(]‘*{“W )= ( AEV‘)‘W( )){AN—W-_/' —AN-W—j-H}‘ (2,24)
Using lemma 2, formula (2.24) finally becomes _
C N ,
PO )=p ™ (pP()+(1-p)) . @29)
N

Hence the theorem holds for i = j +W . This completes the proof.

The following two corollaries are simple consequence of Theorem 1. In Corollary 1. The

game terminates when the player loses all his fortune or when his capntal
rca(,he:,, or exceeds level N W .

CO mllary 1 Let P (i) be the probability of ruin (p=0) for a gambler with an mmal

capltal of i umts, i =0,1,2,...,N , with the probablhty pof losmg a-unit and ¢ =1- pof

winning W units and playing against an adversary with initial capital N —i units. Then
we have !

1 i =0 |

P(i)= p’%w:-'- I<isN-W ,  @26)

! . N-W : ’ T
0  N-W<isN

And Ay given by (2.10),

The.complementary probability of ruin is .

’ q(i)::]"'})(i) fOl‘ i =0, l, 2,\~--’N (2.27)
Where 2 (i )is given by (2.26). | | .
Forrula (2.27), with the appropriate change of notation, agrees with that of Kozek [13].
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("'On‘ollary 2. Let P(i)be the probability of ruin partially (# =1)or the classical

gambler's ruin-in which the gambler loses or wins one unit with the probabilities p and
q = l»«p respectively. If the gambler's initial is i units, 7/ =0, 1, 2,..,N , and he plays
against an adversary with initial capital N —7 units. Then we get

i P N
1— | £
A ]
¥ 9 (2.28)
Neldl-p P (1~ r
P()={1-p2-(-p)( 2]
N-i P=q
N o+ --P
l-p
Proof. Using Lemma 3, with W =1, it is easy to verify that
. N
N=l ! 1-{'p—)
=0\ 4 12
q
No=i Nl
: 1“-(2—) 1—(£—j ‘ ‘
A =q1v-1—1_____‘l___ and A, =qN"2,-—————€——-— (2:30)
=P : 1-2.
q q

Substituting from (2.29) and (2.30) into Theorem 1, with W =1, after simplification,
formula (2.28) follows in the case p #¢ . The case p =¢ immediately'follows from the

case p # ¢ after taking the limit as L.

It is straightforward to show that the present results are generalized some well known
results, see for example, formula (2.28), with appropriate change of notation, agrees with
that of El-Shehawey [5] (see also Percus [15]), agrees in the case p =0, N — oo with that
of El- Shehawey [6] and agrees in the case o =0with that of Lefebvre [14] (see also

Feller [9], p 345, and El-Shehawey [4]).

,  Comclusion.'In this paper, we have considered the so- called Markov chain roulette-
" type game that generallzes the classical gambler's ruin problem. We derived exact and
exphclt expression for the probability ruin partially. It has been derived by means of
elementary partitioned matrix. The present formula enables us to find many interesting
particular cases through as appropmate choice of the boundary probability. The current
results are especially useful in various applications in countercurrent dialysis, tumer
girowth, rnultigene evolution, queuing, war with bargaining,... (cf. Kastenbaum [12], Bell
[1], Beyer and Waterman [2], El-shehawey [4],
Bohm [2], and ‘Smith and Stam [16]).
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3. Appendix
Proof 2. Expanding the determinant A, _, of the matrix given in (2.5) by the elements
oi"the first row, we obtain
‘ ‘ 1 0 lgq 0 0
0 0!
w . :
: o !
] KL B 9.0 0
0 oo 0 - 0 ¢ :
. 4 . :
Ay =By ey +(-1)" (-q) el w0l (3.
PO —p T -
A3 E 0
] . .
1 ‘. .
i
i . 0
‘ 0 e 0! 0 0 —p 1
Applying Lemma 1, we get
10 = 0 = 0 0
10 Teg o
0 o S0 =p 0
Sy Ay gy +'(‘1YV () o 0 RN 0/ e (3.2)
= Rl S .
0 v 0 - ' :
. P 10
O 0. =p

and formula (2:28) immediately follows.

Proof 3 . (by induction)

Using L:*minaZ it is clear that for N =W =1, A, =1. _ :
Assume that Lemma 3 is valid for N -~ -1, N -W -2, wN =20 —1, For evcry-
N -W 2 1. We will show that this implies its validity for N —W From formula (2. 8)

we have
G ] N=(i+1)W=2), ﬂ‘ WA N Wil =2),
dyy = L (_‘1)1( (l i ) ](qpu )l —l'I,D” Z (—l) [ , i )((]P“ )
=) IE]
AN N (i1 =2, ey QR N - i -2 ,‘.
S (Y ey e (M e 69)
‘ [(3/4;"-2 ¥ +1)] N —(i +1 W __2\ y [y -1 -0 +1y) (N W i =2 ™
=l 25 (—l)‘( ( ,. ) " Y+ > (1) [ - J(qp” )
=l J iwl

and formula (2.10) immediately follows if the integer parts of (N —W ~1)/(W +1) and
(A =W ~2)/(W +1) are equal, using the fact R
(z\’ (i + 1) —2]+(N ~(i +1)W —2J=[N —(i +1)W —1)

i i—1 i
Note that there is one, last term in the last sum in (c), not matched, if the former integer is
strictly smaller than the latter one, i.e.
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v --W'»‘m.-:zj} [A W -»1] AW -1 1 AW~
e r 1 < or - <. .
oWl L W W+l Wl | W+l

This happens only when N W ~1 is a multiple of W +1, say N -W =% W +1)+1
Ther the last value of index i in the last sum in (c) equal k . Hence, the coefficient of
ok kW +1)~-1~kW k-1 ‘

({?1?'” ) is (“l)k( ( k) | )== (—l)k [k J=(—-1)k , and the not- matched

tzrm of the Jast sum in (¢) coincide with the last term of (2.1 0). Consequently formula
(:.10) holds true. L

£
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E-OPTMAL DESIGN FOR DETECTING THE MAIN

EFFECTSIN 2°-FACTORIAL PAIRED COMPARISON
EXPERIMENTS WITH FULL PROFILES

Essam A. Ahmed Sayed R. El-Shair and Osama F. Abdelhalim

Department of Mathematics,
Insurance & Applied Statistics,
Helwan University

ABSTRACT

I‘n‘this paper We construct the form of the E-optimal paired comparison
design when there are k facll)rs, each with two levels in a factorial experimeht for
detecting the main effects in case that all pairs with the same number of factors
dlfferent appear equally often, So, paired comparisons are used in which full
proﬁles of the treatments are presented. In this settmg the E- -optimal design has

pairs in which all factors are dlfferent, this pairs called the fold-over pairs.

Key Words: paired comparisons; optimal designs; factorial treatments; full
profile.

1. Introduction

ERRE AT 3 |
El-Helbawy & Bradley (1978), determined optimal 2 paired comparison

designs for testing whether effect of ‘any two factor interaction is null, and
wl‘nether.‘all;effe_cts of the interactions involving specified single factor are n'all In
El-Helbawy & Ahmed (1984), optlmal 2 paired comparison designs for four
sntuatlons are given, These situations are:

1. for determining if the effect of one m factor mteractlon is null.

2. for determining if the effects of m interactions mvolvmg specxﬁed single

factor are null.
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3, for determining if the effects of m odd oxder interactions are null,

4. for determining if the effects of m higher order interactions are null.

In each of these four situations the possible pairs are divided into two classes,
the classes depending on the situation. For instance, for the first situation, one
class of pairs consists of those pairs in which only one treatment in the pair has
an even number of the factor listed in the m factor interaction at the high level,
The other class of pairs consists of the remaining pairs ( so those where both
treatments have an even number of the factors listed in the m factor interaction
at the high level and those where neither treatment has an even number of the
factors listed in the m factor interaction at the high level ). El-helbawy et al,
(1994), extended the cases of El-Helbawy & A’hmedr'(1984) to asymmetrical
factorial paire-d comparison experiments. Van Berkum (1987) constructs D-
optimal paired comparison designs for quadratic response surfaces and for the
estimation of main effects and two-factor interactions. In Street et al. (2001), the
forms of thé D- and A-optimal designs for Zk paired comparison experiments
are established, for testing main effects, main effects and two factor interactions

and for testing main effects and two and three factor interactions.

. ‘ "
In a paired comparison experiments 2 treatments Tl yooes 1 considered

zk

with n, of [, and Tj » 1,J=1,...,,2 . Bradley & Terry (1952) postulated that

a pmferencé.parameter Tti, ’Tl‘ji > 0 , is associated with Ti such that the

probability of - selecting - (preferring) Ti when éompared with Tj is
. . . ) . . k :

Pr (Ti prefered to Tj) = ni/(ni+7‘cj), 1#], 1,]J=1,...,2 . A convenient

e : 2k
scale-determining constraint for the preference paraxﬁ,eters is Z Vi = 0 ,

' ; S i=1

her = | i = ‘ W, i
where ¥, = [n T, 1= 1, ...,2 . We let A be the matrix of second

derivatives of the likelihood function (assuming the Bradley-Terrv model is
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used), corresponding to 7T 3(%‘ ) ey ﬁzk ) We let Kij xg’;’ﬁ, nij/N ,

k ,
i,j=1,...,2 . Then we have that

A W 4 :
AY =g Y —A=, =7,...,2" (1.1
h v!j¢i(n.+n.)
1 J
and
AT T, . ' :
Sk)=___._13._..1__~.'.2_, i#J, i,j=1,---,2k C(12)
ij
4(_ni +7tj>

' : k ' k ,
Welet B and B“ be a mXx 2 and nXx 2 matrices respectively
m

. ¥
with rows that sum to zero and are orthonormal. We also let Bm be a

k : k :
(2k- m-1) x 2 matrix that completes the rows of Bm and | / V2 toform a

Kk k : . .
2 x 2 orthonormal matrix, where 1 is a row Vector with all entries equal to 1

and wi‘th’a length appropriate to the context. Assuming that Bm 'Y(?t) = Q,
El-helbawy & Bradley (1978) show that the unique $olution of the likelihood

equations, T, say, is ‘a consistent estimator of T and that Y (’EL) is a

consistent - estimator  of Y ( T, ) . Finally  they  show that:

VN Bn [Y (TCL )—'Y(ﬂ:o )] has a limiting distribution n-variate normal with

; * Kk b TR
mean Vector zero and with covariance matrix Bn B:n [C (n):l B‘m B; s

(k) '* * v
Bm. When Bm has Bn for its first n rows then

e .
where C (71',)=Bl‘n/\
: -1

. k
this covariance matrix is the first principal minor of order n of [C (n)]

In some fields of applications like psychology, when the treatments are
described by a considerable number of different factors, it is usually too difficult
for a judge to express his preference probably. Therefore, partial profiles are
shown to the judged, i.e. within each single paired comparison only a few factors

110
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ave specified while the others remain undetermined. The number of factors to be
presented is bounded by the profile strength. For instance, when there are five
factors in an experiment and a profile strength of two is employed, only pairs of
treatments have to be evaluated these pairs in which (at most) two factors differ.
The factors which are allowed to vary may however change from pair to pair.

Optimal Zk paired compai‘ison design for partial profiles is presented
without proof by Schwabe et al. (2002). In Grasshoff et al. (2003), optimal paired
comparison designs in case that the same number of levels is available for each
factor independently are determined such that paired comparisons are used in
which partiéxl profiles of the treatments are presented.

In our paper, we investigate the form of the E-optimal paired comparison
design with full profiles for detecting main effects. |
We treat the case when there are k factors, each with two levels, and the set of
possible choice pairs is restricted so that each pair of treatment combinations in
which there are r factors with different levels appears equally often. For

example, if k = 3 then the pairs with r = 3 factors different, specifically

{000 Vs. 111},{001 Vs. 110},{ 010 Vs.101}and{100 Vs, 011}, would

each appear the same number of times in the design (although that number

might be 0), and the pairs with » = 2 factors different, specifically
{000 Vs. 110}, {000 Vs 101}, {000 Vs 011}, {001 Vs 111},
{ 001 Vs.‘io_o §,{001 Vs 010}, {010 Vs 111}, {010 Vs 100},
{011 Vs 110}, { 011 Vs 101}, { 100 Vs 111 } and {101 Vs 110},
would each appear the same number of times in the design (although that
number might be 0), and the pairs with » = 1 factor different, specifically
{000 Vs 100}, {000 Vs 010}, {000 Vs 001}, {001 Vs 1014,
A{<ooi Vs, 011},{010 Vs, 110 }, {010 Vs 011 b {01 ws 111},
{100 Vs 110}, {100 Vs. 101}, {101 Vs 111} and {110 vs. 111},
would each appear the same number of times, again possibly 0 times, m the
desxgn '

Andérsoﬁ et al. (1992), Chrzan & Orme (2000) and ‘Bunch et al, (1996)
assumed that participants must choose one of the options in each palr Thus

there is no "neither of these" option in the experiments we investigate.

smpufer Scienceyand Uperations Reseaveh 7 2.28 Tier
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This paper aims to construct the E-optimal design for estimating the main

effects, that is, for estimating Bn which indicate to the treatment contrasts of

the main effects, under the assumption that 7 0= 1.

. k .
In section 2, we show the C (7130 ) matrix for the class of designs that we

0
demonstrate that the E-optimal design for testing hypotheses about the main
effects is the design in which the only pairs are the fold-over pairs.

k .
are considering-in our paper. In section 3, we use this C (713 ) matrix to

' . | ° . e k - ° B °
2. The derivation of [C ('Il?)] variance-covariance
matrix

Street et al, (2001) used the method of El- -helbawy, Ahmed and Alharbey (1994)

to drive the C ( 0 ) matrix for the model in which no contrasts are assumed to

: k,r ‘
be null (that is, Bm is empty). Let a( ! ) denotes the proportion of frequency

of pairs in which there are r factors with: different levels. The treatment
combinations placed in Yates standard order ( that is, when represented as a

bmary k-tuple the first factor appears in the last position, the second in the
second last position and so on )

Definition 2.1:

k
Let D( or) be a (0,1) matrix of order 2 such that d (kr) is the

element in position ( i, j ) where,

, d(k"r)—‘ 1 If Ti,Tj have r factor with different levels
ij - '
4 ‘ 0o Otherwise
So,
(k+1r) (kr) D(k,r-l)
D (x 1) (x ) , k>r>1,
b - y r h
D D
p(k+1,0)_,

Lo @y
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where fqzé‘ is the identity matrix of order 2 h

. k) .
Assuming 71‘30 = ml,,v and in view of (1.1) and (1.2), the A matrix can be
‘written as follows:

4/\,(10 :(ka(k’l)+(1§) é(k,2>+-~+(k) a(k’r)+~ o JI mia for) (o)

r=
(2.2)
Definition 2.2:

(k) k k
Let Bt«l be the (2 ml)XZ orthonormal matrix of the usual

k
conirasts associated with a 2 factorial experiments, where t represents number

k.
of treatments (ie. £ =2"), and let the column labels be the treatment

combination in standard order.

Then, : . .
(k-1 (k-1
B B
: t.q L
2 2
(k) , :
B =7 -1 1 2.3)

_B(k— 1) B(k ~1)

L. L
L2 1 2 1 u
B ] g0
Since is empty, we have that Bm = t 1 We begin by evaluating
k
D( r)B'(k First we observe that D(2 O)B'(z) = B'(z) and that
00-2 (1 1 1)

D(ZI)B,(Z) 100 20 p(22)p2) 1 -1 1]
~ J4{00 2 34| 1-1-1

00 -2 -1l

1
(2.4)
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Hence the column of B;g together  with ,l.’ are eigen vectors of
(k)

t-1

mathematical induction that the treatment contrasts for each k are the eigen

A(k)

' k,r
D(Z’r).Given the definitions of B and D( ’ ), we have by

k,r .
vectors of D(k’r). Thus, we can express the D( ’ ), and hence , in

k ' * (k) LN .
terms of treatment contrasts, Then C (TCO) = Bm A Bm is a diagonal,
and the diagonal entries for effects of the same order are equal. Now we can

k 3 3
evaluate the first K xk principal minor of C (7120) matrix without difficulty,
3. Detecting the main effects

: k
From the previous section, we know the general form of C (71;0 ) We

| ' k
now evaluate the first kxk principal minor of C (no) associated with the

main effects so that we can deteriine the E-optimal design (i.e. the design which

minimizing the largest eigenvalue of a defined covariance matrix) for detecting
the main effects, then,

HO:'Bk’t“y(n)=,Q (3.
o o .
Hi: By v(n)#0 (3.2)

o k k
~ Where Bk ¢ denotes the rows of Bt 1 that correspond to main effects,
, -
then:

B(kkt) D’(k’rj)' _ [(k——l)_‘(k;l)]B(k) | %r i | 63

r r—1 k,t’ -

When k = 3,we find that _

(3.4)

B p(31) = (1)« B)
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BY) D0 = Coxl) 65)
(3) (393) — 3 (3)
BygD = (~1) x B (3.6)

k
In view of (3.3} when BE 1) has B(kkt) for its first k rows, then the first

5 ' k . . .
kxk principal minor of C (no ) associated with the main effects is:
-1 ( k,r )
= 3.7
Ck 2 / ( r-— 1) 1 3.7)
' =

: k
We can show the first kxk principal minor of the C (_l_) matrix as the

following:
(k) NG ,(k) -
C, = (1 )B (3.8)
| In view of (2.2), we can write (3.8) as
_1 a5 (k) (kr) 5 (ter) n(kor) | oK)
Ck“ZBk,t Zl(r)a fr‘z_;a D Bk,t
(3.9)

In view of (3.3), we ean show that
k
_1 K k)| (k-1 k) ,(k)
Sl sl 1)] i

(3.10)
and we can write (3.10) in a simple form to be

2 [
iZ s e
S (),

Theorem 1:

5

Consider 2 paired comparison experiments with full profiles and
consider the hypothesis testing situations by (3.1), (3.2) under the assumption of

L5008
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each pair of treatment combinations in which there are » factors with different
levels appears equally'often, r=1,2,...,k The E-optimal design for detecting the
main effects consist of the pairs in which all factors are different, this pairs called

. the fold-over pairs,

Proof: , o
Recall that the constraint of the proportion of the pairs is

Z Z() (kr o L=k, o 1] (3.12)

j=i , .
Then, , ~ o

t : k

.k "k (k,r)

>y =243 (K @12
i=1 j=i r=l
Since, Z 7\,‘ 4-"_=‘4—.1 % émd in view of (3.13), we can write that:

i<j !
‘ 1 ok % (k) (k)
DA ==.2 Z( )a =1 (3.14)
e N9 =4\ T
i<j r=1 »

Thus, (3.14) can be written as follows:

. Kk :
ok Z(lr‘) a(k"f) =1 (3.15)

r=1.

- In view of (3.7), to find .the E-optimal design, we must maximize
( ki) (k-1
Y= 2» Z | ( i @19

Wh_ere' \J -is. the equally eigenvélue of C  matrix in (3.7) subject to the
ke _ k

constraint (3.A15). Considering expression in (3.16), it is clear that the maximum

vélue of /' is attained when a( k,k ) = 1/2"“ and all other a( k,r) are

zero, That is, the E-optimal paired comparison design for detecting main effects
consists of the fold-over pairs only.

Numerical example:
Consider a paired comparisons experiment includes three factors each of

them has -two levels 0,1, and we want to construct the E-optlmal design for

detecting the main effects such that no contrasts are assumed to be null under

e 25 Dec d
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the assumption of each pair of treatment combinations in which there ave »
factors with different levels appears equally often, r = 1,2,3.

We construct three designs as follows:
Design 1: ‘
Table (3.1) shows number of judgments for each comparison in design 1.

Table (3.1) number of judgments for each comparison

Tooo Tom To1o T011 T100 T101 Tm T111
Ty 0 10 10 16 10 15 15 20
Toos 0 15 10 15 10 20 15
Toto 0 0 15 20 10 16
Toeq 0 20 15 15 10
T, 00 0 10 10 15
T1 o1 . 0 15 10
Lo 0 10
T4 | ' 0
Design 2:
Table (3.2) shows number of judgments for each comparison in this
design,

Table (3.2) number of judgAments foreach comparison

1300, Tooy Tooo T, T.. T... T T

N 001 ‘o010 ‘o1 100 ‘101 41

To 0 0 0 & 0 & & 2
T,,, 0. 5 0 5 0 20 &
T 0 0 5 20 0 &
T, 0 20 &6 5 g
T, | 0 o o0 &
To. 0 5 0
Ty 0 0
Tiag 0
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Design 3:
Table (3.3) shows number of judgments for each comparison in this
design. '
Table (3.3) numberof judgments for each comparison
TOOO T001 T010 T011 T100 T‘1()1 T‘i 10 T?"M
T O 0 0 0 0 0 0 20
Too1 0 0 0 0 0 20 0
T, 0 0 0 20 0 o
Thaq 0 20 O 0: 0
Ti00 : . O o0 o0 0
T | 0 0 o
T110 0 0
Tm ' 0

3,r
The values of a( ’ ) » I =1, 2, 3, (proportion of frequency of pairs in which
there are r factors with different levels) and eigenvalues of C matrix (\p) for all
above designs are illustrated in the following table:

Table (3.4) the results of designs

. Eigenvalues of
The Design a( 31) a( 3,2) a(. P9 ) C matrix (y)
Design 1 1/38 3/76 1/19 3138
Design 2 0 1/28 1/7 3/28
Design 3 0 0 1/4 1/8

From table (3.4), we notice that the value of the eigenvalue of Design 3 is the
largest eigenvalue and it is the E-optimal design for detecting the main effects,
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In this paper ,we use the combined dynamic linear model of unequally
spaced intervals in order to find the statistical distribution for the inspection
policy by the time in the case of unequally spaced intervals . our work was
statement of theorem ( 1 ) and its prove . In addition to statement of theorem
(2),its prove , with find the prediction distribution , The results of this paper
will be very useful in practical applications .
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