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Abstract

Scalar-on-function regression models are advanced regression techniques designed to analyze
relationships where the response variable is a scalar and the predictor is a function. These
models facilitate the examination of how functional data influences scalar outcomes. While
many methods exist for estimating the coefficient function, tests to determine whether it is
consistent across functional predictors are quite limited. To the best of our knowledge, no such
test currently exists. In this paper, we introduce a proposed test and evaluate its performance
in terms of Type I error and power using a simulation study. The advantage of our proposed
model is demonstrated using two real datasets, including mortality and temperature data, as
well as diffusion tensor imaging (DTI) data.

Keywords: Basis expansion; functional principal components; functional change; scalar-on-
function regression model; penalized basis expansion.

1 Introduction

Functional regression models are an advanced class of regression techniques designed to analyze
relationships involving functional data, where the predictor, the response, or both are functions
rather than scalar values. These models extend traditional regression approaches, allowing for the
analysis of data that varies continuously over time, space, or another domain. Functional data
typically arises in situations where measurements are made repeatedly over a continuum, such as
growth curves, temperature fluctuations, or stock prices.

Traditional regression models, which work with scalar or vector data, are not well-suited to
handle the complexity of continuous data. Functional regression models fill this gap by enabling the
exploration of how entire curves or functions relate to each other. These models are widely applied
in fields like biology, finance, environmental science, and medicine, where continuous data are
common. There are three types of functional regression models: the scalar-on-function regression
where a scalar response is predicted using a functional predictor, the function-on-scalar regression
model where the functional response is predicted using scalar predictors, and the function-on-
function regression model where both the response and the predictor are functions (see Ramsay
and Silverman, 2005; Ferraty and Vieu, 2006; Kokoszka and Reimherr, 2017; Munoz and Cadenas,
2020).



This paper will focus on the scalar-on-function regression model, which is a specific type of
functional regression where the response variable is a scalar (a single numerical value), while the
predictor is a function. This model is used to explore how the entire trajectory of a functional
predictor influences a scalar outcome. In scalar-on-function regression, the goal is to determine
how the value of a scalar outcome (e.g., a patient’s final health score) depends on a predictor
function (e.g., their heart rate over time). The scalar-on-function regression can be described as
follows:

Let Y is a scalar response, X be an integrable random function, and X1, - -+ , X,, are independent
copies of X, and Y; is generated by the following functional linear regression model

Y, = ao + /a(t)Xi(t)dt be,  i=1,....m (1)

where ¢;’s are i.i.d. random variables with zero mean and finite variance o2. Hereafter, we assume
that the covariance operator of X is positive definite. X(t) is the functional predictor defined over
the domain ¢ € (0,7). This predictor is treated as a continuous function. This allows the model
to incorporate all information from the functional data, not just discrete points. «(t) is a smooth
coefficient function that shows how different parts of the predictor function X () contribute to the
scalar response Y. It captures the influence of the predictor at each point in the domain. It tells us
which parts of the functional predictor are most influential in determining the scalar outcome. The
use of integrals reflects the continuous nature of the predictor. The effect of the predictor on the
response is aggregated over the entire domain of the function, weighted by the coefficient function.
The functional linear regression model above is usually called the scalar-on-function regression
model and has been expanding its application rapidly to many areas.

There are many applications for the scalar-on-function regression models. It can be used to
predict a patient’s risk of a health outcome (e.g., disease progression) based on their continuous
physiological measurements, like blood pressure or glucose levels over time. In finance, it is used to
predict a scalar outcome (e.g., future stock prices) based on historical trends in financial indicators
that vary over time, which is a common application. In environmental Science, it is used to predict
annual rainfall based on continuous weather patterns such as temperature changes over the year.
In education, it can be used to predict the final exam score of a student (scalar response) based on
their continuous heart rate (functional predictor) during a stressful study session. The model will
estimate a coefficient function, «(t), which tells us at which times during the study session (e.g.,
early stress vs. late stress) the heart rate has the most impact on exam performance. It provides
insight into which portions of the functional predictor have a greater impact on the scalar response.

The scalar-on-function regression is a powerful tool within the broader framework of functional
regression models, allowing us to investigate how continuous functional predictors influence a scalar
response. By estimating a coefficient function that varies over the domain of the predictor, this
model provides rich insights into the dynamic relationships between functional predictors and scalar
outcomes. This makes it particularly useful in fields that deal with time-series data, spatial data,
or other forms of continuous measurements. Many articles studied the model estimation, however
testing the change in the coefficient function, «(t), is very limited. To the best of our knowledge, no
article tested the change in the scalar-on-function regression coeflicient function. In Section 1, the
common methods for estimating the scalar-on-function regression are presented. In Section 2, the
proposed test for the change in the Scalar-on-function regression model is introduced. In Section 4,
simulation studies will be conducted. The proposed approach is applied to real data applications



in Section 4. Conclusions are discussed in Section 5.

2 Scalar-on-function regression model estimation

There are three main methods for estimating the scalar-on-function regression model: (1) estimation
via a basis expansion, (2) estimation with the penalized basis expansion, and (3) estimation via
the functional principal components.

2.1 Estimation via a basis expansion

In this method, the function «(t) in Eq. (1) is expanded using deterministic basis functions to
reduce the model to the standard model of the multiple linear regression model. Suppose that «(t)
can be approximated by K basis functions as

K
a(t) = arBi(t), k=1,..., K. (2)
k=1

In Eq. (2), the selected basis function influences the estimation of a(t). There are many ways to
select the number of basis functions, K, such as the cross-validation (CV) method. By plugging
Eq. (2) in Eq. (1), we obtain

Y, - a0+/a(t)Xi(t)dt+ei, i=1....n

K
= ap+ ch/Bk(t)Xi(t)dt—F €,
k=1

K
= ao+ Y TikCk- 3)
k=1
This is the traditional multiple linear regression model and the coefficients ¢ = (g, ¢1, ..., cx) can

be estimated by ¢ = (X7 X)"'XTY, where

1 z11 - =k

1 xo1 -+ 1ok
X =

1 zp o apk

From Eq. 3, the estimation of a(t) can be written as

K
d(t) = Z ci By, (t)
k=1



This estimation relies on the shape and quantity of the chosen basis functions. The approximate
95% confidence interval for the regression function «(t) is

K

K
> crBi(t) £1.96> 6% By(t),
k=1

k=1

where 6}, is the standard deviation estimate of the error ¢; (for more details, see James, et al. 2009;
and Morris, 2015)

2.2 Estimation with a penalty

This approach combines basis expansion with regularization (penalization) to prevent overfitting
and control the smoothness of the estimated regression function. In the basis expansion method, K
serves as a tuning parameter that controls the smoothness of the estimation of «(t). When using
the penalized basis expansion, the tuning parameter K is replaced by a penalty term, A, to regulate
smoothness. In this case, K corresponds to the points where the curves X; are observed.

One common approach is to penalize the roughness of 5(¢) by using the integral of the squared
second derivative o’ (t):

a(t) = arg rél(ltlgl é <Yl —ap — /a(t)Xi(t) dt>2 + /\/ (O/’(t))Q dt] (4)

Here, A is the smoothing parameter, which controls the trade-off between the goodness-of-fit
and the smoothness of 3(t). Eq. (4) can be re-written as

N K 2 K
@(t) = arg min Z <E — Qg — Z xikck> + A Z Ckck”Rk‘k’ . (5)
ot) |53 k=1 k& =1
From Eq. 5, the estimation of the coefficients ¢ = (aq, c1, ..., cx) can be estimated by ¢ = (X7 X +

AR)!XTY | where R is the (K + 1)(K + 1) matrix given by

o 0 ... 0
0 R -+ Rk
R = .
0 Rkg1 -+ gk

The choice of A reflects the researchers’ belief on how smooth an estimate of «(t) should be. In
practice, it is reasonable, to obtain estimates for several values of A and choose one based on a
visual inspection. Another approach that gained broad acceptance is known as the cross-validation
method. In software implementation, the user can generally specify the range of the values of A and
the resolution of the grid. One more method is using the restricted maximum likelihood (REML)
method (for more details about this method, see Krivobokova and Kauermann, 2007; James, et al.
2009; Goldsmith, et all. 2011).



2.3 Estimation using the functional principal components

Estimating a scalar-on-function regression model using functional principal components (FPC) is
a common approach when the predictor is a functional variable and the response is a scalar. By
leveraging the functional principal component analysis, this method reduces the dimensionality of
the functional predictor and simplifies the regression estimation by regressing the scalar outcome on
a few principal component scores. The functional principal components of the covariance operator
of X are used to approximate X;(t) as follows:

Xi(t) ~ ) + 3 it 1) (6)
j=1

where fi(-) is the overall mean, ©;(-) is the ;' estimated functional principal component (j =
1,...,p), and w;; = [[X;(t) — a(t)]o;(t)dt. Replacing (6) in (1) reducing the scalar-on-function
regression model to be

p
Y, — ao—l—/a(t)[ﬂ(t)+Zwijf}j(t)}dt—|—ei, i=1,...n
=1
» J
= 048 —+ Z’(Z)Uaj + €, (7)
=1

where of = ap + [a(t)i(t)dt, a; = [ a(t)0;(t)dt are unknown parameters, and

L Wy - Wik
I War - Wk
W = )
L Wni -+ Wak
Eq. (7) represents a multiple linear regression in the parameters a = (ag, a1, ..., a;,) which

can be estimated using the least square method. In this method, the selection of the number of
functional principal components, p, affects the estimation. A simple and effective way is to select
the first p principal components that explain 90% of the total variation (for more details about this
method, see Shang, 2014; Morris, 2015).

3 Proposed test for the change in the scalar-on-function regression
model

Let X be a square integrable random function with E||X||3 < co. Suppose that Xi,---, X, are
independent copies of X and Y; is generated by the following functional linear model

Y; = /O[Z'(S)Xi(S)dS + €4, 1= 1727 - N, (8)



where ¢;’s are i.i.d. random variables with zero mean and finite variance o2. Hereafter, we assume
that the covariance operator of X is positive definite. For simplicity, we also assume X is centered
and thus EX is a zero vector. The functional linear regression model above is usually called the
scalar-on-function regression model and has been expanding its application rapidly to many areas.

After fitting the scalar-on-function regression model, one can calculate the residuals, ¢;, i =
1,2,...,n as follows:

. / Gi(5) X (s)ds

In this study, we are interested in testing for the constancy of the coefficient function. That is,
we are willing to test the following hypotheses:

Ho: pi(t) == Balt)
Hy: Bi(t) =+ = Bm(t) # Pmy1(t) = -+ = Bn(t) for some m
The idea behind the proposed test is to use the residual-based CUSUM test, which is popularly

adopted for testing for parameter (or structural) change in various models. The test procedure uses
residuals, say €;, to construct a test statistics as follows:

m mn
Yae-=N¢g
n

i=1 =1

T, :

1
= max ,
1<m<n \/n7
where 72 is an consistent estimator of the variance of e such as the sample variance of é. Like other
CUSUM statistics, it can be expected under Hy that the test statistics T;, converge in distribution
to a function of Brownian motion under some regularity conditions. More exactly,

T, - sup [B°(s)], (9)
0<t<1
where {B°(s)|s > 0} is the standard Brownian bridge. The 95% quantile of the distribution is
1.358, so if T,, > 1.358, the null is rejected at the significance level of 5% and the change point is
usually estimated to be

1
argmax n
1<m<n \/ﬁT

This study aims to study the impact of the functional predictors on the scalar response variable,
whether they have the same coefficient function, and detect if there is a functional change, where
m is the unknown change point.

m mn
> g -—=> &l
n

i=1 i=1

4 Simulation Studies

A simulation study is conducted under two scenarios for the regression coefficient function, 5(t),
to evaluate the proposed test: Setting 1: [(t) = sin(2nt) Setting 2: [(t) = —mi(t) + 3ma(t) +
ms(t), t € [0, 1], where mi(-), ma(-), and m3(-) are normal densities with parameters N (0.2,0.03),
N(0.5,0.04), and N(0.75,0.05). The function 3(t), for the two settings, is evaluated at 100 evenly
spaced points within the range of (0,1), (¢ = 0,0.01,0.02,...,1), and displayed in Figure 1.
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Figure 1: The true regression coefficient functions 3(t) = sin(2xt) (right), and B(t) = —ma(t) +
3ma(t) +ma(t) (left) evaluated at ¢ = 0,0.01,0.02,...,1.

The regressor function curves or the regressor functional predictors are generated as X (t) =
21(t) + 22 + 23(t) + €(t), where z1(t) ~ N(1,0.2), 29 ~ Unif(0,5), and z3(t) ~ N(0,1). The iid
random errors z3(t) add a noisy component to the distribution of the regressor functions. The
random error €(t) can be generated as

10

e(t) = Z %{m sin(2mti) + v; cos(2mti) }, te€(0,1),
i=1

where n; and -y; are independent standard Normal.

For each setting, we evaluated the performance of the proposed test by calculating the Type 1
error rate and the power of the test. The model estimation method may affect the proposed test’s
performance, so the three methods, described in Section 2, of estimating the coefficient function,
B(t) are used and compared. Type I error rate is calculated when the data generated under the
null hypothesis is true, i.e. the true regression coefficient function, 3(-), is the same for all the
regression curves. The model estimation methods are compared using the average mean square
error (aMSE), the 95! percentile of T,, and the Type I error rate. The results are displayed in
Table 1. From Table 1, one can see that the three models give comparative estimated Type I error
rates that are close to the nominated one, 5%. The three models also give close values for the aMSE
and 95" percentile of T},. This is true for the two simulation settings: Setting 1 and Setting 2 of
B(t). In sum, the performance of the proposed test is well whatever the method used to estimate
the coefficient function, $(t). Figure 2 displays the estimated regression coefficient function using
the three model estimation methods for one of the 1000 simulated data sets generated under the
null hypothesis.



Table 1: Type I error rate (estimated significance level) of the three methods when the data is
generated from the true model, the average of the Mean square error (aMSE), and the average of
the test statistic value, T,, of the 1000 simulated data sets under the null hypothesis.

304

Method aMSE 95% of T,, Type I error rate
Setting 1  Basis 0.1284 1.3237 0.039
Penalized 0.1122 1.3076 0.034
FPCR 0.1129 1.3007 0.035
Setting 2 Basis 0.0500 1.3393 0.044
Penalized 0.0509 1.3326 0.048
FPCR 0.0510 1.3351 0.045
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Figure 2: The regression coefficient functions §(t) = sin(2nt), truth and its estimates (right), and
B(t) = —my(t) + 3ma(t) + ms(t), truth and its estimates (left).

To evaluate the proposed test in terms of power, 1000 data sets were generated under the
alternative hypothesis, i.e. the regression coefficient function, 5(-), is not the same for the functional
regressor predictors. The regression estimation methods are compared using the 95" percentile of
T,, and the power of the test to evaluate the proposed test under different estimation methods.
The following are two different settings. Each setting has five different coefficient functions, each
assumed for 100 observations (n = 500).

Simulation Setting 1:

€ [0,1], where mq(-), ma(:), and mg(-) are are normal
N(0.5,0.04), and N(0.75,0.05).

° ﬁl(t) = —ml(t) + 3m2( ) + mg(t),
densities with parameters N(0.2,0.03),

€ [0,1], where my(-), ma(-), and mg(-) are are normal
N(0.5,0.05), and N(0.75,0.06).

o Pa(t) = —ma(t) + 3ma(t) + ms(t), t
densities with parameters N(0.2,0.04),

€ [0,1], where my(-), ma(-), and mgz(-) are are normal
N(0.5,0.06), and N(0.75,0.07).

o Bg(t) = —ml(t) + 3m2(t) + m3(t),
densities with parameters N (0.2,0.05),

o [4(t) = —my(t) + 3ma(t) + ms(t), t € [0, 1], where my(-), ma(-), and ms(-) are are normal
densities with parameters N(0.2,0.07), N(0.5,0.08), and N (0.75,0.09).



o (5(t) = —mi(t) + 3ma(t) + ms(t), t € [0, 1], where mq(-), ma(-), and ms(-) are are normal
densities with parameters N(0.2,0.10), N(0.5,0.10), and N (0.75,0.10).

Each of these functions is evaluated at 100 evenly spaced points within the range of (0,1) and
displayed in Figure 3(left).

B(t)
B(t)

Figure 3: Setting 1 of the coefficient functions (left), Setting 2 of the coefficient functions (right).

Simulation Setting 2:

o [1(t) = —mi(t) + 3ma(t) + ms(t), t € [0, 1], where mi(-), ma(-), and ms(-) are are normal
densities with parameters N(0.2,0.03), N(0.5,0.04), and N(0.75,0.05).

o [ao(t) = —ma(t) — ma(t) + ms(t), t € [0,1], where my(-), ma(-), and ms(-) are are normal
densities with parameters N (0.2,0.05), N(0.4,0.05), and N(0.75,0.1).

o [3(t) = —mq(t) + ma(t) + ms(t), t € [0,1], where my(-), ma(-), and ms(-) are are normal
densities with parameters N(0.1,0.05), N(0.3,0.05), and N (0.65,0.10).

o [4(t) = —ma(t) — ma(t) + ma(t), t € [0,1], where mq(-), ma(-), and ms(-) are are normal
densities with parameters N(0.1,0.05), N(0.2,0.05), and N (0.55,0.10).

o (5(t) = —my(t) + ma(t) + ms(t), t € [0,1], where mq(-), ma(-), and mg(-) are are normal
densities with parameters N(0.2,0.05), N(0.1,0.05), and N(0.75,0.10).

Each of these functions is evaluated at 100 evenly spaced points within the range of (0,1) and
displayed in Figure 3(right).

The power estimate results are displayed in Table 2. It can be seen that the performance of the
proposed test is strong under different settings and estimation methods, where the power is 1.

5 Real Data Applications

The advantage of our proposed test is demonstrated using two real datasets, including mortality
and temperature data, as well as diffusion tensor imaging (DTI) data.



Table 2: The power of the proposed test under the two settings and 95% of T, for the three

estimation methods.
Method 95% of T,, Power

Setting 1  Basis 8.4978 1.00
Penalized 8.4806 1.00
FPCR 8.4865 1.00
Setting 2 Basis 7.5880 1.00
Penalized 7.6286 1.00
FPCR 7.6231 1.00

5.1 Mortality and Temperature

Environmental health research often investigates the relationship between mortality and tempera-
ture. Several studies have explored this connection using parametric or semiparametric regression
models (see Mercer, 2003; O’Neill, Zanobetti, and Schwartz, 2003; Schwartz, 2005; Medina et al.,
2006; Son, Lee, and Anderson, 2011; Mahmoud et al., 2016; Mahmoud et al., 2024).

The National Morbidity, Mortality, and Air Pollution Study (NMMAPS) gathered daily data
from January 1, 1987, to December 31, 2000, across 108 U.S. cities to evaluate the impact of
air pollution on health outcomes (Samet et al., 2000). Collected variables included temperature,
deaths, nitrogen dioxide, relative humidity, ozone, PM10, and others.

Mortality data were sourced from the National Center for Health Statistics, while Weather
data were provided by the National Climatic Data Center. These data were available from June
2004 but were withdrawn from public access in 2011 due to privacy concerns. However, data for
Chicago remain accessible through the R package ’dlnm,” which is utilized in this paper. The
study’s scalar response variable is the annual death rate, with functional temperature over 14
years as the functional predictor. The main objectives are: (1) estimating the death-temperature
coefficient function, and (2) testing whether the coefficient function, §;(t), ¢ = 1,2,...,n is the
same for all 14 years using the proposed test which is outlined in Section 3. Figure 4 shows the
functional predictors (left) and death rates (right), each functional predictor curve is associated
with an annual death rate. Figure 5 displays the estimated coefficient function using the three
methods described in Section 2. One can see that the zero line goes through the 95% pointwise
confidence intervals.

10
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Figure 4: Time-temperature curves for the 14 years (1987-2000) (left), and the associated 14 annual
death rates (right).
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Figure 5: The estimate of the coefficient function, 3(t) using functional principal components (left),
using basis expansion with no penalty (middle), and basis expansion with penalty (right).

To test whether the coefficient function is equal for the 14 years, the proposed test is applied
and found that T;, = 0.4538 for basis expansion with no penalty, T;, = 1.04952 for the functional
principal components, and T, = 1.074091 for basis expansion with penalty method. None of the
T, is greater than 1.358. As a result, we fail to reject the null hypothesis, Hy : f1(t) = --- = B,(1),
at a 5% significance level. This means the yearly temperature functional predictors have the same
impact on the annual death rate during the time from 1987 to 2000. Figure 4(left) shows that the
temperature curves did not change much during the period from 1987 to 2000 in Chicago.

5.2 Diffusion Tensor Imaging (DTI)

Diffusion tensor imaging (DTI) is a noninvasive MRI technique that measures the diffusion of
water molecules in tissues to generate detailed images of the brain, spinal cord, and other parts
of the body. It works by using radio waves and a magnetic field to capture both the direction
and magnitude of water diffusion. DTI is based on the principle of isotropy, which refers to the
unrestricted movement of water molecules in free space. This technique is widely used to study

11



brain anatomy, function, and pathology, as well as to diagnose conditions such as stroke, brain
tumors, multiple sclerosis (MS), and traumatic brain injury.

Goldsmith et al. (2012) utilized DTI brain scans from 100 MS patients collected over several
visits to investigate the relationship between cerebral white matter tracts and cognitive impairment
over time. The dataset comprises 66 women and 34 men, aged between 21 and 70 years at the
time of their first visit. Each patient had between 2 and 8 visits, with a median of 3 visits, which
were conducted approximately annually. In total, 340 visits were recorded. Full DTT scans were
performed during each visit to generate tract profiles, along with several cognitive tests.

Figure 6 illustrates the functional predictors and the Paced Auditory Serial Addition Test
(PASAT) scores from 334 visits for the 100 patients (6 visits were excluded due to missing functional
predictor data). It shows that the functional predictor curves are not the same.

The dataset includes 334 regressor functions of the mean diffusivity profiles for the corpus
callosum (CCA) (the CCA is a 340 x 93 matrix of fractional anisotropy profiles), the visit number
for each patient, and the PASAT score, which is a cognitive function measure (the scalar response)
recorded at each visit.

Figure 7 displays the estimated coefficient function using the three methods described in Section
2. One can see that the zero line goes through the 95% pointwise confidence interval for some
intervals and out of the interval at some intervals which means that some locations are associated
with the PASAT score.
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Figure 6: The diffusivity tract profiles of the 334 visits of the 100 patients (left), and the associated
Paced Auditory Serial Addition Test (pasat) scores (right).
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Figure 7: The diffusivity tract profiles of the 334 visits of the 100 patients (left), and the associated
Paced Auditory Serial Addition Test (pasat) scores (right).

To study whether the functional predictors have the same effect on the PASAT score, the
proposed test is used to see if there is any change in the coefficient function among the patients. It
is found that T,, = 1.726139 for basis expansion with no penalty, T,, = 1.73454 for the functional
principal components, and T;, = 1.747348 for basis expansion with penalty method. As a result,
we reject the null hypothesis at a 5% significance level. This means the coefficient functions, 3;(t)
are not equal for all patients and have different impacts on the PASAT score.

6 Conclusion and Discussion

This paper proposes a residual-based CUSUM test to determine whether the coefficient function
of the functional predictors, 3(t), remains consistent across all cases. The performance of the test
was assessed under various conditions by evaluating Type I error and power through simulation
studies. Three methods for estimating the scalar-on-function regression model (basis expansion,
penalized basis expansion, and functional principal components) were applied and compared to
examine whether the estimation method affects the proposed test performance. It is found that the
proposed test works fine, the power is 1, and the Type I value is close to the nominated significance
level. It was also found that the performance of the proposed test is not influenced by the estimation
method. The advantage of our proposed test is demonstrated using two real datasets, including
mortality and temperature data, as well as diffusion tensor imaging (DTI) data. For the mortality
data in Chicago, USA, the coefficient function was found to remain consistent from 1987 to 2000.
For the DTI data, the coefficient function was found unequal for the 100 patients.

The proposed test was applied to a scalar-on-function regression model with a continuous scalar
response variable. It can also be extended to other scenarios, such as models with binary or count
response variables.
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