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Abstract
Burr Type XII and Burr Type X distributions are very important and extensively used in many practical applications. In this article, statistical properties of a mixture model of Burr XII and Burr X (BXIIBX) are studied including, reliability function, hazard rate, moments and incomplete moments. Estimation of the model parameters is considered based on complete sample. Two estimation procedures are considered, namely, maximum likelihood and moments. A simulation study is implemented for investigating the accuracy of estimators for different sample sizes. 
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1. Introduction
A mixture of probability distributions appears in many situations when a population of interest comprises two or extra sub-populations. The finite mixtures of probability distributions play a vital role in many fields of applied sciences. A lot of  studies about the mixture distributions have been considered  by several authors, see for example; Cheng and Fu (1982), Jiang and Murthy(1995), McLachlan and Peel (2000), Zhang et al. (2001), Marin et al. (2005), Sultan et al. (2007), Ahmad et al. (2009), Abu-Zinadah (2010), Ateya and Alharthi (2014), Daniyal and Aleem  (2014), and Karakoca et al. (2015), Elshahat and Mahmoud (2016), Al-Moisheer et al. (2017).
In 1942 Burr introduced twelve different forms of cumulative distribution functions for modeling lifetime data. Burr type XII and Burr X distributions are used in many applied fields such as business, engineering, quality control, life testing studies and reliability.
The probability  density  function (pdf) and cumulative distribution function (cdf) of Burr Type XII distribution take the following form, respectively,

                                            (1)
and,
                                                (2)               

where and are two shape parameters. Also, the pdf and cdf of Burr Type X distribution are given, respectively, as follows


                                   (3) 
and,
                                                  (4) 
where  and  are shape and scale parameters, respectively, ( see Kundu and Raqab 2005).

This paper aims to study the properties for mixture model BXIIBX as well as obtain the estimate of the unknown parameters based on moments and maximum likelihood methods of estimation via a complete sample.  This article will be organized as follows. Section 2 contains the formulation of the BXIIBX model. In the same section, some statistical properties including, reliability function, a general expression for its moments and incomplete moments are provided. Maximum likelihood and moments estimators of BXIIBX model are given in Section 3. Numerical study is conducted to examine the biases and mean square errors (MSEs) of BXIIBX parameters estimates in Section 4. 

2. Formulation of BXIIBX Model
According to Titterington et al. (1985), the cumulative distribution function of a mixture distribution function with n- components is defined as follows,

where is proportion of the sub-mode and  In particular, for   the distribution function of two sub-population is defined as follows
                                                                 (5)
                                                    
Now, we define a mixture of two BXIIBX distribution function by substituting cdf (2) and cdf (4) in cdf (5), setting and set of parameter as follows
                           (6)

where + = 1,  , are the mixing proportions. The pdf of the BXIIBX distribution is given by
                                (7)

Additionally, the reliability and the hazard rate functions of BXIIBX can be expressed as, 
                                                        (8)                                                                                 
The hazard rate function of BXIIBX can be expressed as,



Plots of the BXIIBX hazard rate function for some parameter values are displayed in Figure1.
[image: ][image: ]

 






Figure 1: Hazard function for BXIIBX distribution


It is clear from Figure 1 that the hazard function takes different forms which are increasing, decreasing and bathtub according to different values of the parameters.

2.1 Moments
The rth moment of BXIIBX distribution about the origin can be obtained from (7) as follows


After simplification, it can be expressed as follows

                   (9)       
In particular, setting  = 1 in (9), then the mean of BXIIBX distribution is as follows
 


Also, the variance of BXIIBX distribution takes the following form






To examine how the mean, variance, skewness and kurtosis change for various values of parameters Table 1 contains the mean and variance of the BXIIBX distribution. Also, Table 2 contains the skewness and kurtosis of the BXIIBX distribution for various values of parameters  It can be notice that both the skewness and the kurtosis are decreasing and increasing functions for various values of. The following tables represent the mean and variance of the BXIIBX distribution for various values of

Table 1: Mean and variance of the BXIIBX distribution for various values of
	

	

	

	

                  
	

                          

	
	
	
	

                                
	

                                   

	3
	2.5
	2
	0.936                              0.193
	0.811                                0.154

	
	2.5
	2.5
	0.977                              0.206
	0.827                               0.163

	
	2.5
	3
	1.009                              0.219
	0.84                                0.173

	3.5
	3
	2
	0.924                              0.177
	0.791                               0.125

	
	3
	2.5
	0.965                              0.192
	0.808                               0.135

	
	3.5
	2.5
	0.946                              0.196
	0.778                               0.133

	4
	3
	2.5
	0.978                              0.179
	0.828                               0.121

	
	3.5
	3
	0.993                              0.198
	0.814                                0.130

	
	3
	3
	1.01                                0.192
	0.841                              0.130

	
	1.5
	3
	1.11                                0.161
	1.002                                0.125

	5
	1.5
	2
	1.038                              0.149
	0.973                               0.115

	
	1.5
	3.5
	1.137                             0.167
	1.013                              0.130




The following table represent skewness and kurtosis of the BXIIBX distribution for various values of   










Table 2: Skewness and kurtosis of the BXIIBX distribution for various values of
	
	
	
	

                    
	

                       

	
	
	
	

                                   
	

                               

	3
	2.5
	2
	0.778                           3.709
	1.069                            4.994

	
	2.5
	2.5
	0.689                           3.449
	1.043                            4.757

	
	2.5
	3
	0.612                           3.239
	1.022                            4.559

	3.5
	3
	2
	0.882                           3.817
	1.174                           5.261

	
	3
	2.5
	0.795                           3.528
	1.173                           5.078

	
	3.5
	2.5
	0.826                           3.516
	1.288                             5.432

	4
	3
	2.5
	0.875                           3.733
	1.264                            5.566

	
	3.5
	3
	0.798                           3.477
	1.381                           5.940

	
	3
	3
	0.798                           3.477
	1.260                              5.372

	
	1.5
	3
	0.821                           3.976
	1.086                           5.445

	5
	1.5
	2
	0.863                          4.172
	1.078                           5.762

	
	1.5
	3.5
	0.772                           3.802
	1.076                            5.275



2.2 Incomplete moments

The answers for too many important questions in economics require more than just knowing the mean of a distribution, but its shape as well. Incomplete moments of the income distribution form natural building blocks for measuring inequality: for example, income quintiles, the Lorenz curve, Pietra and Gini measures of inequality all depend upon the incomplete moments of the income distribution (see Butler and McDonald (1989)).


The incomplete moment, say  is defined by

                                                                                        (10)

Hence, the   incomplete moment for BXIIBX mixture model is derived by inserting (7) in (10) as follows, 



After, simplification, theincomplete moment is given by 

  (11)


where  is the lower incomplete gamma function and is incomplete beta.  

The first incomplete moments of the BXIIBX mixture model can be obtained by putting  in (11), as follows


Bonferroni and Lorenz curves are useful applications to first incomplete moments. They have been widely used not only in the fields to study poverty and income but also in reliability, medicine, economics, demography and insurance. The Lorenz and Bonferroni curves are given, respectively, as follows

      

and
2. [bookmark: _Toc509407769]Estimation of Parameters based on Complete Sample


[bookmark: _Toc503756654]	In this section, the estimators of the unknown parameters of BXIIBX model are obtained by using the maximum likelihood and moments methods of estimation based on complete samples. 

[bookmark: _Toc509407770]3.1 Moments estimators 
 
Method of moments is the oldest method for generating estimates of the unknown parameters from a sample data. The method of moments consists of equating a suitable number of sample moments to the corresponding population moments.


Let be random variable from BXIIBX mixture model, then the first five population moments are given respectively by substituting  in  (9).

Let  be a random sample of size  drawn from mixture BXIIBX distribution, the first five sample moments are given by 





The moment estimators of denoted byare obtained by equating the sample moments with corresponding populations moments. Numerical iterative technique is used to obtain   respectively.

[bookmark: _Toc509407771][bookmark: _Toc503756655]3.2 Maximum likelihood estimators 


        The maximum likelihood estimators of unknown parameters of BXIIBX distribution from complete samples are derived. Let  be random sample from BXIIBX distribution with observed values   The likelihood function of (7) is obtained as follows

              

For simplicity, let  Therefore, the natural logarithm of the likelihood function is obtained as follows 

            (12) 




Partially differentiating (12) with respect to  so the maximum likelihood estimators are the solution of the system of equations obtained by setting the first partial derivative equal to zero. For simplicity, let and 

                (13)                               

                                                    (14)

                                     (15)

                               (16)
and,

                     (17)


Therefore, the maximum likelihood estimates of the parameters denoted by are obtained by setting the partially derivatives to be zero and solving them numerically.

4. Numerical Study
	In any estimation problems, it is required to study the properties of the derived estimators. As seen in the previous subsections, the derived expressions for the estimators are too complicated to study analytically. Therefore, an extensive numerical study is carried out to compare the performances of the estimates, mainly, with respect to their biases and MSEs, for different sample sizes and for different set of parameters. The numerical process are described through the following steps
Step (1): A random sample  of sizes 20, 30, 40, 50 and 60, are generated from the mixture of Burr Type XII and Burr Type X distribution as follows
(i) Generate andfrom the uniform distribution.
(ii) If 


Generate from using  otherwise


Generate from using  (see Ateya (2014)).





Step (2): Assuming the scale parameter to be known and equal one throughout the experiment. Different sets of parameters values are selected as,  and  .


Step (3): The moment's estimators are obtained by solving nonlinear equations. The maximum likelihood estimators are obtained by solving the nonlinear Equations (13) to (16).

Step (4): Steps from 1 to 3 are replicated  for each sample size and for selected sets of the parameters. Then the biases and mean square errors of estimates are computed as follows 


and,


	The numerical results about the properties of estimates are listed in Tables 3 and 4 and represented through some Figures from 2 to 7. The following observations about the performance of estimates from these tables are summarized as follows.
1- 
The MSE of the moments estimates  decreases as the sample size increases in approximately different selected sets of parameters (for examples see Figure 2).

[image: ]

Figure 2: MSE for moment estimates for the Set 

2- 

The MSE of the maximum likelihood estimates decreases as sample size increases for all set of parameters (see for example Figure 3 for Set I ).
[image: ]
Figure 3: MSE of ML estimates for the Set I

3- 



It seems from Figure 4 that MSE of ML estimates for  takes smallest value corresponding to the MSE of moment estimates;  for the same sample size n=60. Also, it seems from Figures 5 and 7 respectively that MSE of takes the smallest value corresponding to the MSE of for the same sample size n=60 and for all sets of parameters.

[image: ]

Figure 4: MSE of   for different set of parameters at n=60
[image: ]

Figure 5: MSE of   for different set of parameters at n=60
[image: ]

Figure 6: MSE of   for different set of parameters at n=60

[image: ]


Figure 7: MSE of   for different set of parameters at n=60





4-The MSE of  for the Set IV is smaller than the MSE of  in approximately all sample sizes (see Figures 4 and 6). 5-The MSE of  for the Set I is smaller than MSE of  in approximately all sample sizes (see Figures 5 and 7).
6- In general it is observed that the biases and MSEs of all estimates decrease as sample size increases in almost all the cases. Furthermore, the MSEs for the ML estimates are smaller than the MSEs for the moment estimates in almost all the cases.
Table 3: Biases and MSEs of estimates for Set I and Set II of BXIIBX distribution in complete sample
[image: ]

Table 4: Biases and MSEs of estimates forof  BXIIBX distribution in complete sample
[image: ]
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